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ON THE CLUSTER VALUES OF ANALYTIC FUNCTIONS* 


BY 
WLADIMIR SEIDELf 


INTRODUCTION 
1. Let f(z) be a regular, analytic function defined in the unit circle |z| <1. 
Consider a sequence of points 21, 22, - - - , Zn, - - - lying in the interior of the 


unit circle and converging toward the point z=1, a point of discontinuity of 
f(z). In general, the sequence of corresponding values w; =f(z:),w2=f(z2), - - +, 
Wn=f(Zn),- ~~ will not converge toward a definite value. We can, however, 
always select a subsequence 2n,, Zn.) ° °° 2nm,° °° SO that the limit of the 
second sequence exists: 


lim f(Znp,) = C, 


where C may in some cases be infinite. Such a value C we shall henceforth 
call a cluster value of the function f(z) in the point z=1. The set of all 
cluster values in the point z=1 we shall call the cluster sett of f(z) in the 
point z=1. 

The purpose of the present paper is the study of the distribution of the 
cluster values of univalent§ analytic functions, bounded analytic functions, 
and certain intermediate types of analytic functions in a boundary point of 
their circle of convergence, which without loss of generality will always be 
taken to be the unit circle. The point will always be taken to be z=1. 

There are essentially three questions with which we shall be concerned. 
First, we shall consider cluster sets formed by taking all cluster values of f(z) 
obtained by approaching z = 1 along a Jordan arc and investigate certain rela- 
tions between such arcs and the corresponding cluster sets. This will be 
done for univalent functions and for bounded functions. Secondly, we shall 
investigate sufficient conditions that two cluster values corresponding to two 
sequences of points 2, 22,---+,2n,°°-* and f, f,---,&n,°--° of interior 
points of the unit circle converging towards z=1 be equal. 


* Presented to the Society, December 30, 1930, and April 3, 1931; received by the editors July 


17, 1931. 
t National Research Fellow. The author wishes to express his gratitude to Professor J. D. 


Tamarkin for many useful suggestions. 
t This concept dates back to P. Painlevé, Paris Comptes Rendus, vol. 131 (1900), p. 489. 
§ By a univalent function we mean one which never assumes the same value in two different 


points. 
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In the course of this investigation we shall arrive at a generalization of a 
theorem of W. Gross. The method used in proving it is essentially simpler 
than that employed by Gross. Finally, we shall consider those types of 
bounded functions which assume one value infinitely often in the unit circle. 
For these types, as will be seen, most of the preceding theorems fail to hold 
and we shall show alternative theorems that do hold in these cases. 

The investigations that we propose to carry out are related to the work of 
C. Carathéodory on conformal mapping, as well as to the work of E. Lindeléf, 
F. Iversen, and W. Gross.* Finally, in this connection may be mentioned an 
interesting recent result of A. Plessner.f 


CHAPTER I. CLUSTER VALUES ON CURVES 
2. Let f(z) be a bounded analytic function in the circle |z| <1; 


bound | f(z)| = M<o. 


jz} <1 


Consider a Jordan arc C all of whose points with the exception of z=1 consist 
of interior points of the circle |z| <1. Joining the end points of C by another 


Fig. 1 


Jordan arc D which lies in the interior of |z| <1 and has no points in common 
with C except its two end points, we obtain a simply connected region G 
bounded by the two curves C and D (see Fig. 1). 

Let us now set 


(2.1) ‘Tim | f(z)| = A, 2 eC. 
2-1 


We prove the following theorem: 


* C. Carathéodory, Mathematische Annalen, vol. 73 (1913), pp. 323-370; E. Lindeléf, Acta 
Societatis Scientiarum Fennicae, vol. 46 (1915), No. 4; F. Iversen, Paris Comptes Rendus, vol. 166 
(1918), p. 156; W. Gross, Monatshefte fiir Mathematik und Physik, vol. 29 (1918), pp. 3-47; Mathe- 
matische Zeitschrift, vol. 2 (1918), pp. 242-294, and vol. 3 (1919), pp. 43-64. 

{ A. Plessner, Journal fiir Mathematik, vol. 158 (1927), pp. 219-227. 
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Tueorem 1. Let {2;} be an arbitrary sequence of points lying in G and con- 
verging toward 2=1, for which 


tim | f(s) | = a 


exists. Then asA. 


We can without loss of generality assume that the upper bound M of 
|f(z) | in the unit circle |z|<1 is 1. Let #=¢(z) be the function which maps 
the region G on the unit circle || <1 and let its inverse be s=y/(#). Since G 


O1 t=1 





Fig. 2 


is bounded by a closed Jordan curve, the function y(#) is uniformly continu- 
ous in the closed circle |t|<1.* Furthermore, the function ¥(#) can be so 
chosen that ¥(1) =1. Our map of the region G carries, therefore, the sequence 
{z;} into a sequence of points {#;} converging toward t=1, for which 
lim,... |f(W(t:)) | =a. At the same time by (2.1) we have 


(2.2) Tim | f¥@)| = A, | t| = 1. 


Let € be an arbitrarily small positive constant. It follows from (2.2) that 
there exists an arc 7: of the circumference containing the point ¢=1 such that 


(2.3) lf) |<At+e 


for any ¢ lying on ¥;. Join the end points of y: by a chord a; and reflect the 
segment of the circle so formed in the chord o; (Fig. 2). By a rigid motion of 
the ¢-plane we can always bring it about that the chord o; coincides with the 
real axis. Let us denote the image of 7: in o; by 7: and the region bounded by 
yi and 7; by 3;. The function f(y(t))f(W(2)) is analytic in 2, and on the two 
arcs y: and 7 satisfies the inequality 


| WO) FWD) | <A +e. 


* W. F. Osgood and E. H. Taylor, these Transactions, vol. 14 (1913), pp. 277-298. C. Carathé- 
odory, Mathematische Annalen, vol. 73 (1913), pp. 305-320. 
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Hence, on the chord o; we have the inequality 
(2.4) | f¥@)|< (A +6. 


Since, however, the same argument may be repeated if the chord a is re- 
placed by a parallel chord lying in the region bounded by o; and 7, we see 
that the inequality holds in the whole circular segment.S; bounded by o; and 4. 

We started out by assuming that |f(y(#)) |<1 in S, and satisfies the in- 
equality (2.3), and arrived at the inequality (2.4) which holds in the circular 
segment S,. We may again repeat the argument. Consider a chord g2 of the 
unit circle |t| <1 parallel too; and lying in S,. Denoting by 2 the smaller arc 
subtended by oe, and by 72 the reflection of 2 in o2, we can choose gz in such 
a manner that the arc 72 will also lie in S,. Repeating then the argument for az, 
we obtain in all points of S., the circular segment bounded by oz and 7¥e, the 
inequality 

\/¥M)|< a+r, 

Repeating the argument m times gives for all points of the mth circular seg- 
ment S,, 


(2.5) lf¥@)| < (A +0", 


Since all but a finite number of the points #; lie in each of the segments S,, 
we have 


a = lim | f(¥(4))| S lim (A +)?" =A +e. 


Since the last inequality holds for all positive e, we obtain 
aA, 
which completes the proof.* 
3. If f(z) is again taken to be the same function as in Theorem |, it is 
possible to form the following lower limit: ' 


(3.1) lim | f(z)| =a, 2 ¢C. 
s—1 


If a@ is the same number as in Theorem 1, it may be conjectured that a<a. 
An example will now be given to show that this inequality is false in general. 

Consider a sequence of points {;} lying in the interior of the unit circle 
|z | <1, converging toward z=1, and having the property that 


io} 
(3.2) II| «| > 0. 
k=l 
* This proof of the theorem, based on a method of Lindeléf, has been kindly suggested to me by 
Mr. J. Doob. 
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With these numbers {;} we form the following infinite product :* 


oo 


(3.3) p(z) = Il 


k=1 1 —N 5, 





It can easily be proved that when (3.2) holds, the product (3.3) converges 
uniformly in every bounded region R of the z-plane which is at a positive 
distance from the points z=1 and z=1/n, for k=1, 2,---.t 

In this manner it is seen that f(z) is analytic in the entire finite plane ex- 
cept in the points z=1/n,, where it has poles, and in the point z=1, where it 
has an essential singularity. Furthermore, |p(z)|=1 on the circumference 
|z|=1, except in the point z=1, and in the interior of the circle we have 
|p(z) |<1. For the sake of completeness we shall show that f(z) is analytic 
in the point z= ©. This follows at once if we apply the reflection principle of 
Schwarzt according to which the function may be continued analytically be- 
yond the unit circle by means of the functional equation 


(3.4) of ) ame 

z/  p(z) 
Hence, if the origin is not a zero of the function p(z), the point z= isa 
point of analyticity. 


We are now in a position to show that, if we take f(z) = p(z) and consider 
the lower limit a in equation (3.1), then the relation a <a fails to hold always, 
when a is a cluster value of p(z) in the point z=1. If we choose the curve to 
be the circumference of the unit circle itself, then we have 


lim | p(z)| = 1, | z| = 1, 
z—1 


whereas a =0 is certainly a cluster value of the function, for 
p(m) = 0 


for all k=1,2,---. 
4. While this example, which we shall study in greater detail in the latter 
part of the paper, shows how complicated the distribution of cluster values 


* The product (3.3) was first introduced into the theory of functions by W. Blaschke in the 
Leipziger Berichte, vol. 67 (1915), p. 194. 

t G. Julia in his recent book, Principes Géométriques d’Analyse, Paris, 1930, p. 65, has given a 
simple proof of the uniform convergence of the product in every circle |: |<p<1. A simple modifica- 
tion of the proof shows that the convergence holds in the region R. 

t Cf. L. Bieberbach, Funktionentheorie, vol. I, p. 220. 
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can be in the case of general types of bounded functions, we shall see that 
in the case of univalent functions the problem can be answered with ease. 
We prove now the following theorem: 


THEOREM 2. Let f(z) be a univalent analytic function defined in the unit 
circle \z| <1. Let C be a closed Jordan curve which passes through the point z=1 
and save for that point lies in the interior of the unit circle. Let {z;} be a sequence 
of points lying in the region G bounded by the curve C and converging toward 
z=1. Let the limit lim;...f(2;) exist and be equal to a and let S be the cluster set 
of f(z) in the point z=1 assumed along C. Then, the point x lies in the set S. 


It is clear, first of all, that we may restrict our attention to the case of 
univalent and bounded functions. For if w=f(z) is a general univalent func- 
tion, it maps the unit circle conformally on a simply connected region R of 
the w-plane. This region R must have at least two boundary points w=a and 
w=b.* 

It can be easily shown now that every simply connected region R with 
at least two boundary points can be mapped by a function of the type 


w= . ’ 
[(w — a)/(w — b)]"* —¢ 


where c is a suitable constant, on a bounded and simply connected region 
R’.} The function 





M 
[(f(2) — a)/(f(z) — b)}? — 


is, therefore, univalent and bounded: |F(z)|<1 in the circle, mapping the 
circle on a region R’’, when the constant M is suitably chosen. 

Suppose Theorem 2 were proved for the case of univalent and bounded 
functions. We shall then prove it for general univalent functions. Solving 
equation (4.1) for f(z) yields 


b(M + cF(z))? — a[F(s) |? 

(M + cF(z))? — [F(z)}? 
Let the cluster set of F(z) along C be S’ and lim;..,,F(z;) =a’. According to 
our assumption a’ lies in the set S’, and we wish to show that in that case a 


will also lie in S. By equation (4.1) there corresponds to a one and only one 
cluster value a’ of F(z) which lies in the set S’. By (4.2), then, @ lies in S. 





(4.1) F(z) = 


(4.2) f(2) = 





* For a proof of this see L. Bieberbach, Funktionentheorie, vol. I1, Berlin, 1931, p. 5. 
t L. Bieberbach, loc. cit., vol. II, p. 6. 
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We are justified, therefore, in proving Theorem 2 by assuming that the 
function f(z) is univalent and bounded: 


|f@| <1. 


Let z=¢(¢) be a function which maps the region G, bounded by the closed 
Jordan curve C, conformally on the circle |¢| <1 in such a manner that z=1 
corresponds to !=1. By a well known theorem of Osgood and Carathéodory, 
mentioned on page 3, #(#) is continuous in the closed circle lé | <1. This func- 
tion transforms the points 2, 22,---, Zn,°-°- into a set of points t=h, 
t=t,---,t=t,,- ++ which lie in the interior of the unit circle |¢|<1 and 
converge toward ¢=1. On this set of points the function f(¢(¢)) =Y(4), which, 
except for ¢=1, is analytic and bounded everywhere in the circle |¢| <1, con- 
verges toward a: lim,...W(t,) =a. The cluster set of y(#) in =1 assumed along 
the circumference |#|=1 is S, the set defined by us in the statement of 
Theorem 2. We wish to show that a is contained in S or, what is tantamount, 


that there exists a set of points T,, Tz, - - - lying on |t|=1 and converging 
toward ¢=1 such that 
(4.3) ln (T.) = @. 

n20 


This last assertion may be proved without difficulty by the use of Cara- 
théodory’s theory of prime ends.* By Carathéodory’s fundamental result we 
know that the cluster set of y(¢) in every point of lt | =1 is precisely a prime 
end of the region R into which the circle |¢|<1 is mapped by the function 
y(t). In particular, to the point ¢=1 there must correspond a prime end E of 
the region R. Since y(t) is analytic elsewhere on the circumference |¢| =1, 
all remaining prime ends of R are single points. Thus our assertion about the 
existence of points 7:, T:,--- with the above-mentioned properties and 
satisfying equation (4.3) reduces geometrically to the assertion that there al- 
ways exists a sequence of boundary points of R, not belonging to the prime 
end E, which converges toward any preassigned point a of E. 

If this were not the case, there would exist a point a of E which would 
not be a limit point of any sequence of boundary points of R not belonging to 
E. We could then draw a circle C with a as center and with a radius so small 
that every boundary point of R, not belonging to EZ, would lie outside of C. 
Since, however, a, as a point of a prime end £, is also a boundary point of R, 
there exists a sequence of interior points of R which converges toward a. There 
must surely exist at least one interior point p of R which also lies in the interior 
of C. Consider now the line segment fa. Setting out from / and travelling 


* For a complete presentation of the theory see C. Carathéodory, Mathematische Annalen, vol. 
73 (1913), pp. 321-370. 











8 WLADIMIR SEIDEL [January 


along this line segment, there will exist a first boundary point g of R which 
will be reached. This is true because the boundary of R is a closed point set. 
Since g lies on the line segment between # and a, it surely lies in C and is there- 
fore a point of the prime end E. Moreover, q is an accessible point of the prime 
end E. 

If there exists a second point 8 of £ in the circle C which does not lie on 
the straight line through p and a, we can join p and B by a line segment p68 
and, repeating the argument of the preceding paragraph, arrive at the exist- 
ence of a second accessible point r of E, different from g. This, however, is a 
contradiction, for according to a theorem of Carathéodory* a prime end can 
contain at most one accessible point. 

The only remaining alternative, then, is that the subset E’ of E which lies 
in the circle C lies wholly on the line segment joining p and a. Since E is a 
perfect connected set,j EZ’ must itself be a line segment. Let us consider two 
points a and @ of E lying in C. Not every interior point of R, contained in C, 
will lie on the straight line which contains £’. For if p is such a point, we can 
construct a circle T about # as a center and with a radius so small that I will 
consist only of interior points of R and will lie wholly within C. We, therefore, 
merely need to choose any point P of I which does not lie on the line contain- 
ing EZ’. Join P with a and 8 respectively, by the line segments LZ, and Lg. 
Since P does not lie on the line containing E’, the points a and 6 will be the 
first boundary points of EZ attained by travelling from P along L, and Lg re- 
spectively. Hence, a and 6 are again two distinct accessible points of the 
prime end E, which is a contradiction. 

This means that to every point a of a prime end £ there exists a sequence 
{pn} of boundary points of R, not belonging to E, which converges toward a 
as a limit point. Since ¥(¢) was taken to be analytic everywhere on the cir- 
cumference of the circle |t|<1 except in the point ¢=1, the result means 
that there exists a sequence {7,} of points on the circumference |t|=1 con- 
verging toward ¢=1 and such that 

lim ¥(T,) = @. 
The function (¢) was defined as f(#(#)), where $(#) is continuous in the closed 
circle || <1. Hence, ¥(T,) =f(Z,), where {Z,} is a sequence of points on C 
converging toward z=1 and such that 

lim f(Z,) = @. 


no 


This proves that a lies in S, and therewith the theorem. 


* C. Carathéodory, loc. cit., p. 353. 
t C. Carathéodory, loc. cit., p. 335. 
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CHAPTER II. CONDITIONS THAT CLUSTER VALUES 
ON TWO SEQUENCES BE EQUAL 


5. In this section we shall investigate the second problem proposed in the 
Introduction. Let f(z) be a bounded analytic function: 


(5.1) [f@)| <1 
in the unit circle |z|<1. Let z=1 be a point of discontinuity of f(z) and let 
Zi, Z2,°-*- and 2, 2,--- be two sequences of interior points of the circle 
converging toward z=1. If the limit 

lim f(én) = @ 


no 


exists, what conditions are to be imposed upon the second sequence in order 


that 
lim f(z.) =a 


no 


should also hold? 

Before attempting to give an answer to this question, we shall briefly 
recall some facts about the non-euclidean interpretation of a lemma of 
Schwarz. If we set w=f(z) and consider the w-plane, we see that the inequal- 
ity (5.1) means that f(z) only assumes such values in the circle |z| <1 as lie 
in the interior of the circle |w | <1. Let us consider the two circles |z| <1 and 
|w|<1 as carriers of a non-euclidean (Lobachevskian) geometry. In this 
geometry angles are measured in the same manner as in euclidean geometry, 
but the distance between two points 2 and 2 is defined as follows: Join the 
points 2; and zz by a circle orthogonal to the unit circle |z| <1 and cutting it 
in the points ¢; and {2. The non-euclidean distance D(z;, 22) is defined by the 
relation 





a 6 ~f. &- =), 


21 — §2 2 — $1 


where the expression in parentheses is the ordinary cross ratio of the four 


$2 


$1 
Fig. 3 


points £1, {2, 1, 22 (Fig. 3). An equivalent expression, involving only 2 and 
22, is 
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21 — 22 
1+ | —— 
1 — 2120 
D(21, 22) = log 
21 — 22 
og Paes 
1 — 2122 








The non-euclidean interpretation* of the Lemma of Schwarz may now be 
expressed in the following manner: 


LemMA OF ScHWARzZ. Let f(z) be a bounded analytic function: 
[f(z)| <1 


in the unit circle \z| <1 and x and 2 two interior points of the circle. If wy =f(z1) 
and wz =f(Z2), the relation 


D(w, We) < D(z, Ze) 
subsists for all pairs of interior points 2, and 2» of the unit circle |z| <1. 


6. We are now in a position to investigate the problem we set out to treat. 
We shall prove the following theorem: 


THEOREM 3. Let f(z) be a bounded analytic function: 


| f@)| <1 
in the unit circle \z | <1 which omits the value a in the unit circle. Let 2, 22, - 
and 2{, 21,-~- + be two sequences of interior points of the unit circle converging 


toward z=1. If the non-euclidean distance D(Zn, 2: ) is less than a constant M, 
independent of n: 


D(Zn, 2n) <M (n = 1,2,---), 
and if 
lim f(z.) = a, 
then also 


lim f(ze) = a. 
n-+~2 
As a special case, this theorem evidently asserts that the cluster sets of 
a univalent function f(z) along any two straight lines ending in z = 1 are iden- 
tical. Furthermore, the cluster sets along any two oricycles tangent to |z|=1 
in the point z=1 are identical, and in general, the cluster sets of a univalent 


* This formulation of the Lemma of Schwarz is due to G. Pick, Mathematische Annalen, vol. 77 
(1916), pp. 1-6. 
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function along any two curves having the same order of contact with |z|=1 
in the point z=1 are identical. 
In order to establish this theorem, we shall first prove two easy lemmas. 


Lemna 1. Let f(z) be a bounded analytic function in the unit circle |z| <1: 


| f(@)| <1. 
Let 2, 22,--+- and 2{,21,--- be two sequences of points with the same prop- 
erties as in Theorem 3. Then if 
(6.1) lim f(zn) = 1 
holds, the relation 
(6.2) lim f(z) = 1 
also holds. 


This is an almost immediate consequence of the Lemma of Schwarz. In 
fact, from the inequality 
D(Zn, Zn) < M 
follows by the Lemma of Schwarz the inequality 
(6.3) D(wn, Wn) < M, 
where we set w,=f(z,) and w,, =f(z,/). With this notation the equation (6.1) 
becomes 


(6.4) lim w, = 1. 


n— 2 


The relations (6.3) and (6.4) together yield 


lim w, = 1, 
n— co 


which is merely another form of (6.2). 


Lemma 2. Let f(z) be a bounded analytic function in the unit circle |z| <1: 





| f(@)| <1. 
Let 21, 22,--- and 2{,22,--- be two sequences of points with the same prop- 
erties as in Theorem 3. Let 
f(z) +1 
(6.5) $(z) = ' 
f(z) - 1 


If 


lim R¢(z,) = — ©, then alsolim Ro(z,) = — @. 
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Using the notation f(z) =u+iv and $(z) =£+7n and setting the real and 
imaginary parts of both sides of equation (6.5) equal to each other, respec- 
tively, we obtain the equations 

24 42-1 2 
(6.6) PE 2 et 
G~- +7 E- If +7 
Setting f(Zn) =tUn+itn, O(Zn) =Entinn, flu) =Un +idn , O(n) =En +inn , we 
have by hypothesis lim, ...£, = — ©. We furthermore observe that £<0 for all 
points of the unit circle |z| <1. Solving the equations (6.6) for — and , we 
obtain the new pair of equations 


u2+ v2? — 1 2v 











6.7 = ieisinibtiniet a dix Oi: ts : 
6.9) : (uw — 1)? ++ v? (u — 1)? + 2? 
as well as 

u? +v? —1 20n 
(6.8) En _o = 


~ (tu, —1)?-+02— (uw, — 1)?+ 0; 


Since £, <0, the first equation (6.8) may be written in the form 


6.9 ( = ) +98 = 
(6.9) Un sy t= 7p 


Equation (6.9) is merely the equation of a circle in the (wn, v,)-plane with 
center in the point (&,/(,—1), 0) and with a euclidean radius of length 
—1/(£,—1). This circle lies in the interior of the unit circle u2+02=1 and 
is tangent to this circle in the point (1,0). Such a circle is cailed an oricycle 
in non-euclidean geometry. Equation (6.9) allows us to interpret geomet- 
rically the fact that lim,...,. = — ©. We find that the necessary and sufficient 
condition that lim,...,=— © hold is that the points (wn, v,) lie on oricycles 
tangent to u,+2,=1 in the point (1,0) whose euclidean radii converge to- 
ward zero. 

From the inequality D(z,, z,)<M follows the inequality D(u.+ivn, 
un +iv,)<M by Schwarz’s Lemma. Since the points u,+7, lie on oricycles 
which converge toward zero, the points u, +7, must also lie on oricycles 
converging toward zero. This means, according to the remark made at the 
end of the last paragraph, that lim,...£, =— ©, which proves our second 
lemma. 

We can now proceed with the proof of Theorem 3. There are two cases to 
be considered, according as |a|=1 or |a| <1. If |a|=1, we set $(z) =af(z). 
We then have 
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lim $(Z,) = 1. 


According to Lemma 1, whose hypotheses are satisfied by ¢(z), we also have 


lim $(zn) = 1, 


no 


or 
lim f(zn) = a, 


no 


which proves the proposition. 
If |a| <1, we introduce the transformation 
_ f@-« 
1 — af(2) 


which defines a bounded analytic function ¢(z) in the unit circle: |6(z) | <1 
in |z| <1, for which 


(6.10) ¢(z) 


lim ¢(zn) = 0 


no 


and which omits the value 0 in the circle. We choose an arbitrary one of the 
branches of log ¢(z), each of which is a single-valued function in the unit 
circle. Furthermore, this function, which we denote by (2), satisfies the rela- 
tion 

(6.11) Ry(z) = log | $(z)| <0 


and 


lim Ry(z,) = — ©. 


no 


Finally, we consider the function 
v(z) + 1 
= at . 
This function is again analytic in the unit circle |z| <1 and is bounded there: 
|x(z) | <1. By Lemma 2, we have then the relation 


x(z) 


lim Ry(zn) = — ©, 


or according to (6.11) 
lim ¢(z,) = 0. 


no 
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From this and equation (6.10) follows lim,..f(z.) =a, which completely 
proves our theorem.* 

As a final remark, we observe that Theorem 3 holds if we allow f(z) to 
assume the value a a finite number of times in the circle. For in that case there 
always exists a neighborhood W of the point z=1 in which the function f(z) 
does not assume the value a. By a conformal map of the region N on a circle 
we reduce the situation to that of Theorem 3. 

If, however, f(z) assumes the value a in every neighborhood of z =1, which 
is only possible if the value is assumed infinitely often, then it may be shown 
by an example that the theorem fails to be true. Such an example will now 
be constructed. 

7. The example we shall consider shows that if a function has infinitely 
many zeros in the unit circle, Theorem 3 may fail to hold. 

Let 0<t4.<h< +--+ <ta< +--+ bea sequence of real, positive numbers 
less than one and converging toward one: lim,..f, =1. Let these numbers be 
chosen in such a manner that 


(7.1) II > 0. 


n=1 


Then, it is well known that the product 








(7.2) 6) = 1 
represents a bounded analytic function in the unit circle: |$(z) | <1 with zeros 
in the points z=#, (n=1, 2, - - - ). In particular, if we set 
ni—1 - 
(7.3) wae rs (n = 1,2,---), 


(7.1) is satisfied. We wish to show that Theorem 3 fails to hold for this par- 
ticular #(z). In order to show this, we consider a second sequence 


(n+1)!—p 
7.4 ~_eoamnp $9 <9 emi @+--}, 
( ) T (n+ wy p ( >“) ) 
of real positive numbers less than one and converging toward one: 
limr,=1. 


no 


Furthermore, the non-euclidean distance 


(7.5) D(tn, tn+1) ” log p 


* This theorem is a generalization of a theorem of W. Gross, Monatshefte fiir Mathematik und 
Physik, vol. 29 (1918), pp. 3-47. 
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is bounded for all values of m, and, as we shall prove, 
(7.6) lim | #(r-)| = 2—— > 0 
, im tT) | = —— : 
no p + 1 


Setting z=7; in equation (7.2) and substituting there the values of t, and 
7;, aS given in equations (7.3) and (7.4), respectively, we obtain 








° G + 1)! — pn! 
7.7 Ty = ° 
ia o~ B+ it ot 
Hence, 
1 (7 +1)! — pn! #2 |(f +1)! — pnt] 2 pnl!—(j+1)! 
7.8) oa] = 12 - G - eo. 
nt GHEA!EF pal nag (GH D!+ ont! aajes om! +G+D! 








The second factor obviously tends to (ep —1)/(p+1) as 7+. We shall show 
now that the limits of the first and third factors are 1 as 7 becomes infinite. 
Consider the first factor in the form 


, Ht (fj +1)! — pn! 
(7.9) exp| Zi tog eer 





Here 


J of ( <)]- . ae eee 
oe it om LS ‘ts; = O(j-?) (n = 1, 2, »j — 1). 


The exponent in (7.9) is 





G — 1)0G~*) = OG") > 0 


as j->%. As to the last factor in (7.8), 


= man] 
7.10 1 ; 
ae ep] 2 "e imi + G+ 1! 





we have 
!— 1)! 
jog UF" 060r9, 
pn! + (j + 1)! 
whence the exponent in (7.10) is 


o( Bt) -04-9+0 


n= )+3 





asj—©. This proves (7.6). 
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CHAPTER III. CLUSTER VALUES OF BOUNDED FUNCTIONS 


8. The example given in §7 shows that bounded functions assuming one 
value infinitely often may have entirely different properties as regards their 
cluster values. It is the study of these properties that we turn to now. 

We return to the function studied in §3: 


1 Zz 
on Nk 
(8.1) p(z) = II s | nx, n,— 1, 


k=1 1— NyZ 





where the product II 2; |”; | >0. This function, as we have seen, is analytic in 
the whole z-plane, with the exception of the points z=1/n, (k=1, 2,---), 
where #(z) has poles, and the point z=1 which is an isolated essential singu- 
larity and limit point of poles. 

In accordance with the Picard theorem the function f(z) assumes in every 
neighborhood of the point z= 1 every value infinitely often with the exception 
of at most two values. We possess, however, additional information as to the 
distribution of the values. The general factor 


Z 
© sew Seaee 
Nk 





| me | 1— "yz 


of the product p(z) satisfies the inequality 


Zz 
aes 
Nk 





IV 


nk 


1 —niypz 


in |z|=1. Hence, the inequality |p(z) |21 holds also in |z|21, and only in 
|2|=1. Hence, with the exception of at most two values a and b, every value 
a, |\a| <1, is assumed infinitely often by p(z) in points of the unit circle |z|<1 
which converge toward the point z = 1. It can be shown, moreover, that at most 
one value a, |a | <1, can be omitted (or assumed only a finite number of times). 
For if a is such an exceptional value, then according to the relation (3.4): 


A) ae 


which may also be directly verified in the product (8.1), the value 1/4 will 
also be exceptional. If, now, a second value b, |b | <1, were also omitted, then 
there would be three values omitted (or only assumed a finite number of 
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times) in the neighborhood of z=1. Hence, we have that with the exception 
of at most one value a, |a|<1, every value a, |\a|<1, is assumed infinitely 
often by p(z) in points of the unit circle |z|<1 which converge toward the point 
z=1, and no value 8, |\B|2=1, is assumed by p(z) in a point of the unit circle 
|z|<1. 

If instead of Picard’s Theorem, we had used Weierstrass’ theorem that in 


the neighborhood of an isolated essential singularity a function approaches 


every preassigned value, and then applied the same reasoning as before, we 
would find that the cluster set of the function w= p(z) in the point z=1 is the 
closed unit circle |\w| <1. 

9. From the function p(z) studied in §8 we immediately obtain an inter- 
esting example. Let G be an arbitrary simply connected region lying in the in- 
terior of the unit circle |w|<1. A function w=F(z) will be constructed which is 
analytic and bounded in the unit circle \z| <1: 


| F(z)| <1 


and whose cluster set in the point z=1 is precisely the closed cover G of the region 
G. Furthermore, every value, save at most one, out of the region G will be assumed 
by the function F(z) infinitely often in the circle |z| <1. 

Let w=@(#) be a function which maps the region G on the unit circle 
|¢| <1 in the ¢-plane. The function F(z) in question will be given by 


F(z) = ¢[p(z)]. 


10. The behavior exemplified by the function (z) is characteristic of a 
wider class of functions. We prove the following theorem: 


THEOREM 4. Let w=f(z) be a bounded analytic function in the unit circle 
|z|<1: |f(z) | <1. Let {n,} be an infinite sequence of points interior to the unit 
circle converging toward z2=1 in which the function vanishes and let A be an arc 
of the unit circle, —a<0 <a, z=e*, containing z=1, on which f(z) is continuous 
except for z=1 and assumes values of modulus 1. Then, w=f(z) assumes every 
value w, save at most one, of the unit circle |w|<1 infinitely often in the unit 
circle |z|<1 and assumes no value w, |w|=1, in the unit circle. The cluster set 
of f(z) in z=1 is the closed unit circle |w|<1. 


The proof of this theorem is practically the same as in §8. We only have 
to extend f(z) analytically across the arc A by means of the functional 
equation 


GQ) Fa 
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11. By conformal mapping Theorem 4 is immediately extended as fol- 
lows: 


THeoreEM 5. Let w=f(z) be a bounded analytic function in the circle |z| <1, 
assuming values there which lie in the interior of a region G bounded by a closed 
Jordan curve C. Let there be infinitely many zeros {n,} of f(z) in the circle con- 
verging in the point z=1 and let A be an arc of the circle, -aS0Sa, z=e*, 
containing 2=1, on which f(z) is continuous except for z=1 and assumes values 
which all lie on the curve C. Then, w=f(z) assumes infinitely often every value w, 
save at most one, of the region G, bounded by C, in the circle |z | <1. Furthermore 
f(z) assumes no value w in the circle \z|<1 which lies on the boundary or in the 
exterior of G. The cluster set of f(z) in the point z=1 is the closed domain G+C. 


12. The examples, studied thus far, of bounded functions with infinitely 
many zeros suggest the following alternative to Theorem 3: 


THEOREM 6. Let f(z) be a bounded analytic function in the unit circle 
\g| <1; 
| f(@)| <1. 


Let 2, 22, °° + and 2{, 2/,-- - be two sequences of interior points of the unit 
circle converging toward 2=1, such that the non-euclidean distance D(2n,22 ) 
is less than a positive constant M ,independent of n: D(2n,2. ) <M (n=1,2, - - -). 
Then, f(z) always has one of the following two properties: 


I. The cluster sets of f(z) on any two such sequences {zn} and {z,} are 
identical. 

II. The cluster set of f(z) in z=1 contains a circle of the w-plane. Every value 
from the interior of this circle is assumed infinitely many times by f(z) in |z| <1. 


If the property I fails to hold for some function f(z), then there must exist 
a sequence {z,} of interior points of the unit circle converging toward the 
point z=1 on which the function f(z) approaches a value a and a second 
sequence {z,/ } of interior points for which the relation 


(12.1) D(Zn, 2n) < M (n = 1,2,---) 


holds and such that on it the function f(z) approaches a value b, different 
from a. 

Consider, now, two sets of non-euclidean circles C, and D;, of radius M +e, 
e>0, and M, respectively, described about the points =z, as centers. Ac- 
cording to the relation (12.1) each circle D, contains the corresponding point 
z{ in its interior and each circle D, is contained in the interior of the corre- 
sponding circle C,. Let us now transform the circle C, by the transformation 








me err yee 
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Ze + mw eMt+e — 1 
(12.2) ss) ©, 2 ————» 
1+ m.2,w ote + 1 
into the unit circle |w|<1. The function f(z) is thereby transformed into 
the function 


Ze + — 
1+mz,.w/ 


(12.3) v.(w) = i( 


The functions ¥,(w) are defined and analytic in the circle |w|<1 for all k. 
Furthermore, 


(12.4) | yi(w)| <1 (k = 1,2,---), 
and 
(12.5) ¥x(0) = f(ze) (k= 1,2,---). 


The transformation (12.2) carries the circle D; into the circle 


(12.6) |w|<s— <1. 


Hence, the images w; of the points z/ satisfy the inequality 


(12.7) luZ|<s— (k = 1,2,---). 


According to (12.5) and our assumption we have 


(12.8) lim y4(0) = a. 


By a well known theorem of Montel* the family {,(w)}, being uniformly 
bounded accordir z to (12.4), forms a normal family. It is therefore possible 
to extract a subsequence {y¥x,(w)} converging uniformly in every closed 
subregion of the circle |w|<1 which lies wholly in its interior, hence, in 
particular in the circle (12.6). The limit function we shall call x(w): 





(12.9) lien vi(w) = x(w). 


The function x(w) is analytic and bounded in the circle |w| <1: |x(w)|<1. 
From (12.8) follows 


x(0) = a. 


* See P. Montel, Legons sur les Familles Normales, Paris, 1927, p. 21. 
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In order to show that x(w) is different from a constant it must be proved that 
there exists at least one point of the circle |w|<1 in which x(w) is different 
from a. 

Denote by w’ an arbitrary one of the limit points of the sequence {w/,}. 
By (12.7) it follows that all points as well as all their limit points lie in the 
circle (12.6). Since the convergence (12.9) in that circle is uniform, it follows 
that to each arbitrary positive » there exists a positive integer k(7), in- 
dependent of w, such that 


(12.10) | x(we!) — vus(wel)| < = for ky > k(n). 


Furthermore, it follows from the uniform continuity of x(w) in the circle 
(12.6) that to the given 7 there corresponds a positive integer K(n), inde- 
pendent of w, such that 


(12.11) | x(wel) — x(w’)| < = for k; > K(n). 


Adding together the inequalities (12.10) and (12.11) yields 
| x(w") — Wes(wes) | <0 
for k;>k(n) and k;>K(n), or 


lim Yx,(we;) = x(w’). 


From the last equation and (12.3) it follows that 


x(w') = lim f(zei) = b, 


which proves that x(w) is not a constant. 
Hence, there exists a circle |t—to |<+y such that the function ¢ = x(w) as- 
sumes in the circle (12.6) every value of the circle |t—t)|<~ at least once. 
It will be shown now that every value ¢ assumed by the function x(w) in 
the circle |w| <1 is a cluster value of the function f(z) in the point z =1. Let 
t be an arbitrary such value assumed by x(w) in some point w» of the unit 
circle. Consider the numbers 


(12.12) Wi (Wo) = tay. 


Let the image point of wo by the transformation (12.2) be denoted by ¢,. 
Then, the point z=¢,, is a point of the circle C,, and we have by (12.3) 


S(Sk) = te, 
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=t by (12.9) and (12.12). Hence 
lim f(f%,) = ¢, 


t+ 


Now lim;.. ty 


as we set out to prove. Hence, the cluster set of f(z) in the point z= 1 contains 
the circle |t—é.|<+y. The last statement of the theorem follows immediately 
if we observe that, in view of the uniform convergence of the sequence 
{¥x,(w) } to x(w) in the interior of |w| <1, the equations x(w) =#, Yx,(w) =t 
have the same number of roots for sufficiently large values of i, ¢ being fixed.* 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 


* P. Montel, Lecons sur les Familles Normales, Paris, 1927, p. 20. 








ON INTERPOLATION AND APPROXIMATION BY 
RATIONAL FUNCTIONS WITH 
PREASSIGNED POLES* 


BY 
J. L. WALSH 


1. Introduction. There has long been studied the problem of the approxi- 
mation of analytic functions of a complex variable by polynomials, particu- 
larly with reference to (1) possibility of anproximating a given function by 
polynomials with an arbitrarily small e:cor, or of uniform expansion; (2) pos- 
sibility of uniform expansion in a series of particular type, for instance poly- 
nomials found by interpolation, or polynomials belonging to a region; (3) de- 
gree of approximation, the study of the asymptotic behavior as ” becomes in- 
finite of such a measure of approximation as 


(1.1) max [| f(z) — pa(z)|, 2 on C}, 


the measure of the approximation to the function f(z) on a point set C by the 
polynomial p,(z) of degvee m; (4) overconvergence, the phenomenon that a 
sequence approximating a given function f(z) on a given point set C fre- 
quently converges to the function f(z) (or its analytic extension) not merely 
on C but on a larger point set containing C in its interior. 

The problem of approximation of given functions not by polynomials but 
by more general rational functions has been less studied, but is of interest, 
not merely as a generalization of the problem of approximation by poly- 
nomials, but as a problem involving larger resources than the other, and 
whose study might be expected to be more fruitful. The properties of the se- 
quences of rational functions depend largely on the positions of the poles of 
those functions, and such position plays an important réle in the sequel. A 
judicious prescription of the position of the poles of the approximating ra- 
tional functions or even lack of prescription of the poles may lead to more 
favorable results in (1)—(4) than prescription that the poles should lie at 
infinity. 

The results of the present paper do not show, and are not intended to 
show, the usefulness in approximation of rational functions as contrasted with 
polynomials, namely in the problems mentioned.} Indeed, most of the new 


* Presented to the Society, February 28, 1931; received by the editors May 28, 1931. 
t Some results which bring out clearly this contrast are given by the present writer, Acta Mathe- 
matica, vol. 57 (1931), pp. 411-435. 
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material in the present paper which shows the advantage of rational func- 
tions over polynomials in connection with these problems (1)—(4) can readily 
be obtained from well known facts on approximation by polynomials by the 
use of linear transformations of the complex variable. The present paper does 
aim, however, to consider these problems (1)—(4) and to develop certain re- 
sults on these topics which are common to very large classes of approximation 
by rational functions. Our purpose, then, is not to show the superiority of 
rational functions over polynomials for approximation, but rather to show 
that in spite of the apparent diversity of certain possible approximations by 
rational functions, these approximations still have many properties in com- 
mon. 

To be more explicit, we propose to study here interpolation and approxi- 
mation to a given analytic function f(z) by means of rational functions of the 
form 


don2” + Q4n2"! + Rial + Qnn 


(5 — ain)(@ — oan) «+ * (2 — Can) 





fn(2) = 


where the a;,, are prescribed and the a;, remain to be disposed of. The specific 
topics we discuss are the following. First we study approximation to the 
function f(z) analytic for |z|<1 by the functions f,(z) where the a;, have no 
limit point of modulus unity or less. Approximation is here measured in the 
sense of least squares, namely by the integral 


(1.2) J | - sb el. 
jz|=1 


It turns out that for each m the function f,(z) of best approximation is the 
function found by interpolation in the origin and in the m points 1/@in, the 
inverses in the unit circle of the given points a;,. The convergence of this se- 
quence f,(z) can be studied with reference to degree of approximation and 
overconvergence and yields some results on sequences of best approximation 
as measured by other methods, such as (1.1), or the surface integral 


JJ... WO ~ HO las, >, 


or (1.2) where the exponent 2 is replaced by an arbitrary positive p. We next 
study the sequences of rational functions obtained by interpolation at the 
origin, at the mth roots of unity, and at points arbitrarily chosen. We also 
consider the specific case that the points a;, are the points (A”)"/". Finally we 
add some remarks relative to approximation of an analytic function not on 
the unit circle but in an arbitrary Jordan region. 
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Some of the methods we use are easy generalizations of the corresponding 
methods used for polynomial approximation, but others differ substantially 
from those previous methods. 

The present study thus has connections with (1) the theory of the con- 
vergence of sequences of rational functions of best approximation, where the 
poles are preassigned, or are restricted to lie in certain given regions, or are 
entirely unrestricted; (2) the study of functions which can be represented by 
a series of the form }>A,/(z—an);* (3) Taylor’s series, for our present dis- 
cussion contains several different generalizations of Taylor’s series.f Arbi- 
trary analytic functions are approximated by rational functions with poles 
not necessarily at infinity, instead of by polynomials. 

2. Approximation in the sense of least squares. We shall now prove the 
following theorem, which, together with its consequences, is our principal re- 
sult: 

Tueorem I. Let the function f(z) be analytic for |z| <1 and let the numbers 
Qin, 7=1, 2,---, m; n=1, 2,---, be preassigned and have no limit point 
whose modulus is less than A>1. Denote by f,(z) the rational function of the 
form 








Ain Aan Ann 
(2.1) f(z) = Aon + + oe ceca 
. Z— Qin 2 — Gon Z— Qnn 
on™ F dins™* ++ + Onn 
(3 — ain)(Z — an) + >> (2 — Gan) 


of best approximation to f(z) on C: |z|=1 in the sense of least squares.t Then 
the sequence {f,(z)} approaches the limit f(z) uniformly for |z|<1. Moreover, 
if the function f(z) is analytic for |z|<T>1, the sequence {f,(z)} approaches 
the limit f(z) for |z|<(A?T+T7+2A)/(2AT+A?+1), uniformly for |z|<R 
<(A°T+T+2A)/(2AT+A?+1). 


For the present we assume that the numbers a;, for a given m are all dis- 
tinct; we shall later remove this restriction. We set z =e‘? on the unit circle, 
so we are studying the best approximation to the given function f(z) in the 
sense of least squares on the interval 0<@<27 by the given functions 1, 





* There is recent work by Wolff, Carleman, and Denjoy on this subject in continuation of the 
older work by Poincaré and Borel. For detailed references see Denjoy, Palermo Rendiconti, vol. 50 
(1926), pp. 1-95. 

+ Various generalizations of Taylor’s series in the complex domain have recently been given, 
particularly by Birkhoff, Widder, and the present writer. References are given by Widder, these 
Transactions, vol. 31 (1929), pp. 43-52. 

t¢ The function of best approximation exists and is unique. See Walsh, these Transactions, vol. 


33 (1931), pp. 668-689. 
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1/(z—ain), 1/(2—an), - - - , 1/(2—a@nn). The general formula for the linear 
combination of the linearly independent functions f,°(z), f2°(z), - - - , fm°(z) 
which is the best approximation to f(z) is* 


(fof?) (fof2) ---CfPf2) — fe 
(fPF2) (fPF2) ~~~ FPFn2 
(fof?) (fof2)--- (fa fne) — fue 
(PF2) (fF2) «+ - (fF) 0 
(f2f2) (fPF2) «++ (FPFn2) 
(ff2) (fof?) --- (ffm) 
m2) (fa f2) - ++ (fa fn?) 


where we make use of the abbreviation 


(f9F?) = J ” 40 (oF 9 (e)db.. 








(2.2) 





By virtue of the relations z=e*®, dz =izd0, we have 




















idz 
‘ 1 d0 f 1 z 
so es~et 
—-& 
z 
dz 
if 1 a’ 
= 1 . 
sg- @ 1 
aoe 
a’ 


This expression is to be used only in case we have |a|, |a’|>1,+ so by 
Cauchy’s integral formula the value of the integral is —27/(1—aa@’). We 
make the proper substitution in (2.2), setting f,°(z)=1, f2°(z) =1/(z—ain), 
f2°(z) =1/(%—aren), + + + 5 fn%1(2) =1/(2—ann). From each column of the de- 
terminants in the numerator and denominator we take the factor 27, and 
then multiply the last row of the determinant in the numerator by 27, so we 
obtain the following formula for the function of best approximation: 


* Kowalewski, Determinantentheorie, Leipzig, 1909, p. 335. 

t This inequality need not be satisfied by the a;, for all values of n, but is surely satisfied if is 
sufficiently large. In the present paper we frequently write formulas which are valid only if n is suffi- 
ciently large without explicit mention of that fact. 
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—-1 —1 —1 
1 as — -1 
a ae an 
—1 —1 —1] —1 —1 
a) 1 — aja 1 — aja&e 1 — ay&, 2-— ay : 
-1 -1 ~1 -1 _1 
a2 1 — acd 1 — acts 1 — aon 2 — Qe 
ft 
—1 —1 —1 —1 —1 
A, 1— and 1 — ands 1 — Qrp&in 2 — An 
1 1 1 
; - = 0 
1 . t— & t — &e t= Ga 
2.3 h@=— f 10 ao, 
2nr Je ' —1 —1 —1 
a) Qe an 
—1 —1 —1 —1 
a, 1l1—awa 1 — aja 1 — aja, 
—1 —1 —1 —1 
Qe 1 — acm 1 — arte 1 — aan 
—1 —1 —1 —1 
a, 1— ad 1 — ands 1 — an&n 
where integration is with respect to 6, and t=e**. Here we have for simplicity 
omitted the second subscript (namely 7) of the numbers a;. The denominator 
in (2.3) is different from zero. In fact the vanishing of the denominator in 
(2.2) is a necessary and sufficient condition that the functions /,°, f2°, - - - , fm® 
should be linearly dependent, and the functions f,°, fo®, - - - , fm® used in (2.3) 


are naturally linearly independent. 
Let us here introduce Cauchy’s formula 


1 dt 
f(s) = = f s) — 


1 f) tdé 
- 2r Cc t-— 3 


and let us replace the /in (2.3) by its value 1/t, so that we have 








SRO AER ST 
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NERO TRIE aI 
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a ee 
a He Bn 
—1 —1 —1 —1 —1 
~~ 1 — aa i jai - 1—aj@, 2—ay, 
—-1 -1 —1 —1 —1 
« 1 — acd ‘<i. " San eue Z— Qe 
—1 —1 —1 —1 —1 
On 1—an&, 1—anp&e _ 1—a,&n 2— On 
t t t t 
' 1 i-avy i-asg 1-as s-3 
(2.4) fle) — fe) == f 90 —— a a. 
a? . we an 
—-1 -1 —1 —1 
“~ 1— aja; 1— aj&2 an 1 — ajGn 
—-1 -1 —1 —1 
‘a2 1—as) 1—osts 1 — a2%n 
—-1 -1 —1 —1 
On 1—an&, 1 — ands _ 1 — an&n 








We prove that (2.4) simplifies to the form 


Z2\Q12— A223 — -°* (as— —a1 =a > * —An 
Qn fro 


(—«a)(2—a@2) - - - (2—an)(2—#) (Git—1) (Got—1) - - - (&nt—1) 


Each determinant in (2.4) is to be evaluated by reducing each row 
of each determinant to a common denominator. The result (quotient of the 
original determinants) is a rational fraction whose denominator is the de- 
nominator which appears in (2.5). The proper numerator of (2.5) considered 
as a function of z and ¢ is a polynomial in z and ¢ which is seen by inspection 
of (2.4) to vanish whenever z=0 or 1/&;, and likewise to vanish whenever 
t=a;. It remains to make sure that there is no other factor containing z or f, 
and to evaluate the numerical factor. 

The quotient in (2.4) is obviously of degree 7 +1 in z, hence can have no 
factor containing z other than those in (2.5). The quotient in (2.4) is appar- 
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ently of degree +2 in #, but is in reality only of degree »+1. For the de- 
nominator in (2.5) is of degree +1 in ¢, and when ¢ becomes infinite the quo- 
tient in (2.4) approaches zero, as is seen by inspection. There can therefore 
be no other factor in (2.5) which contains z or ¢. Let us now take the iterated 
limit in the fraction of (2.4) as z becomes infinite and then as ¢ becomes in- 
finite. The resulting expression is seen by inspection to have the value unity, 
if the first row in the numerator is subtracted from the last row, so the equiva- 
lence of (2.4) and (2.5) is completely proved. It will be noticed too that (2.5) 
can be written 


In(2) — f (2) 


(2.6), %,2—1)(ts—1) - - - (Gns—1)(t—a)(t—aas) « - - (taxa) 
=— {fn 2(G2—1)(G22—1) - - - (Gane pe lon = 


2ni Jo (2—a1)(3—a2) « «+ (2— an) (2—8)t(@t— 1) (Gat 1) - - - (@nt—1) 





’ 


a form which involves the integral of an analytic function, so that the con- 
tour of integration may be deformed under suitable restrictions. 

3. Proof of Theorem I. We are now in a position to prove, under the hy- 
pothesis of Theorem I, that the left-hand member of (2.6) approaches zero. 
We take the integral in (2.6) not over the circle |#|=1, but over the circle 
C’: |t|=7", 1<T7’<T, where f(z) is assumed analytic for |z| <7. Equation 
(2.6) is valid for |z|< || =1, and hence is valid for |z|< |¢|=7’. Let A’ be 
an arbitrary number greater than unity and less than A. For ¢ on C’ and for 
n sufficiently large we have* 














t—a T’ +A’ 
(3.1) ~i< 

at — 1 1+ A’T’ 
and for |z|=Z>1, Z<A’, we have 

a.z—1 A’Z—-—1 

Z2— a A’'—-Z 








The left-hand member of (2.6) is, for sufficiently large, for Z< 7’, and for 
suitable choice of M, uniformly less than 
(— +A’ A’Z— “)’ 
1+ A’T’ A’—Z/’ 





where M is independent of u, and this expression approaches zero provided 








* This inequality and others which we shall use later are readily obtained by studying the trans- 
formations involved, in the present case +»=(t—ax)/(a@#—1). In particular lt | =1 implies for the 
w as just defined, |w|=1. 
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T’ +A’ AZ —1 
1+ A’T’ A’-Z 





<1, 


that is to say, provided 
A”T’ + T’ + 2A’ 
2A’T’ + A? 41’ 





(3.2) 


this last quantity is less than 7’ and greater than unity. We have thus proved 
(3.3) lim f,(z) = f(z), 


no 


uniformly for 
A”T’ + T’ + 2A’ 
2A’T’ + A”? +1 





|s]| SR< 


The numbers A’ <A and 7’ <T are arbitrary, so can be allowed to approach 
the limiting values A and T respectively. If this is done, the right-hand mem- 
ber of (3.2) increases, so (3.3) implies 





(3.4) lim f,(z) = f(z), 
uniformly for 
A*T + T + 2A 
lz] SR< fo ° 
2AT + A? + 1 
In particular if T =A, this last expression reduces to 
A* + 3A 
(3.5) at ee 
3A*+1 


If, on the other hand, the function f(z) is analytic at every finite point of the 
plane, we can allow 7” to become infinite, and the corresponding expression 
in (3.4) becomes 
A?+1 

2A 





(3.6) 


If T is arbitrary, and if we allow A to become infinite, the expression in (3.4) 
approaches T itself. Thus, if we have merely lim,... aj,= © uniformly, we 
have convergence of f,,(z) like that of Taylor’s series, namely interior to an 
arbitrary circle |z|<7>1 within which f(z) is analytic, uniform convergence 
for |z|<7’<T. This gives us in reality a generalization of Taylor’s series; 
the various functions of the sequence are still rational functions not neces- 
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sarily polynomials, but the character of their convergence both as to region 
of convergence and degree of convergence is like that of Taylor’s series. 

4. New derivation of formulas. It may seem that the discussion we have 
given is lacking in two respects: (1) the points a;, for each given m have been 
assumed all distinct, (2) the points a;, have been assumed finite. We now 
point out that those restrictions although necessary for the proofs as given 
are not necessary for the validity of the final formulas and other results. 

The discussion about to be given is a derivation of equation (2.6) which 
is independent of the former derivation but which shows (2.6) to be valid even 
if the numbers a;, for a given m are not all distinct. The former derivation is 
to be considered useful as showing the relation between our present work and 
the classical formulas for approximation in the sense of least squares. We do 
not repeat that derivation in the more general case now to be considered be- 
cause the notation necessary would be too complicated. 

The function f,(z) is uniquely characterized by the properties (1) of being 
a rational function of degree » with the prescribed poles,* and (2) of being 
such that the function f,,(z) —f(z) is orthogonal on C to each of the given func- 
tions 1, 1/(z—a,) (k=1,2, - - - ,m), where if p of the points a; (for a given ) 
coalesce say at a, the function f,(z) —f(z) is orthogonal to each of the func- 


tions 


4 1 ! 
(4.1) 


Z—-a (¢— a)?  "s- 








The first of these two properties is readily verified, for equation (2.6) may be 
written 


1 1 
| f.(z) = lo 


a 2(@iz — 1)(&2 — 1)-- + (Gaz — 1)(t — ar)(t — ae): - + (t - =] 
(2 — a) (2 — ae) - - + (2 — an) (t — z)t(@it — 1) (Got — 1) - - - (nt — 1) 


(4.2 





The two fractions in the bracket, when reduced to a common denominator, 
admit the factor ‘—z in the numerator, for that numerator, considered as a 
polynomial in ¢ and z, vanishes for =z. When the factor ¢—z is cancelled, the 
new numerator is a polynomial in ¢ and z of degree m at most in z. The denom- 
inator is precisely (s—ai)(z—az) - - - (s—a,), so far as factors containing z 
are concerned. Hence the right-hand member of (4.2) actually is a rational 
function of the form prescribed in Theorem I. It remains to show that the 
function defined by (2.6) is orthogonal to the function 1/(z—a;,). 


* We intend to imply by this phraseolegy merely that f,(s) can be written in the form of the last 
member of (2.1); we do not imply that the numerator and denominator have no common factor. 
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Let us denote by C’ a circle whose center is the origin, which lies interior 

to C: |z|=1, and which contains within it all the points 1/a.. We have 

dz 


az — 1 








dé 
in 


J [ia(2) — f(2)] =i f Linz) — f(2)] 


dz 1 dz 


a.2z—1 Qa Jor Giz — 1 


Ak 








=i f In - 10) 





fo — 1)(@z — 1)--+ (Gz — 1)(t — ay)(t — ae) - ++ (t — an) 
c “(g — a3)(z — az) -+ + (3— an) (2 — B)t(@it — 1) (Got — 1) - - - (at — 1) 
1 ‘ (t — a)(t — ae) - + + (tf — an) 
° dn Flore — 1)(@t — 1) - - - (Gat — 1) 
f 2(@2 — 1) - - - (@p_az — 1)(@eg1z — 1) - - - (nz — 1) 
(2 — a1)( — a2) -- - (2 — on)(z — 2) 








and this last expression vanishes, for the integral over C’ is zero by Cauchy’s 
integral theorem. 

We have shown merely that the function f,(z)—f(z) defined by (2.6) is 
orthogonal on C to the function 1/(z—a,). It is entirely obvious that the 
proof can be modified so as to show that in case # of the points a;, (for a given 
n) coalesce at a, the function f,(z) —f(z) defined by (2.6) is orthogonal to each 
of the functions (4.1). 

We leave to the reader the care of seeing that the function f,(z) —f(z) is 
orthogonal on C to the function unity; the formulas already used require 
little modification. 

There is no essential difficulty in modifying (2.6) so as to allow infinite 
values of the ain. Thus if ai=% for example, the fractions (a:2—1)/(z—a) 
and (t—«a;)/(at—1) are simply to be replaced by —z and —1/t respectively, 
with these factors repeated if others of the a; are infinite. In this latter case 
the functions (4.1) become 2, 2”, - - - , 2”, and these functions are orthogonal 
to the function f,,(z) —f(z) defined by the modified (2.6). 

All of the consequences, such as (3.4),.which we have drawn from (2.6) 
are valid also in the new cases considered, namely that the points a;, for a 
given m are not necessarily all distinct, and that the point at infinity is ad- 
missible as one or more of the ain. 

5. Remarks on Theorem I. We add several other remarks in connection 
with Theorem I. Best approximation to f(z) on C in the sense of least squares by 
a rational function of the form (2.1) is equivalent to interpolation in the n+1 
points 0, 1/a, 1/2, - - - , 1/a&n interior to C, the inverses of the points ©, ou, 
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G2, +++ , &, with respect to C. For one sees by inspection that the right-hand 
member of (2.6) vanishes at the +1 points enumerated, and the rational 
function f,(z) of form (2.1) which takes on given values in »+1 points is 
known to be unique.* Coincidence of p of these poles a;, in a means coinci- 
dence of p of the points of interpolation in 1/a (p+1 points if a=), which 
means not merely equality of f,(1/a) and f(1/a) but also of various deriva- 
tives of these two functions: 


La) AG) #(G) 2G) 6G) = 2G): 


Taylor’s series is well known to be found both by interpolation in the 
origin and by approximation on C in the sense of least squares; this agrees 
with the result just found in the more general situation. 

From (2.6) can be derived a result on the degree of convergence of the 
sequence {f,(z)}. We are particularly interested in z on C, and for this 
case we have |(a,z—1)/(z—ax)|=1, so (compare (3.1)) for an arbitrary 
R>(T+A)/(1+AT) and for a suitable M’ depending on R it follows that 


| fa(z) — f(z)| S M’R", 2 onC. 


If the given function f(z) is not assumed analytic on C, but merely an- 
alytic interior to C and continuous for |z | <1, our second derivation of (2.6) 
remains valid. In (2.6) we have |(¢—a,)/(a—1)|=1, and for |z}=Z<1 
we have 

a2 — 1 AZ+1 


< 
Z— Qs A+Z 





Hence we have limy... fn(z) =f(z) uniformly for |z|<Z<1. 

T he limit obtained in (3.4) is the best possible one; this means naturally best 
limit which holds for all admissible choices of f(z) and the a;,. If all of the 
points a;, coincide at z=A, and if we approximate to the function f(z) = 
1/(z+T), the approximating sequence f,,(z) converges for 

AT +7 + 2A 
| 2| % , 
2AT + A* + 1 





and converges throughout no concentric circle of larger radius. 


* See for instance Walsh, these Transactions, vol. 33 (1931), pp. 668-689. 

t Indeed it is sufficient if f(z) as defined on C is merely integrable together with its square. This 
is independent of the consideration of f(z) as the boundary value of an analytic function. The limit 
of the sequence f,(z) for |z|<1 is then defined by 

1 S(bdt 


2ni Jc t-s° 
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The functions f,(z) can be written down by inspection, from their form 
(2.1) and from the fact that they coincide with f(z) in the origin and satisfy 
the equations 


fx(1/A) = f(1/A) (k= 0,1,---,#— 1). 
We have 
(T + A)"z(Az — 1)” 
T(AT + 1)"(z + T)(z — A)" 
For the particular value z=(A?7+7+2A)/(2AT+A?+1), we have 
(T+ A)(As— 1) _ 
(AT + 1)(z — A) 


and hence the right-hand member of (5.1) approaches no limit. 

6. The limit points of the a;, restricted to an arbitrary circular region. 
The problem we have been considering, approximation to f(z) on C in the 
sense of least squares, is, as we have seen, equivalent to interpolation im the 
origin as well as in the points 1/a;. We now show that the results on conver- 
gence obtained in §3 are likewise valid if we choose an arbitrary point 6 in- 
terior to C but which may depend on 2, and interpolate in 8 instead of in the 
origin, provided merely that 1—|8| remains greater than some positive 
quantity as m becomes infinite. Let us denote by f,°(z) the approximating 
function of degree , with poles in the points ain, which coincides with f(z) 
in the points 8, 1/a, 1/a@., - - - , 1/an. We have 

0 — 
(6.1) f2 (2) — f@ 

-—f 2 — A@s — 1) +++ (Ganz — 1)(t — a) +--+ (tf — an) 
Qi Jc (s—a1) «+» (6—an)(z—2)(¢—B)(Git—1) - - » (Gat —1) 
for the function f,.°(z) defined by (6.1) clearly coincides with f(z) in the pre- 
scribed »+1 points, and the function f,°(z) thus defined is related to f,(z) by 

the equation (found from (2.6)) 
(6.2) $2) — fl) = f cq Oe, 
2ridc  (z—a) + + « (2—an)t(t—B) (@st—1) - + - (@nt—1) 





(5.1) f(z) — f(z) = —- 





? 





? 





The right-hand member of (6.2) is a rational function of degree ” with poles 
only in the prescribed x points, and hence f,°(z) is also such a function. More- 
over it is clear by inspection of (6.1) and of the discussion in §3 that in (3.4) 
we can replace f,(z) by fn°(z). Convergence of the sequence f,,°(z) is proved 
under the restrictions previously found for f,(z); the verification of this fact 
is left to the reader. 
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We use the term circular region to denote the closed interior or exterior 
of a circle, or a (closed) half-plane, and we use the same notation for a circu- 
lar region as for its boundary. We shall study a problem more general than 
that of Theorem I, where now the points a;, are assumed to have no limit 
point exterior to an arbitrary circular region T which has no point in common 
with C. Let us transform the circle T' into a circle I’ concentric with C, by a 
transformation of the form w=(z—)/(—1+z), which carries C and its in- 
terior into C and its interior; it is sufficient to choose 6 interior to C and one 
of the two points mutually inverse in both C and I’. Approximating f(z) on 
C in the sense of least squares is equivalent to interpolation of f(z) in the 
points z=0, 1/a,. A rational function of degree n in z is a rational function of 
degree m in w, and if the former has its poles in the points a,;, the latter has 
its poles in the corresponding points w = (a, —8)/(—1+a,). Interpolation in 
the points w=0 and in the points w= (8a.—1)/(@.—8) is equivalent to ap- 
proximation to f(z) on C in the sense of least squares, for which we have ob- 
tained the results of Theorem I, and if we replace w=0 by the point w=8 
which corresponds to z=0 we have equivalent results on convergence (as has 
just been proved) valid then for our original problem in the z-plane. The 
points w=(@a,—1)/(a@,—8) are not only the inverses with respect to C of 
the points w=(a,—8)/(—1+a:), but are also the transforms of the points 
g=1 / Qk. - 

In order to interpret these results in the z-plane, we write the equation of 
the circle I in the form 


z—8 
Bz —1 





(6.3) =A>1l, 





where, as we have said, f is interior to C, and where 8 and 1/8 are mutually 
inverse points with respect to both C and I. It is naturally possible to write 
I in the form (6.3), for T belongs to the coaxial family of circles determined 
by @ and 1/8 as null-circles. We have therefore proved 

TueoreM II. Let the function f(z) be analytic for |(s—8)/(Bz—1)|<T>1, 
where |8|<1, and let the points ain have no limit point z for which |(z—B)/(Bz 
—1)|<A>1. Then the sequence {f,(z)} of rational functions of respective de- 
grees n with poles in the points cin of best approximation to f(z) on C: |z|=1 in 
the sense of least squares converges to the function f(z) whenever we have 


s- 8) AT+T+24 
ar QAT +A? +1. 








uniformly whenever we have 
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z—8 A°T + T + 2A 
- <R< ° 
Bz — 1 2AT + A* + 1 











The circular region 
z—B 


= =R 
pz —1 











is the interior of a circle, a half-plane, or the exterior of a circle according as 
R is less than, equal to, or greater than 1/|8]. 

It is a corollary of Theorem II that if lim... a;,=1/8 uniformly with re- 
spect to i, then the sequence {f,(z) } converges for |(z—8)/(Bz—1) |<T, uni- 
formly for |(z—8)/(Bz—1) |<R<T. Theorem Tis the special case of Theorem 
II corresponding to 6 =0. 

7. Points ai, approaching C. We have hitherto assumed the points ain 
to have no limit point on C. We shall now study the convergence of the se- 
quence f,(z) of best approximation in the sense of least squares where this 
restriction is removed; we naturally still require f(z) to be analytic on and 
within C. If f(z) is analytic for |z|<1, or is merely analytic for |z|<1 and 
continuous for |z|<1, and if we have merely |ain|2A>1, the sequence 
fn(2) converges to the value f(z) for |z|<1, uniformly for |z|<Z<1. This 
follows directly by the method used in §3, where the integral in (2.6) is taken 
over C, so that we have 


t— a, az — 1 


aéi— 1 


AZ + 1 
< 


A+Z 





=1,¢onC; 





<i, |z|sZ<1. 














Z2— a 


The question of uniform convergence for |z|<1 of f,(z) still remains, 
when f(z) is analytic for |z|<1, and when the quantities |a;,| are not 
bounded from unity as m becomes infinite; this is the question we now discuss. 
Our present hypothesis is |ai,|=A,>1, and we employ again the method of 
§3. The integral in (2.6) can be taken over a circle |t| =7’, 1<7’<T. For 
zon C we have 











&.2— 1 
Ak - 1, 
Z— Qk 
so our proof that 
(7.1) lim f,(z) = f(z) uniformly for|z| < 1 


will be complete provided we have 


T’ + A,\" 
(7.2) lim (3) = 0 
one VE + 453" 
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Tueorem III. If the function f(z) is analytic for |z|<T>1, and if we have 

lain | 2An>1, the sequence of rational functions f,(z) of best approximation to 

f(z) on C: |z| =1 in the sense of least squares converges to the value f(z) uniformly 
for |\z|<1 provided that 


(7.3) lim (A, — 1) = @. 


n> © 


We shall shortly identify condition (7.3) with condition (7.2). Condition 
(7.3) is obviously not satisfied if we have 


K 
A, = 1+—> x independent of n. 
n 


In this case one finds 
K n 
1 + ——_—_- 
(Fta\.( T’+1+x/n - (1+ 7’)n 
1+A4,T) \At+uT'/n) — xT’ 
(1 + 7’)n 











1+ 


which approaches the value e*!(!+7”)/e«T’/(1+7"), On the other hand, condition 
(7.3) is obviously satisfied for every T’ if we have 


K 
4,2 1 a er 0 <A < 1,x« independent of . 
n 


In Theorem III we are primarily concerned with the case that either the 
numbers A, or an infinite sequence of them approach the value unity. This 
condition is, as a matter of fact, not essential for the truth of that theorem. 
We shall find it convenient to assume in the sequel 


lim A, = 1, 


no 


but that is purely a matter of convenience. 
We have 


T’ A, T’ — 1)(A, -— 1 
(7.4) n log (—-) = n log E - \ ui ‘| 
1+A,T7’ 1+ A,T’ 





and we compare this equation with 




















1932] INTERPOLATION AND APPROXIMATION 37 


n log (1 — x) [o+i+=4 | |<1 
og (1 — x) = — mx — mx*?]| —4+—+—4--- ], |] 2 , 
. 2 3 4 


sed (T’ — 1)(A 1 
t= in al > 0. 
1+ A,7’ 





If (7.3) is satisfied, we see by inspection that the right-hand member of 
(7.5) becomes negatively infinite, and hence (7.2) is fulfilled. On the other 
hand, if 2(A,—1) does not become infinite, m(A,—1) is uniformly bounded 
for a certain sequence m, m2, - - - of indices m. For this same sequence of in- 
dices the square bracket in (7.5) approaches the value 1/2, the expression nx? 
approaches the value zero, and condition (7.2) fails to be satisfied. Thus (7.2) 
and (7.3) are shown to be completely equivalent; condition (7.2) is independent 
of T’>1;in Theorem III we use the fact that (7.3) implies (7.2), and Theorem 
IIT is now completely proved. 

Condition (7.3) (or condition (7.2)) might seem artificial, and it might 
be supposed that this condition were merely a convenient sufficient condition 
for the conclusion of Theorem III. But we can show that condition (7.3) can 
be replaced by no weaker condition and still imply the conclusion of Theorem 
III for all functions f(z) which satisfy the hypothesis. We show this by means 
of the example 


1 
CS aes » =A. T> i, 4,> 1. 
f() —e 


We can write down by inspection a rational function f,(z) with all of its 
poles in the point A,, which agrees with the function f(z) at the origin, and 
which together with its first »—1 derivatives agrees with f(z) and its first 
n—1 derivatives at the point z=1/A,. This function f,(z) is uniquely deter- 
mined by these conditions, and is known to be the admissible function of 
best approximation to f(z) on C in the sense of least squares. We have 


_ (T + An)"2(Anz — 1)” 
T(AnT + 1)"(@ + T)(z — A,)* 





S(@) — fal2) = 


as the reader may verify. For z on C, it appears that 
1 T+ An, 
T\z+T7| 11+ A,T 
so that for the particular function f(z) =1/(z+T7), equation (7.2) or (7.3) isa 
necessary and sufficient condition that f,(z) should approach f(z) at even a 
single point of C. 
Theorem III is concerned with the uniform convergence on C of a particu- 
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lar sequence of functions, namely the best approximation to f(z) on C in the 
sense of least squares. One might ask whether some other sequence F,,(z) of 
functions (of respective degrees and with the prescribed poles) can converge 
to f(z) uniformly for |z|=1 even when condition (7.3) is not fulfilled. It is 
still true that condition (7.3) can be replaced by no weaker condition which im- 
plies limn.« F(z) =f(z) uniformly on C for all functions f(z) which satisfy the 
hypothesis of Theorem III. If we had 


lim F,,(z) = f(z), uniformly for z on C, 


no 


for the particular function f(z) =1/(z+T) already considered, we should have 
also 


lim | | f(z) — Fa(z) |?| dz| = 0. 
Cc 


no 


This contradicts the inequality 
fiso-s.@F| a] s fl -P.@ bale, 
c Cc 


found from the definition of the f,(z) (i.e. functions of best approximation in 
the sense of least squares), and the inequality 


2n 





2r T+A, 
a 2| 
[i fale) "| ds| & si +A,T 





derived from (7.6). 

Indeed, the material just given proves that lim;../n,(z) =f(z) uniformly 
for z on C for f(z) =1/(z+T7) is impossible unless the condition (7.3) or (7.2) 
is satisfied for this particular sequence m,. 

Condition (7.3) is derived on the assumption |a;,|2=A,, and our remarks 
on the generality of that condition are based on the maintaining of that as- 
sumption. There can naturally be derived a more general although slightly 
less simple condition involving the precise quantities |a;n|=Ain, where the 
above assumption is allowed to fall. 

If f(z) and f,(z) have the same meaning as in Theorem III, a necessary and 
sufficient condition that we have 


lim fn(z) = f(z), uniformly for | z| < 1, 


no 


for every choice of the function f(z) analytic for |z|<T>1, and for every choice 
of Qin, lovin | =A in, is 
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(7.7) lim > (5 *) = 0 


eee t=1 Ain 





From the integral formula for f,(z)—f(z) it is seen as before that the 
condition 
ha 3 + Ain 
7.8 li —— = 0 
-— iim ar 
is sufficient. This condition is also necessary, as the reader will verify by the 
choice ain =A in, f(z) =1/(2+T); the formulas are almost identical with those 
already used. Condition (7.8) is, as will appear, independent of the choice 
of T’. 
Let us prove that conditions (7.7) and (7.8) are completely equivalent. Con- 
dition (7.7) is equivalent to the condition 
"(T= 1)(4ig — 1) _ 


7.9 li 
vm lim 1+A,T 





for we have by A;,>1 











T-1 1+ Ain.T T-1 
< < 
T+i1 Ain — 1 T 
Ain 


For 0<x<X <1 the condition 
mx < log (1 — x) << Mx, m <0, M <0, 


is satisfied for suitable values of m and M. The quantity (T—1)(Ain—1)/(1 
+A ;,T) is positive and less than (T —1)/T, so condition (7.9) is equivalent to 


> (T - 1)(A in - ~) > (= “$ “) 
li — fo « te Sele he es 
nc > «( 1+A,T hese 2ulog 1+A,,T ‘ 





and this condition, being independent of T, is equivalent to (7.8). The proof 
is now complete. 
Condition (7.3) obviously implies (7.7), if Ain=An, for we need consider 
only the case lim, ... A, =1. If A,<2 we have 
Am—-1_As—-1 A,—1 
> 


= , 


_ ~ ££ 2 
s sha - 1 
2> ( 
i=1 


If the latter quantity becomes infinite, so also does the former. 
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Condition (7.3) can also be written in the form 


(7.10) lim A," = 0, 


no 


It is sufficient to consider the case lim,., A4,=1. An inequality 
mx <log(1+x)<Mx, m, M>O, 


is valid for suitably chosen m and M for sufficiently small positive x. Hence 
condition (7.3) is the same as 


nlog [1+ (4, —-1)] -&, 


which is another form for (7.10). 
Condition (7.7) can also be written in a simpler form, namely, 


lim (Ain —-1)=0 
nO fun) 
provided that the numbers A ;, are uniformly limited, Ain <A’. 

8. Other measures of approximation. There are interesting measures of 
approximation other than least squares, for instance (1) that of Tchebycheff 
(already described in connection with (1.1)) taken on C: |z|=1, (2) least 
weighted pth powers on the circumference C, (3) least weighted pth powers 
measured over the area |z|<1. We shall treat these cases separately, and 
shall prove in each case 


THEOREM IV. Jf the numbers ain have no limit point whose modulus is less 
than A >1, and if the function f(z) is analytic for |z|<T>1, then the sequence 
{F,(z)} of rational functions of respective degrees n with poles cin of best ap- 
proximation to f(z) converges to the limit f(z) for 

A*T + T + 2A A*T ++ T+ 2A 


«< ’ j 1 = R ; 
| | DAT 4 A? + 1 uniformly for|z| < Scare A? ah 








Let us first treat case (1); the sequence of rational functions of best ap- 
proximation exists and is unique.* If R is arbitrary, but greater than 
(T+A)/(1+AT), the inequality 


(8.1) | fa(z) — f(z)| S M’R*, z on C, 


is proved in §5, where the functions /,,(z) are the rational functions studied in 


* Walsh, these Transactions, vol. 33 (1931), pp. 668-689. 

Case (1) is equivalent to approximation on |z|<1 in the sense of Tchebycheff. These two cases 
may also be extended to include approximation in the sense of Tchebycheff with a norm function; 
the modifications are left to the reader. 





1932] INTERPOLATION AND APPROXIMATION 41 


Theorem I. Inequality (8.1), holding for the functions f,(z), must also hold 
for the functions F,(z) of best approximation in the sense of Tchebycheff: 


(8.2) | Fn(z) — f(z)| S M’R", z on C. 

By combining (8.1) and (8.2) we obtain 

(8.3) | fa(z) — F(z) | < 2M’R*, z on C; 

the function whose absolute value appears here is a rational function of de- 


gree n. 
We now make use of the following lemma:* 


Lema I. If P(z) is a rational function of degree n whose poles lie on or ex- 
terior to the circle |z|=dp>d, and if we have 


| P(z)| S$ L, for |z| =2, 


then we have 


(8.4) |P@|< L(= 





— 1\” 
Pare, 

Ri 

Under the present circumstances, we have, by (8.3) and (8.4), 


| f(z) — Fn(z)| S$ 2M’R" (Ft sy) |s| $< Ri <A’ <A. 


Ppa 
That is to say, the sequence {f,(z)—F,(z)} converges for |z|<R: provided 
r(—— A’ + Re 
A’—R, 1+ A’R 
The number R is here arbitrary, greater than (T+A)/(1+AT), and A’ is 
arbitrary less than A, so the sequence {f,(z)—F,(z)} converges for 


AT* + T + 2A AT? + T + 2A 
|z| < » uniformly for|z| < Ri’ < . 


2AT + A?+1 2AT + A? +1 
The sequence {f,(z)} converges (Theorem I) under these restrictions on z, 
hence the sequence {F,(z) } does also, and Theorem IV is proved in case (1). 
In case (2) we are dealing with the sequence {F,(z)} of best approxima- 
tion to f(z) on C in the sense of least weighted pth powers as measured on C, 
that is, with the sequence of rational functions F,(z) of respective degrees 
and having their poles in the prescribed points such that 


J | Fa(2) — fle) |Pn(z) | ds| , p > 0, 


* Walsh, these Transactions, vol. 30 (1928), pp. 838-847; p. 842. 
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is not greater than the corresponding integral for any other rational function 
of degree » whose poles lie in the prescribed points. The norm function m(z) 
is supposed to be positive and continuous on C, and under these circum- 
stances the function of best approximation always exists, and is unique if 
p>. 

Denote by n’ and n” two numbers such that we have 


0<n' < n(z) < nm”, z onC. 
For the functions f,(z) of Theorem I we have by (8.1) 


J | faz) — f(z) |?m(e) | dz| < 2en'"(M'R)?, 
c 
which implies the inequality 
J, | Fale) — f(@) |>n(z) | dz| < 2en’"(M'R")?, 
Cc 


for the functions F(z) of best approximation, and this in turn implies 


(8.5) fi F,(2) — f(z)|?| dz| < 2n— (M'R*)?. 


We shall have occasion to apply the following lemma:* 


Lemna II. If each of the functions $,(z),n=1, 2, - - -, is analytic on and 
within the circle C, and if we set 


J, $n(2)|?| dz| = en, p > 0, 
Cc 
then we have for z on an arbitrary closed point set C' interior to C 


(8.6) | daz) | < en”, 


where Q depends on C’ but not on $,(2). 


If we restrict z so that we have |z|<Z<1, then we have by (8.5) and 
(8.6) for suitable choice of M (independent of m) 


| F(z) — f(z)| S MR®. 
By the use of (8.1) we find, for suitable M,, 


| fa(z) — Fa(z)| S MiR*, |2| SZ <1, 
* Walsh, these Transactions, vol. 33 (1931), pp. 370-388. 
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and by Lemma I we have 


A'R, — 1\" 
(8.7) | fn(2) — Fa(z)| wR (FA) tor z| $ZRi,1<Ri <A’ <A. 
= 1 


Inequality (8.7) is valid for every Z<1 and for every R>(T+A)/(1+AT) 
and for every A’<A. It follows, precisely as in case (1), that the sequence 
F,,(z) converges for 


AT+7T+24 i, A°T + T + 2A 
|s| < » uniformly for|z| < Ri < ’ 
2AT + A? +1 2AT + A? +1 


and Theorem IV is proved in case (2). 

We take up now the remaining case (3) of Theorem IV. Let F,(z) now 
denote the rational function of degree » with the prescribed poles of best 
approximation to f(z) over the area S: |z!<1 in the sense of least weighted 
pth powers, that is, the admissible function such that 








f f | Fa(z) — fle) |>n(e)ds, p > 0, 


is not greater than the corresponding integral for any other admissible func- 
tion. The function (z) is supposed positive and continuous on S, and under 


these conditions a function F,,(z) of best approximation always exists, and is. 


unique if p>1. 
Denote by n’ and m” two numbers such that we have 


0<n' <n(z) <n", zonS. 
For the functions f,(z) of Theorem I we have by (8.1) 


f f | fa(2) — fle) |?n(2)dS < mn(M'R*)?, 
which implies the inequality 
(8.8) J fl#@ - 10 en@as s an" carry, 


for the functions F,,(z) of best approximation, and this implies in turn 


ff | Fn(z) — f(z) |»dS < 1 —(M'R*)?, 
8 n 


We are now ready to apply* 
* Walsh, these Transactions, vol. 33 (1931), pp. 370-388. 
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Lemma III. Let C be an arbitrary closed limited region. If each of the func- 
tions $,(z), n=1, 2, - - - , is analytic in C, and if we set 


Sf n(z) |"dS = &n, p > 0, 


then for z on any closed point set C’ interior to C we have 
| n(2) |? < Qen””, 
where Q depends on C’ but not on ¢,(2). 


If we restrict 2, |z| <Z <1, the inequality 
| Fa(z) — f(@)| S MR, 


where M depends on Z but not on , thus holds. The proof used in case (2) 
can now be followed directly, as the reader will verify, and this completes the 
proof of Theorem IV in all the cases mentioned. 

In Theorem IV we have assumed the points a;, to have no limit point in- 
terior to the circle |z| =A >1. It is naturally possible to use here an arbitrary 
circular region exterior to |z|<1 as the region to which the limit points of 
the set a;, are restricted, and even to prove still broader results. We state 
the general theorem involved. The results are completely analogous to the 
results of §6, and in fact include Theorem II as a special case. The proofs 
here are left to the reader; they depend particularly on the fact that under a 
linear transformation of the complex variable which transforms |z| <1 into 
itself, the integrals 


n(Z) — P dz|, s —- P dS, 0, 
flaw f(s) |>n(e) | de| Sf ino f(z) |>n(2)as, p > 


are transformed into integrals of the same type with new (positive and con- 
tinuous) norm functions n(z). 


THEOREM IVa. If the numbers ain have no limit point z such that 
|(az+B)/(yz+6) | <A >1, and if the function f(z) is analytic for |(az+B)/(yz 
+8)|<T>1, where |a/y|>1, ai—ByX0, then the sequence {F,(z)} of ra- 
tional functions of respective degrees n with poles ain of best approximation to 

f(z) on C: |(az+B)/(yz+8) | =1 converges to the limit f(z) for 
az +B A’*T + T+ 2A jas +6] _. A*T + T+ 2A 


< » uniformly for < . 
ye +6 2AT + A? +1 lyz + 6 2AT + A? +1 











The measures of approximation contemplated here are naturally (1), (2), 
(3), and the restriction |e/y|>1 is made simply to avoid an improper in- 
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tegral if (3) is the measure of approximation, taken over |(az+{)/(yz 
+6) |<1. If (1) or (2) is used, this restriction may be omitted, and it may 
even be omitted in case (3) if suitably modified restrictions on the norm func- 
tion are imposed for the case that |(az+8)/(yz+6) | <1 is an infinite region. 

It will be noticed that throughout §8 we have not explicitly used the fact 
that we were dealing with sequences of rational functions of best approxima- 
tion. It is in every case sufficient if we have sequences which converge (as 
measured by any one of the several measures of approximation) like the 
sequence of best approximation, in the sense of geometric inequalities as used. 

We remark that inequality (8.1), holding for z on C for an arbitrary 
R>(T+A)/(1+AT), cannot be proved to hold, for an arbitrary choice of 
the a;, and for an arbitrary function f(z) analytic for |z|<T, for an arbitrary 
R>R’<(T+A)/(1+AT). This follows from the specific example given in 
§5. From (5.1) we have for z on C 


| f(z) — fa(2)| = 





T+A\* 
Tl|z+T7| ( eo 
Overconvergence, in the form in which we have proved it in cases (1), 
(2), (3), and so far as the present methods are concerned, is not a consequence of 
the inequalities (8.2), (8.5), (8.8) alone, but is a consequence of those in- 
equalities together with our knowledge of the fact that f(z) is analytic for 
|z | <T. If we know merely that for some function f(z) defined for |z| <1, one 
of the inequalities (8.2), (8.5), (8.8) holds, then we can prove only that the se- 
quence f,,(z) converges and that f(z) is analytic for |z|<(A+R"?)/(1+AR"?). 
We have from (8.2), for instance, 


| Fn(z) — Fayi(z)| S$ M’(1 + R)R*, 2 onC 


where R is an arbitrary number less than unity. By Lemma I this yield 
since the function on the left is a rational function of degree 2n+1, 


A’R, —_— 1 2n+1 , 
=z) ’ lz] = Ri >1, A'<A. 
Thus the sequence F,,(z) converges for Ri< (A +R"*)/(1+AR"?), that is, for 
|z|<(A+R"*)/(1+AR"?), uniformly for |z|<Z<(A+R"*)/(1+AR"?). 

9. Interpolation at the origin. As a matter of interest, we study the ra- 
tional functions (2.1) of respective degrees m with poles in the prescribed 
points a;, which are defined from the given analytic function f(z) by inter- 
polation in the origin, and we shall investigate the convergence of the se- 
quence so determined. That is to say, the present functions f,(z) shall have 
the property 


| Fa(z) — Fagi(z)| S M’(1 + RRe( 


ES TyigRe arses VATS 


Ses 





ia a 
pete 


fig Doamea he eee ee eee 


re 














a eee a 


SRL ee 








46 J. L. WALSH [January 


(9.1) ho =f°O (k = 0,1,---,m), 


where f(z) is the given function analytic for |z|<7. The conditions (9.1) de- 
termine f,(z) completely. Under the present circumstances we have the 
formula 

2™tl(t — ay)(t — ae) -- + (t — an) 


1 
9.2 — f(z) = — t dt; 
0.010 ~ id= § Ne 
let us verify the correctness of this formula. The function 


_ 1 2"tl(t — a1)(t — ae) +++ (t — an) , dt 
on - gl) se eee 


is a rational function of degree m; indeed, if the quantities in the square 
bracket are reduced to a common denominator and added, the new numera- 
tor considered as a function of z and ¢ vanishes for ¢=z and hence is divisible 
by ¢—z. The function f,(z) defined by (9.3) is of degree m and has (formally) 
the prescribed poles. Moreover, the right-hand member of (9.2) vanishes 
together with its first m derivatives for z=0, so the verification is complete. 
We shall prove 

THeoreM Va. Let the function f(z) be analytic for |z|<T and let the num- 
bers Qin, t=1, 2,-++, m; n=1, 2,---+, be preassigned and have no limit 








point whose modulus is less than A. Denote by f,(2) the rational function of the 
form (2.1) which satisfies (9.1). Then the sequence {f,(z)} approaches the limit 
f(z) for \z|<AT/(A+2T), uniformly for |z|<R<AT/(A+2T). 


For |¢|=7’<T and |z|=Z<A’, we have for |a|=>A’<A 
t—a T’ + A’ 
< ‘ 
z—-a|l A’ —Z 





Under the same restrictions we have _ 
a(t — ax)| _ Z2(T’ + A’) 
t(z — ox)|~ TA’ —Z) 





so if we integrate over C’: |t|=7’, the right-hand member of (9.2) ap- 
proaches zero provided we have 

Z(T’ + A’ ros 

lt I oe ae 

T'(A’ — Z) A’ + 2T’ 
Since T’<T and A’<A are arbitrary, we have convergence for Z<AT/(A 
+2T), uniform convergence for Z<R<AT/(A+2T). In particular if A =T, 
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we have convergence for |z|<A/3. If the function f(z) is analytic at every 
finite point of the plane, we may allow T”’ to become infinite; the quantity 
AT/(A+2T) approaches A/2. If we have lim... ain= © uniformly, then 
we may allow A to become infinite; the limit of AT/(A+2T) is T. 

The significance of the case that A is infinite deserves further discussion. 
Throughout our work on interpolation as well as on approximation any or all 
of the points a;, may naturally be the point at infinity. If the points ai, have 
no limit point except at infinity, then the sequence f,(z) converges to f(z) uni- 
formly for |z|<Z<T. The case ai,= © is included here, which corresponds 
of course to the expansion of f(z) in Taylor’s series. Theorem Va, like most of 
the other results of the present paper, thus deals with a generalization of Tay- 
lor’s series. 

The limit AT/(A +2T) that we have derived can be replaced by no larger 
limit, as we now point out. Take f(z) =1/(z+T), so that we have for a;,=A, 


T(z —_ A)" + (T + A)ng"tt (T + A)gntt 


In(2) = Teg > Ta — A)* ? fn(2) = f(2) sa T(z + T)(z -— A’ 








the reader can readily verify these formulas. The equation 
lim fn(2) = f(z) 


is valid whenever |(7+A)z/(T(z—A)) | <1, and cannot hold if we have 
|([+A)z/(T(e—A))|>1. Indeed, we have divergence of the sequence 
fa(x) if |z/(2—A)|>T7/(T+A), and in particular we have divergence for 
2=AT/(A+2T). * 

10. Interpolation at origin; continuation. In the present section we con- 
tinue the study of the sequence f,(z) found by interpolation in the origin, 
where now the limit points of the numbers a;, are restricted to lie in some 
circular region I bounded by a circle whose center is not necessarily the 
origin. 

A sufficient condition for the equation lim,... f,(z) =f(z) is still 


Z t 
(10.1) < 


Z2—-a t—ea 





for the numbers @ involved, so we study this inequality in more detail. If 
the region [' is comparatively small, and does not contain the origin, the 
locus of points z such that 


(10.2) 
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where £ is a given positive constant and a takes on all possible values in the 
region I’, is a portion of a plane bounded by a certain Cartesian oval.* The 
Cartesian oval consists of two non-intersecting curves C; and C2, each of 
which separates the origin and the region I’. Let C; separate O and C2. Denote 
by I’, and I; the two open regions bounded by C; and C; respectively, which 
are mutually exclusive and contain O and I respectively. The locus of points 
z such that (10.2) is valid is the region between and bounded by C; and C:. 
Thus for all points z of T; we have 
z 
(10.3) < k, 


o-@ 


no matter what the choice of a in T may be, and for all points ¢ of T, we have 


t 
(10.4) > k, 


t—a 


no matter what the choice of a in I may be. The proofs of (10.3) and (10.4) 
are practically obvious; for instance (10.3) is valid for z=0 no matter what 
a in T may be, and hence is valid for every other value of z of I. 

If the given function f(z) is analytic in the closed region T'.’ complemen- 
tary to 2, we may take the integral in (9.2) over a path interior to T'2,} so 


that (10.1) is satisfied for all points z of T,. We have 
lim fn(z) = f(z) 


n> 
uniformly for z in T';. If 1.’ is the largest region of the kind described (that is, we 
use the largest possible value of k) within which f(z) is analytic, we have limy.. 
fn(z) =f(2) for 2 interior to the corresponding YT, uniformly for % on any closed 
point set interior to T'. This condition is the precise analogue of the condition 
f. ind in §9. Indeed, that previous condition is included under the present 
one. 

The condition just considered has been established only under the assump- 
tion that the given region I is sufficiently small. Let [' be now amy circular 
region not containing the origin. If & starts at zero and becomes larger, the 
curve C2 sweeps out the entire plane and eventually reduces to a point, later, 
for still larger values of k, expanding again. But for these larger values of k 
the curve C2 no longer has any significance in the study of the locus (10.2); 

* Walsh, Quarterly Journal of Mathematics, vol. 50 (1924), pp. 154-165. 

+ This integration is valid even if the region I’2’ contains in its interior the point at infinity, for 
under such circumstances the function f(¢) is analytic at infinity and the integrand in (9.2) has a 
zero of order at least two at i=, 
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the locus (10.2) is bounded by the single oval C;. The condition we have 
developed above is valid, no matter what may be the circular region I not 
containing the origin, provided that the locus (10.2) is bounded by two non- 
intersecting curves C; and C>; the value of & is thus uniquely determined. In 
particular there is a limiting case in which C, reduces to a point, and the only 
singularity of f(z) lies at this point. The discussion is valid essentially as 
given, also in this limiting case. 

Another method of studying convergence in the case that the ai, have 
no limit point exterior to a circular region I not containing O, is to transform 
by means of a linear transformation of the form w=2/(z—8), where 8 is the 
inverse of O in the circle I’. The origin z=0 is transformed into the origin 
w=0, and the circle [' is transformed into a circle whose center is the origin. 
The region IT is transformed into the exterior of this new circle. A rational 
function f,(z) of degree m with poles in the points aj, which satisfies the 


equations 
(k) 


(k) 
fn (0) =f (0) 
is transformed into a rational function f,(8w/(w—1)) of w of degree » with 
poles in the transforms of the points ai, which satisfies the equations 


d* Bw d* Bw 

dw* In (= i) 7 wt - i) (i 
for the particular value w=0. The latter situation is treated in detail in §9, 
so we may read off directly the results in the original situation in the z-plane. 

If f(z) is analytic for |z/(2—8)|<T and if the numbers cin have no limit 
point z such that |\z/(z—B)|<A, then the sequence f,(2) approaches f(z) for 

|s/(2—B)|<AT/(A+2T), uniformly for |z/(z—B)|<R<AT/(A+2T). In 

particular if A =7, we have convergence for |z/(z—8) |<A/3, uniform con- 
vergence for |z/(z—8)|<R<A/3. If f(z) is analytic at every point of the 
plane except the point z=8, we have lim,.. fa(2) =f(z) for |z/(g—8) | <A/2, 
uniformly for |z/(z—8) |<R<A/2. If the only limit point of the aj, is the 
point 8, f(z) analytic for |z/(z—6) | <T, we have this equation for |z/(z—8) | 
<T, uniformly for |z/(z—8) |<R<T. 

11. Interpolation at the roots of unity. Another method of approximat- 
ing to a given analytic function by rational functions of the form (2.1) is sug- 
gested by well known work of Runge* and Fejérf on approximation by poly- 
nomials and consists in interpolating in the roots of unity. Let us establish 


* Theorie und Praxis der Reihen, Leipzig, 1904, pp. 126-142. 
¢ Géttinger Nachrichten, 1918, pp. 319-331. 
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Tueorem VI. Let the function f(z) be analytic for \z|<T>1 and let the 
numbers in, 1=1, 2,+++,n;n=1,2,---+, be preassigned and have no limit 
point whose modulus is less than A >1. Denote by f,(2) the rational function of 
the form (2.1) which coincides with f(z) in the (n+1)st roots of unity. Then the 
sequence {f,(z)} approaches the limit f(z) for |z|<AT/(A+2T), uniformly 
for |z|<R<AT/(A+2T) when AT/(A+2T)>1. 

Let us write down the formula for f,(z) and then verify it. We have 


(2+! — 1)(¢ — a)(t — ae) +--+ (t — on) 
(z — a)(z — ae) - - + (2 — an) (t — 2) (¢"*! — 1) 





1 
(11.1) f) — A) = 5 fs 





(2n*? — 1)(¢ — an)(t — a2) - + - @ — on) |e 
(2 — a1)(z — a2) + + + (@— an) (¢— 2)(¢"** —1) 


These integrals are to be taken over a circle C’: |t} =7’<T, T’>1. Indeed, 
if we reduce the two quantities in the square bracket in (11.2) to a common 
denominator, the factor t—z cancels from numerator and denominator, for 
the numerator vanishes (considered as a function of ¢ and z) for =z. Thus 
(11.2) defines f,(z) as a rational function of z of degree m with the proper de- 
nominator. It appears from (11.1) that the function f,(z) as so defined coin- 
cides with f(z) in the-points z for which 2*+! =1; these properties define f,(z) 
uniquely. 

The integral in (11.1) approaches zero with 1/n for |z|=Z21, Z<A’ pro- 
vided we have 


1 
(11.2) fol) = 5 so] 4 “ 


Z(T' + A’) 
11.3 —__—_—- <1, 
on (A! — Z)T’ 
where A’ is an arbitrary number less than A. Condition (11.3) is equivalent 
to Z<A’'T'/(A’+2T’). Thus, by the arbitrariness of A’<A and T’<T, if 
AT/(A+2T) >1, we have 


(11.4) lim f,(z) = f(z) for| z| < va iformly for | z| < R < cd 
‘ Tim fa(z = f(z) for| z 443 eis A42F 

If we do not have AT/(A+2T) >1, we can still study convergence in- 
terior to the unit circle. The integral in (11.1) approaches zero with 1/n, for 
|z|<SZ<1, provided we have (T’+A’)/((A’—Z)T’) <1, that is, provided we 
have Z<(A’T’—T’—A’)/T’. Again we use the arbitrariness of A’<A and 
of T’ <T; it follows that we have 


(11.5) lim f,(z) = f(z) for|z| < (AT —A — 7)/T, 
uniformly for |z| S$ R <(AT—A-—T)/T 
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when (AT—A—T)/T <1, and uniformly for |z|<1 when (AT—A-—T)/T 
>1. It will be noticed that the quantity (A7—A-—T)/T may be negative or 
zero, in which case we draw no conclusion regarding convergence for |z| <1. 
The two conditions AT/(A+2T)>1 and (AT—A-—T)/T>1 are the same. 
If this condition is satisfied, we use (11.4), and if this condition is not satisfied 
we use (11.5). 

Let us choose a specific example to show that the limits obtained in (11.4) 
and (11.5) are not artificial, but cannot be replaced (for the general function 
f(z) and for arbitrary ain) by any larger limits. We set f(z) =1/(z+T7), T>1, 
ain =A >1, and it is a simple matter of verification to show that the function 
fn(z) yields 

(T + 4)*G"*"* — 1) 


[(— 1)" + T**!](¢ + T)(z — A)" 
1 
1i-— 


(t+a 2 — 
“( 2 =a) [<= + ren 


A necessary and sufficient condition for the approach of this quantity to zero 
with 1/n, in the case |z|>1, is 
T+A| 2 
<4, 
T |sz-—A 





In(z) — (2) = 





and this condition fails even for s=AT/(A+2T7). For |z|<1, we can write 
(11.6) in the form 








aT 1 — grt 


jlo) — 0) = | 


T(z — A) (— 1)" 


=" + ] (2+ 7) 
_ hee 

and a necessary and sufficient condition for the approach of this quantity to 

zero with 1/n is 


T+A 


——— <1. 
T|z—A| 


This condition fails even for s=(AT—A—T)/T._ " 

Condition (11.4) is just the condition foundjin §9, so{we refer to that 
place for a discussion of the cases A=T, A=“, T=. Moreover, the con- 
dition 
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is studied in some detail in §10, where the numbers a lie or more generally 
have no limit point in a circular region not necessarily concentric with the 
origin, and this yields results in the present case on convergence of the se- 
quence {f,(z)}, provided |z|>1. 

If the points a;, have no limit point exterior to the circular region T 
(exterior to C), our condition for convergence for |z| <1 is 


t—a 


< | z—a|. 
Again the path of integration C’ in (11.2) can be chosen so that on it we have 


> k, 
t—ea 

where this inequality holds uniformly for all ¢ on the path of integration and 
for all a in I’, and provided that f(z) is analytic in the closed region bounded 
by C’ and containing C: |z|=1. Then we have lim,...f.(2) =f(z) uniformly 
for |s—a|21/k. This latter condition is the requirement that z should lie in 
a certain infinite circular region concentric with I’, and is naturally to be 
taken in conjunction with |z|<1. 

It is instructive to compare the difference f(z) —f¢(z) for interpolation in 
the origin with the difference f(z)—f,(z) for interpolation in the (w+1)st 
roots of unity. The difference between these two differences is 


fr (2) — fal2) 
(11.7) 1 (t — ar)(¢ — a2) +++ (t—an)dt Portt  amtt — 17 
7 i JO |: 


(s — a:)(s — as) -+-(8 —aa)(Q—s)Lemt! grt? — 





the square bracket reduces to 
pmtl — gntl 


entl(gntl _ 1) , 


The integral is to be taken over a circle whose radius 7” is greater than unity, 
for otherwise we cannot be sure of interpolation in the (7+1)st roots of unitv. 
We consider |z|=Z<A’<A. There are two cases according as Z<T’ <i or 
Z>T’; the integrand in (11.7) has no singularity for =z, so the equation is 
valid even if Z>T. 

A sufficient condition for the convergence to zero of the integral in (11.7) 
is in these respective cases 
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<P <1, <1,Z< 
t Z— ay T’ A'=-Z T' 








’ 


| 1 T’+A’ 1 A'T’ — T’ — A’ 


T’+A’ Z ee A'T"” 





Zz 
| <P<1, 


—— — < . 
2 Z—aK A’ — ZT T’? + T’ + A’ 


The conditions (AT—T—A)/T>T, AT?/(T?+T+A)>T, and (AT-—T 
—A)/T>AT?*/(T?+T+A) are precisely the same. Thus /?(z)—f,(z) ap- 
proaches zero for |z|<(AT—T—A)/T, uniformly for |z|<R<(AT-T 
—A)/T, provided that this last quantity is less than or equal to 7, and 
f2(2)—fx(2) approaches zero for |z|<AT?/(T?+T+4A), uniformly for 
|z|<R<AT?/(T?+T+A) provided this last expression is greater than T. 
Thus we may have limn..[ f2(2)—fn(z)]=0 uniformly in a region which con- 
tains a singularity of f(z), and in any case this limit that we have found if greater 
than unity is greater than the common limit found in the two cases, for the con- 
ditions limn..f¢(z) =f(2), limn-.ofn(z) =f(z). Indeed, the condition (AT—T 
—A)/T>AT/(A+2T) is equivalent to the condition (A+7)(AT—A-—2T) 
>0, which is precisely the condition that (AT—T—A)/T or AT/(A+2T) 
should be greater than unity. 

It is instructive to verify the fact just proved, for the particular function 
f(@) =1/@+T). 

There are cases where the points of interpolation are on |z|=1 but not 
exactly the points 1+, where the results are likewise comparable to those 
for interpolation in the origin. It would be of interest to determine precise 
geometric conditions that this be true; algebraic conditions are readily ob- 
tainable from the formulas we have used. 

12. Interpolation in arbitrary points. We sketch rapidly some results 
which include the main results of §9 as a special case, and which also throw 
some light on the results of §11. We consider the rational function f,(z) of 
form (2.1) which takes on the values of the given function f(z) in +1 arbi- 
trary points Bin, Bon, + ~~*, Bn4in (the second subscript will frequently be 
dropped for simplicity) and shall determine sufficient conditions for the ap- 
proach of f,(z) to f(z) as becomes infinite. 


TueoreM V. Let the function f(z) be analytic for |z|<T and let the numbers 
ain have no limit point whose modulus is less than A, and the numbers Bin no 
limit point whose modulus is greater than B<A, B<T. Then the sequence of 
rational functions f,(2) of respective degrees n with poles in the points ain which 
coincide with the values of f(z) in the points Bin, approaches the limit f(z) 
for \z|<(AT—BT—2AB)/(A—B+2T), uniformly for |z|<R<(AT—BT 
—2AB)/(A—B+2T), provided AT—BT —2AB>0. 
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The rational function f,(z) is completely determined by the prescribed 
conditions. The reader will verify the formula 


(12.1) fe) — fa(z) 
we 4 (= — B1)(z — Bs) «+ (@ — Buss)(t — ar)(t — a2) +++ ( — am) 
ni [fo (s— a)(s— a) -- - (3 — an) (¢—8)(¢—BG—Ba) --- b— Bara) 


where we take the integral over a circle |t}|=7’<T, T’>B’>B. We con- 
sider moreover |z|=Z<A to be fixed during the integration and choose an 
arbitrary A’ <A. The right-hand member of (12.1) approaches zero uniformly 
in z as m becomes infinite provided we have for m sufficiently large 




















i— “~~ 5=— B; 
(12.2) <4. 
2-a;t— B; 
hence provided we have 
T' +A’ Z+B' 
(12.3) <1, 


A'—Z T’'—B 
A'T’ — B'T’ — 2A’B’ 
A’ — B+ 2T' 


To be sure, in evaluating the right-hand member of (12.1), the second factor 
in the left-hand member of (12.2) is to be considered raised to the power 
n+1, and the first factor only to the power m. But by (12.3) itself, the second 
factor is uniformly limited in absolute value, so in (12.2) we may take both 
factors to the power . 

When we remember that A’ <A, B’>B, T’ <T are arbitrary, we see from 
(12.4) that the proof of Theorem V is complete. If all the points 8; are not 
distinct, Theorem V is interpreted to mean the coincidence of various deriva- 
tives of f,(z) with those of f(z) at multiple points 6;, and this condition is 
fulfilled in (12.1). If B=0, we have the situation of Theorem Va. If A = 
(of which interpolation by polynomials is a special case), the limit in Theorem 
V is to be taken as T —2B; if T= © the limit is to be taken as (A —B)/2; and 
if both A and 7 are infinite, this limit is to be taken as infinity. In particular, 


the inequality 





(12.4) fz 


AT — BT — 2AB 


> B, 
A-—-B+2T 





which allows the points 6; to be chosen arbitrarily with no limit point ex- 
terior to |s|=B and assures uniform convergence of f,(z) to the function 
f(z) for |z|=B, is equivalent to T>(3AB—B*)/(A—3B), provided A >3B. 








1932] INTERPOLATION AND APPROXIMATION 


The general condition for convergence 


AT — BT — 2AB 
A—-B+2T 





lz|< 


of Theorem V can be replaced by no condition 


AT — BT — 2AB 
A—B+2T 





|z| <<R> 


as we now show by an example. Take f(z) =1/(2+T), 6:= —B, a;s=A. Then 
we find 


(T + A)"(z +B) 
Sh ~ 0 = eae rae 


(12.5) -(— a) z+B 
A\r-—Bs—-4/ (T-BDG+T) 


For the value z= (AT —BT—2AB)/(A—B+2T) we have 


T+Aszt+B 
f-Bs-i 











—1, 


so the last member of (12.5) diverges as m becomes infinite. 
If the numbers a;,, and 8;, of Theorem V are independent of , the func- 
tion f,(z) is the sum of the first »+1 terms of a series of the form 


é 2— Bi . (s — B:)(z — Bs) ae (z — Bi)(z — Bo)(z — Bs) 
ao ee 3 
<_ benibaal  baalneleaul 








where the given points a; are supposed distinct from the point at infinity. If 
all of the a; coincide with the point at infinity, the function f,,(z) is the sum of 
the first 7+ 1 terms of a series of the form 


Qo + ai(z — Bi) + ao(z — B1)(z — Bo) + as(z — Bi)(z — B2)(2 — Bs) + ---. 


These two types of series have been widely studied. The special case here 
that lim,...a, and lim,...8, exist has recently been considered by Angelescu.* 

Theorem V can be generalized as was Theorem Va, first making assump- 
tions on the a;, 8;, and on the analyticity of f(z) in certain circular regions 
bounded by circles of a coaxial family, then transforming these circles into a 
family of concentric circles. 


* Bulletin, Académie Roumaine, vol. 9 (1925), pp. 164-168. 
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Let the function f(z) be analytic for |(z—a)/(z—b) | <T and let the numbers 
ain have no limit point z such that |(s—a)/(z—b)|<A and the numbers Bin no 
limit point z such that |(z—a)/(z—b) |>B<A, T. Then the sequence of rational 
functions f,(z) of respective degrees n with poles in the points ain which coincide 
with the values of f(z) in the points Bin, approaches the limit f(z) for 


AT — BT —2AB 
A-—-B+2T 


zs—a AT — BT —2AB , zs—a 
< » uniformly for <R< 
z—b A—-B+2T z—b 











provided AT -—BT—2AB>0. 

It will be noticed that formula (12.1) is valid even for an infinite region 
bounded by the curve C’, provided that the points (; lie interior to this region 
and that f(z) is analytic in the closed region. This follows from the fact that 
if f(z) is analytic at infinity, the integrand of (12.1) has a zero for t= © of at 
least the second order in ¢. The theorem just proved is naturally valid even if 
any of the regions |(z—a)/(z—b)|<A, T, |(z—a)/(z—b) |>B is the exterior 
of a circle or even a half-plane. 

The entire problem of studying the rational function f,(z) of degree m with 
preassigned poles a;, which coincides in +1 preassigned points 8;, with a 
given analytic function f(z) is invariant under linear transformation of the 
complex variable. That is to say, if all the points in the z-plane are trans- 
formed by a linear transformation, the function f,(z) is transformed into a 
rational function of degree » whose poles lie in the transforms of the points 
a;, and which coincides in the transforms of the points 6;, with the analytic 
function which is the transform of the function f(z). We shall now formulate 
the problem of the study of the convergence of the sequence f,,(z) to the func- 
tion f(z) in a way more general than that previously done; the new formula- 
tion is expressed in terms of cross ratios and brings out clearly this invariant 
character. 

Let R,; and R; be arbitrary closed regions with no point in common. If the 
points a;, lie in R; and the points Bj, in R2, what can be said of the con- 
vergence to the function f(z) analytic in R, of the sequence of rational func- 
tions f,(z) of respective degrees m, whose poles lie in the prescribed points 
ain, determined by interpolation in the points Bin? 

If there exists a curve C’ bounding a region which contains R; in its in- 
terior but contains on or within it no singularity of f(z), such that we have 
for every ¢ on C’ and for every z on R; 

— ain)(z — Bin) | 


_|¢ 
(12.6) | (t, ain, 2, Bin) | =: aa. <P<1, 
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then we also have for sufficiently large 


(12.7) (z — B1)(z — Bo) - - - (2 — Bays) (¢ — a1) (¢ — ae) - - + (t — arn) <P <1, 
(2—a1)(z—ara) + - + (2—@tn) (¢—2) (t—B1) (¢—Be) - - + (¢—Bntt) 
for (—Bn+1)/((t—2)(¢—Bn4i)) is uniformly bounded. It follows that f,(z) ap- 
proaches f(z) uniformly for z in Re. Moreover, if (12.6) holds for every t on C’ 
(bounding a closed region of analyticity of f(z) which contains R:), for every z in 
an arbitrary closed region R; and for every cin and Bin in R; and R, respectively, 
then the sequence f,(z) converges uniformly to the function f(z) for z on R3. This 
general result contains many of the various special theorems of the present 
paper. The uniform boundedness of (z —Bn+1)/[(¢—z)(¢—Bn41) | follows, it may 
be mentioned, from the fact that R: is interior to the region bounded by C’, 
and this uniform boundedness follows even if no restriction of finiteness is 
made on the variables involved. 
The general result just proved suggests the following problem: 





Prostem I. Let the closed regions Ri, Re, Rz be given. Determine a curve C’ 
such that (12.6) is valid for t on C’ and for arbitrary points cin, Bin, 2 in the given 
regions Ri, Ro, R3 respectively. 


It is to be noted that for convergence of f,(z) to f(z) we require analyticity 


of f(z) in the closed region containing R, and bounded by C’, or more generally 
analyticity of f(z) in the interior, continuity in the closed region. 
Problem I is equivalent to 


PRoBLEM II. Let the closed regions Ri, Ro, Rs be given. Find the locus L of 
all points t where ain, Bin, 2 (varying independently) have R:, Re, Rs as their 
respective loci, and the relation 


(12.8) | (¢, xin, 2 Bin) | = 1 
obtains. 


The set Z must of necessity contain R, and Rg, for if ¢ and 8;, coincide the 
left-hand member of (12.8) is infinite, and if ¢ and z coincide the left-hand 
member of (12.8) is unity. The set L is necessarily closed, since Ri, Re, R; are 
closed. If the function f(z) is analytic on the (closed) set L, and if ZL does not 
contain the entire plane, then any curve C’ in the complement of ZL on which 
f(z) is analytic is such that for ¢ on C’ and for ain, Bin, 2 arbitrary points in 
R, Re, Rs, inequalities (12.6) and (12.7) are valid uniformly. The uniformity 
of (12.6) is an easy corollary of the closure of the sets C’, Ri, Re, Rs. Hence 
if f(z) is analytic in the closed region bounded by C’ which contains L, the se- 
quence f,(z) converges uniformly to f(z) for z on Rs. 
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We have supposed for convenience that Ri, Re, R; are closed regions. If 
they are more general closed point sets, the remarks already made are valid 
if properly modified and interpreted. If R:, Re, Rs are connected, then L is 
also connected, but if one or more of those sets is not connected, then L may 
fail to be connected, and it may be necessary to take C’ as consisting of 
several distinct curves. 

We have also assumed that the points a;, and 6;, lie on the closed point 
sets R, and R2 respectively. It is, however, sufficient to assume that the 
points a;, have no limit point exterior to R,; and that the points 8;, have no 
limit point exterior to R,. For under the new hypothesis, there exist auxiliary 
closed point sets R/ and R/ differing only slightly from but containing the 
point sets R; and R, respectively in their interiors. If the point sets R,’ and 
R,' are suitably chosen, inequality (12.6) is still valid for suitable choice of P 
for ¢ on C’ and for ain, Bin, 2 Chosen arbitrarily in R;’, R2’, R3; and the points 
Gin, Bin lie in R{ , Rf for n sufficiently large. 

Indeed, it is not even necessary to suppose that all limit points of the ain 
and £;, lie in R; and Re. Let the a;, be divided into two classes, a;,/ and ain’, 
where the former have all their limit points in R; and where the latter are for 
a given n distinct from the §;, and have no limit point in R; but are otherwise 
unrestricted as to location, and where the number of the a;,/’ for a given 1 is 
less than some N independent of . Let the Bin be divided into two classes, 
Bix and Bin’, where the former have all their limit points in R, and where the 
latter have no limit point exterior to L, and where the number of the §;,’ for 
a given m is less than some N independent of n. It is still true that if f(z) is 
analytic in the closed region bounded by C’ which contains Z then the se- 
quence f,,(z) converges uniformly to f(z) for z in R3, for the expression 


(= — B")(t — a") ¥ 
(= — a”)(¢ — 8”) 





is uniformly bounded. The sets a;,’ and 6;,’ may even be allowed to be un- 
limited in number provided those points are suitably restricted, but the 
sufficient conditions here are more complicated and are left to the reader. 
The cases we have been considering are under the assumption that the 
points a;, and 6;, are subjected generally to no heavier restriction than that 
of lying in R,; and R: respectively or of having their limit points in those re- 
gions. If some or all of those points are suitably restricted in their respective 
regions, for instance so that at least m/2 of them are independent of 7, it may 
occur that our conclusion can be correspondingly broadened. But if those 
points «;, and 8;, are unrestricted except as indicated, the determination of 
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L as we have described it is the best determination of a region under the given 
hypothesis within which f(z) must be analytic, for the sequence f,(z) to con- 
verge in the given R;. For if f(z) need not be analytic in the closed region L, 
the function f(z) can be chosen to have a singularity at a point ¢) such that 


| (to, Qin, 20, Bin) | re | 


for a particular choice of ain, 20, Bin in Ri, R3, Re respectively. Choose all the 
points a;, and 6;, to coincide at thes¢ particular points and take for definite- 
ness a;, at infinity and 8;, at the origin; this latter choice involves no loss of 
generality. Set f(z) =1/(z—to). We have 

(to nmi Gin) (Zo = Bin) 


t iny in _ P4 a = to}. 
| ~e - )| (zo — ain) (to — Bin) | | | d 





The function f,(z) is the sum of the first » terms of the Taylor expansion of 
f(z) about the origin, and the sequence f,(z) diverges for the value z= 2p. 

There are in reality four distinct problems connected with the regions 
(or other point sets) Ri, Re, R3, L, according as any three of these regions are 
given and the other is to be determined. We have mentioned in detail but a 
single problem, that in which R:, R2, R; are given; the others can be readily 
formulated and investigated by the reader. We shall consider more closely 
some special problems of these other types. 

For instance, let a= R; be the point at infinity, so that (12.8) reduces to 


— 
t— B; 


If the locus of z is given as the closed interior of a circle R; and the locus of ¢ 
is given as a circumference C’ which together with its interior has no point in 
common with R;, then the locus of 8; determined by (12.8) is an infinite 
closed region B bounded by a branch of a certain hyperbola whose foci are 
the centers of R; and C’.* Denote by R/ the region complementary to B. 
Then if all points 6; lie in a closed region R, interior to R/ , we have for arbi- 
trary points z, ¢ of R; and C’ respectively, 
z— Bi 


(12.9) x? < ih, 
t— B; 


21. 


and it is readily shown that P can be chosen independently of 8;, but depends 
on R,. This inequality is the equivalent of (12.6), from which it follows that 


* We omit the details of the proof, but they are entirely similar to those given by Walsh, Ameri- 
can Mathematical Monthly, vol. 29 (1922), pp. 112-114. 
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if f(z) is analytic in the closed infinite region bounded by C’, if the points ain 
have no limit point other than the point at infinity, and if the points 6;, have 
no limit point exterior to Ro, then the sequence f,(z) converges to f(z) uni- 
formly for z in R3. We here use the fact mentioned above, that although (12.9) 
may not involve the actual cross ratios (t, ain, 2, Bin) of the points in (12.1), 
for points a;, and Bin may lie exterior to R; (the point at infinity) and R:, 
nevertheless (12.9) implies an inequality for » sufficiently large of type (12.6) 
for the variables ¢, ain, 2, Bin Which actually do occur in (12.1). The result we 
have just proved can be expressed in a form invariant under linear trans- 
formation. 

The situation is similar if 8=R, is the point at infinity, so that (12.8) 
reduces to |(t—a;)/(z—«ai) | =1. If the locus of z is given as the closed interior 
of a circle R; and if the locus of ¢ is given as a circumference C’ which together 
with its interior has no point in common with R;, the locus of a; determined 
by (12.8) is an infinite closed region R bounded by a branch of a hyperbola 
whose foci are the centers of R; and C’. Denote by Rj the region complemen- 
tary to R. If all points a; lie in a closed region R;, interior to R/ , we have for 
arbitrary points z, ¢ of R; and C’ respectively 


a <P<1, 


S— as 


and it is readily shown that P can be chosen independently of a;, but de- 
pends on R,. It follows that if f(z) is analytic in the closed infinite region 
bounded by C’, if the points a;, have no limit point exterior to Ri, and if the 
points 6;, have no limit point other than the point at infinity, then the se- 
quence f,(z) converges to f(z) uniformly for z in R3. 

Problems I and II and the results connected with them are obviously 
formulated in a manner independent of linear transformation. Theorem V 
deals with the case that the regions Ri, Re, R; are circular regions bounded 
by concentric circles, and the theorem following it is the generalization to the 
case that the circular regions R;, R2, R; are bounded by coaxial circles no two 
of which have a common point. It would be interesting, and is apparently an 
open problem, to solve Problem II for the case that Ri, Re, Rs are arbitrary 
circular regions. This problem has connections with some previous work by 
the present writer and others.* 

If Problem II is considered for arbitrary regions R:, R2, R3, but is so 


* Walsh, these Transactions, vol. 22 (1921), pp. 101-116; vol. 23 (1922), pp. 67-88; Palermo 
Rendiconti, vol. 46 (1922). See also the reference given in §10 of the present paper. 

Coble, Bulletin of the American Mathematical Society, vol. 27 (1921), pp. 434-437. 

Marden. these Transactions, vo]. 32 (1930), pp. 81-109. 
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modified that the right-hand member of (12.8) is replaced by a quantity less 
than unity, we are led to results on degree of convergence, and these are re- 
lated to results on overconvergence. 

The special case of Problems I and II where R; is the point at infinity, 
which thus includes interpolation by polynomials, has long been studied; in- 
teresting results are particularly due to Hermite,* Runge,} Faber,{ and 
Jackson.§ All the work on interpolation in the present paper is obviously 
related to Hermite’s formula, which is (12.1) for the case ain = ©. 

The special case in which R; is the point at infinity is quite simple; the 
locus LZ consists of the closed interiors of all circles whose centers are points 
of R; and which pass through points of R3.{ If R: is the point at infinity and 
R,; and R; coincide, the situation is still simpler, and the locus L consists of 
the interior of every circle any one of whose radii is a segment joining two 
points of Re. In the latter case, if f(z) is analytic on the closed set L, then the 
sequence f,(z) converges uniformly to f(z) for z on Re, where the points ain 
have no limit point except at infinity and the points #;, have no limit point 
except on R:. In particular, if R2 is the interior of a circle, then L is the in- 
terior of the concentric circle of three times the radius, as was proved by 
Jackson (loc. cit.); this case corresponds to Theorem V for A=, T=3B. 
If Rz is a line segment, then Z is the interior of the two circles which have 
this segment as radius. A corollary of this is the following theorem: 

Let the points Bin be chosen arbitrarily in the interval aS2<b. If the function 
f(z) is analytic for |z—a|< |a—b| and for |z—b|< |a—b|, then the sequence 
of polynomials f,(z) of respective degrees n which coincide with f(z) in the re- 
spective points Bin converges to the limit f(z) uniformly for aszb. 

Indeed, the reader will notice that the sequence f,(z) converges uni- 
formly to f(z) in some region containing the interval a<z<b in its interior. 

13. Poles at points (A*)'/*. We have already considered interpolation in 
the mth roots of unity. As an analogous problem, we now study interpolation 
and approximation by rational functions whose poles are restricted to lie in 
the points (A*)"", where A>1. Interpolation in the mth roots of unity is 
quite similar, as we have seen, to interpolation in the origin, and we shall 


* Crelle’s Journal, vol. 84 (1878), pp. 70-79. 

1 Theorie und Praxis der Reihen, Leipzig, 1904, pp. 126-142. 

t Crelle’s Journal, vol. 150 (1920), pp. 79-106. 

§ Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 56-63. The present results 
lead to a sharpening of the results of Jackson, even in the case of interpolation by rational functions 
no more general than polynomials. 

{ In particular, if R, is the point at infinity, and R, and R; are respectively lz | Sn, |z | Srz, then 
L is the region |z |Sra+rs. This case, for interpolation by polynomials, was considered by Méray, 
Annales de l’Ecole Normale Supérieure, (3), vol. 1 (1884), pp. 165-176. 
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find correspondingly that the properties of sequences of rational functions 
with poles in the points (A*)"/" are similar to the properties of sequences of 
polynomials. We shall not trouble to study explicitly rational functions whose 
poles are required to lie in the points (A*)!/" where A is negative or imaginary, 
although such study involves only slight modifications of the formulas we use 
and only obvious modifications in the results we obtain. 

If the function f(z) is analytic for |z|<T>1, then the sequence f,(2) of ra- 
tional functions of respective degrees n whose poles lie in the points (A")"", A>1, 
of best approximation to f(z) on C: |z|=1 in the sense of least squares converges 
to the limit f(z) for |z|<A, T, uniformly for |z|<Z<A, T. 

The sequence f,(z) may, as we have already proved, be found by inter- 
polation in the origin and in the points (A”)-"", and the convergence of the 
sequence f,(z) to the function f(z) depends on the approach to zero of the 
sequence 


2(A"z*"— 1) ¢#*— A” 
z*—A™ 4A" — 1) 





If |jz|\<Z<A,1<Z, A<T’, |t}=T’<T, a sufficient condition for this ap- 
proach to zero is 

az FT 

A A 7 








“twee. <A. 


If |z|<Z<A,1<Z, T<A, a sufficient condition is 
AZ A 
A AT’ 





<i,@z<T’. 


The proof of the theorem is now complete. 

The limit which we have found here, namely Z <A, T, can be replaced by 
no larger limit, as is seen by the illustration f(z) =1/(z—T). We have 

(A* — T")z(A"z" — 1) 
T(1 — A*T*)(2" — A*)(z — T) 





fu(z) — fl2) = — 


If T >A, this right-hand member fails to approach zero for z=A. If T<A, 
this right-hand member fails to approach zero for z=T. If T=A, all of the 
functions f,(z) naturally coincide with f(z). 

If f(z) is analytic for |z|<7>1 and we consider the convergence for 
|z| <1 of the sequence of functions f,(z) of best approximation to f(z) on C 
in the sense of least squares whose poles lie in the points (A,")/", where A, 
approaches unity as » becomes infinite, then we always have uniform con- 
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vergence for |z|<1 provided A,* becomes infinite. The convergence of the 
sequence f,,(z) depends on the approach to zero of 
2(Aftz"—1) *-—A? Ap+i1 7” 


» or oO ’ 
s*—AzP iHAzi* — 1) A? —1 AZT” 








so that A? is sufficient, as is known from §7. This condition cannot be 
lightened in the present case; we notice this by inspection of the illustration 
already given. 

Let us denote by ¢,(z) the function of best approximation in the sense 
of least squares for the case of polynomial approximation; we compare the 
convergence of this sequence with the convergence of the sequence /,(z) 
previously considered, for best approximation in the sense of least squares 
when the poles (A*)/* are prescribed. It is a remarkable phenomenon that 
if T <A the difference f(z) —n(z) approaches zero for \z|<(AT)"?, uniformly 
for \z|<SZ<(AT)"*, even though the function f(z) may have singularities for 

|s|=T or for T < |z|<(AT)/*. We can write 


1 As" —1)(¢*—A*) srt 
(13.1)  fa(z) — on(2) = — £. E ‘ Pee - 7 be = 





Qridat—2z 
where the integral is taken over C’: |z|=7’<T, and this expression ap- 
proaches zero uniformly if that is true of the expression 

2(A™z™ — 1)(¢®?9— A") ott 2(Aning™ + A® — i” — 2")(t" — 2") 
(2" — A”)(A™" — 1)t ~ (2 — An)éntl(4ngn — 1) 











This last member approaches zero uniformly for |z|=Z if Z<(AT’)"/, so 
the result is established. 

It will be noted that (13.1) is valid even if |z|>T7, for the integrand con- 
sidered as a function of ¢ has no singularity for =z and so represents the same 
analytic function (a rational function of z of degree of form (2.1) plus a 
polynomial in z of degree m) independently of the value of z. 

It is not difficult to study the sequence f,(z) of rational functions of de- 
gree of best approximation to f(z) on C in the sense of least weighted pth 
powers, whose poles lie in the points (A")", A >1, but for the sake of sim- 
plicity we omit that discussion. Let us treat the question of interpolation in 
the points 8;,, where these points have no limit points of modulus greater 
than B. 

If the function f(z) is analytic for |z|<T, then the sequence f,(z) of rational 
functions of respective degrees n with poles (A”)*!/" found by interpolation in the 
points Bin, converges to the limit f(z) uniformly for |z|<Z<(AT—AB-—BT)/T 
if T>A>B, and uniformly for |z|<Z<T—2B if B<T<A. 
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A sufficient condition for the uniform convergence to zero of f,(z) —f(z) 
is the uniform convergence to zero of 
(z — B1)(z — Bz) - - - (2 — Bayi) (¢" — A”) 
(s" — A*)(t— Bi)(t — Ba) «+= (= Bass) 
In the case B<A <T, it is sufficient if we have 
z+B T AT — AB — BT 


o—_= €i, 2< 
A T-B T 











In the case B<T<A, it is sufficient if we have 
Z+B A 
A T—B 





<1,Z2<T— 2B. 


These limits which we have found are the best possible limits, as is seen 
by considering the function f(z) =1/(z—T) and taking B;,=B. We have 


(A” sill T*)(z ots B)*1 
(T — B)™*(g" — A*)(g — T) 


which fails to approach zero for z= —(AT—AB-—BT)/T.if T>A and for 
= —T+2B if T<A.. 

The case B=0 corresponds to interpolation in the origin or in points ap- 
proaching the origin and is naturally not excluded in any of our discussion on 
interpolation in points 6;,. If A >T, the sequence f,(z) —¢,(z), where f,(z) is 
found by interpolation in the points §;, and has its poles in the points (A*)"/" 
and ¢,(z) is the polynomial of interpolation in the points 6;,, may converge 
uniformly to the limit zero in a circle of radius larger than T. This phenome- 
non surely occurs if B=0 and also occurs for B>0 if B is sufficiently small. 

It is sufficient for f,(z) —¢,(z) uniformly to approach zero if the quantity 


(z — B1)(z — Bo) «+ * (f — Bagi) (t* — 2”) 
(¢ — Bi) (¢ — Ba) - - - (¢ — Bats) (2* — A”) 
uniformly approaches zero, for which it is sufficient that |z|<Z, |t|=T7’<T, 
A>Z>T>B, 
Z+BZ 


Pop gs 2< AT — AB + BY4)s? — B/2. 





In(z) — f(@) = 








This quantity is greater than T if T’ is sufficiently near to T, and if B is 
sufficiently small. The condition 


(AT — AB + B2/4)"2 — B/2>T 
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can be written in the form 
AT > T?+ BT + AB, 


which is surely satisfied if B=0 and further if B is small. 

It is of secondary interest to study interpolation in the points (B*)"/" by 
rational functions with their poles in the points (A")"/" and to compare the 
corresponding sequence of functions f,(z) with the sequence of functions 
¢,(z) with poles at infinity or in the points (A*)'/" and found by interpolation 
in the points (B")/* or in the origin. This comparison presents no difficulty 
and is omitted. We remark however that if the two sequences f,,(z) and ¢,(z) 
are found by interpolation in the points (B)'" and if the poles are respec- 
tively in the points (A*)!" and at infinity, then under the assumption 
B<T<A, the sequence f,(z)—¢,(2) approaches zero uniformly for |z|<Z 
<(AT)"/?. We remark too that interpolation by rational functions with poles 
in points on |z|=A but not precisely the points (A*)"/*, or even with poles 
in points near the points (A*)"/" but not on |z| =, leads also to sequences 
of rational functions with properties similar to those of the corresponding se- 
quence of polynomials; it would be of interest to determine the precise con- 
ditions on the new poles a;, that this should be true. 

The following is also an interesting problem, a possible generalization of 
the problem just suggested, and which can be solved at least in part by the 


methods we have used. Let the ai, and Bin be given. What are the algebraic ° 


and geometric conditions on the aj, and Bi, such that the sequence f,(z) 
of rational functions of respective degrees m whose poles lie in the points ain 
which is found by interpolation in the points 6;, should converge like the se- 
quence f, (z) of rational functions of respective degrees » whose poles lie in 
the points a;;, which is found by interpolation in the points 6/,, in the sense 
that for an arbitrary function f(z) (satisfying certain restrictions) we have 
under suitable conditions lim,.. [fn(z) —f, (z)]=0 uniformly? 

14. More general approximation. There are some results not yet men- 
tioned which follow directly from Theorem I. As an illustration we state 


THEOREM VII. Let the function f(z) be analytic in the interior of a Jordan 
region J, continuous in the corresponding closed region. If the region J lies in a 
circular region C and if the points ain have no limit point in C, then there exists 
a sequence of functions f,(2) of the prescribed form (2.1) such that we have 


(14.1) lim f,(2) = f(z) 


uniformly in the closed region J. 


Let C be a finite region; this assumption involves no loss of generality. 
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Let f, (z) represent the admissible function of degree m of best approximation 
to f(z) in (the closed region) J in the sense of Tchebycheff; this function 
exists and is unique. If Theorem VII is not true, we have for some function 
f(z), for some positive e, for some sequence 7; of indices, and for some se- 
quence of points z; belonging to the closed region J, 


(14.2) | fe (ze) — f(zx) | > €; 


we shall show that this leads to a contradiction. There exists* a polynomial 
p(z) such that we have 


| f(z) — p(2)| <¢/2, zinJ. 


By Theorem I there exists a sequence of admissible functions f,(z) such that 
we have for ;, sufficiently large 


| (2) — fus(z)| <«/2, sinc. 
These two inequalities yield 
| f(z) — f(z)| <e, zinJ, 


in contradiction with (14.2), assumed to hold for the function f,,’ (z) of degree 
n; of best approximation. 

Perhaps it is worth while to state a more general theorem of wider applica- 
bility, of which Theorem VII is a special case. 


THEOREM VIII. Let K’ and K" be two classes of sequences of functions de- 
noted generically by {f,(z)} and {f,’(z)}, such that on a certain point set K 
any function fi' (2) can be expressed as the limit of a uniformly convergent se- 
quence {fi (z)}. If f(z) is an arbitrary function defined on K which can be ex- 
pressed as the limit of a uniformly convergent sequence {f,'(z)}, then on K the 
function f(z) can also be expressed as the limit of a uniformly convergent se- 
quence {f,i (z)}. 


Theorem VIII is obvious in the case which frequently occurs, that the 
classes f, (z) and f,/’(z) are defined as linear combinations of m functions 
$! (2), oi!’ (2), where ¢/ (z) and ¢/’(z) do not depend on m, provided merely 
i <n. In the more general case, the theorem is of interest, although the proof 
is similar to that of Theorem VII. In Theorem VIII the sequences f,/ (z) and 

x’ (z) are assumed to be independent of the functions represented—not to be 
found by interpolation or best approximation, or by any other requirement 
involving the limit function, and each function of the sequence is supposed to 
be independent of the others. 


* Walsh, Mathematische Annalen, vol. 96 (1926), pp. 430-436. 
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If Theorem VIII is not true, there exists some function f(z) defined on K 
which can be expressed on K as the limit of a uniformly convergent sequence 

~’(z) but such that 6, does not approach zero, where 6, is for each m the 
greatest lower bound of the quantities 


















bound [| f(z) — fv (2)|, zon K] 


for all admissible functions f,’ (2); the symbol bound indicates the least upper 
bound of all the quantities which follow. We shall show that this assumption 
leads to a contradiction. 

Since the sequence 6, does not approach zero, there exists a positive 6 such 
that we have for an infinity of indices m;, 5,, >65. There exist, then, a sequence 
of indices m; such that we have 


(14.3) bound[| f(z) — fa/(z)|, zon K] = 6,, >6 


for all admissible functions f,,/ (2). There exists a function fy’’(z) such that 
we have 
| f(z) — ft’ (2) | < 6/2, son K. 


There exists a sequence of admissible functions f,/ (z) such that we have for 
sufficiently large 
| fa’ (2) — fil (2) | < 8/2, zon K. 


These two inequalities yield for n =n, 
| f(z) — fal (2)| <8, son K, 


which is in contradiction with (14.3). 

Theorem VII is a simple application of Theorem VIII. There are many 
other situations in which functions defined on more or less arbitrary point 
sets can be uniformly approximated by polynomials.* Each of these situations 
leads, by virtue of Theorem VIII, to a new result analogous to Theorem VII. 

Theorem VII is not primarily concerned with the convergence to the func- 
tion f(z) of a particular set of functions f,(z), but if it is desired to have a 
uniquely determined set of such functions, the functions f,(z) of best approxi- 
mation in the sense of Tchebycheff naturally furnishes such a set. Equation 
(14.1) is valid for this particular set, but we need not have the phenomenon 
of overconvergence. Theorem VIII is independent of the existence and H 
uniqueness of functions f, (z), fx’ (z) of best approximation. 
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* See for instance Walsh, these Transactions, vol. 30 (1928), pp. 472-482; vol. 31 (1929), pp. 
477-502. a 
These results lead easily to non-uniform expansions of arbitrary functions by rational functions 
of the form (2.1). 
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The question may well be raised of the extension of Theorem I to an 
arbitrary Jordan region C. We are not at present in a position to give a com- 
plete extension of Theorem I, but we can generalize Theorem VII: 


THEOREM IX. If C is an arbitrary Jordan region which contains no limit 
point of the set ain, and if f(z) is an arbitrary function analytic interior to C and 
continuous in the corresponding closed region, then f(z) can be expressed in the 
closed region C as the limit of a uniformly convergent sequence of rational func- 
tions f,(z) of the form (2.1). 


The proof is indirect. Assume the theorem not true; we shall reach a con- 
tradiction. There exists some function f(z) of the kind described such that 
the sequence {f,(z)} of best approximation to f(z) on C in the sense of 
Tchebycheff does not converge uniformly to f(z) on C. There exists some 
¢>0 and some infinite sequence of indices m; such that for points z,, in the 
closed region C we have 


(14.4) | fax (Zny) —_ S(En,) | >e (k - 1, 2, Pee * 


Let us consider the points ajn,. There exists some point a, necessarily 
exterior to C, with the following property. For each neighborhood vr of a let 
Nf denote the number of points ain, in v for that particular value of k. Then 
a is so to be determined that for some sequence of values of k (say k=h, 


ko, - - -) the number NV becomes infinite no matter what neighborhood » is 
chosen; the subsequence &; is thus to be independent of v. The proof is by 
subdivision of the plane, as in the proof of the Bolzano-Weierstrass theorem. 
Divide the plane into two half-planes R; and R:. One or the other of these 
(closed) regions is a neighborhood v such that for some subsequence 


ki, k?, - - of thenumbers k, the corresponding numbers Ne become infinite 


as m becomes infinite. Subdivide that region R; or R2 or one of the regions 
R, and R; for which this fact holds. At least one of the new (closed) regions is 
a neighborhood v such that for some subsequence kj’, k/’, - - - of the num- 
bers k/, the corresponding numbers NP. become infinite as m becomes in- 
finite. It is no loss of generality here to choose k{’ =ki. We continue sub- 
division of the plane in this way, so subdividing that the closed regions » all 
contain some point a and that no point other than a is common to all the 
closed regions v. The next sequence k,,’’ of the numbers k/’ is to be chosen 
so that N;”.. becomes infinite with m and also so that ki’ =ki’, ki!’ =k’; 
similarly for the later sequences. Then by the diagonal process, choosing the 
numbers kj, ki’, ki’’, - - - , we obtain a subsequence fy, ke, ks, - - - of num- 
bers k having the property desired. 

We assume a to be the point at infinity; this can be brought about by a 
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linear transformation of the complex variable. Choose as a neighborhood » of 
a the exterior of a circle y which lies exterior to C. There exists a sequence 
Au, As, As, - - - of the numbers fy, ko, Rs, - - - such that Ny? =j, where v is now 
the exterior of y. It follows from Theorem VII* that the sequence of functions 
{f.(z) | of best approximation to f(z) on C in the sense of Tchebycheff for the 
indices m,, approaches f(z) uniformly in the closed region C; the number of 
Theorem VII is the present number /, and of the corresponding points ain 
at least 7 lie in v, but it is to be noted that a function f,(z) of form (2.1) with 
j factors in the denominator is also a function f,(z) of form (2.1) with m, 
factors in the denominator. Any increase in the number of possible factors 
(say from j to m,) in the denominator of a function f,(z) of the form (2.1) 
with the corresponding increase in the degree of the function, can only de- 
crease or at least not increase 


max | f(a) — frlz) | ,zonC, 


for the admissible function /,,(z) of best approximation in the sense of Tcheby- 
cheff. The uniform convergence to f(z) in the closed region C of the functions 
fny;(2) of best approximation as just proved by means of Theorem VII is in 
contradiction with (14.4), and the proof of Theorem IX is complete. 

Theorem VIIT now yields many new results on approximation when taken 
in conjunction with Theorem IX; see the references to the literature already 
given. For instance, if the function f(z) is continuous on a Jordan arc C and 
if the points a;, have no limit point on C, then there exists a sequence f,(z) 
of form (2.1) such that we have lim,... fn(z) =f(z) uniformly for z on C. 

The hypothesis in Theorem IX that the points a;, have no limit point in 
the closed region C cannot be replaced by the mere requirement that the 
points a;, lie exterior to C. We have already illustrated this fact by an example 
in §7. If, however, we assume f(z) merely analytic interior to the open Jordan 
region C and that all the limit points of the ain lie exterior to or on the boundary of 
C, there exists a sequence {f,(z)} such that we have limn.. fn(z) =f(2) for z in- 
terior to C, uniformly for z on any closed point set interior to C. Let Ci, C2, - - - 
be a set of closed Jordan regions all interior to C, each with its boundary in- 
terior to its successor, and such that every point of C lies in some C;. The 
points ai, have no limit point in the closed region C;, so by Theorem IX 
there exist sequences { f° }(k=1, 2,---) such that we have 


lim fa’ (2) = f(z), uniformly forzinC,,k=1,2,---. 


Choose WV; such that we have 


* Theorem VII is by no means indispensable here, nor is Theorem I itself. The problem is easily 
reduced to one of approximation by polynomials. 
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(k) 


| fn (2) — f(z)| <1/k, for z in Cy, n> Ni, 


where we choose also V;,>N,-1. Then the sequence 
fi (z), fi (z), ihe , In,(2), Snri(2), Srrz+2(2), dion , fn,(2), frsil2), oe 


tna), fnss(2), er 


has the required property. 

We remark that a suitable modification of the method just used yields 
direct proofs of Theorems VII and VIII. 

It may be desired in Theorem IX (and similarly in other theorems) to 
approximate the given function in C uniformly by rational functions f,(z) 
not merely of the form (2.1) but by rational functions F,,(z) of the form (2.1) 
which effectively have poles at all of the assigned points a;,. This can naturally 
be accomplished. If the function f,(z) does not effectively have the poles 
Qin, Gen, * * * » Qkn, RS (a point ai, which is a p-fold zero of f,(z) is here to 
be enumerated p+1 times), we may set 


F,(z) os (z — Qu + nin) (2 — Gen + N2n) ia (z — Qin + Nkn) falz), 


: (z - Gin) (2 aa Q2n) aM (z oa kn) 





where the numbers 7;, are positive and chosen sufficiently small, iet us say 
so small that we have for z on C 


1 
| Fa(z) — fa(z)| << —- 
nN 


Such a choice of the numbers 7;, is always possible, for 


_ 2 — Qin + Nin 
im —— = 1 
Nin—0 2 — Qin 


uniformly for z on C. The replacing of the functions f,(z) by the functions 
F(z) does not alter the character of the convergence of the original sequence, 
but it may naturally alter such minimum properties (for instance that of 
being rational functions of best approximation in some sense) as are possessed 
by the functions f,(z). 

Theorem IX is equivalent to the statement that the sequence of rational 
functions f,(2) of best approximation to f(z) on C in the sense of Tchebycheff 
converges to the function f(z) uniformly in the closed region C. This formulation 
can be generalized directly: 
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THEOREM X. Let C be an arbitrary Jordan region which contains no limit 
point of the numbers ain, and let f(z) be an arbitrary function analytic interior to 
C and continuous in the corresponding closed region. Then for the sequence 
{fn(z) } of rational functions (2.1) of best approximation to f(z) on C, the measure 
of approximation of fn(z) to f(z) on C approaches zero with 1/n. If {Fn(z)} is 
any sequence of functions analytic interior to C, continuous in the closed region, 
such that the measure of approximation of F,(z) to f(z) on C approaches zero 
with 1/n, and hence in particular for the sequence { f,(z)}, we have 
(14.5) lim F(z) = f(z), 


n> oO 
for z interior to C, uniformly for z on any closed point set interior to C. 


The measure of approximation of F,(z) to f(z) may here be taken as 
(1) max[n(z) |F,.(z) —f(z) |, z on C], where (z) is continuous and positive on 
C; in this case (14.5) is valid uniformly for z on C; (2) fn(z) |F.(z) —f(z) |? 
\dz|, p>O, where the integral is taken over the boundary (assumed recti- 
fiable) of C; the function m(z) is assumed continuous and positive on this 
boundary; (3) ffcn(z) |F.(z)—f(z) |» dS, p>0, where n(z) is continuous and 
positive on C; (4) f,n(w) |F.(z)—f(z) |? |dw|, p>0, where the interior of C 
is mapped conformally onto the interior of the circle y: |w | =1; the function 
n(w) is assumed continuous and positive on y. The proof of the fact that 
(14.5) is implied by the approach to zero of the measure of the approximation 
of F,,(z) to f(z), follows as in §8.* The fact that for some sequence of functions 
f.(z) of form (2.1) the measure of approximation of f,(z) to f(z) on C ap- 
proaches zero follows from Theorem IX, and this implies the approach to 
zero of the corresponding measure of approximation for the sequence of ra- 
tional functions f,,(z) of best approximation. 

15. Further remarks. There are a number of variations of the problems 
already treated in detail, and some of these we shall mention. 

1. It is natural to approximate the given function f(z) analytic for 
|z | <T>1 by rational functions of type (2.1), and the approximation may 
be measured in the sense of least squares, by interpolation in the origin, by 
interpolation in certain roots of unity, together with the additional require- 
ment of auxiliary conditions that we shall take as 


(15.1) fn(Bx) = f(Bx) (k = 1,2,---,m) 


at m arbitrarily chosen points 8; interior to the circle |z| = 7. The addition of 
requirement (15.1) does not essentially alter the results we have already 


* Compare in connection with (4) also Walsh, these Transactions, vol. 32 (1930), pp. 794-816, 
and vol. 33 (1931), pp. 370-388. 
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established, and involves only a slight modification in the proofs. The points 
8, are here considered limited in number, and may vary with , although it 
is convenient to require |8,|<7’<T, where T’ does not depend on ”. Equa- 
tion (15.1) is considered to involve various derivatives of the functions f,,(z) 
and f(z) if the points 6; for a given x are not all distinct. 

This problem is considerably more difficult if the points 8; are not limited 
in number, and has then close connections with our §12. Interesting special 
cases have been studied in detail by Dunham Jackson (loc. cit.). 

2. Another variation of the problems treated is to impose the additional 
requirement 


(15.2) Sr(Bx) = Bi (k = 1,2,---,m), 


for the approximating functions, where the points 6; and quantities B, are 
now considered not to depend on m and where the numbers B, have no neces- 
sary relation to the given function to be approximated. This new problem is 
different according to the original requirement made, best approximation in 
some sense or interpolation in some other given points. If we measure approx- 
imation on C by the method of Tchebycheff, methods previously given by the 
present writer* apply here directly, even if C is an arbitrary Jordan region, 
provided the points a;, have no limit point in the closed region. These 
methods apply also, in the case that C is an arbitrary Jordan region and the 
points a;, have no limit point in the closed region, for approximation in the 
sense of Tchebycheff to an arbitrary rational function with singularities in- 
terior to C. Overconvergence may take place in both of these situations. If C 
is a circle and if the approximating functions f,(z) are found, in addition to 
(15.2), by interpolation at the origin, and if 8.0, the sequence f,(z) ap- 
proaches the function f(z) uniformly in some circle whose center is the origin. 
If another approximating sequence is found by interpolation in the roots of 
unity, in addition to (15.2), it would be an interesting problem, and not es- 
pecially difficult, to determine the limit of the sequence {f,(z)}, even if the 
given function has singularities interior to C: |z| =1. 

3. Still another problem, analogous to the main problem of this paper, is 
to approximate a given function f(z) analytic for |z|<7>1 by rational func- 
tions f,(z) of respective degrees m whose zeros (instead of poles) are the pre- 
scribed points ain, lain |>A>1. The function f(z) is to have no zero on or 
within C: |z|=1, for otherwise approximation on C with an arbitrarily small 
error is impossible, by Hurwitz’s theorem. We study the problem by taking 
up a different problem, that of approximating 1/f(z) by the functions 1/f,(z), 


* These Transactions, vol. 32 (1929), pp. 335-390. 
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which we have already essentially considered. We have, if we measure ap-: 


proximation by least squares as in Theorem I, 


1 1 
fle) ~ fi) = flofals] -; =| 


The square bracket approaches zero, the functions f,(z) are uniformly limited 
for |z|<1, so we have limn..fn(z) =f(z) uniformly for |z|<1. If f(z) has no 
zero and is analytic for |z|<7, we have lim,..fn(2)=f(z) uniformly for 
|z| <R<(AT?+T7+42A)/(A?+2AT+1). Further details may be worked out 
by the reader; the results we have stated are only the most obvious ones. 

4. We raise still another question suggested by Theorem IX: can Theorem 
I including the result on overconvergence be extended to approximation in a 
region bounded by an arbitrary rectifiable Jordan curve? It may be noticed 
that in the various cases we have considered, interpolation in the points 0, 
1/a,; in the origin; in the roots of unity; and in arbitrary points—our method 
is essentially that of expanding the function 1/(¢—z) in a sequence of rational 
functions of z and ¢ found by the same conditions of interpolation as are pre- 
scribed for f,(z). For instance, in connection with (2.6) we have 


1 . { 1 fy - ie 


= lim 
(2 — a) -- + (2 — an)t(G@it — 1) - - - (nt — 1) 


t—2z no 





t—3z 


for suitable values of z and ¢; the square bracket vanishes for =z. The rational 
function whose limit is taken coincides with 1/(t—z) for z=0 and z=1/a,. 
The only poles of these rational functions involving z are the prescribed points 
ain, and the expansion is valid under certain restrictions on z and ¢. Term- 
by-term integration of this sequence, when multiplied by the given function 
f(t), over a suitably chosen path, yields a sequence of rational functions of z 
converging to the limit function f(z) under the conditions we have already 
determined. Presumably this same method, with suitable modifications, will 
apply in the more general case that C is an arbitrary rectifiable Jordan curve. 
Results on approximation in the sense of Tchebycheff should be obtainable 
even if the Jordan curve is not rectifiable. 

The study of analogous problems on approximation in multiply connected 
regions, where the aj, are suitably distributed in the plane, should also be 
interesting. : 

5. We have considered in §§3, 8 the study of sequences of rational func- 
tions of respective degrees ” of best approximation whose poles are prescribed 
points a;,, having no limit point interior to the circle |z|=A. Our results 
yield at once new results on the sequences of rational functions of best ap- 
proximation of respective degrees m where the poles a;, are not preassigned 
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but are subject merely to the restriction |a;, | =A. These new results are with 
reference to both degree of convergence and overconvergence. We remark in- 
cidentally that these new results as found by application of our results of §§3, 
8 are presumably not the most general results that can be obtained, but the 
problem appears to be a difficult one. 

Another open problem is the study of the convergence of sequences of ra- 
tional functions of respective degrees » of best approximation where the poles 
are entirely without restriction. 

6. In connection with the problem of approximation by rational func- 
tions, we remark that a particularly interesting case arises when the poles of 
the approximating functions are required to lie in the singularities of the 
function approximated.* It follows from the discussion of §13 that if a func- 
tion f(z) is analytic interior to the circle |z|=A>1 but has this circle as a 
natural boundary, then the sequence of rational functions f,(z) of best ap- 
proximation to f(z) on |z|=1 in the sense of least squares, where the poles of 
the functions f,(z) lie in the points (A*)'/", converges to the function f(z) 
uniformly for |z|<A’<A.A modification and amplification of that proof of 
§13 shows that under the same hypothesis on f(z) and under the same restric- 
tion of the poles of f,(z), the sequence f,(z) of rational functions of best ap- 
proximation to f(z) on any circle interior to |z|=A in the sense of least 
weighted pth powers, p>0, converges to the function f(z) uniformly for 
ls|SA’'<A. 

7. The results of the present paper have almost immediate application to 
the study of approximation of harmonic functions by harmonic rational func- 
tions. 


* Compare the paper by the writer in Acta Mathematica to which reference has already been 
made. 


HARVARD UNIVERSITY, 
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POINCARE’S ROTATION NUMBER AND MORSE’S TYPE 
NUMBER* 


BY 
GUSTAV A. HEDLUND 


1. Introduction. A continuous transformation which advances the points 
on the boundary of a circle in such a manner that order is preserved can be 
characterized by a number known as Poincaré’sf rotation number. Due to the 
separation properties of the solutions of the Jacobi differential equation in an 
ordinary problem in the calculus of variations in two dimensions, if a positive 
sense is assigned to a closed extremal, the first points conjugate to the points 
of the extremal define a transformation which is continuous and advances 
points so that order is preserved. Thus there is a rotation number correspond- 
ing to a closed extremal. It will be shown that this number characterizes the 
closed extremal in a sense to be defined. 

Morsef has characterized a closed extremal in a plane by its type number 
and has shown the relation of this type number to the number of points con- 
jugate to a given point. Since the rotation number is defined by means of 
conjugate points, there should be some relation between the type number 
and rotation number. This is established in this paper by proof that the rota- 
tion number determines the type number not only of one period, but of any 
number of successive periods of the closed extremal. Conversely, the rotation 
number is determined by the sequence of type numbers of an increasing num- 
ber of successive periods. 

But if instead of making the restrictive assumption that the closed ex- 
tremal lies in a plane, we assume that it lies in a two-dimensional manifold 
in a euclidean space of three or more dimensions, the problem does not neces- 
sarily revert to the plane case, and a second interesting possibility arises. A 
strip of the manifold containing the extremal may or may not be orientable. 
In the orientable case it can be shown by a suitable transformation that the 
problem is identical with the problem in the plane. 

In the non-orientable case, however, different results are obtained. Here 
it is necessary, first of all, to develop the theory of the type number in a form 
differing slightly from the work of Morse. The relation of the type number to 

* Presented to the Society, September 11, 1930; received by the editors July 3, 1931. 

T First considered by Poincaré, Sur les courbes définies par les équations différentielles, Journal de 
Mathématiques, (4), vol. 1 (1885). 


tM. Morse, The foundations of a theory in the calculus of variations in the large, these Transac- 
tions, vol. 30 (1928), pp. 213-274. 
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the rotation number is then determined. A different relationship is to be ex- 
pected, for the type number of a closed extremal is not completely determined 
by the number of conjugate points, but depends on the properties of the ex- 
tremals neighboring the given extremal. These properties vary according as 
the extremal lies in an orientable or non-orientable surface. For example, the 
proof of a theorem of Poincaré* which states that a necessary condition that a 
closed extremal yield a minimum with respect to neighboring closed curves 
is that no point of the extremal have a conjugate point, is applicable to the 
case of an extremal lying in an orientable strip, but does not apply to the non- 
orientable case. The proof depends on the theorem that a simple closed curve 
divides the strip into two parts. This is not necessarily true in the non-orient- 
able case. An example will prove that the theorem is not true in this case. 

The methods used here in the analysis of closed extremals on two-dimen- 
sional manifolds do not apply directly to the case of an m-dimensional mani- 
fold, n >2, but it is hoped that this analysis will throw light on the case »>2, 
and some progress in this direction has already been made by the author. 

2. The integrand and the extremal. Let (w, - - - , Wm), m>2, denoted by 
(w), be a point of euclidean m-space. A two-dimensional manifold, S, in this 
space will be a set of points such that the points of the set in the neighbor- 
hood of any given point of the set can be represented by 


(2.1) w= wi(x, y) (i _ 1, 2, de m), 


where the functions w; are of class C’ in the unit circle in the («, y) plane and 
at least one of the Jacobians of two of the w’s does not vanish in this circle. 
A set of functions (2.1) will be called a representation of S and a representation 
will mean such a set of functions. 

Let G(wi, - - + , Wm, Wi, * + * » Wm), denoted by G(w, w), be a function which 
is continuous for (w) on S and (w) a set of direction components of any direc- 
tion tangent to S at (w). The function G shall also be positively homogeneous 
of dimension one in (w) for these same arguments. 

Substituting the functions (2.1) and 

Ow; OW; 


2.2 y= —4 ——§ j= 1,2,---, 
(2.2) w =" * (i m) 


in G(w, w), we denote the resulting function by F: 
(2.3) G(w, w) = F(x, y, %, 9). 


It follows from the assumptions concerning G, that F is positively homogene- 


* Poincaré, Les Méthodes Nouvelles de la Mécanique Céleste, vol. 3, p. 285. 
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ous of dimension one in « and ¥. We assume that for any representation 
F(x, y, x, 9) is of class C4 for (x, y) in the unit circle and and ¥ not both zero. 

The curves on S which correspond to the solutions of the Euler equations 
of 






ty 
f PG, x, & sat 
ty 





will be the extremals which we consider. For any extremal segment considered 
it is assumed that the function F, corresponding to any representation satis- 
fies the condition* 


(2.4) 


where F; is evaluated along the extremal. The extremals will be of at least 

class C* when expressed in terms of either the arc length in the (x, y) plane or ig 

the arc length on S. It is not difficult to prove that the extremals obtained 

from one representation are identical with those obtained from any other. 
We assume then that g is a closed curve given by 


1 
(2.5) w= ws), -o<s<o (i=1,2,---,m), f. 
j 
q 








F,>0, 










where s is the arc length of g on S, the functions w,(s) are periodic of period w, 
are of class C*, and such that the points of g in the neighborhood of any point 
constitute an extremal segment. 

3. The two possible cases. The geodesics on S are the curves correspond- 4 
ing to the extremals determined by 







“i f& tr 
T= [Fey 4, a= faa + 225 + CH)KMs, 
ty ty 





where 








1 \dx/]’ im1 OX ay” int \OY 


The condition that at least one of the Jacobians of two of the w’s with re- 
spect to x and y does not vanish leads to the condition 


F, > 0. 








It follows, as in §2, that if the geodesics are expressed in terms of the arc 
length as parameter, they are curves of class C*. The geodesics are independ- 
ent of the representation, and through any point of S and in a direction 
tangent to S at this point, a unique geodesic segment can be drawn. 








* Bolza, Vorlesungen iiber V ariationsrechnung, p. 196. It would only be necessary to assume (2.4) 
for one representation, for it would then hold for any representation admitted. See Bolza, p. 343. 
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Points of g which correspond to different values of s, the arc length, will 
be considered distinct. The points of g in the neighborhood of a point P» of g, 
corresponding to so, will be the points of g for which s neighbors so. Consider 
the family of geodesics on S which are orthogonal to g at points neighboring 
P,. If the neighborhood on S is sufficiently small, these geodesics form a field. 
This neighborhood on S can be further sufficiently restricted so that if this 
neighborhood is represented in the (x, y) plane, the curve corresponding tog 
will divide the corresponding neighborhood into two parts. Let the points 
of S corresponding to these two parts be the sides of g at Po. Since the same 
conditions hold for P;, neighboring Po on g, we can obtain a neighborhood 
overlap ping the first one such that a side at P; has points in common with only 
one of the sides at Po. The term overlapping will be applied only to neighbor- 
hoods of this kind. Since similar conditions hold for any point of g, there exists 
a finite ordered set of neighborhoods such that each overlaps the one preced- 
ing and the one following, such that the first and last are overlapping, and 
such that each point of g is interior to at least one of these neighborhoods. 
Let v be the arc length along the orthogonal geodesics in one of these neigh- 
borhoods, v measured from g and taken as positive on one side, the positive 
side, and negative on the other. In a neighborhood overlapping this one, let v 
be taken as before, the positive side being chosen as that which has points in 
common with the positive side of the first neighborhood. By a continuation of 
this process along g, we arrive back at a neighborhood overlapping the initial 
neighborhood, and two possibilities arise. The positive side of the final neigh- 
borhood, overlapping the initial one, may have points in common with either 
the positive or the negative side of the initial neighborhood. The first is the 
orientable case and this case will be considered in the first part of the paper. 


ParT I. THE NEIGHBORHOOD OF g IS ORIENTABLE 


4. A transformation. The process by which coérdinates u and v were 
assigned to points neighboring g can be continued so as to include any finite u. 
The points of S neighboring g are then given by 


(4.1) w: = wi(u, v) (¢ = 1,2,---+,m), 
where w;(u, v) are single-valued functions of u and v in the region 

(R) —-e<u<w, —d<v<d, 

da small positive constant. Also these functions satisfy the condition 


(4.2) wi(u + w, ) = w;(u, 2) (i = 1,2,--- ? m), 


in R. It can be proved from the hypotheses made, and from the theorems con- 
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cerning the dependence of the solutions of differential equations on the initial 
conditions, that these functions are of class C‘ in R. Furthermore, at any 
point of R, not all the Jacobians of two of the w’s with respect to u and v 


vanish. 
If the functions (4.1) and 


* Ow; Ow; , 
(4.3) w, = —u+—pd (i = 1,2,---,m) 
Ou Ov 


are substituted in G of §2, we denote the resulting function by G: 
(4.4) G(w, w) = G(u, », %, 0). 


It is assumed that G is of class C* for (u, ») in R, u and 6 arbitrary, not both 
zero. Let 


(4.5) G(u, v, 1, p) = f(u, 2, p). 


The function f(u, v, p) is of class C* for (u, v) in R and # arbitrary, and has the 
period w in u. It follows from (2.4) that 


(4.6) fov(u, 2, p) > 0, 


where the superscript denotes evaluation for v= ~=0. It can be proved that 
the u-axis, which corresponds to g, is a solution of the Euler equation corre- 
sponding to 


(4.7) te f ine ee. 


Two points of g are conjugate if the corresponding points of the w-axis are 
conjugate. If two points are conjugate under any representation of S, the 
corresponding points of the u-axis are conjugate.* It will be sufficient then to 
consider the w-axis as our extremal. 

5. The rotation number of a periodic extremal and its properties. The 
segment of the u-axis 


(5.1) (n—1)w<uS tw 


will be called the nth period of the extremal v=0. 

Let v be the number of points conjugate to «=0 on the first periods. 
From the separation properties of the zeros of the solutions of the Jacobi dif- 
ferential equation, any succession of m periods can have no less than v and 
no more than v+1 points conjugate to u=0. 


* See Bolza, loc. cit., pp. 343-348. 
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There is a number, p, such that for any integer n, 
y+i1 


n 





IIA 


v 
(5.2) —Sp 
n 


For let v’ be the number of points conjugate to ~=0 on the first 2’ periods. 
If a is the number of points conjugate to « =0 on the first mn’ periods, we have 








(5.3) m' Sa<(v+i1)n’, wnSa< (vr +1)n, 
from which 

v a v+i1 r a “4t] 
(5.4) enti ; ~<a. 

n nn! nN n'—s nn’ n' 


Given ¢,>0, for ’ sufficiently large, the interval v’/n’ <x <(v’+1)/n’ is less 
in length than ¢,. Keeping this fixed value of 2’, a/(nn’) is restricted to lie 
in this interval for all ». From the first inequality of (5.4) we have 


v+i1 





’ 


and for n>1/«, v/n is restricted to the interval v’/n’—e<x<v'/n'’+e. 
Choosing €2:= €,/2, and #’ >1/€s, for any 2 >1/€s, v/n is restricted to an inter- 
val of length not greater than ¢,, and lying in the preceding interval. It fol- 
lows readily that 


(5.5) y= lim — 
no 2 
exists. From (5.4), it is seen that » must satisfy the relation (5.2). 

This number p will be called the rotation number of the periodic extremal. 
It is the average number per period of points conjugate to u=0. 

The rotation number of any one periodic extremal is unique, and does not 
depend on what set of mutually conjugate points is used in the definition. 
The points conjugate to «=0 were used, but let 7 be the number of points 
on the first ” periods conjugate to any one point of the extremal. From separa- 
tion properties, > cannot differ from v by more than one, for any , so that 
the same limit and rotation number is obtained. 

It can be proved* that if the rotation number is a rational fraction, 


* Birkhoff, Surface transformations and their dynamical applications, Acta Mathematica, vol. 43 
(1922), pp. 87-88. We note that the rotation number, a, defined by Birkhoff, is not equal to yp, 
but the relation is 1 =27/a. The yw defined here is identical with the number yu originally defined by 
Poincaré, loc. cit. 
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p/q0, in lowest terms, there is some point, «=a, which is conjugate to the 
point ~=a+qw, and there are p—1 points conjugate to w=a between u=a 
and u=a+qw. Furthermore, none of these p—1 points has the coédrdinate 
u=a-+nw, n an integer. In this case, the origin can, without loss of generality, 
and will, be taken so that u=qw is conjugate to it. The relation (5.2) then 
becomes 





(5.6) —sr< 
n 


In order to show this it must be proved that the relation 


v+i1 
n 





(5.7) B= 


cannot hold for any x. If y is irrational, the relation (5.7) obviously cannot 
hold. If u is rational, and (5.7) holds for some n= N, we have 


(5.8) = a 
But then N =rq, r an integer, and since v=rp, the relationship (5.8) is im- 
possible. 

From (5.6), the number of points conjugate to “=0 on the first ” periods 
is [mp], where the bracket indicates the largest integer which does not exceed 
the enclosed number. 

6. Relations between the rotation number and the concavity or convexity 
of a non-degenerate periodic extremal. The coefficients of the Jacobi differ- 
ential equation corresponding to the extremal v=0 have the period w in wu. 
Morse* calls the extremal non-degenerate if there are no solutions of the Jacobi 
differential equation, other than w(u) =0, with period w. In this paper, only 
non-degenerate periodic extremals will be considered. 

Morse* classifies the segments of length w of a non-degenerate periodic 
extremal as conjugate, convex, and concave. If u = uo is conjugate to u=u+o, 
the segment #9 <u < 19+ w is said to be a conjugate segment. The classification 
as to convexity or concavity is made by Morse in terms of neighboring ex- 
tremals, but it can equally well be made in terms of secondary extremals, and 
this last is more desirable here. If «= is not conjugate to u=uo+w, every 
point (wo, b) can be joined to its congruent point (w+, b) by a solution w 
of the Jacobi differential equation. Regarding congruent points as identical, 
if b is not zero, w forms an angle a with itself at (ao, b), a measured on the side 





* Morse, loc. cit., pp. 237-240. 
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of w towards v=0. Since v=0 is non-degenerate, the angle a is either always 
less than 7, or always greater than 7. In the first case the extremal segment 
Uo [US Uy+w is said to be convex, in the second case concave. 

The type number of a periodic extremal is not completely determined by 
the number of points conjugate to the initial point, but depends also on the 
concavity or convexity of the extremal. If the rotation number is to deter- 
mine the type number, the rotation number must determine more than merely 
the number of conjugate points and a relation between the rotation number 
and the concavity or convexity must be established. This is done in three 
lemmas. With their aid the desired theorems relating the type number and 
rotation number are readily obtained. 

Unless otherwise specified, the term conjugate applied to a point or points 
will mean conjugate to the point u=0. 


Lemna 1. If the segment from u=0 to u=w of the extremal v =0 is conjugate, 
and there are m conjugate points on the first period, then there are just m con- 
jugate points on any subsequent period. The rotation number is m. 


Since the segment is assumed conjugate, the point “=w is conjugate. Let 
the u-codrdinates of the successive conjugate points of the first period be 


u=4,0<a<wa (¢=1,2,---,m—1), du =o. 
From the periodicity, the m points 
u = (n— 1)w+ 4; (¢ = 1,2,--+,m) 


are all on the mth period and are all conjugate. There can be no more con- 
jugate points than these on the mth period, for the presence of another would 
demand an additional one on the first period, contrary to hypothesis. Ob- 
viously, under these conditions u=nw is conjugate, m any integer, and the 
rotation number is m. 


Lemma 2. If the segment from u=0 to u=w of the extremal v=0 is concave, 
and there are 2m+1 conjugate points on the first period, then there are just 
2m+2 conjugate points on any subsequent period. Moreover, u=nw, n any in- 
teger, is not conjugate. The rotation number is 2m+2. 


There cannot be more than 2m+2 conjugate points on any subsequent 
period. For suppose that there were 2m+3 such points on the mth period, 
with coérdinates given by 


u=(n—lwt+d, O0<dS0 (i=1,2,---,2m+ 3). 


From the periodicity, the points «=d;, which are on the first period, would 
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be mutually conjugate. If d, were conjugate, there would be 2m+3 conju- 
gate points on the first period, contrary to hypothesis. If d,; were not conju- 
gate, there would be a conjugate point in each of the 2m+2 intervals 


dist<u<d; (¢ = 2,3,---,2m-+ 3), 


again contrary to hypothesis. 

There cannot be fewer than 2m+2 conjugate points on any subsequent 
period. For let the u-coérdinates of the successive conjugate points on the 
first period be 


u=a, 0O<a<wa (i= 1,2,---,2m+1), 


and let a) =0. Since u=w is not conjugate, B(0, b) can be joined to B’(w, b) 
by a solution r(u) of the Jacobi differential equation. This solution has an 
even number of zeros, each of order one, in the first period, for its end points 
are both on the same side of the u-axis, and it cannot be tangent to the u-axis 
or it would vanish identically. From separation properties, 7(w) has one, and 
only one, zero in each of the intervals 


Q1<u<a; (¢=1,2,---,2m+ 1). 
These are odd in number and r(u) must vanish again in the interval 
dem+1 < Uu < ®. 


It cannot vanish twice in this interval, for this would demand another con- 
jugate point in the same interval. 

Let the w-coérdinates of these successive mutually conjugate points at 
which r(u) vanishes be 


“w=, 0<6<wa (¢=1,2,---,2m+ 2). 
The zero of r(%), C2m43, Which follows Com+2, lies in the interval 
o<mu<ay + ®, 


and it will now be shown that due to the hypothesis of concavity, com4s pre- 
cedes c,+w. For there is a region R, the boundary of which is a simple closed 
curve consisting of the segment of the w-axis 


Comoe SUL + ®, 


the segment of r(u) joining Com42 and B’, and the segment of r(u—w) joining 
B’ and c:+w. From the hypothesis of concavity, the angle formed by the 
boundary of R at B’, measured on the interior of R, is greater than 7, and the 
points of w=r(u) for u slightly greater than w must lie in the interior of R. 
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Eventually, with increasing u, w=r(u) passes out of R, and thus coms must 
precede ¢c;+, or else w=r(u) would cut w=r(u—w) again in the interval 


wo<u<cate. 


But r(u) and r(u—w) are linearly independent solutions of the Jacobi dif- 
ferential equation, and it is well known that if two such solutions intersect 
for two values of u, each must vanish for some value of u between. Thus 
Com43 precedes ¢:+w. , 

Also, r(u) vanishes once in each of the intervals 


Certw<u<eg+tw (i =2,3,---,2m+ 2). 
Since “ = d2m+. lies in the interval 
Com41 < U < Comy2, 
there is a point conjugate to it, and thus conjugate to wu =0, in the interval 
wo <u < Comes < 01 +, 
and there is likewise a conjugate point in each of the 2m-+1 intervals 
Cr tw<u<agtw< Ww (i = 2,3,--+,2m+2). © 


The number of conjugate points on the second period is 2m+2, and u=2w is 
not conjugate. 

The proof of the lemma is completed by mathematical induction. It is 
assumed that there are 2m+2 conjugate points on the mth period, and that 
these points lie in the 2m+2 intervals 
(n—1lhw<u< (nm — lhata, (nm — lbw ten <u < (n—lhwte < mw 

(i = 2,3,---, 2m+ 2). 
It will be proved that there are 2m+2 conjugate points on the (w+1)st 
period, and that these lie in the intervals 


no <i u< nate, nwtei<u< nate < (n+ 1)w 
(i = 2,3,---,2m+ 2). 
Let “= 4n,2m+2)-1 be the last conjugate point on the mth period, and hence in 
the interval 
(n - 1)w + Con—1 < & < (n —- 1)w + Com+2 < nw. 


The next conjugate point cannot lie on the mth period, since it has been proved 
that there are not more than 2m+2 conjugate points on any one period. 
Since the points 
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“= nwt Cc; (¢ = 1,2,--+, 2m + 3) 


are mutually conjugate, the next point conjugate to u=@nc2m42)-1, and thus 
conjugate, must precede 


u = No + Comes < (M+ 1)w + c1. 


From separation properties, there is an additional conjugate point in each 
of the intervals 


no + Cii1<u<nmwateo<(n+1)o (i = 2,3,--+,2m+ 2). 


There cannot be more, and the proof by induction is complete. 

That the point u=nw, n a positive integer, cannot be conjugate, follows 
at once from the preceding. From the periodicity, this is also true for m any 
integer not zero. Ss 

Since there are 2m+2 conjugate points on each period, except the first, 
the rotation number is 2m+2. 


Lemma 3. If the segment from u=0 to u=w is convex, and there are 2m 
conjugate points on the first period, then there are 2m conjugate points on any 
subsequent period. The points u=nw, n an integer, cannot be conjugate. The 
rotation number is 2m. 


The conjugate points on the first period will be denoted as before by 


u=a, 0O<a<a (4 = 1,2,---+, 2m), 
and ao=0. . 
There cannot be fewer than 2m conjugate points on any subsequent 
period. For there must be a conjugate point in, or on the boundary of, each 
of the 2m intervals 


(n—1l)wta1<us (n—1)wt+a; (i =1,2,---, 2m), 


of the mth period. 

Since ~=w is not conjugate by hypothesis, B(0, b) and B’(w, 6) can be 
joined by a solution, r(u), of the Jacobi differential equation. As before, the 
number of zeros of r(w) on the first period is even. There is just one in each 
of the 2m intervals 


Gj1<u<a; (i= 1,2,--+, 2m). 


These are all the zeros of r() on the first period, for the existence of another 
would demand the existence of at least two in the interval 
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and this would demand the existence of another conjugate point in this inter- 
- val, contrary to hypothesis. 

From the hypothesis of convexity, it can be proved, by reasoning similar 
to that used to prove the corresponding fact in Lemma 2, that the zero of 
r(u) following “=Com4: must follow u=c,+w. Hence the conjugate point fol- 
lowing u = dz», must follow u=c,+w. 

The conjugate point following “=a, also precedes u=a:+w, for the 
points “=w and “=4a,+w are mutually conjugate. There is one and just one 
conjugate point in each of the 2m intervals 


wto<u<cwta; (4 = 1,2,---+, 2m). 
There cannot be another conjugate point, «=w-+a;,, in the second period, 
for it would be in the interval 
w+ dom < US 2w, 
and the two mutually conjugate points w=d2, and “=a, would lie in the 
interval 


Com < U < Comti, 


which is impossible. There are thus just 2m conjugate points on the second 
period. - 

To complete the proof by induction, we assume that there is just one con- 
jugate point in each of the intervals 


(n—lhwto<u< (m—1)wt+a; (i =1,2,---, 2m), 


and that these are all the conjugate points on the corresponding period. We 
will prove that there are just 2m conjugate points on the (7+1)st period, and 
that these lie in the intervals 


nw +o <u < mw + a; (¢ = 1,2,---+, 2m). 


Let “=dn2m be the last conjugate point on the mth period, and hence in 
the interval 


(n — 1)w + Com <u < (m — 1)w + dom. 
The next conjugate point follows 
u = (nm — 1)w + Comy1 > nw + C3, 
and precedes 


u= nw + a. 


It lies in the interval 
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mo +o <u<nmwt+ aq. 


It follows from separation properties that there is just one additional con- 
jugate point in each of the 2m —1 intervals ' 


nwo +o <u < mw + a; (it = 2,3,---, 2m). 3 
The final one, 4 =4(n41)2m, lies in the interval j 
Nu + Com < U < nw + dam, 


and it follows that the following conjugate point lies on the next period. The 
proof by induction is complete. 

The possibility that «=mw be conjugate when 1 is a positive integer is 
evidently excluded. From the periodicity, u=nw cannot be conjugate when n 
is a negative integer. 

Since there are 2m conjugate points on each period, the rotation number 
is 2m. 

7. Relation of the rotation number to the type number. The lem- 
mas of the preceding paragraph are the necessary aids in establishing the rela- 
tion of the rotation number to the type number of a non-degenerate periodic 
extremal. 

Two cases are to be distinguished, that in which the rotation number is 
rational, and that in which it is irrational. 

If w is a rational fraction, p/q¢#0, reduced to lowest terms, some point, 
u= do, of the extremal, is conjugate to the congruent point, w=a9+qw, and 
no congruent point following u =a and preceding u =a9+qw is conjugate to 4 
u=dy. As in §4, ao can be taken as zero, and then relation (5.6) holds. This 
choice of origin does not affect the type number of the extremal. E 


<= 
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THeoreM I. If the rotation number is a rational number, p/q*0, reduced 
to lowest terms, and if q¥1, the type number is odd. If g=1, the type number is 
odd or even according as p is odd or even. 


La 


If g#1, u=w is not conjugate. Let us suppose that the number of con- 
jugate points on the first period is odd. The extremal segment from u=0 to 
u=w cannot be concave, for if so, from Lemma 2, «=qw is not conjugate, 
contrary to hypothesis. Hence the extremal segment is convex, and the type 
number, being the number of conjugate points on the first period, is odd. 

Let us suppose that the number of conjugate points on the first period is 
even. The extremal segment from «=0 to u=w cannot be convex. For from 
Lemma 3, if the segment were convex, «=gw would not be conjugate, con- 
trary to hypothesis. The segment is concave, and the type number, being in 
this case the number of conjugate points increased by one, is again odd. 


a SS Se eS eM 


CAPT ye 


2 ESET E TPAD EES Po RN NER 


eZ 


oe 


Bt, 
> 
oe 








88 G. A. HEDLUND , [January 


If g=1, the origin has been chosen so that u=w is conjugate. The number 
of conjugate points preceding u=w and on the first period is —1, and since 
the type number is this number increased by one, the statement of the 
theorem follows. 


THEOREM II. Jf the rotation number is zero, the type number is zero. 
If »=0, there is no point conjugate to uw =0. For if the point 
u=b, = (n—l1l)wt+a;,, 0< a, Sa, 


is the first conjugate point, from relation (5.2), 


IIA 


1 
0<—sSz 
n 
and the rotation number cannot vanish. It follows that there are no two 
mutually conjugate points on the extremal. 

When this condition is satisfied, it can be proved* by the usual methods 
of the calculus of variations that the extremal segment from u=0 to u=w 
is convex. 

The type number is equal to the number of conjugate points on the first 
period, and is thus equal to zero. 


THeEorEM III. Jf the rotation number is irrational, the type number is odd, 


The point «=w cannot be conjugate, for then, from Lemma 1, the rotation 
number would be rational. 

If the number of conjugate points on the first period is odd, the extremal 
segment taken from u=0 to u=w is convex. For if concave, from Lemma 2, 
the rotation number is rational, contrary to hypothesis. It follows that the 
type number is odd. 

If the number of conjugate points on the first period is even, the extremal 
segment taken from «=0 to u=w is concave. For if convex, from Lemma 3, 
the rotation number is rational. Again the type number is odd. 

A succession of ” periods of a non-degenerate periodic extremal may be 
considered as a single period. As an example readily shows, the non-degen- 
eracy of the succession does not follow from the hypothesis that the original 
period is non-degenerate. Hence it will be assumed in the following that the 
succession is non-degenerate. Its rotation number and type number are de- 
fined as if dealing with a single period, and considerations of convexity, con- 
cavity, and Theorems I, II, and III apply to this succession of periods con- 


* Hadamard, Lecons sur le Calcul des Variations, vol. 1, Paris, 1910, pp. 434-436. 

















1932] POINCARE’S AND MORSE’S NUMBERS 89 


sidered as a single period. The rotation number is mp, where y is the rotation 
number of the original period, and is rational or irrational according as y is 
rational or irrational. 


THEOREM IV. The rotation number of a non-degenerate periodic extremal de- 
termines the type number of a succession of n periods. 


Case 1. u=p/q~0. It is assumed that p and g have no common factor. 
The type number of a succession of ” periods will be denoted by 7,. As usual, 
the origin will be chosen so that u=qw is conjugate to it. 

If n=kgq, k a positive integer, «=nw is conjugate. There are kp—1 con- 
jugate points preceding u=nw, and T,=kp. 

If m is not a multiple of g, the number of conjugate points preceding u =nw 
is [np/q], and this is determined. The type number is either [xp/q] or this 
number increased by one. From Theorem I, 7, is odd, therefore if [xp/q] is 
even, T,= [np/q]+1, and if [np/q] is odd, T, is this number. 

Case 2. u=0. In this case the rotation number of a succession of ” 
periods is also zero, and from Theorem II, the type number, 7, equals zero. 

Case 3. uxp/q, u~0. In this case, u=nw is not conjugate, and from 
Theorem III, T,, is odd. The number of conjugate points preceding u=nw is 
[mu], and if this is even, 7, = [mu ]+1. If [mp] is odd, the type number is [np]. 


THEOREM V. Conversely, the set of type numbers, T,, determines the rotation 
number. 


For T, differs from the number of conjugate points on m successive periods 
by not more than one. Thus 


lim — = lim— = u. 
no N n 

8. A new proof of a theorem of Poincaré. Poincaré* proved that a 
necessary condition that a closed extremal give a minimum with respect to 
neighboring closed curves is that there should be no pair of mutually con- 
jugate points on the extremal taken an arbitrarily large number of times. A 
proof has also been given by Hadamard.f A proof for the case in which the 
extremal is non-degenerate follows readily from the preceding. 

It is assumed that the extremal »=0 gives a minimum with respect to 
neighboring periodic curves of class D’. This implies that the type number 
vanishes. The segment from u =0 to u=w cannot be conjugate, nor can there 
be a conjugate point of the initial point on the first period, for this would con- 


* Poincaré, Les Méthodes Nouvelles de la Mécanique Céleste, vol. 3, p. 285. 
+ Hadamard, loc. cit. 
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tradict the fact that the type number vanishes. This segment must also be 
convex, for if concave, the type number would be one. The rotation number 
must vanish, for if it is rational, p/g 0, g cannot be one, and from Theorem I 
the type number is odd, contrary to what holds. If the rotation number is 
irrational, from Theorem III, the type number is again odd, which is not the 
case. Hence » =0, and there are no mutually conjugate points. 


Part II. THE NEIGHBORHOOD OF g IS NON-ORIENTABLE 


9. The transformation in the non-orientable case. Returning to the dis- 
cussion of §3, we now assume that the process of continuing along g leads to 
the second possibility, namely, that when we arrive back at the initial neigh- 
borhood, the positive side of the neighborhood overlapping the initial one 
and the negative side of the initial one have points in common. If coérdinates 
(u,v) are assigned to the points neighboring g by a continuation of this proc- 
ess, the values of v corresponding to the same point on S will alternate in 
sign. The points of S neighboring g will now be given by 


(9.1) w; = w;,(u, v) (4 = 1,2,---,m), 


where, as before, w;(u, v) are single-valued functions of uw and 7 in the region 
R. But in this case we have 


(9.2) wi(u+w, — v) = wi(u, 2) (¢ = 1,2,---,m). 


These functions are of class C* in R, and the same condition concerning the 
Jacobians holds. From (9.2) we have 


0 0 

(9.3) — w(u + w, — v) = — w,(u, 2) (¢=1,2,---, m), 
Ou Ou 

and 
0 0 

(9.4) — w(u +o, — v7) = —— wi(u, v) (¢ = 1, 2,---,m). 
dv Ov 


On substituting (9.1) and 


. Ou; , OW; , 
(9.5) w= —u+—v (i= 1,2,--- ,m) 
Ou Ov 
in G o1 §2, we obtain a function G 
(9.6) G(w, w) = G(u, », w, 2). 


This function has the property 
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(9.7) G(u + w, — 0, u, — 0) =G(u, 2, u, 2). 

Assuming G of class C? for (u,v) in R, % and ¢ arbitrary, but not both zero, let 
(9.8) G(u, v, 1, p) = f(u, », p). 

Then 

(9.9) f(u + w, — 2, — p) = f(u, 2, p) 


and f is of class C? for (u, v) in R and # arbitrary. Also 


(9. 10) for > 0. 


The u-axis, which corresponds to g, is a solution of the Euler equation corre- 
sponding to 


(9.11) iu f ye 


As before, the conjugate points on g will be determined by the conjugate 
points on the w-axis. 

10. Properties of the neighboring extremals. In the following state- 
ments the proofs are left to the reader. This seems advisable in consideration 
of their similarity to those of Morse.* 

From (9.9) it follows that the coefficients of the Jacobi differential equa- 
tion corresponding to the extremal v =0 have the period w. 

A function which satisfies the condition 


(10.1) w(u + w) = — w(u) 


will be said to be alternating. It has the period 2w and will be said to have the 
semiperiod w. 
There are three types of periodic extremal: 


I. The only solution of the Jacobi differential equation which is alternating of 
semiperiod w is w(u)=0. 


II. There is a set of alternating solutions of the Jacobi differential equation 
with semiperiod w of the form Cw(u), where w(u) 40, and C is any constant, but 
no other alternating solution with semiperiod w. 


III. Every solution of the Jacobi differential equation is alternating with 
semiperiod w. 


If I holds, the extremal is non-degenerate; if II holds, simply-degenerate; 
and if III holds, doubly-degenerate. 


* Morse, loc. cit., pp. 237-245. 


ae 


ii 











92 G. A. HEDLUND : [January 


If p(w) and g(u) are solutions of the Jacobi differential equation which 
satisfy the initial conditions 


p(0) = 1, (0) = 90, 
p’(0) - 0, q' (0) = 1, 


it can be proved that Cases I, II, or III will occur according as the matrix 


pw) +1, gi) 
p(w), gw) +1 
is of rank 2,1, or 0, where +1 replaces the —1 appearing in the orientable case. 


The following lemmas admit simple proofs. The (, w) plane is considered 
identical with the (w, v) plane. 


Lemna 4. If the extremal v=0 is non-degenerate, a necessary and sufficient 
condition that in the (u, w) plane every point (0, b) be capable of being joined 
to its congruent point (w, —b) by a solution of the Jacobi differential equation is 
that u=0 be not conjugate to u=w. 


Such a solution is given by 
b 
q(w) 


where again the —1 of the orientable case is replaced by a +1. From this the 
equation 


p(u), q(2) 
pw) +1, g) 





w(u, 6) = 





—5b 
Wy(w, b) — w,(0, b) — 


pw) +1, gi) | 
q(w) 


p(w), gw) +1 





can be readily derived. 


Lemna 5. If the point u= uo on the non-degenerate extremal v =0 is not con- 
jugate to u=uo+w, then in the (u,v) plane, any point (uo, a), aX~0, neighboring 
(uo, 0) can be joined to (uo+w, —a) by an extremal segment g’. The sum of the 
slopes of g’ at (uo, a) and (uo+w, a) will either (Case 1) have a sign opposite that 
of a, or (Case II) have the same sign as a. If up =0, Case I or Case II will occur 
according as the sign of 


___1 | e@)+1, ge) 
gw)! pw), g’@)+1 


is negative or positive. 
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The extremal segment of v=0 taken from u =a to u=u9+w will be said 
to be convex in Case I, concave in Case II. If w=u9+w is conjugate to u= uo, 
the segment will be said to be conjugate. 

11. The functions J(v,--- , v,) and the type number of the extremal. 
The function J(2, - - - , Yn) is defined as in the orientable case* except that 
the point (w#:-++w, —2:) is used instead of (#1 +a, 2:). The function J(a, - + - ,0n) 
will have a critical point for (m7, - - - , 2.) =(0,---, 0). The second partial 
derivatives of J(v, - - - , Wn) evaluated for these same values are given by 


| = R(u) [wn nr(tr +w) — we,1(11) J, 


Tec.n; = Rui) [wirdus) — wisr lu] (4 = 2, 3, -- +, mn), 
Focvvees = — (1s) wi c4s(t) i= i %---..=—m 
Fee = R( wigs) wigri(migs) (é = 1, 2,---,#— 1), 

. = — R(m1) Wa41.n(ur + @), 


| ” R( tun) Wn »n4-1(Un) . 


With these results the following theorems can be proved. 


THEOREM VI. [f the extremal v =0 is non-degenerate, the matrix of elements 
0 
aj J % Pj 


is of rank n, and is in normal form. 


THEOREM VII. Jf the periodic extremal, v=0, is non-degenerate, the type 
number k of the corresponding critical point of the function J(v, - + - , Un) will 
be independent of the choice of n among admissible integers n, and of points 
(ui, +--+, Un) on v=0 among admissible points (m, +--+, Un) and may be de- 
termined as follows. Setting uo=u—w, let m be the number of conjugate points 
of u=Uo, preceding u=Un. If u=Uo is conjugate to u=Un, then k=m+1. If 
uU=Uo 1s not conjugate to u=Un, then k=m, or k=m-+1, according as the seg- 
ment of v=0 from u= Uo to u=Uy is Convex or concave. 


12. Relation of the rotation number and type number. It is assumed 
that the periodic extremal »=0 is non-degenerate. The rotation number is 
defined precisely as in §5, and it has the same properties as there stated. The 


terms nth period and conjugate will have the same meaning as in Part I. 


* Morse, loc. cit., p. 237. 
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Lemma 6. If the segment from u=0 to u=w of the extremal v=0 is con- 
jugate, and there are m conjugate points on the first period, then there are just m 
conjugate points on any subsequent period. The rotation number is m. 


As in the orientable case, the coefficients of the Jacobi differential equa- 
tion have the period w, and the proof of this lemma is identical with the proof 
of Lemma 1 of §6. 


Lema 7. If the segment from u=0 to u=w of the extremal v=0 is concave, 
and there are 2m conjugate points on the first period, then there are just 2m+1 
conjugate points on any subsequent period. Moreover, u=nw, n any integer, is 
not conjugate. The rotation number is 2m+1. 


The proof of this lemma will result from the proof of Lemma 2 of §6 if 
the following changes are made: 

(a) mis replaced by m—1/2; 

(b) B’(w, b) is replaced by B’(w, —b); 

(c) “on the same side of the u-axis” is replaced by “on opposite sides of 
the u-axis” ; 

(d) “odd” is replaced by “even” and “even” by “odd”; 

(e) r(u—w) is replaced by —r(u—w), which is also a solution of the Jacobi 
differential equation. — 


Lema 8. If the segment from u=0 to u=w of the extremal v=0 is convex, 
and there are 2m+-1 conjugate points on the first period, then there are 2m+1 
conjugate points on any subsequent period. The points u=nw, n any integer, can- 
not be conjugate. The rotation number is 2m+1. 


The proof of this lemma will result from the proof of Lemma 3 of §6, if 
the following changes are made: 

(a) mis replaced by m+1/2; 

(b) B’(w, 6) is replaced by B’(w, —b); 

(c) “even” is replaced by “odd.” 

With the aid of these lemmas, the desired theorems relating the rotation 
number and type number can now be obtained. 


TuHeorEM VIII. /f the rotation number is a rational fraction, p/q0, re- 
duced to lowest terms, and if q¥1, the type number is even. If q =1, the type num- 
ber is odd or even according as p is odd or even. 


The origin is chosen so that u=gw is conjugate. This does not alter the 
rotation number or type number. 
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If g#1, u=w is not conjugate. Let the number of conjugate points on 
the first period be even. The extremal segment from u=0 to u=w cannot be 
concave, for if so, from Lemma 7, u =qw is not conjugate, contrary to hypoth- 
esis. Hence the extremal segment is convex and the type number, being equal 
to the number of conjugate points on the first period, is even. 

If the number of conjugate points on the first period is odd, it follows 
from Lemma 8 that the segment from “~=0 to u=w cannot be convex. The 
segment is concave, and in this case, the type number, being the number of 
conjugate points on the first period increased by one, is again even. 

If g=1, the origin has been chosen so that « =w is conjugate. The number 
of conjugate points preceding u=w on the first period is p—1, and since the 
type number is this number increased by one, the statement of the theorem 
follows. 


THEOREM IX. If the rotation number is zero, the type number is zero. 


It has already been proved in §7, that if the rotation number is zero, there 
is no point on v=0 which is conjugate to w=0. In particular, the point u=w 
is not conjugate, and since the extremal is assumed to be non-degenerate, 
the segment from u=0 to u =w is either convex or concave. It cannot be con- 
cave. For under this assumption the points B(0, 6) and B’(w, —b) can be 
joined by a solution r(u), of the Jacobi differential equation, such that the 
sum of the slopes of r(z) at B and B’ is positive for positive b. The function 
—r(u—w) is a solution of the Jacobi differential equation which intersects 
r(u) at B’ and whose slope at this point is the negative of the slope —r(u—w) 
at the same point, and we have, for ¢ a sufficiently small positive number, 


(12.1) r(u) > —r(u—w), ws u<wte. 


Since r(~) must cross the u-axis at some point of the first period, —r(u—w) 
crosses the u-axis at some point of the second period. From the properties of 
the solutions of the Jacobi differential equation, as u increases beyond w+e, 
relation (12.1) will continue to hold until —r(u—w) crosses the w-axis. It 
follows that r(x) crosses the u-axis in the second period. Similarly, r(~) crosses 
the w-axis in the period preceding the first period. These two zeros of r(u) are 
mutually conjugate, and from the periodicity, there are an infinite number of 
pairs of mutually conjugate points at the same distance apart. The point 
u=0 then has conjugate points, which is impossible under the assumption 
of vanishing rotation number. 

From Theorem VII, if the segment from u=0 to u =w is convex, the type 
number equals the number of conjugate points on the first period. This num- 
ber is zero, and the type number is zero. 
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THEOREM X. If the rotation number is irrational, the type number is even. 


The proof of this theorem results from the proof of Theorem III if the 
following changes are made: 

(a) “odd” is replaced by “even,” and “even” by “odd;” 

(b) the references to Lemmas 1, 2, and 3 are replaced by references to 
Lemmas 6, 7, and 8, respectively. 

A succession of periods may be considered as a single period of the non- 
orientable case if the number of periods is odd. If the number of periods is 
even, all the conditions of the orientable case hold. The type number and 
rotation number are defined considering the succession of periods as a single 
period, orientable if the number of periods is even, non-orientable if the num- 
ber of periods is odd. The rotation number is my. It will be assumed that the 
succession of » periods is non-degenerate. This does not follow from the non- 
degeneracy of a single period. 


THEOREM XI. The rotation number of a non-degenerate periodic extremal 
determines the type number of a succession of n periods. 


If the number of periods is even, Theorem IV of Part I gives complete 
results. 

If the number of periods is odd, Theorems VIII, IX, and X apply. 

Case 1. u=p/q+0, p and q integers. It is assumed that p and q have no 
common integral factor. As usual, the point «=0 is chosen so that u=qw is 
conjugate. 

If n=kq, k a positive integer, then “=nw is conjugate. There are kp—1 
conjugate points preceding u =w, and the type number is kp. 

If m is not a multiple of g, «=qw is not conjugate. The number of con- 
jugate points preceding u=mw is [np/q], and this is determined. The type 
number is either [zp/q], or this number increased by one. From Theorem 
VIII, the type number is even, therefore if [7p/q] is odd, the type number is 
[np/q|+1, and if [xp/q] is even, the type number is this number. 

Case 2. »=0. In this case the rotation number of a succession of m 
periods is also zero, and from Theorem IX the type number is zero. 

Case 3. ux p/q, p and q integers. In this case u=nw is not conjugate, 
and from Theorem X the type number of a succession of periods is even. 
The number of conjugate points preceding u=mnw is [nu], and if this is odd, 
the type number is [zu]+1. If [mu] is even, the type number is this number. 

Theorem V of Part I holds without change. 

13. The theorem of Poincaré in the non-orientable case. From Theorem 
IX it follows, as in the orientable case, that the condition that there be no 
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two mutually conjugate points on the entire non-degenerate closed extremal 
leads to the fact that the extremal gives a minimum with respect to neighbor- 
ing curves of class D’. The converse of this theorem is also true in the orient- 
able case, as proved in §9, but when we attempt to extend this proof to the 
non-orientable case, we find that it is no longer valid. As a matter of fact, the 
theorem is not necessarily true in the non-orientable case, as the following 
example shows. 
Let us consider the integral 


f “@ 2 — y?)du. 


v’+v=0 


and v=0 is a solution. If we take w as any positive number, the condition 
(9.9) is satisfied, and we will take w=1. The condition (9.10) is satisfied. The 
extremals are 


The Euler equation is 


v=Asinu+ Becosu 


and the solutions of the Jacobi differential equation are the same. The ex- 
tremal is evidently non-degenerate. There are no conjugate points of 1=0 
on the first period, but there is a conjugate point of u=0 on the fourth period. 
A brief computation shows that the segment of »=0 from u=0 to u=w is 
convex, and it follows from Theorem VII that the type number is zero. But 
the rotation number is not zero, and the absence of mutually conjugate points 
is not a necessary condition that a closed extremal give a minimum with re- 
spect to neighboring closed curves. 


Bryn Mawr COoLteEce, 
Bryn Mawpe, Pa. 








ON SUMS OF TWO OR FOUR VALUES OF A QUADRATIC 
FUNCTION OF x* 


BY 
GORDON PALL 


1. We shall consider sums of values of the function 
(1) q(x) = px? + vx + 6, 


where » >0, v and ¢ are real. If g(x) is an integer for every integer 2, it is of 
the form 


(2) gmx? + 3nx+c, m> 0, 


m,n, and ¢ being integers, m+n even; and conversely. 
Denote the least number represented by 


(3) g(*1) + q(x2) +---+ (x) (s given) 


for integers x;=w by \=A(w, g(x), s). In the case (2) our problem may be 
stated as follows: to determine the magnitude of the largest stretch of con- 
secutive integers =X not represented by (3) for integers x;>w. 

We shall obtain a reasonably comprehensive solution of this problem for 
s=2 and s=4 (see end of this Section). Many known facts concerning sums 
of four values of quadratic functions of one variable are corollaries. Thus the 
Fermat-Cauchy polygonal number theorem is implied by Theorem 2 for the 
range —u<v < —}y; for this special case, however, a simpler proof, much like 
that given here for the range 0<y<y, exists. 

§2 is the only one relating to s=2. I know of nothing general for s =3. 

For s=>5 Professor L. E. Dickson{ gave a complete solution, by ingenious 
methods depending upon conditions for solving the equations 


(4) a=aP+ae +a? + xP, b= 41+ x2 + X39 + %. 
The basic lemma, due to Cauchy,f is as follows. 


Lemma 1. Necessary and sufficient conditions that equations (4) be solvable 
in integers x; are 


(5) a = b (mod 2), 4a — b? = a sum of 3 squares. 


* Presented to the Society, November 29, 1930; received by the editors ay 1, 1931. 

¢ American Journal of Mathematics, vol. 50 (1928), pp. 1-48. 

t Cf. Legendre, Théorie des Nombres, 3d edition, vol. II, nos. 624-30. An outline proof is given 
here in §4. 
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If b=0 these x; are necessarily =0 if (5) holds and 
(6) b? + 26+ 4> 3a. 


New methods, involving values a, } below the limit b?+2b+4>3a of 
Lemma 1, must be invented for all except the simplest cases already done 
by Professor Dickson. 

Let F,(x = —k), or simply F;, denote the tad/e of all sums of four values of 


(7) f(x) = ux? + vx (u> 0) 


for integers x => —k; or, what is the same thing, the class of all quantities 
pa+vb, where a and D are integers such that equations (4) are solvable in in- 
tegers x;= —k. For any uy, v the entries of F, may be arranged in order of 
magnitude. By a gap in F; we mean a difference of consecutive entries. If yo 
is the largest gap for, say, the first thousand entries, we try to show that it 
is large enough to bridge the entire table. If a larger gap be later encountered 
it may be taken as a new standard. A difference of entries is called allowable 
if it is < some gap already discovered in the table. 

Since sums of four squares or triangular numbers become very numerous 
for large numbers it might be expected by analogy that the largest gap should 
always occur early in the tables F;. In F,,, in fact, by Theorem 5, the largest 
gap occurs among the first six entries. In all cases of this sort (Theorems 2, 
3, 5, 6, 7, 8) we shall solve our problem completely. 

But there are two distinct stretches of values of u and v for which the 
largest gap in F, occurs arbitrarily far out. 

The first case of this is completely solved in Theorem 4. The values y, v 
in question satisfy »<0, u=5 |v]. 

Finally in the really difficult case with y, v in the vicinity of » = (3/2) || 
the distribution of large gaps is extremely complicated. For every k >0 there 
are, roughly speaking, infinitely many gaps larger than any near the begin- 
ning. I content myself (§§10 and 13) in this case with devising a method for 
a finite exhaustive determination of the gaps, showing plainly by explicit 
formulas where the gaps are situated. 

* Many properties, new and old, are developed of the sum of the roots 
>ox; with x;=> —k, when a=)>x?. 

2. The case s =2 is trivial, at least for (2). 


THEOREM 1. /f, for q(x) in (2), the values of q(x)+q(y) for all integer pairs 
x, y be arranged in order of magnitude, arbitrarily large gaps will occur. 


By (2) the equations 
(8) N = q(x) + (y), 
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(9) 8mN + 2n? — 16mc = (2mx + n)? + (2my + n)? 


are equivalent. Hence (8) is not solvable in integers x, y for r consecutive posi- 
tive integers NV, provided that x*?+-y* fails to represent 8m(r+1) consecutive 
integers >2n?—16 mc. The last fact follows from 


Lemma 2. Any binary quadratic form 
(10) @ = Ax? + Bry + Cy?, 


with integer coefficients and discriminant d= B*—4AC not a square, fails to rep- 
resent any given number k of consecutive positive integers. 


For ¢¥N if (d|p)=—1 for any odd prime p dividing N to an odd ex- 
ponent. Since d is not a square there exist infinitely many odd primes f,, 
po, + +, such that (d|p,) = —1. The congruences 


N=-—Ah (mod pa) (h = 1,2,---, k) 





whose moduli are relative prime in pairs have a solution 
N = Not /pip2--> dr, 
where / is an arbitrary integer. Choosing / so that 
1 = 0 (mod py) if Mo F — h (mod fF), 
= 1 (mod px) if No = — h (mod pA), 
we get integers V such that N+1, -- - , N+ are not represented by ¢. 
3. The problems for g(x) and f(x) are seen to be equivalent. Also, for 
any w, 
(11) px? + vx = p(x — w)? + (v + 2uw)(x — w) + ww? + vw. 


Hence, by altering the range of x, we can obtain 


(12) —p<vesu. 

The following classification is therefore exhaustive :* 
(13) Fo = F,(x 2 0), when 0 < yp < »; 
(14) Fo, when (12) holds; 


* It is only for convenience of proof that (14), (15), and (16) have been segregated, since they 
may be combined as 
(130) px?+vx, x2x0, where xoS0 and —yp<vSu. 
By (11) the table for ux?+»x, x2x0, may be replaced by the table for ux*+(v+2yw)x, x2x0—w. 
If v-+2yux0>pu we choose w=x9; otherwise we can choose a unique integer w=» such that —p<» 
+2yuw Sy. In the first case we obtain (13), in the second (13p). 
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(15) F, =F,(x = — k), k= 1, when || Sy < 3] |; 
(16) F;, when p = 3|v|. 

4. Some properties of }>x; in a=) x7. We use a and e in the rest of this 
paper to denote positive integers only. For k=0 and any a we define L;.(a) to 
be the class of all values b such that (4) are solvable in integers x;= —k; but 
we use it also in the sense of the class of all entries of F; of which the coef- 
ficient of » is a. We drop the subscript 0 from Lo(a), and define 


B,=largest 6 on L(a); 

b,=least b=a (mod 2) such that 6?+2)+4>3a; 

b.=least b=a (mod 2) such that 6?+4b+16>3a; 
b,.(a) =least b on L,(a). 


We outline a proof of Lemma 1. We perceive the equivalence of the sys- 
tems (4) and 


4a — b? = (x1 + %2— x3 — 44)? + (41 — Xo + Xs — %4)? + (41 — He — Xe + 2X4)’, 
b= x1 + x2 + %3 + %. 


Hence there is a (1,1) correspondence between the sets of integers x; of (4) 
and y, of 


(19) 44-8 =yPi + y2? +y?, b+ yet ys+ ys =O (mod 4). 


For odd a, 6, (192) holds by choice of sign of one of the (odd) ys; for given 
even a, b, (192) is a consequence of (19;). The statement about (5) follows. 
As to (6): }>%;20, #1<0 imply 


( Dixit 1)? S (er + as + 20)? S 3(a? + 2? + 2), (6 + 1)? S 3(0 - 1). 


(17) 


We do not use here the fact that, when a, b are even, the signs of the y, 
are at our disposal, and the preceding can be modified to show that (4) are 
then solvable in integers x;=0 if (52) holds and merely 


(20) b= 0, 362+ 8+ 16> 8a. 


If a, b are odd, 4a—b?=3 (mod 8); if b is even and a=2 (mod 4), 
a—4b?=2 (mod 4). Hence (52) holds provided only that 


(21) 4a > B?. 


Lemma 3. If e is odd or double an odd, L..(e) consists of every b=e (mod 2) 
satisfying 4e>b*; and L(e) contains every b=e (mod 2) satisfying 


(22) ba Sb B,. 
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The last part is clear from Lemma 1 and (17). By considering (52) we 
readily verify 
Lema 4. Let a=4A, A odd, 4a=b?. Then 
b =16w belongs to L,.(a) unless A=7 (mod 8), 
b=4w+2 belongs to L..(a) for every A, 
b=16w+8 belongs to L..(a) unless A =3 (mod 8), 
b=4B, B odd, belongs to L..(a) unless A—B*=A, 
where A denotes the linear form 4*(8v+-7).* 
Now a positive b of the same parity as a satisfies 
(23) 2a? => b, b+ 1 = (3a)!/? 
for every 221. By Lemmas 1 and 3 this gives the first part of 
Lema 5. Jf a40 (mod 4), B, is the maximum b=a (mod 2) satisfying (21). 
Also, Ba=ba. If a is even, 


(24) (B,)? = 3a 
unless 
(25) a =2%-14, A = 1,3,7,11,17,h421. 


In these cases 
(26) Ba = 2", z = 1, 2, 3,4,5, 
and B, is the maximum b satisfying (52). 
Suppose that a is even. Write 
(27) a = 29A, A odd, g = 2h or 2h — 1, 
so that h=1. If 2* does not divide 6, 4a—b?=A and is not a sum of three 
squares. Hence set b=2"y. 
The conditions 3a <b? <4a are 
(28) 3A S y? S$ 4A (if g is even), 
(29) (3/2)A S y? S$ 2A (if g is odd). 
An odd y satisfies (28) if (4A)'/?—(3A)”22>2, A=57. An integer y satisfies 
(29) if (2A)”2—(3A/2)”2>1, A =>29. By the remarks leading to (21), 4a—b? 
is then a sum of three squares. 


* It is of interest to note that there are precisely 52 odd numbers A such that every square 2?5.A 
occurs in the representations of A as a sum of four squares. These are 
A=1, 3, 5, 9, 13, 17, 21, 25, 33, 41, 45, 49, 57, 65, 73, 81, 89, 97, 105, 129, 145, 153, 169, 177, 185, 
201, 209, 217, 225, 257, 273, 297, 305, 313, 329, 345, 353, 385, 425, 433, 441, 481, 513, 561, 585, 609, 
689, 697, 713, 817, 825, 945. 
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Table I is a list* of all values y for which the equations 
(30) tA = Dox?, 2y= Dox; (7 = 4 0r 2) 
are solvable in four integers x;=0; i.e. L(a) consists of all values 2"y. Write 
2=maximum y for a given a, 
(31) . . . 
w=second largest y for a given a (if any exists). 
Thus, B,=2"z. In the column y(4A) we verify 22=3A if 1<A<55; in the 
column (2A) we find z*=(3/2)A if 1<.A $27, except for A =1, 3, 7, 11, 17, 
when z=1, 2, 3, 4, 5 respectively. In these five cases z? is the largest square 
<2A. 














TABLE I 

A y(4A) y(2A) A y(4A) (2A) 

1 2,1 1 63 15-11 i1-7 

3 3 2 65 16-11, 9 11-7 

5 4,3 3,2 67 16-13, 11 11-8 

7 5,4 3 69 16-11 11-8 

9 6, 5, 3 4,3 71 15-13 11-9 
11 6,5 4 73 17-13, 10 12-7 
13 7-5 5-3 75 17-13, 11 12-8 
15 7, 6 5,4 77 17-15, 13, 12 12-8 
17 a 7,5 5,4 79 17, 15-12 12-9 
19 8,7 6-4 81 18-15, 13, 9 12-9 
21 9 6, 5 83 18-14, 11 12-10 
23 9,7 6,5 85 18-13, 11 13-9, 7 
25 10-7, 5 7-4 87 18, 17, 15-13 13-10, 8 
27 10-7 7-5 89 18-15, 13 13-8 
29 10, 9,7 7-5 91 19-15, 13, 11 13-9 
31 11-9, 7 7, 6 93 19-14, 12 13-9 
33 11-8 8-5 95 19-17, 15, 13 13-10 
35 11-9 8-6 97 19-16, 14, 13 13-9 
37 12-9, 7 8-6 99 19-14 14-10, 8 
39 12-9 8,7 101 20-15, 11 14-9 
41 12-9 9-7, 5 103 20-17, 15-13 14-9 
43 13, 11, 10,8 9-6 105 20-15, 13 14-10 
45 13-11, 9 9-6 107 19-15 14-10 
47 13-10 9-7 109 20, 19, 17-15, 13 14-10 
49 14-10, 7 9-7 111 21-17, 15, 12 14-10 
51 14, 13, 11,9 10-8, 6 113 21-15, 13 
53 14-11, 9 10-7 115 21, 19-16, 14 
55 14-11 10-7 117 21-17, 15, 14 
57 15-11, 9 10-8 119 21-17, 15 
59 15-13, 11, 10 10-8 121 22-16, 11 
61 15-11 11-9, 6 123 22, 21, 19-15, 13 

125 22-15, 13 


* Used also in §8. 
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Lemma 6. For any k=1 the largest b on L,(a) is Ba. 


When a is odd this is evident from Lemma 5 and the necessity of (21) for 
(52). When a is even it follows from the last clause of Lemma 5 if (B,)?<3a, 
and, since (6) holds for )=B,, from the last part of Lemma 1 if (24) holds. 


Lemma 7. Equations (4) are solvable in integers x;= —k if the following hold: 
(32) (5), b= — 4k, B+ 2(k +1)b + 4(k + 1)? > 3a. 


This appears out of Lemma 1 if we replace x; by x;—& in (4) and obtain 
the equations 





a+ 2kb+4k? = Dix?, b+4k = Doxi,* 
which are to be solvable in x;=0. (Cf. (173).) 
Lemma 8. For any even a, 
(33) Bo S Boiti1, Ba S Bayi +1. 
For, by the maximal property of B,_, (Lemma 5), 
(34) (Ba-1 + 2)? > 4a (a even). 
If (33,) were false we should have 
B, = Ba-1+ 3, (B.)? > 4a, 
contrary to (52). Similarly for (332) with a+2 for a in (34). 
Lemma 9. For any even a except (25), 
(35) bo1 S Bat, bai 5 Bo+1, 
(36) bo1 S Bu— 1, bais B.-— 1. 
In fact, by the definitions (17) of bay1, Bays, 
(37) (bay1 — 1)? S 3a, (bay1)? S 3a — 9 (a even). 
If (352) is false, (371) gives 
bari = Ba + 3, (Ba)? < 3a, 


contrary to (24). Similarly for (35;) with a—2 for a in (37,), and for (36) 
by use of (372). 


* It follows that there exists a (1, 1) correspondence between the sets (a, 6) such that (4) is 
solvable in integers x;20, and the sets (a’, b’) such that (4) is solvable in integers += —k. This is 
defined by 


a=a'+2kb’+4k?, b’+4k=b. 
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Lemma 10. For any even a, 


(38) Bayi — 2S Bui S Bars (a even). 
Also, 

(39) Bayi = Bort 2 

if and only if an odd square lies between 4(a—1) and 4(a+1). When (39) holds, 
(40) Ba = Bo-1 +1 or Baye = Bayi — 1, | 


according as a=2 or a=0 (mod 4). 


This is evident from Lemma 5, the parities involved, and the fact that 
only one odd square can lie between 4a —4 and 4a+4. 

5. We examine the existence of values b<b, on L(a). For odd integers 
a<720 the largest ratio b?/a, for b<2a'/? and such that b is missing from 
L(a), occurs when a=347 and b=31. Then 31=),—2. But usually the se- 
quence of b’s extends without a break some distance below 6,. 

We derive Lemma 11 as a corollary of Lemmas 12 and 13. Lemma 12 is 
easily proved by the calculus. 


Lemna 11. If e and x are positive integers, e=x*, write 

(41) go(x) = x + (e — x*)"?, gi(x) = x + (1.8)"%(e — 29) ¥2, 
go(x) = x + 32%(e — x?) N2, 

Then, if e—x* is a sum of three squares, L(e) contains a value b such that 
(42) go(x) Sb S go(x).* 
If also e—x?#41 (mod 3), L(e) contains such a value with 
(43) gi(x) Sb S go(x). 

Lemna 12. Let &, n, € run over all real numbers such that 
(44) B+ att fee (c > 0), 
and (1) £>n=f=0; (II) 2n4+-2¢2>EL>y=E=0. In Case I the maximum value 


of E+n+¢ is (3c)? and the minimum value is c!?; in Case Il the minimum 
value is (9c/5)*/?, obtained when & =2n, ¢ =0. 


Lemma 13. If c41 (mod 3) and c is a sum of three (integral) squares, then 
c is of the form 


(45) c= X2?4¥24Z2 2V+2Z>X2>V20, X2Z2Z=0. 


* If x is the largest integer such that e—x? is a sum of three squares, then (42) holds for b=bo(e). 
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For suppose that 
(46) c= P+H7+0?7, t2>u2v20, t> 2ut 20. 
Then 3 divides at least one of ¢+u+2, t+u—v, t—u+v, t—u—v. In the re- 
spective cases write 
X = 3(2¢ + 2u—v), VY = 3(2t—u+ 22), Z = 3(¢ — 2u — 20); 
X = 3(2¢+ 2u+), VY = 3(2t— u — 20), Z = 3(¢ — 2u + 20); 
X = 3(2¢+ u+ 20), Y = 3(2t— 2u—), Z = 3(t + 2u — 22); 


X and Z=the larger and smaller respectively of 
4(2¢ + u — 2v) and 3(¢ + 2u + 22), 

VY = 3(2¢ — 2u +). 
We see (1) that X, Y, Z are positive integers; (2) that X is the largest of the 
three; (3) that X¥ <2Y+2Z. 

The derivatives of the g;(x) are negative in the interval .6e* <x <e'/?, 
Hence the g;(x) reach their greatest values at the beginning and their least 
values at the end of any interval 


(47) pr?Soxsoce'l?, 65 p<a08 1. 


By Lemma 11 a value 4 in the interval 


(48) gi(se"!?) S b S ga(pe'/*) 

will exist on L(e) if e and x satisfy (47) and 

(49) e — x? £1 (mod 3), e— x*?7 ¥ A. 
We use five pairs (p:, 7;) (@=1, - + - , 5): 


(50)  (.87, .89), (.885, .905), (.915, .935), (.955, .975), (.980, 1). 
Write R;=e—/2g;(o,e"/?), Si =e-"/2g2(p,e!/?). By (41) and (50), 
R; = 1.5017, 1.4757, 1.4107, 1.2730, 1; 


51 - 
(51) S; < 1.7240, 1.6915, 1.6139, 1.4688, 1.3247. 


If e= +1 (mod 8), (49) hold for at least one of any g consecutive integers 
x, where g=2, 3, 4, 6 in the respective cases 


(52) e=9 or 15,e=7,¢ =1,e =17 or 23 (mod 24). 


Indeed (49) is true of 
any even x if e = 9, any odd «x if e = 15 (mod 24), 
any x = 1, 2,5, 7,10, or 11 (mod 12) if e = 7 (mod 24), 
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any x = 2,4, 8, or 10 (mod 12) if e = 1 (mod 24), 
any x = 0 (mod 6) if e = 17, any x = 3, 6, or 9 (mod 12) if 
e = 23 (mod 24). 
Now the interval p,e'/?<x<o;e'/? contains g integers x if (.02)%e=q?, 
that is, - 
(53) e = 10000, 22500, 40000, 90000 


in the various cases (52). Hence 


Lema 14. For e satisfying (53) in the respective cases (52), L(e) contains a 
value b=b satisfying 


(54) Rell? < B® < S,el? (i = 1,2,--+,5), 


where the R; and S; satisfy (51). 
6. Table F,(x 20), 0<p<v. We prove the following theorem: 


THEOREM 2. If u>0 and —y<v», then 
(55) y=nut|>| 


is the largest gap in Table Fo. 


If v=0, y is the very first gap. Let »<0. Then 7u4+-5v evidently exceeds 
every entry of Fo with a <6. Since B, S<a—4 for every a=8, 8u+-4v is the least 
entry with 228. But 84+4»—7y—5vy=y—v. Hence ¥ is actually a gap in Fp. 

For any a>0 set {4 =ay+B.», which is an entry of Fo. 

Let 0<y<v. Then p+, 2u, and y—y are allowable differences. Let m be 
odd and positive. Then (39) holds for a=e and f, where 


4e = m* —1, 4f = (m+ 2)?—1. 


By Lemma 10, we can pass from {.4: by successive increments 24 over 
Cexs, - + + to fy1. If f=2 (mod 4) we proceed to { and {41 by two incre- 
ments u+v. If f=0 we pass by the increments 2y, u+v, v—p to w=fy41—2p, 
fr42, €741, provided w is an entry of Fo. This is certainly the case if three inte- 
gers b lie within the limits (23) for a=f+1; hence, if f=20 and f=56. In the 
sole remaining case, 4f=49—1, f+1=13=3?+2?, whence w=13u+5y is an 
entry of Fo. 

7. Table Fo, = |v|>0. Now 2|»| is an allowable difference. 

Write (a, 6) =au+bv. If a#0 (mod 4) each of 


(56) Aa = (a, ba), (a, ba + 2), aw a’ (a, B,) =a 
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is an entry of Fo, and we can pass allowably between any two such entries 
for the same a. 
By Lemma 8 and the first half of Lemma 9 it is clear then that all gaps 
in Fy are allowable except for the values a in (25) as follows: 
(57) wai (a, B,) or (a — 1, Bas), and (a + 1, ba;1), if vy > 0; 
between (a — 1, b,_1) and either (a, B,) or (a + 1, Bayi) if vy < 0. 
If v>0, let £44: denote an entry (@+1, x.4:). Suppose that all gaps in Fy 


between £4; and Aa: are known to be allowable. Then, in further progress 
from ¢, to £441 we can suppose £441—{.-1>¥, or 


(581) at |v| > (Bar — xo41 + 2)| >|, 

since otherwise we can pass directly to £.4:. The corresponding condition 
for v<0 is 

(582) ut|v| > (Barr — te-1 +2) >|, 


where £,_; is an entry allowably approachable from Aq_1. 
In the cases (52) let ¢ satisfy (53). Write So =3'/?, b =b,. We shall use the 
preceding with 


(59) : x, = bY (¢ = 1,2,---,5), 
where b‘® is any value b on L(e) in (54). By (34), (371), (58), and (54), we have 
(60) By, — 6) +22 (2 —Sire’? —1 (e 2 3), 

where 

(61) e=at+j, f=a-j, 

and 

(62) j=1lify>0, j=—-1ify<0. 

By (54) and 6 <Soe'/?+1, 

(63) bY) — 6M Ss (2 — Sy_s)e? —1 


if 2<(R;+2—2S;1)e'?, and hence by (51) if e=5250. 
Since (1.4142 —Ss)e"22>1 if e=145, 


(64) b) < B, — 1 if (B,)? = 2a, 


for any even a= 146. Since (B,)?=2a in each case (25) we can then pass be- 
tween ¢ and eu+by by an increment <p— |v]. 

(a) v<0. There remain the early values A =1 or 3, hS7; A=7, hS6; 
A=11 or 17, AS5. By calculation, b,.1.=B,.—1 if h=1, A=1, 3, 11, or 17; 
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bi=B.+1 if A=1, h=2,3; A=3,h=2, 3,4; A =7,h=1,2,3;A=11 or 17, 
h=2, 3, 4, 5. Finally we give a table for the remaining cases, entries being 
established by giving x; satisfying 


(65) a—-1l=x7+:---+ 22, b= at + %. 
We give W =B.4:—b.-1+2 where necessary. 
a b x1 Xe Xs a4 bas W 
2? 17 1 1 5 10 19 4 
2 31 3 3 3 22 39 8 
2% 65 1 1 26 37 79 12 
au 71 1 7 29 34 
2% 129 1 17 26 85 157 26 
r a 145 5 14 59 67 
3-2° 63 6 7 15 35 67 12 
3-21 129 1 27 38 63 135 22 
3-238 257 1 43 102 111 271 44 
7-27 49 1 7 19 22 51 10 
7-29 95 10 13 17 55 103 18 
7-21 191 7 37 41 106 207 34 


(b) For y>0 we give an alternative proof for all cases (25), rather than a 
table for the small cases, which would occupy almost as much space. Let 
t, u, v have the values 0,1 in 


(66) (24-1 — 4)? + (25-1! + #)? + a? + 0°. 
For a=2?*—! we thus perceive the entries 
(67) fa + ru + Ry, (r, R) = (1, 1), (2, 0), (2, 2), (3, 1), (4, 2). 


From 14 =3?+2?+1? we establish at once the entry {.+y+v for A =7; from 
6=2?+12+1?, 22 =32+32+2?, 34=42+32+3?, we see the entries {.+u-+, 
fa+2u for A =3, 11, 17. 


Lemma 15. Let s=1 or —1, OS (2—s)v Su, a even, r, R, B integers, r>0. 
Write 


(68) 0=(a+r)ut+ (B+ Rp. 
Then 

(69) Nati — max (0, fo-1) Su + sv 
if, for some value p=0,1,---,r—1, 


(70) (r—p)BartB+tR+(2—s)pt+1>(r— pt 1)(bay1 — 5). 


; 
i 
iy 
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For, 7»=0—p{u—(2—s)v} <0. Hence (69) holds if Xay1—max (n, fa-1) 
Spt+sv. If Nagi — fa >utsy; ie. p> (Bar—bayits)v, then Aw1—n Sut+sy, 
or (r—p)u= (ba41-B—R—(2—s)p—s)», if (70) holds. 

We apply the lemma with s=1, B=B,. Then, by (34), (371), (25) and 
(26), (70) follows from 


(71) a/2{2(r — p) + 2(2/A)!/? — 3127 — p+1)} > 2° — R—3p—1. 
By (25) and (26) the coefficient of a'/? is positive if r—p>1.2, .4, .5, .1, .1 
respectively. The choices r=4, 2, 1, 2,2, p=2, 1, 0, 1, 1 make the right mem- 
ber of (71) zero or negative. 

*, Table F,, k=1, 4=3|v|>0. Since the gap 
(72) T=,z-| v| 
occurs at the beginning of the table, 2|v| is allowable and part of the treat- 
ment is like that of §7. We use b, instead of b,., I’ instead of y, (36) instead of 


(35), and see that, in addition to the cases (25), we have to consider the possi- 
bilities a even and 


(73) Be = Boit1ify> 0, Be= Baitilify <0. 
When w, of (31), exists, 
® = we = an + 2'w = (a, 2*w) 
is the entry of L(a) just below ¢.. Clearly w<z—1. Hence, in cases (731), 


wa—(a—1, Bas) ST; and, in cases (732), (@+1, bai1)—wa XT. If, in these 
cases, 


(74) (24w)? = 3a, 
then 2*w>b,, e=aF1, by (372), and, respectively, (@+1, bay:)—w. ST, 
wa—(a—1, Bos) ST. 

When (73) holds, B, is, by (34), the largest b<(2a)/?, whence z is the 
greatest y<(rA)"/?, where 7=4 if g=2h, r=2 if g=2h—1. Now 
(75) (c—2)?=3A (ifg = 2h) 
if (4A)/2—(3A)”2>3, A127, and 

(2 — 1)? 2 (3/2)A (if g = 2h — 1) 

if (2A)/2?—(3A/2)”*>2, A2113. Hence w exists for these values A, and 


(2'w)? > 3a. 
Now (731) does not hold if 4(a—1) = (2*z+1)?, or 


(761) 227A — 32) > 21g 4 5; 
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and (732) fails to hold if 4(a+1) =(2*s+1)?, or 
(762) 224(7A — 2?) j> 2'tlz — 3. 


Consider column y(4A) of Table I. Observing the entry f(3)+2f(1) 
+f(—1) =12u+4» of F;, we define 


w=2ifA =3,h =1,g = 2h. 
We see that w*=3A except for 
(77) 1<5A <19,A = 23, 29, 35, 41, 43, 71, 79. 
When 7 =4, (76;) holds in all these cases except 
(78) h=1,A =3,5,7;4 =1,2,A = 13,17; 4 =1,2,3,A = 43;A =1,9. 
When 7 =4, (762) holds in all cases (77) except 
(79) k=1,A =7,17;h=1,2,A = 13;h = 1,2,3,4 = 43;A = 1,9. 
Consider column y(2A) of Table I. In case h=1, A=1 or 3, we note 

2=12+(—1)?, 6=2?+(—1)?+1?, and define w=0 or 1 respectively. We find 
w? > (3/2)A except for 
(80) 15 AS 39,43 5 A £ 49,A = 55, 57, 59, 67, 69, 71, 81, 83, 97. 
When 7 =2, (76:) holds in all these cases except 

h =1,A = 1, 3, 15, 21, 27, 35, 43, 45, 55; 

h =1,2,A =5,9,19;k = 1, 2,3, A = 13, 25, 33; 
in all of which cases w is defined. Also (762) holds unless 
(82) h = 1,A = 9,27, 35,43; = 1,2,A = 5,19, 33;h = 1,2,3,4 = 13, 25. 


(81) 


I. Remaining cases (73:), g even: namely, (78). Since w exists, w.—a<TI, 
a=(a—-1, Bu-1). Let B=(ae+1, bas). 
(a) A=3, 5, 7, 13, 17, A=1. Then z=w+1. 
(b) A=13, 17, h=2. Then w.=16Au+(A+11)y=B8—TL. 
(c) A=43. We observe the entries watu Fv, wa+2y since 
43-224 +1 = (5-24)? + (3-24)2 4 (3-24)? + (F 1)2, 
43-224 + 2 = (5-24)? + (3-24 + 1)? + (3-24 — 1)? + 0%. 
If h=1 or 2, f2—(wa+2y) S 2, since u = 3v. If h=3, w+ py+v =2753u+89r =B. 
(d) A=1. Then w=22*u+2", a=(22*—1)u+(2"+!—1)y. To establish 
wotpFy, w+2y, o+3uFv, o+3u+3~ as entries of Fi give the x; in 27*+x? 
+ax?+x?2 values —1, 0, or 1. Finally set x.=2, x,=2,=0, for the entry 
6=w0+4yu+2r. We use Lemma 15 with s=—1, a=2%*, B=2", r=4, R=2, 
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b in place of 6. When p=1, (70) becomes 7-2*—1>4b,4:, and follows from 
(372) for every h=1. 

(e) A=9. Then w=9-2%4u+5-2%, a=(9-2%*—1)u+(6-2*—1)v. The 
quantities wt+yFv, wt+2y, w+3u—v, O2=w+3u-+y are entries of Fi. E.g. if 
yp=2'-1, 


360? + 3 = (40 + 1)? + (40 — 1)? + (20)? + (F 1)?. 


We use Lemma 15 with s=—1, a=9-2%*, B=5-2", r=3, R=1, b for b. 
When p=0, (70) is 23-2*—5>4b,4:, which follows from (372). 

II. Remaining cases (73), g odd; i.e. (81). Again w exists. 

(a) h=1, all A’s in (81). Then z=w+1, [—w=2p. 

(b) h=2, A=5, 9, 19, 13, 25, 33. Then 4w=8, 12, 20, 16, 24, 28. In view 
of 8A =6?+2?, 6?+6?, 10?+6?+4?, 82+ 6?+2?, 10?+8?+6?, 10?+10?+8?, the 
sum of the square roots being 4w, we have the entries of Fi, wt+y—v, 0=w 
+yu-+v, by adding (¥1)?. Since [-w=4y, [-052 lp |. 

(c) h=3, A =13, 25, 33. Precisely as in (b), 2=w+y-+++ is an entry. Also, 
bay1 = 35, 47, 55. Hence B—@ =2v, —2v, —2v. 

III. Cases (25), v>0. We use Lemma 15 with s=—1, B=B,, b for b. 
Then (70) becomes 


(r— p) Bout Boat R+4p—7> (7 — pt 1)day1, 
which, by (34), (25), (26), and (372), follows from 
(83)  at/2{2(r — p) + 2(2/A)/2 — 31/%(r — p+ 1)} > 3r — R— 6p. 


To reobtain the r, R of (67) we need merely interpolate some entries 
among those exhibited in (b) of §7, by changing some of the x;=1 to x;= —1. 
We can then evidently reach 0={+ru+Ry from ¢ by increments <T or 2p. 

Now (83) is again trivially true, except when A =7. Then it becomes 

a'/2(2 + 3(2/7)'/2 — 2-3/2) > 2, a = 202. 
If a=14, {=14y+6v =6—T; if a=56, 0=57p+13y=B—2». 

Hence we have proved 

THeoreM 3. If 0<v<4y, T=p— |r| is the largest gap in F,, and hence in 
every table F;,, k2=1. 

We rework the part of §7 relating to »<0. The condition corresponding 
to (58) is here 


(84) w— |r| > (Bags — tan — 2)| >|. 


Taking now b°=b,_1, whence b°<S,e!/? by (372), we require 
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be-D — B® < (2 — S,_y)el? — 4, 


which holds if 4< (R;+2—2S;_:)e/?, or e=21000. 

IV. Cases (25), »<0. Since 11-2!!>21000 the same early values remain 
as in (a) of §7. If a=2%, 3-28, 3-25, 7-2, 7-28, 11-25, 11-27, 17-28, 17-25, and 
17-27, we find bs1=b.1—2=B,—1. For a=27, 2"!, 28, 3-211, 3-213, 7-27, we 
get the entry of Z:i(a—1) with )>=B,—1 by changing x:=1 to x,= —1 below 
(65). In addition we have the following entries. 


a b x1 X2 x3 X4 Q@—1 Basyi—ba1—2 
25 7 —1 1 2 5 9 
2° 35 —1 5 14 17 39 4 

3-27 31 2 3 9 17 33 4 

7-25 23 3 3 3 14 25 2 


V. Remaining cases (732), g odd: (82). 

(a) all A=1: w=2—1, w—E=2p. 

(b) h=2, A =33, 25: 2'w=28, 24; ba1=27, 23. 

(c) h=2, A=5, 19, 13: 2*w=8, 20, 16; bu1=9, 21, 17; 39 =6?+12+41? 
+(—1)?, 151=112+5?+422+12, 103 =72+72+42?+(—1)?; b=7, 19, 15. 

(d) h=3, A=25: 2'w=48, ba1=47. 

(e) h=3, A=13: 2'w=32, bai=35, 13-25—-1=(+1)?+52+10?+417?; 
b=31, 33. 


VI. All remaining cases except a=2?", h23: (79). 

(a) h=1, A=7, 17, 13, 43, 1, 9: w=z—-1, w—E=2p. 

(b) h=1, A=43: 2'w=22, b,1=21. 

(c) h=2, A=13: 2'w=24, ba1=23. 

(d) h=2, A=43: 2*w=44, b,1=45, 24-43-1=124+62+172+192, b=43. 

(e) h=3, A=43: 2'w=88, ba1=89, 43-2®—1 =12+152+372+342, b=87. 

(f) A =9, g=2h. By (64) and §7 there remain only 4 <6. For these we have 
the following table. 




















a 2*w b x1 Xe X3 X4 bor = Ba 
9.24 20 19 -1 5 6 9 19 23 
9-28 40 39 2 7 9 21 41 47 
9-28 80 79 5 15 17 42 83 95 
9-210 160 159 15 26 33 85 165 191 







9.212 320 319 35 171 
(g) A=1, h=2. L,(15): 7, 5, 3; 


L,(16):8, 4; and 3 < 4. 


54 
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Thus, if 1=3|v| and v<0, all gaps in F; are <I except possibly those 
necessary to pass the points a=27", h23. 

9. Gaps associated with a=2?*,k=>1,h=3,v<0. Let b,,, denote the least 
b on L,(2?*—1). For any e write 6,(e) for the least b on L,(e). Set 
ane = (274 — 1) + dan, fn = 224 + 2'thy, 

Ba = (274 + 1)u + (2%! — 1)y, wa = 274 + 2". 

If w= |v|, Bs is evidently the least entry of all L,(a’) with a’=274+1. 

We have Br-GaeS T if 


(86) nS Cr,n| v| ’ Chit = 21-2 - bn ke 


(85) 


Suppose that, when u>C;,x|v|, aa,x is the largest entry of all L.(a’) with 
a’ <2?4—1, that is to say, 


(87) b,(22*— 71) => dae —(r —1WCrae (7 = 2,3,4,---). 
If w,—a@n,4 ST we can pass first to w,, then to 8,. The contrary case is equiva- 
lent to 
(88) bre = 2* +1, or Cre S 2" — 3. 
If both (87) and (88) hold, F; contains the gap 
Tx. = min (Bn, wr) — max (an,4, $n) 
= min (2*|»|,u+ ||, 20 — (Can +1)|7]). 
The greater of T and I,,, is 
T ifu SCax|v|oru = (2*+1)| >|, 
2*| »| if (2*—1)|»| Sus (2*+1)|>|, 
ut+|r|if Can +2)|»| Sus (2*-1)|>|, 
2u — (Can +1)| vl ifCan|v| Su < (Car +2)| >|. 








(89) 


(90) 


Since 22*—1—(2*—1)?41 (mod 3), Lemma 13 shows that 
(91) bar S 2% — 1 + (9/5) 1/2(24+1 — 2)1/2, 
Hence b,,,<2'+!—2, and indeed 
(92) Cas & (@* — 1)** — 1). 


We readily find a lower limit for b,(e). Let A denote the greatest integer 
such that e— A? is a sum of three squares. If e>4k? and k21, 


(93) bile) = -- 3k + (e — 3%), 
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Indeed, if e—A*>3k?, we have 

(94) bi(e) = A — 2k + (e — A® — 2h?*)1/2, 

Both (93) and (94) can be improved in special cases by various considerations. 
If e=224—1, A=2*—1. Hence by (94), b,,,>2* as soon as 2*—1>3h?, 

and possibly for smaller values of . We find also that (87) holds in virtue of 

(862), (92), (93), and (94), as soon as 2*+!—2>3k?. Hence the gap I',,, occurs 

in F; for every h such that 2*—1>3k?, and possibly for smaller values of h. 

It exceeds I only within the range 

(95) Crzlv| <a < (24+ 1)]>|. 


If b,,,>2* but 2*+!—2<3k? it is necessary, under the present analysis, to 
verify whether (87) holds. If (87) did not hold, T',,, would have to be changed 
by the introduction of new entries in the max term subtracted in (89). 

It is easy to see by Lemma 14 and an argument like that employing (84) 
that we can pass by increments <T in F, from eu+b. to eu-+b;,., where 
e=2?4—1, at least if h=8; and as we shall see, for all e. 


(i) h = 3. 
L2(63):15, 13, 111, 94, 723 L2(64): 16, 8. 


Here the terms without subscripts belong to Zo(a), and those with subscript 7 
belong to Z;(a) but not to L;_:(a). 
Thus 6;:=9>8, and F; contains the gap Ts:=8|»| if 7|»|<p<9|v|, 

2u—6 |r| if 5|v|<u<7|v|,u+|»| if u=7 |r|. 
(ii) h=4, 

L5(256):32, 16; : 

L5(255):31, 29, 27, 25, 23, 211, 192, 172, 135, 115, 9s, 75, 1s. 
Hence 64:=21, b4,,=17 (k=2, 3, 4). There is no difficulty in passing from 
255u+17v to 255u+13y when k=5, since we can assume (257u4+31v) 
— (255u+17v) >u+v. To assure (87) for k=4, we verify that 

b,(254)>4, 6,(253) > —9,---. 
Since C41 = 9, Cuz = 13 (k = 2, 3, 4), the gap (90) is easily written down. 
(iii) « 8. 
Le(1023)263,--- , S5,---, 49,--+, 91, 37a, 38e, Sis. 

Now Cs,1=Cs,2= 23, Cs,3=Cs,4=29. 
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(iv) h = 6. 

L,(4095): 127, + Ft ey «eS 97, ahaa 751, 732, 71s, 695, 675, 636. 
Now Cei=51, Co2=Ce3=Ce4=55, Cos = 59, 
(v) =7. 


L7(16383):255, ---, 221,---,199,---, 149, 1472, 1452, 1437, 1416, 
1395, 1377, 135s, 1317, 1277. 
Hence Cri = 105, Cr,2 =C73 =Cr4 = 109, Crs =C76 =119. 
Finally we note that Cs,,=229. Hence we have 
THEOREM 4. Let p> —3v >0, k=1. Let by... denote the least b on L,(2**—1)° 
For every h such that b;,,.>2", which is true at least if 2*-1>3k?, F, contains a 
gap just preceding min (By, wx) of (85) which exceeds T for certain values of y, v. 
This gap is given in (90), with Cy,x in (862), if (87) holds, which is true if 
2'+1—2>3k*. No other gaps in F,, exceed T. In particular the largest gap in F, 
is T if 3|v|<p<5 |r|, 
rif (2**+1)|»| Su SCralrl, 
2u — Cart 1)|v| fCraly| Su S Cra +2)/>I, 
u+lv|ifCrr+2)|y| Sus (2*-1)[>|, 
2*|»| if (2*— 1)|v| Su S (2*4+1)|>|, 
where h=3,4,5,--++, and 
(97) C31 = 5, C41 = 9, Cs.1 = 23, Cé.1 = 51, Cr = 105, Cs,1 = 229, oe. 


(96) 


The largest gap in F; is T if 3\v|<u<13|v|, and for the rest is given by (96) 
with Cy replaced by Cy,2, h=4, 5,6, +--+, and 


(98) Cu,2 = 13, Cs,2 = 23, Co,2 = 55, Cr,2 = 109, Cs,2 = 229,---. 
The values Cr. to be used in writing down the largest gaps in F3, - - - , Fe, in the 
above fashion, are 

Ca.3 = 13, Cs,3 = 29, Co. = 55, Cr,3 = 109,---; 

Cra=Crs (h = 4,5,6,---); 

Cos = 59, Cr,5 = 119,--- 5 Cr¢ = 119,---. 


If k=7 all gaps in F, are <T if 3\v|<p<229|p|. 


10. Table F,, |v|<u<3|v|, k=1. The writer has previously considered 
the functions 3x+2x (in papers to appear shortly in the Bulletin of the 
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American Mathematical Society, and the American Journal of Mathematics). 
The following theorem and three lemmas were proved. 


TueoreM 5. If w= |v|>0 the largest gap in F,, is 
(99) T=pn—|>| ifu= (3/2)|»|,4=5|»| — 3uifu S (3/2)|>|. 


Evidently I and A are gaps in every F,. For let 7 = (sign v) or 1- (sign v). 
Then they occur from 4f(0) to f(—7)+3f(0), and from 4f(—/) to f(j)+3f(0). 


Lemma 16. Although [by Theorem 5] every integer p=0 is a sum of four 
values of 3x*+-2jx for integers x, there exist infinitely many integers p>O, for 
any k2=1, such that 


(100) pH (3x? + 2jm1) +--+ + (3x2 + 2jxs), x1 = — hk. 
Lemma 17. If k=j=1 the only odd p>0 satisfying (100) are 
(101) 9, 13, 25, 29, 41, 45, 47, 69, 75, 79, 97, 109, 149, 165, 189, 235, 305, 509. 
If k= —j=1 the only odd p>0 such that (100) holds are 
(102) 33, 59, 129. 


Every odd p>0 is a sum of four values 3x?+-2jx, x= —2. 


Lemma 18. Let R20, 7=+1. The only even p=0 not sums of four values 
3x?+2jx for integers x= —k are 4(4*t—4) where 

(1) ¢=4, 34, 52, 130, 148, 172, 202, 286, 298, 316, 340, 358, 394, 436, 490, 
526, 580, 598, 676, 694, 766, 772, 844, 862, 898, 1102, 1252, 1306; 2*47 (mod 
3), 2*>3k—7; 

(2) t=58, 154, 178, 292, 310, 346, 382, 604, 622, 778, 814, 1006, 1198, 
1276, 3676; 2*=7, 2-2*>3k—j; 

(3) t=10, 28, 70, 124, 190, 226, 262, 430, 466; 2*>3k—j, or 2*=7 and 
2-2*>3k—j22"; 

(4) t=94, 244; 2'>3k—j, or 2*=]7 and 5-2*>3k—j2=2'; 

(S) ¢=22, 106, 238; 2-2h>3k—j, or 2*Aj and 4-2*>3k—j22:-2'; 

(6) t=46, 142; 4-2*>3k—j, or 2*=7 and 5-2*>3k—j24-2'; 

(7) t=82, 166, 220, 334; 2*47 and 4-2*>3k—j; 

(8) £=76, 484, 652, 1564; 2"=7 and 5-2*>3k—j; 

(9) ¢=508, 1324; 2*A7 and 7-2*>3k—j. 


It is seen, by continuity, that every F, contains a gap greater than 
(103) ¢ = max (I, A) 


in a neighborhood of u=(3/2)|v|, and that the first such gap will occur as 
far out as we please for a sufficiently large k. 
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To determine the least even values p for which (100) holds, write H for 
the least integer such that 2% >3k—j. If 2" =7 (mod 3) the only 4*%*<6-4# in 
Lemma 18 are 
(104) 4H—2y! (t’ = 46, 76, 88, 94). 
If 2% 47 (mod 3) the only 4*%*<3-4” are 
(105) 48-3!" (t’’ = 46*, 76*, 88, 94*, 142*, 160, 184), 
where the four starred numbers are to be omitted unless 5-22-*>3k—j. 

Write M,=M(p, k, u, v) for the set of all numbers wa+vb such that 
(106) p = 3a + 2jb, b on Ly (a), 7 = sign v. 


Hence F;, is the ordered class of all elements of all classes M,, p=0,1,2,---. 
By Lemma 16 infinitely many of the classes M, are null. 

If M, is not null we write a,(p) for the largest, a_(p) for the least a of any 
element thereof, and b,(p), b_(p) for the largest and least values b. Hence 


(107) pb = 3a(p) + 2jb_i(p) = 3a_(p) + 2jb;(p). 
By (106) we have 
(108) a = p (mod 4), 6 = — jp (mod 6). 





If both au+bdv and (a—4)u+(b+6/)» belong to M, the increment from 
one to the other of these entries of F; is allowable if 


4u — 6|v»| Su —|v| and6|»| — 4u < 5|y| — 3p, 
i.e. if 3u S 5 | v| and | »| Sun. 
The largest entry of M, is 
(109) £.(p) = wa,(p) + vb_;(p) or &(p) = wa_(p) + vd;(p) 


according as 
(110) 6 =p — (3/2)|v|is => Oor <0; 


and the least entry is the other. 
In the next two sections we consider completely the cases k=1 and 2, 


and k=3, 4=5|v|/3. We apply the preceding discussion in §13. 
11. Cases k=1 and 2, |y| <p <3|v|. We prove the following theorems: 


THEOREM 6. The largest gap in F is 
(111) 2v ifv<p< 3, 


and, if v<0, is 
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4|v| — 2uif|»| Su (7/5)|>|, 

3u — 3| >| if (7/5)|»| Su S (3/2)| >|, 

(112) 3|»| — wif (3/2)|»| Su S (5/3)|»|, 
2u — 2|»| #(5/3)|y| Sus 2 >|, 

2\vjif2|»| Sus  3]r|. 


THEOREM 7. The largest gap in F? is 


Sy — 3u ify Sm S (4/3)», 3u — 3v if (4/3)» S uw S (7/5)», 
(113) 4v — 2p if (7/3)» Sw S (3/2)», 2u — 2 if (3/2)» Sw S (5/3), 
3v — p if (5/3)v S w S 2», u—vifwsus 3. 


If v <0 the largest gap in this table is 

(114) 

5|»| — 3nif|v| Sus (4/3)|v|, 3 — 3| »| if (4/3) |»| Sw S (7/5) | >I, 
4|v| — 2uif(7/S)|»| <u S (5/3)|»|,4u — 6| >| if (5/3)| »| Su S(7/4)| >|, 
8|»| — 4u if (7/4)|»| Su S (9/5)|»|, u—|»| if (9/5)|»| Su S3|>|. 


No entries of F; come between 74+3v and 7u+5v if u>v>0; hence (111) 
is a gap in F,. Similarly the gaps (112) for y<0 occur in the following places: 
from max (22u+4v, 26u+10v) to 25u+7» if |y|<p<3|v|, from 154+5v 
to min (174+7», 15u+3v) if (5/3) |v|<u<3|v|, from 127u+21y to 125 
+17» if |» | <u <(3/2) |v]. 

In Dickson’s table II* multiply the terms free of m by #, and write m =2y, 
t=yu+v, thereby obtaining table F, for »<0. We easily verify that all gaps 
in F, arex4 |v | -—2u=m—A4t or 3u—3 ly | =3t, at least up to 130u+22v 
=54m+22t. Further, all gaps are <3|v»|—~=m—3t or 2u—2|v|=28, at 
least to this point. Finally, all gaps to this point are <2 |»|=m—2t if m=3t, 
i.e. w<3|p|. 

Proof of Theorem 6, by the divisions Z;(a). Suppose first that v>0. 
Then (0, 2), (1, —1), and hence (2, —4) are allowable increments. If e=1 
(mod 4) we can pass from (e, B,) to (e+1, B.—1), (e+1, Bey1), (e+2, 
B.si—1), (e+2, Bex2) by increments y—v and 2», provided that B,—2 be- 
longs to L;(e) if e#0 (mod 4). If e=3 (mod 4) we pass from (e, B,) to (e+2, 
B.—4), (e+2, B.—2), (e+2, B.), (e+2, Biz), provided these quantities 
belong to Z,(e+2). Finally we may verify 


* Bulletin of the American Mathematical Society, vol. 34 (1928), p. 65. 
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Lemma 19. Jf a40 (mod 4), B,—2 belongs to Li(a) for every a=1, and B, 
—4 does so except for 


(115) a = 1,5, 9, 13, 14, 23, 29, 49, 71. 
If a=3 and Bay2=B,+2, Ba—4 belongs to Li(a+2) unless 
(116) a + 2 = 13, 21, 57, 157. 


Crossing these points is found to introduce no new gaps. 

Suppose second that v<0. We prove 

Lemma 20. If u> |v|, »<0, and a=2 (mod 4), all gaps in F, are <4|v|—2p 
or 2u—2|v| between (a, B.) and (a, Ba—2). 

For, if Bay:=Ba+1 we pass from (a, B,) to (a+1, Bs +1), (a—1, B.—3), 
(a, Ba—2). If Bayi=B.—1, then B,3<B,1=B,—1, and we pass to (a—3, 
B.—5), (a—1, Ba—3), (a, Ba—2). 

Lemma 21. If u> lv|, v<0, and a=2 (mod 4), we can pass in F, from 
(a, B,—2) to (a+4, Bass) by any of the following sets of increments: 


I (- 2, hal 4), (3, 3); II (— 1, 3), (2, 2); lil (0, al 2), (1, 1), (2, 4). 


I and II. We pass to (a+1, B,—1). If Bays=>B.+1 we proceed to (a+3, 
B,+1), (a+1, B.—3), (+3, Ba—1), (a+4, B.). Otherwise, we use (a—1, 
B,—5), (a+1, Ba—3), etc. 

III. From (a+1, B.—1) we pass to (a+1, Bs—3), either (a+3, B.+1) 
or (a+1, B.—5), (a+3, Ba—1), (a+4, B,). 

This completes the proof of Theorem 6. 

In Dickson’s table IV* multiply the terms free of m by #, and write 
m=2yu, t=y—v, thus getting table F, for »y>0. The gap 3¢ is seen to occur 
from 9m —3t to 9m, if 7ts<m. Now A=m—St and T'=¢. We may verify that 
all gaps in F,; are <m—5t or 2¢ from 0 to 9m —3t, and from 9m to 198m —21t 
=375u+21». 

If m7, i.e. 5u=7v, the gap 4v—24=m—A4t occurs in F, from 154+3y 
to 13u+7v. If m=St, i.e. 3u<5v, the gap 2¢=2u—2v occurs from 15m—7t 
to 15m—5t. If 4t<m<5t the gap m—3t=3v—yp occurs from 14m—2t to 
15m—5t. If 3t<Sm<4t the gaps m—3t and 4t—™m are allowable; we verify 
that all differences in F; at least as far as 198m —23t=373u+23y are <m—3t 
or ¢ or 4t—m. 

By this examination, one or the other of the following three sets of incre- 
ments occurs in F, if y<y<3y, and all differences to 373u+23» are allowable 


* Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 210-212. 
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by any one of these sets: I (—3, 5), (3, —3); II (—2, 4), (2, —2); III (-—1, 3), 
(1, —1), (2, —4). 

Let a=1 (mod 4). We can pass by I or II from (a, B.) to (a+2, B.—2), 
(a+4, B.—4), either (a+1, B.+1) or (a+5, Ba—5), (a+2, B.), (a+4, 
B,—2); from (a, B,—4) to either (a—3, B,+1) or (a+1, B.—5), (a—2, B,), 
(a, Ba—2), (a+2, Ba—4), (a@+3, Ba—5), (a, B.). By III we can pass from 
(a, B,) to (a+1, B.—1), (a+2, B.—2), (a+1, Bas), (a+2, Bayi—1), (a+4, 
Basi—5), (a+5, Basi—6), (a+4, Basi—3), (a+5, Basi—4), (a+4, Bayi—1), 
etc. Since we can suppose a= 350 we do not need quite all of 


Lemma 22. If e#0 (mod 4), B,—6 belongs to L2(e) unless 
(117) e = 1,2, 11, 17, 35, 53, 71, 123, 239. 
If e=2 (mod 4), B.—8 belongs to L2(e) unless 
(118) e = 2, 14, 46, 62, 74, 98. 


In Dickson’s table T;* write m =2y, t=y+, obtaining F; for y<0. Again 
A=m—5t and ['=t. The gap m—4t=4|v|—2y is seen to occur from 53m 
+21t to 54m+17¢ if 6¢<m<7t, and from 9m+5t to 10m-++# if 5t<m<6t. The 
gap 6¢—m occurs from 28m-+-2t to 27m+8t if 43t<m <5t, and the gap 2m —8t 
from 25m+16t to 27m+8t if m<43. Finally, 3¢ occurs from 54m+14t to 
54m+17¢ if m=7t. 

The largest of these gaps occurring for the various intervals is shown in 
(125). Hence the following sets of increments are allowable if |v |<» <3|v|: 


(i) (— 3, — 5), (2, 2) if u S$ (3/2)| »| ; 

(ii) (— 2, — 4), (1, 1), (4, 6) if (3/2)|»| Su S (7/4)|>|; 
(iii) (— 2, — 4), (1, 1), (3, 5) if (5/3)|»| Su S 2| >| ; 
(iv) (— 1, — 3), (1, 1), (2, 4) ifn = 2|>|. 


An examination of T, shows that the gaps (114) are the largest to 54m 
+17t, and that we can pass from 54m+17¢ to 144m+36t =324yu+36v with 
differences m— 5¢ and 2t, or m—4¢t and t. 

Thus we may suppose a@>320. Then each of B,, B.—2,---, Ba—8 
belongs to L2(a) if a#0 (mod 4). The passage from (a, B.—4) to (a+4, 
Bu4s4—4) by any of the sets of increments (i), (ii), (iii), (iv) is simple, and left 
to the reader. It is readily considered on graph paper, with a=1 (mod 4). 

12. Table F,, k=3, 5|v|<3u<9|v|. We prove the following theorem: 


* American Journal of Mathematics, loc. cit., pp. 24-25. 
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TueEoreEM 8. The largest gap in F; is T if v<O and (5/3) |v|<p<3\|r], 
4u—6v if (5/3)vsp<(7/4)v, 8v—4yu if (7/4)ysps(9/5)v, T if (9/5)vSp 
<3v. The largest in Fy, k=4, is T if (5/3) |v| <Su<3 |v]. 

If 4=2|v| this follows from Theorem 7. Let (5/3) |v | <u<2|v|. Then both 
(3, —5j) and (—2, 47) are <I, j=sign v. If v<0 the set of gaps (iii) of §11 
is allowable, and, by results there obtained, it remains only to examine table 
F; to 54m+17t. All gaps in 7: to this point are <¢ or m—4t(=4|v|—2y) if 
we insert the entry 27m+7t of F3. 

Hence let »y>0. Denote by 7 the process of adding (1, —1), (1, —1), 
(—2, 4) to an entry, and by m2 that of adding (1, —1), (1, —1), (3, —5), 
(1, —1), (—2, 4). Let a=1 (mod 4). The process 72 and two or three (71)’s 
brings us from (a, B,) to (a+4, Bass). For this procedure it is necessary that 
B,—8 belong to Z;(a+6), Ba—7 to L3(a+5),---. 

We find that five consecutive odd values 6 satisfy 


119) b? + 8b + 64 > 3a, 4a > 62, b > — 12, 


for any odd a such that 
273 Sa < 295, 307 S a < 335, 343 < a S 377, a= 381; 


and, permitting ourselves to use the extension of (20.) analogous to (323) for 
k=3, that five consecutive even values b satisfy 


3b? + 32b + 256 > 8a, 4a > 6?, 


for any a@=2 (mod 4) such that a2=6. Since 379=172+99+3?, 299=B,—8 
belongs to L;(a), a=379. Finally, six consecutive odd values b satisfy(119) if 
a=423, 467, 511, 555, 603, 655, 707, a2=757, and B,—10 belongs to L;(a 
= 383). No further values a=3 (mod 4) and >350 satisfy Bs =Ba.+2. 

It remains only to examine table F; to 3494+ Bzs9. We insert into table 
IV (Dickson, loc. cit.) the following entries of Fs: 


4m + 3t, 14m — t, 18m — t, 20m — 5t, 24m — St, 25m — 4t, 25m — 3t, 32m — 5t, 
48m — 5t, 48m — 4t, 49m — bt (b = 7, 6, 4, 3), 50m — 8t, 50m — St. 


Then all gaps to 50m—10¢ are <t, m—4t, or 5t—m, which are our allowable 
gaps. As in Dickson (American Journal of Mathematics, loc. cit., p. 44), 
we see that, if (5/3)ySu<2v, Fs; contains a gap from 90u+1Cv =50m—10¢ 
to min (86u+18y, 94u+4v). This fact gives the gaps other than I in the 
theorem. From this point to 198m—23t=373u4+23y all differences are 
<t, m—4t, or 5t—m. Table F, contains the entry 914+9v» which bridges 
the above gap. 
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13. Table F,, k=3, |v|<u<5 |v|/3. By definition of a_;(q) none of 


(ay, by) = (a_;(g) — 470, b(g) + 60) (v = 1, 2,3,---), 
belongs to M,. It follows that 
(120) (b4(g) + 6)? > 4(a_;(g) — 43) (q # 0, mod 4). 
For, in the contrary case, we must have 
(121) b? + 8b, + 64 S 3a, 


for every v=1 such that 4¢,>b2. Let V denote the greatest v for which (121) 
would hold. Then, simultaneously, 

by? + 8by + 64 S 3ay, 4(ay — 47) < (by + 6)?, 
a contradiction for arbitrary ay >0, by >3. It is to be noted that by >b,(q)+6, 
and to be verified that 
(122) b4(q)2—2-j (q A 0, mod 4). 


Since, then, a_,(q) is as small (if 7 =1) or large (if 7 = —1) as the condition 
4a = b* permits, we must have 
(123) a(g—1) 2 aq) — 1, a(g+1) 2 ay) —3 Gj = 1), 
(124) a.(g+ 1) Sa4(g) +1, a4(9—- 1) Sa4(g) +3 j = — 1), 
provided g40. Some of these are of course vacuous if M ,+1 is null. 

Now, if 3a+2j)+1=3a'+2jb’, the inequality 
(125) (ua’ + vb’) — (ua + vb) Se 


is readily seen to be equivalent to 
(126) a’ Sa+1 (if6>0), a D>a—3 (ifo<0). 


Hence, if p is even, all differences from the greatest entry 6,1 of M,1 
to the least entry op4: of M4: are <e¢ if M, contains an entry (a*, b*) such 
that 


(127) a* Sa,(p—1) +1, a 2a(p+1)—1 (20), 
(128) a* > a(p — 1) — 3, a*®* Sa,(o+1) +3 @ S09). 


While all of these hold with a* =a;(p) in virtue of (123) and (124) if p=2 
(mod 4), generally if =0 only (1272) and (128:;) hold if 7=1, and (127;) and 
(128.) if j= —1. 

If M, is null there is always a gap y,=y(p, k, u,v) in F;, from the greatest 
of the quantities 6,_, to the least of the quantities o,,, (r=1, 2, 3,---). By 
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continuity, as we have seen, this must exceed ¢ for a neighborhood of yu = (3/2) 
.|y|. 
If M, is not null, and p=0, the relations 
a(p) 2 ax(p—1) +5, a4(p) S a(p+ 1) —5, 
a(p) 2 a(p+1) +7, a4(p) S a(p— 1) -7, 
in the respective cases 


(130) j=1,020;f=—-1,02>0;f=1,050;j = —1,0<0; 





(129) 


are necessary and sufficient conditions for the existence of a gap y, in Fy 
exceeding ¢ for a neighborhood of u = (3/2) |v |. This gap is given by 


min {&4(p), &(p + 7)} as Ei(p — 1), if 70 = 0; 
(131) : a 
a E(p + 1) man {éi(p), &-i(p — 1)}, if j0 S 0. 
As a further consequence of (120) and of |v|<u<5|»|/3, we have that 
min &_;(p + r) = &;(p + 1) if j@ = 0, 
r 


maxt_;(p — r) = &_,(p — 1) if j6 < 0, 
rT 


which yields a simplification of (131). It is conjectural that 
(132) £;(p — 1) = max £,(p — r) if j0 = 0,£;)(p + 1) = min é;(p + 7») if 70 <0, 
will always hold when 
(133) 5, > €, 
where 

5p = 4(p, k, u,v) = &(p + 1) — E(p — 1) if jo > O, 

= §(p + 1) — &(p — 1) if jo Ss 0. 
Then, if M, is null, y, =6,; and if M, is not null, 7, is the smaller of 6, and 
(135) t_(p)—§&(p—1) G@20), §E(p+1)-—*& ip) GOSO). 
If 3a’ +2jb’+2 =3a"+27b”, then 

(136) (ua’’ + vb’) — (ua’ + vb’) > € 


(134) 


is equivalent to 
u(a’ +1 — a”) < 3(30’ + 4 — 30”) |»| if o> 0, 


(137) ‘ 
u(a” + 3 — a’) > 3(3a” + 8 — 30’) || if <0. 


If 3a+2b+r—1=3a'’+2b’, r=2, then 
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(138) pa + vb S ya’ + vd’ 

holds at once if (a’—a)@=0, and is a consequence of (137) if 

(139) a” <a <ajat(r—1)a” Sra’ +r-1 (6 = 0); 
a<asa"+2,a+(r—-1)a” = ra’ —3r+3 (@ 50). 

If 3a” +26" +r—1=3a+2b, r=2, then 

(140) ya + vb = pa” + vb" 

holds at once if (a—a’’)@=0, and in consequence of (137) if 

(141) a<a’<ad,at+(r—1)a = ra” —r+1 (@ = 0); 
a>a”’2a—2,a+(r—1)a’ S ra” + 3r — 3 (@ <0). 


These formulas yield sufficient conditions for (132) to hold at least for 
the values yu, v satisfying (133), which is of the form of (137). 
Now (136) implies |42y—6njv | < ¢ if 


(142) 4nsa'+2-— a" (@20),4n5 0”"+6-a (50). 


This makes it very probable that no gaps larger than the greatest of € and the 
first three or four of they, occur in F ,, for any k=3, in the range |v|<p<5|v|/3 
remaining. 

To see this let 7 = 1,20 for simplicity. If =2 (mod 4) we can always pass 
from ¢.(p—1) to ¢_(p), thence to ¢.(p+1). This is clear from (123). For the 
italicized statement above we must be able to pass allowably from ¢_(p+1) 
to £,(p+1). Let 


(143) a2,= t_(p + 1) + o(4u — 67) (v = My, he, -- ? hi), 


where 0S),;</2< ---</,, denote the entries of F, on M41. We can pass 
from a, to a»,,, allowably if (by (142)) hiz1—A;Sh;. By Lemma 2 and Theo- 
rem 1 of the writer’s paper Improvements of the Cauchy lemma on simultaneous 
representation, this is the case at least of r=3p+4>10’, since then the /; are 
distributed in such a way as to satisfy the relation. 

Thus we have still to examine the values r=3+-4 less than 10’, a finite 
though long problem. Enough has been said to indicate the nature of the 
gaps throughout F;,. 
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ON THE GEOMETRY OF THE RIEMANN TENSOR* 


BY 
R. V. CHURCHILL 


I. INTRODUCTION 


1. The problem. This paper deals with a problem which, for the Rie- 
mann tensor, or in general for a tensor of rank four with certain symmetry 
properties, is analogous to the well known problem which appears under 
many forms such as that of reducing a central conic to its principal axes or 
reducing a matrix to its classical canonical form. Here, as there, the problem 
may be stated as that of finding certain directions associated with the tensor, 
and determining the scalar quantities needed to complete the description of 
the tensor. 

The space whose curvature tensor is considered here is a Riemannian 
space V, with a positive definite quadratic form. 

A set of » orthogonal directions in a V, was found by Ricci.f These are 
the principal directions of the first contracted Riemann tensor.{ Kretsch- 
mann§ has outlined a method which leads to a set of four directions, not in 
general orthogonal, and-Struik|| derived this set in a new way; but these direc- 
tions have not been shown to be real when the V, has a positive definite 
quadratic form. 

A new procedure is adopted in this paper. The tensor is split up into two 
parts and the problem is solved for each part separately. The set of four 
orthogonal directions found for one of these parts coincides with those of 
Ricci (cf. §18). 

Six-vectors are used in the solution of the problem, so the theory of these 
vectors is reviewed and extended here. 

2. Local coérdinates. The vectors and tensors considered here are those 
at a given point of the Vy. Their components, denoted here by subscripts, 
are referred to a rectangular locally cartesian coérdinate system§ with its 
origin at the given point. 

* Presented to the Society, December 1, 1928; received by the editors July 6, 1931; abstract 
published in the Bulletin of the American Mathematical Society, vol. 35 (1929), p. 154. This paper 
was prepared under the supervision of Professor G. Y. Rainich, University of Michigan. 

Tt Ricci, Atti, Reale Istituto Veneto, vol. 63 (1904), p. 1233. 

t Eisenhart, Proceedings of the National Academy of Sciences, vol. 8 (1922), p. 24. 

§ Kretschmann, Annalen der Physik, vol. 53 (1917), p. 592. 

|| Struik, Journal of Mathematics and Physics, vol. 7 (1928), p. 193. 


{| For coérdinate transformations whic’ produce these local codrdinates see Levi-Civita, Absolute 
Differential Calculus, Part II, §11, or Eddington, Mathematical Theory of Relativity, 1924, §§4, 36. 
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Any term containing a Greek letter as a subscript is to be summed for the 
values 1, 2, 3, 4 of that subscript, unless another range of numbers is specified. 
Hence the scalar product of the vectors x = (x1, %2, %3, xs) and y=(y1, Ye, Vs, V4) 
can be written 


(2.1) LY = LaYa- 


If \ and w are arbitrary numbers the family of vectors A~ is called the direc- 
tion of the vector x, and the family \x+y is called the plane of x and y. A 
vector x is given in terms of the unit codrdinate vectors i=(1, 0, 0, 0), 
7=(0, 1, 0, 0), =(0, 0, 1, 0), 7=(0, 0, 0, 1) by the equation 


(2.2) x= Xi+ xoj + xgk + x4. 


Any new set of unit coérdinate vectors can be obtained from i, 7, k, 1 by suc- 
cessive rotations in the coérdinate planes: if the rotation 


(2.3) i’ = icos?—jsind, j’ = isind+jcosé, k’ =k, l’ =1 


in the 7, 7 plane through any angle @ is followed by an arbitrary rotation in 
the i’, k’ plane, and so on, the general rotation is obtained in six steps. By 
scalarly multiplying the members of (2.3) by x and noting that x, =ix, x2=jx, 
etc., we obtain the relations between the old and new components of x: 


(2.4) xf = x,cos@ — xesin@, xf = x,sin6 + x.cos0, x3 = %3, x4 = %. 


3. The Riemann tensor. This definition of a tensor is used here: a tensor 
of rank is a scalar function of r vectors which is linear in each of its vector 
arguments.* Hence a tensor R(x, y; u,v) of rank four is a scalar function of its 
vector arguments x, y, “, v which satisfies the linearity conditions 


R(x + w, y; U, 2) 7 R(x, y; u, v) + R(w, y; u, v),° i. 


(3.1) | 
R(x, y; U4, 2) _ AR(x, y; U, 2), le Git: 


where X is any scalar and w is any vector, and where the dots indicate that 
these conditions apply to y, u, v as well as to x. 

Let x, y, u and v be written in the form (2.2); then when conditions (3.1) 
are applied to the tensor we find 


(3.2) R(x, y; uU, 2) = Ras ,ysXaVeuys, 


where the numbers Rnn,p¢ (m, n, p, g=1, 2, 3, 4) are the values assigned by 
the tensor to the unit codrdinate vectors: 


* The word linear here implies the properties (3.1). This definition of a tensor is given by Rainich, 
Two-dimensional tensor analysis without codrdinates, American Journal of Mathematics, vol. 46 (1924), 
p. 77; also compare the definition given by Weyl, Raum, Zeit, Materie, 1923, §5. 
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(3.3) Ruy _ R(i, 1; i, i), ee 
Riejz = Ri, j; i, j), +++, Riess = Ri, 75k, D, +--+. 
These numbers are the components of the tensor relative to our local coérdi- 


nate system. 
The Riemann tensor has the following fundamental properties: 


(3.4) R(x, y; U, v) ~~ = R(y, x;uU, v) a R(x, ¥;2, u), 
(3.5) R(x, y; u,v) = R(u,v; x, 9), 
(3.6) R(x, y; u,v) + R(x, u; 0, y) + R(x, 0; y,u) = 0. 


By substituting the unit codrdinate vectors for x, y, u, v, these properties 
become, in terms of components, 


(3.7) Rmn.pq = — Ramipqg = — Rmnap, 
(3.8) Rmn.pq = Rpg.mn; 
(3.9) Ran.pq + Rmp.an + Rngnp = 9 (m,n, p,g = 1,2,3, 4). 


The first contracted Riemann tensor, 
(3.10) R(x, u) = R(x, i; u, i) + R(x, 7; u, 7) + R(x, kj u, k) + R(x, 1; 4, )), 
is a tensor of rank two; its definition can also be written 
(3.11) Ran = Rma,na (m, n = 1, 2, 3, 4). 
The second contracted Riemann tensor is the number 
(3.12) R = Rea pa- 


Our problem can now be reformulated as that of studying the geometry 
of a linear scalar function of four vectors in four-dimensional euclidean ge- 
ometry, when this function satisfies (3.4), (3.5), (3.6). 


II. Srx-vVECTORS 


4. Definitions and properties. The definitions and several of the proper- 
ties of six-vectors given by Sommerfeld* are reviewed in this section. In ad- 
dition to this we examine the uniqueness of a six-vector which is given by its 
components. 

An elementary six-vector, called by Sommerfeld a special six-vector, is 
defined as a flat oriented area. It is determined by a plane, an area in this 
plane, and a direction of rotation about the origin in this plane, and these 
three characteristics are called the plane of the six-vector, its absolute value, 


* Sommerfeld, Vierdimensionale V ektoralgebra, Annalen der Physik, vol. 32 (1910), p. 749. Also 
see Laue, Die Relativitdtstheorie, 1921, p. 91. 
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and its sense. We denote these vectors by small letters in the first part of the 
alphabet. 

An elementary six-vector ¢ can be referred to our local codrdinates by 
selecting any two four-vectors x, y in the plane of c such that the area of the 
parallelogram determined by x and y is equal to the absolute value of c. If 
¢ is the least angle between x and y then just one of the vectors, say x, can 
be made to coincide with the other by a rotation through ¢ in the direction 
given by the sense of c. The components of this vector are used in the upper 
rows of the determinants 

X1 Xe X1 x8 
= C12, | 
yi 2 1 Ys 
X%2 =X X%, Xe Xs X 
= C23, = C42, = C34, 
ye Ys ya 2 ys Ms 
which are called the components of c. The invariant expression 


X11 X4 | 


Yt 4 


_ 


= C14, 


(4.1) 


(4.2) C12 + 13 + ie + ~ + ta + as = ¢ 


is the square of the area of the parallelogram, or the square of c. From (4.1) 
it follows that the components of any elementary six-vector satisfy the rela- 
tion 


(4.3) Ci12C34 + CisCa2 + CrsCoz = 0. 


Corresponding to ¢ there is an elementary six-vector ¢ with the same ab- 
solute value whose plane is absolutely perpendicular* to the plane of c; the 
six-vector —c also corresponds in this way to c. If the sense of c is properly 
chosen, its components are related to those of c in the following way:T 


(4.4) G12 = Cs4, C13 = Cao, Cig = Cos, Cos = Cra, Can = Crs, Esa = Cre. 


The elementary six-vector ¢ is called the dual of c; it follows from (4.4) that 
the dual of ¢ is again c. ; 

The general six-vector, denoted here by a capital letter in the first part of 
the alphabet, is determined by two elementary six-vectors whose planes are 
absolutely perpendicular to each other.{ Its components are the sums of the 
corresponding components of its elementary six-vectors. If c is any unit ele- 
mentary six-vector and X, u are any two numbers, then the components of any 
general six-vector C are 

* Two planes are absolutely perpendicular if each vector of one is perpendicular to every vector 
of the other. 


t These relations are derived by Sommerfeld, loc. cit., p. 756. 
t This definition is slightly modified in the paragraph preceding Theorem 2. 
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(4.5) Cis = Aei2 + whiz, Cis = ACis + weisz, +--+ , Cg = C34 + mesa. 
According to (4.1) and (4.4) these components can also be written 


%1 Xe X3 X44 X%1 x Ze 2 
(4.6) Cis =X +u » Cis =X ¥ 4 oe . { 
ae ys M4 Yi 43 Va Ye 


where x and y are two four-vectors which determine the unit elementary six- 
vector c. The numbers \ and y are the absolute values of \c and wc; they are 
called the characteristic numbers of C. 

The six-vector C, whose elementary six-vectors are the duals of \c and pé, 
is called the dual of C. Its components are 


(4.7) Cie = die + were, Cis = Ais + mers, - ~~ , Coa = AEss + peas, 

and from (4.5) and (4.4) it follows that 

(4.8) Ciz = Cas, Cis = Caz, Crs = Cos, Cos = Crs, Caz = Cis, Coa = Cir. 
The law of transformation of the components of six-vectors follows from 


(4.6) and (2.4). After the rotation (2.3) the new components of C are given in 
terms of the old by the equations 


Cis = Cr, Cu = Cas, 
(4.9) Cis = Cis cos@ — C23 sin 8, Cos = Cz sin 0 + Cos cos 8, 
Cis = Crug cos 0 — Cay sin 8, Coy = Cig sin 0 + Coy cos 8, 
where Cann = —Cam- 


Lemma 1. Jf any six numbers depend upon the coérdinate system in such a 
way that they transform like the components of a six-vector then there is at least 
one six-vector with these numbers as components. 


By four successive transformations of the type (4.9) it is always possible to 
determine the four angles involved so as to make all but the first and last of 
the six numbers Cy, Cis, - - - , Css vanish. The new values (Cid , 0, 0, 0, 0, Cs) 
correspond to a new set 7’, 7’, k’, 1’ of codrdinate vectors, and two vectors 
can be selected in the 7’, 7’ plane and two in the k’, J’ plane so as to determine 
a six-vector whose components have these values. The components of this 
six-vector relative to the original codrdinate system are the original six num- 
bers. 

Before discussing the uniqueness of this six-vector let us introduce the 
scalar product of two six-vectors, 


(4.10) BC = ByCi2 + BisCis + BuCis + BosCos + BaCae + BasCas; 


this expression in the components of B and C is invariant under transforma- 
tions of the type (4.9). The relation (4.3) can now be written 
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(4.11) cé = 0, 
and it follows from (4.5) and (4.7) that 
(4.12) C2 = 0? + p?, 
(4.13) CC = 2mm. 


According to the definition of a general six-vector, C is elementary if \ or u is 
zero. It follows from (4.13) that C is elementary if CC =0, and, since the con- 
verse is given by (4.11), the following theorem is proved. 


THEOREM 1. A necessary and sufficient condition that a six-vector be ele- 
mentary is the vanishing of the product of this vector by its dual. 


If the components of the six-vector in Lemma 1 satisfy (4.3) then when all 
except the first and last are made to vanish it will follow that Ci C3{ =0. Ac- 
cording to the definition cf an elementary six-vector there is just one with 
components (Ci7, 0, 0, 0, 0, 0), so an elementary six-vector is uniquely de- 
termined by its components. 

According to Lemma 1 there exists a unit elementary six-vector c and two 
numbers A, uw such that the six numbers C,,,, are the components of the six- 
vector determined by Ac and wc: 


(4.14) Cmn = ACmn + MEmn- 
Cmn determine the values of C? and CC, and (4.12), (4.13) give the relations 
(4.15) (A + uw)? =C?+CTC, (A— nw)? =C?-—CC. 


Bearing in mind that an elementary six-vector is uniquely determined by its 
components it is easy to see that (4.15) and the six equations (4.14) determine 
A, H, Cmn in such a way that there is just one pair of elementary six-vectors 
Ac, wé, provided \? ¥p?. 

If \?=y?, there is a two-parameter family of unit elementary six-vectors 
any one of which, together with its dual and the number X, determines a six- 
vector with the numbers C,,, as components. If 6 and c are any two unit ele- 
mentary six-vectors of this family, then 


Cun = A\(Omn + bmn) sand MCmn + Sunt 
when \=u. We now modify our definition of a general six-vector to this ex- 
tent: when \?=y?, we call the six-vector determined by 5, 6, \ the same as 
that determined by c, é, \. The following theorem is then true. 
THEOREM 2. Six numbers which transform like the components of a six- 


vector are the components of a unique six-vector C; the components uniquely de- 
termine the elementary six-vector parts dc, ué of C except when d? =p?. 
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Since Amn+Bmn transform like the components of a six-vector when A 
and B are six-vectors, it now follows that these numbers are the components 
of a unique six-vector C, called the sum of A and B: 


(4.16) C=A+B if Can = Amn + Ban. 
The distributive laws for duals and scalar products, 
C=A+B, DC =DA+DB, 
follow at once. As a further consequence of (4.16), we may write (4.5) and 
(4.7) as 
(4.17) C =re+ née, 
(4.18) C = hé+ ue. 


5. Further properties of six-vectors. If the elementary six-vectors b and ¢ 
are given by two pairs of four-vectors x, y and u,v then their scalar product is 
given by 


xu xD 
(5.1) 





abet : 
yu yu 


All quantities involved here are invariants, so any coérdinate system can be 
used to prove this. Let codrdinate vectors be chosen so that 7 falls along z, 
and j in the plane of x and y; then x = (x, 0, 0, 0) and y=(j, ye, 0, 0) and the 
determinant reduces to },2¢:2 which is the product be. 

We shall call two six-vectors perpendicular if their scalar product van- 
ishes. 


THEOREM 3. The planes of two perpendicular elementary six-vectors are 
either conditionally or absolutely per pendicuiar. 


To prove this we represent one of these six-vectors by two perpendicular 
four-vectors x and y, and the other by wu and 2, and then select codérdinate 
vectors so that x= (x, 0, 0, 0), y=(0, ye, 0, 0). Then according to (5.1), the 
condition that the two six-vectors be perpendicular reduces to 


U1V2 — yu, = 0, 
and from this it follows that 
(uyv2 — V1%2) V2 = (uv — vyu)y = O. 
The last equation, together with the identity 


(uv — vyu)x = 0, 


shows that, unless u,=v,=0, the vector #,0—2,u in the plane of v and wu is 
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perpendicular to both x and y, and hence to every vector in the plane of x 
and y. If w:=v,=0, then x is perpendicular to every vector in the plane of u 
and v. Hence there is at least one vector in one plane perpendicular to all 
vectors of the other, so the two planes are perpendicular. 

Let us now eliminate the double subscripts which have been used to 
denote the components of six-vectors. We number the six pairs of subscripts 
according to the table 

pair: 12 13 14 23 42 34 


(5.2) 
number: 1 2 3 4 5 6 


and use the numbers as subscripts instead of the pairs. In what follows then 
Ci, Co, + + + , Cg are written for Cie, Cis, - - - , Css, respectively. 
In terms of this notation the properties (4.8), (4.10) become, respectively, 


(5.3) C. = Cis (s = 1,2,---, 6), 
(5.4). BC = Bi +---+BCc=BC, (9 =1,2,---, 6), 
and the condition that c be elementary can be written 

(5.5) Colp = Cylr-» = O (o = 1,2,---, 6). 


It is evident that for p=1, 2,---, 6, the sum B;_,C;_, is the same as the 
sum B,C,,so the relation 


(5.6) BC = BC 


follows from (5.3) and (5.4). In the same way we find that 
(5.7) BC = BC. 


The six elementary six-vectors J;, Iz, - - - , Js whose components relative 
to a given coérdinate system are (1, 0, 0, 0, 0, 0), (0,1, 0,0,0,0),---, (0,0, 
0, 0, 0, 1), are called the unit codrdinate six-vectors. Each of these has a 
coérdinate plane for its plane, e.g., the 7, 7 plane is the plane of J; and the i, k 
plane is the plane of J,. These unit codrdinate six-vectors are mutually perpen- 
dicular; moreover, J,=I,, I,=I;, I;=I,4. From the definition of the sum of 
six-vectors it follows that 


(5.8) C=(C,I, (o = 1,2,---, 6). 
A condition under which a set of six-vectors form a set of unit codrdinate six- 
vectors is given by the following theorem. 


THEOREM 4. If a, b, c and their duals a, 6, é are six mutually perpendicular 
unit six-vectors, the intersections of their planes determine a set of unit codrdinate 
four-vectors for which a, b, c, a, 6, é are the unit coordinate six-vectors. 


i ae AT ci 
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These vectors are elementary according to Theorem 1. The plane of @ 
is absolutely perpendicular to that of a. The condition ac =0 means that the 
plane of c is perpendicular to that of a (Theorem 3); it must be conditionally 
perpendicular since c and @ can not have a common plane because of the 
hypothesis cd =0. Hence in the plane of c there is a unit four-vector / which 
is perpendicular to the plane of a; it follows that / is common to the planes 
of c and @. From the condition cé=0 we find in like manner that there is a 
unit vector 7 common to the planes of c and a. Similarly ¢ and 4 determine k, 
and é and a determine 7. When 7, 7, k, / are adjusted as to sense and used as 
unit codrdinate vectors we have 


(5.9) a=11,4 =1¢,b = Io,b6 = 15,c = 13,2 = 14. 


Since a six-vector has six independent components and a scalar product 
of the form (5.4), its components may be interpreted as those of a vector in 
six-dimensional euclidean space. When the unit codrdinate vectors in V4 are 
rotated the transformation of the components of a six-vector C dre of the 
type (4.9), or 

Ci = Ci, C, = Cs, 
(5.10) C2’ = C.cos@ — Cysin@, Cy’ = Czsin@ + Cy cos 8, 

C;’ = Cscos@ — C3sin@, C3’ = Cssin@ + C3 cos0@. 
But under these transformations not only the scalar product of two six- 
vectors is invariant, but also the meaning of the dual is preserved. Only those 
special rotations of the coérdinate axes in six-dimensional space which yield 
transformations of the type (5.10) are permitted while considering our six- 
vectors as vectors of this space. 

6. Three-vectors. In addition to the elementary six-vector there is an- 
other special type of six-vector which is very useful for our purpose; it is 
called a three-vector.* If a is a unit elementary six-vector, the six-vector 
(6.1) A =ha-+ pa 
is called a three-vector if the characteristic numbers satisfy the condition 

? = p?. 

If \=y then A is self-dual: A =A; hence A,=A;7_,(s=1, 2, - - - , 6) and 
the components of A can be written 
(6.2) (Ai, As, As, As, A, Ai). 


* These vectors were introduced in the form used here by Rainich, Les indices dans un champ de 
tenseurs, Comptes Rendus, vol. 185 (1927), p. 1009. 
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Likewise if \= —y for the six-vector B=)b+yb, then B is anti-self-dual: 
B=-—B, and its components are 


(6.3) (Bi, B:, B;, oy B;, a B2, ni By). 


It follows from (6.2) and (6.3) that each three-vector of one type is 
perpendicular to every three-vector of the opposite type: 


(6.4) AB=0 if A=A,B=-—B. 


Furthermore if C and D are two three-vectors of the same type then their 
scalar product can be written 


(6.5) CD = 2(CiD; + C2D2 + C3D3). 


The numbers C;, C2, C; may be considered as the components of a vector in 
three-dimensional euclidean space, and the same statement holds for D,, Ds, 
D;, for these numbers transform so that the expression C,\D,+C2:D2+C;D3 
remains invariant. 


III. THE TWO PARTS OF THE RIEMANN TENSOR AS FUNCTIONS OF SIX-VECTORS 


7. The Riemann tensor as a function of elementary six-vectors. The ex- 
pression (3.2), which the Riemann tensor assumes when referred to our local 
coérdinate system, can be written 

Xa XB Uy U5 
(7. 1) 4Ras yiXaVgUuyis = Ras v8 

Ya Mell Vy % 
These determinants are the components of the elementary six-vectors a and 6 
determined by x, y and u, v respectively so that 


4R(x, y; u,v) = Rag .ys@asdys. 


When the single subscripts are used for the components of a and b, and when 
the pairs mn and pg of subscripts in Rmn,pq are replaced by the corresponding 
numbers in table (5.2), an examination of the sum on the right shows that 
the last equation can be written 


(7.2) R(x, y; u,v) = R(a, b) = Reade (p, 0 = 1, 2,°--, 6). 
It is well to repeat that the new symbols R,, are defined according to 
(5.2): 
Ru = Ri2,12, Riz = Ri2,13, stints Rs - Raz,34, Ree saad R34,34- 


Since Riea2=R(i, 7; 7, 7) then Ru=R(h, 11); Rs: are the numbers which 
R(a, b) assigns to the ynit codrdinate six-vectors: 


(7.3) Ru = RI, I;) (s,t= 1, 2,---, 6). 
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The Riemann tensor is therefore a function of two elementary six-vectors, 
the function being bilinear in their components. This statement includes the 
linearity properties (3.1), but the second of these can be written 
(7.4) R(pa, 6) = pR(a, 6), 
where p is any number. The symmetry property (3.5) becomes 
(7.5) R(a, 6) = R(6, a), 
and the anti-symmetry property (3.4) is included in (7.4) for p= —1. 

The cyclic property (3.9) can be written 
(7.6) Rie + Ros + Ros = R(Ii, Te) + R(I2, Is) + R(s, Is) = 0. 

In terms of the new components, (7.5) and (3.12) take the forms 
(7.7) Ru = Re (s,¢=1,2,---, 6), 
(7.8) R = 2R,, = 2R(I,, I,) (o = 1, 2,---, 6). 

8. The two parts of R(a, b). The two parts into which the Riemann ten- 
sor is decomposed here, and the properties of these parts, are not new.* The 
method of obtaining these parts and their properties, however, is simplified 


by using six-vectors. 
The identity 


R(a, b) = [R(a, 6) + R(G, 6)]/2 + [R(a, 6) — R(a, 6)]/2 
expresses the Riemann tensor as the sum of the two functions 
(8.1) G(a, b) = [R(a, 6) + R(G, 6)]/2, 
(8.2) E(a, b) = [R(a, 6) — R(4, 6)]/2. 


The identity can now be written 
(8.3) R(a, b) = G(a, 6) + E(a, 6). 
In terms of components (8.1) becomes 
G(a, b) = (Rod pbs + Road pbs) /2 

= (Ryedpbe + Rr—p,1-041~pbr-2) /2 

= (Rye + Rr~5,1-0) dpb. /2 (p,o0 = 1,2,---,6). 
Hence G(a, 6) is a bilinear function of the components of two elementary 
six-vectors and it follows that it is a fourth-rank tensor. 


* Rainich, Electricity in curved space-time, Nature, vol. 115 (1925), p. 498; Cartan, Variétés 2 
connexion affine, Annales de l’Ecole Normale, vol. 42 (1925), p. 87; Einstein, Uber die formale Bezie- 
hung des Riemannschen Kriimmungstensors zu den Feldgleichungen der Gravitation, Mathematische 
Annalen, vol. 97 (1926), p. 99. 
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According to (8.1) G(a, 6) has the properties (7.4), (7.5) and (7.6) of 
R(a, b), and an additional property that its value is unchanged when its argu- 
ments are replaced by their duals. Hence G(a, b), or the tensor of the first 
type, has all the fundamental properties of the Riemann tensor together with 
the property 


(8.4) G(4, 6) = G(a, b). 

Likewise the second part E(a, 6), or the tensor of the second type, has all 
the fundamental properties of the Riemann tensor and the additional pro- 
perty 
(8.5) E(4, 6) = — E(a, 6). 

In terms of components (8.4) can be written 
(8.6) Gat = Gr-2,7-+ (s, ¢ = 1,2,---, 6). 


Properties (8.6) and (7.7) show that the sixth-order determinant of the com- 
ponents G,, is symmetric to both diagonals, so in view of the cyclic property 
(7.6) the number of independent components of the tensor of the first type is 
reduced to eleven. 

Similarly 
(8.7) Eu =_—_— Ey. ,7-4 (s, t = 1, vs pall 6), 


and the number of independent components of E(a, 6) is reduced to nine. 
According to (8.7) all components involved in the cyclic property vanish, 
and also the second contracted tensor of E(a, b) vanishes so that by twice 
contracting both members of (8.3) we find 
(8.8) R =G = 4Gu + Goo + Gis). 

We shall now proceed with our problem by referring each of the parts 
G(a, 6) and E(a, b) separately to their intrinsic directions. 

IV. THE TENSOR OF THE FIRST TYPE 

9. A generalization of G(a,b); the function G(A). It was shown above 
that the tensor of the first type has the properties 
(9 1) G(a, b) = Goodpbe (p, = 1, ay **s 6), 

G(a, 6) =G(b, a), G(a, 6) = G(a, d), 


and also the cyclic property (7.6) 

G(a, b) was defined above when its arguments are elementary six-vectors. 
We now define it when its arguments are any six-vectors by requiring it to 
have the same formal properties and reduce to the tensor of the first type 
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when its arguments are elementary. G(A, B) is then a scalar function of A, B 
which has the properties 


G(A + C, B) =G(A, B) + GC, B), 
G(yA, B) = yG(A, B), 
where y is any number, and 
(9.3) G(A, B) = G(B, A), GG, B) = G(A, B); 


(9.2) 


it also has the cyclic property. 
When A and B are expressed in terms of the unit codrdinate six-vectors 
and the linearity properties (9.2) are applied, we find 


(9.4) G(A, B) =G,,A,B, (p,o = 1,2,---, 6), 


where the coefficients G,,=G(/,, 7.) are the components of the tensor of the 
first type. 

According to the definition of G(A, B) the expression G,,A ,B, is an invar- 
iant, and it is readily shown from this and Theorem 2 that G,,A, are the com- 
ponents of a six-vector. We call this six-vector G(A) and denote its com- 
ponents by G,(A): 


(9.5) P G,(A) ” G,pA, (p, p = 1, 2, laa 6). 


G(A) is a function which assigns a six-vector to its argument A. The relation 
between this vector function and the scalar function follows from (9.4): 


(9.6) G(A, B) = G,(A)B, = G(A)B (o = 1, 2, ad 6), 


where G(A)B is the scalar product of the six-vectors G(A) and B. 
Now (9.6) enables us to express the properties of G(A, B) in terms of the 
function G(A). For example, the second property in (9.3) can be written 


G,(A)B, = G,(A)B, (o = 1,2,---, 6), 


but the summation for 7 —¢ is the same as for a, so 
G.(A) Bre = Gr-«(A) Br (o = 1,2,---,6). 

This is an identity in the components B, and hence 
G,(A) = G;-»(A) (p = 1,2,---, 6), 


which means that the vectors G(A) and G(A) are duals of each other. If 
G(A) denotes the dual of G(A), then 


G(A) = G(A). 
The other properties of G(A) in the set 
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G(A + B) = G(A) + G(B), G(yA) = yG(A), 
G(A)B = G(B)A, G(A) = G(A) 


are found in like manner from (9.2), (9.3) and (9.6). Hence G(A) is a sym- 
metric linear six-vector function which has the property that the vector which 
it assigns to A is the dual of the vector which it assigns to A. Furthermore, 
G(A, B) satisfies the cyclic property, so that 


(9.8) G()I + G(I2)Is + G(Is)I4 > Gis + Gos + Gus = 0. 


10. Principal directions of a symmetric linear vector function in a Vy. 
In the two sections following this we need convenient references to the ge- 
ometry of symmetric linear vector functions in euclidean spaces of six and 
three dimensions, and in §18 we refer to the geometry of a symmetric tensor 
of rank two in a V4. Consequently in this section we review the known* 
geometry of the symmetric linear vector function and symmetric second-rank 
tensor at a point of a V, with positive definite fundamental quadratic form. 

The components of vectors and tensors are referred here to a rectangular 
locally cartesian coérdinate system at the point. Let P and Q be any two 
vectors at this point and let f,, be the components of a symmetric tensor, 


(10.1) S(P, Q) = fooPQ- = f(Q, P) (p,0 = 1,2,-++,m), 
of the second rank. The functions 
SAP) = forP, (op,r = 1,2,--+,m) 


are the m components of a symmetric linear vector function f(P), and accord- 
ing to (10.1) the tensor f(P, Q) is the scalar product of f(P) and Q, 


(10.2) S(P, Q) = fe(P)Q. = f(P)O (o = 1,2,---,m). 
If P and f(P) have the same direction, 
(10.3) f(P) = oP, 


(9.7) 


then P belongs to an invariable direction, or principal direction, of f(P) with w 
as multiplier. This condition (10.3) is given by the scalar equations 


SorP, — wP, = 0 (p,r = 1,2,---,m), 
and this system has solutions other than P,=0 if w satisfies 
fu—o fae: Jus 
(10.4) _  * , 
fin fxs? * San — 


* See Struik, Grundsztige der mehrdi: ionalen Differentialgeometrie, 1922, p. 33, or Eisenhart, 
these Transactions, vol. 25 (1923), p. 259. 
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This determinant is symmetric to its principal diagonal and in this case the 
characteristic equation (10.4) has only real roots. 

If these roots w:, we, +++, @, are distinct then f(P) has just » mutually 
perpendicular invariable directions, each with one of the roots as a multiplier. 
If a root has a multiplicity m, there is an m-space each direction of which is 
invariable with this root as a multiplier. This m-space is perpendicular to the 
principal directions or spaces corresponding to the other roots. Hence if m 
mutually perpendicular directions are chosen in each principal m-space, then 
regardless of multiplicity of the roots, there is always at least one orthogonal 
set of m invariable directions of f(P). 

Let unit coérdinate vectors W, be taken along these m invariable directions 
and let P, be the components of P relative to W,. Then due to the linearity of 
f(P) we have 

f(P) = f(P.We) _ P.f(We) (o 1, 2,° ae , 1), 


and if w, are the multipliers of W,, this becomes 


(10.5) f(P) = wP.W, (o = 1,2,---,m). 


It follows from (10.2) that 
(10.6) ; S(P, Q) = weP Qs (¢ = 1, 2,°°*,%), 


where the components (Q), are also referred to the unit vectors W,. Hence the 
symmetric linear vector function and the symmetric second-rank tensor are 
determined by an orthogonal set of » intrinsic directions and » numbers, one 
corresponding to each direction. 

11. Invariable directions of G(A). We have seen that G(A) is a sym- 
metric linear vector function of the six-vector A, and since A can be considered 
as a vector of a six-dimensional euclidean space it follows that G(A) can be 
considered as a symmetric linear vector function in this space. According to 
the foregoing section then, there is at least one set of six mutually prependicu- 
lar invariable directions for G(A) whose multipliers are the roots of the char- 


acteristic equation 


Gi — Gi2--: Gis 


(11.1) 
Goi Geo--- 


According to (9.7), 
(11.2) 
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Now if B is a vector of invariable direction corresponding to a root a@ of (11.1) 
then 
(11.3) G(B) = aB, 
and it follows that the duals of G(B) and aB are equal: 

G(B) = oB. 


When (11.2) is applied to the left-hand member, this equation becomes 


(11.4) G(B) = oB. 


Hence the dual of each vector of invariable direction of G(A) is also a vector 
of invariable direction; the multiplier is the same for both directions. 


THEOREM 5. Each multiplier of an invariable direction of G(A) is the multi- 
plier of at least one invariable direction whose vectors are three-vectors. 


To prove this let B be a vector of invariable direction with multiplier a. 
Then B satisfies (11.3) and (11.4) and hence 


G(B + B) =G(B) + G(B) = a(B + B); 


that is, B+B belongs to an invariable direction with a as multiplier. But 
B+ B is self-dual, so it is a three-vector and the theorem is proved. This proof 
fails if B = —B, but in this case B itself satisfies the conditions of the theorem. 

If the six roots of (11.1) are distinct then there are just six mutually per- 
pendicular invariable directions each having one of these roots as multiplier. 
It follows from Theorem 5 that in this case the vectors of each of these direc- 
tions are three-vectors. 

12. G(A) and three-vectors. To three-vectors of one type G(A) assigns 
three-vectors of the same type, for if A = A, then, according to (11.2). 


(12.1) G(A) = G(A) = G(A). 


It follows in like manner that when its argument is anti-self-dual, the function 
is anti-self-dual. Now since all three-vectors of the one type can be considered 
as the vectors of a three-dimensional euclidean space, the function G(A) can 
be considered as a symmetric linear vector function in this space when A is a 
three-vector of this type. Consequently in the application of this function to 
self-dual three-vectors G(A) has at least three mutually perpendicular in- 
variable directions whose vectors are self-dual three-vectors (cf. §10). Like- 
wise it has at least three mutually perpendicular invariable directions whose 
vectors are anti-self-dual. 

Let A’, B’, C’ be self-dual three-vectors along the invariable directions 
of the first type and let the square of each be 2. Let a’, 8’, y’ be their respec- 
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tive multipliers. Likewise let A’’, B’’, C’’ denote anti-self-dual three-vectors 
with square 2 taken along the invariable directions of the second type, with 
a’’, B’’, y”’ as the corresponding multipliers. Since the product of any two six- 
vectors of opposite types is zero, each invariable direction of the first type is 
perpendicular to those of the second type, so these six directions are mutually 
perpendicular. We can now write 


G(A’) =a’A’, G(B’) = p'B’, = GC’) = v'C’", 

G(A”) = aA” G(B”) = BY’ B" G(C”) = VC" 
where 
(12.2) A’B' = A'C' = A'A"” =--- =C'C” =0, 
(12.3) A”? = Bt =... = C= 2, 
(12.4) A= A’ B= B’ C’'= C’: ANY=-— A” BY’ = — B", Cc’ =—- C"~” 

Each of the six-multipliers a’, 8’, - - - , y’’ must be a root of the sixth- 

degree characteristic equation (11.1) for these roots are the only multipliers 
of invariable directions of G(A). Moreover these six-multipliers are the only 
multipliers of three-vector invariable directions, so it follows from Theorem 5 
that each of the roots of (11.1) belongs to the set of multipliers a’, 8’, - - -,y’’. 


Therefore this set of multipliers is identical to the set of roots of (11.1), and 
the following theorem is established. 


THEOREM 6. For the function G(A), there is always at least one set of six 
mutually perpendicular invariable directions such that vectors along three of them 
are self-dual and vectors along the other three are anti-self-dual. The multipliers 
of these directions are the roots of (11.1) and if these roots are distinct, there is 
just one set of invariable directions. 

13. Intrinsic directions whose vectors are elementary six-vectors. From 
the mutually perpendicular three-vectors 


(13.1) A’, B',C’, A”, B",C” 
used in (12.1), let us form the following new set of six-vectors: 
a = (A’+A”)/2, b = (B’ + B”)/2, ¢ = (C' + C”)/2, 


(13.2) ~ 
a@ = (A’ — A”)/2, 6 = (B’ — B”)/2, €= (C’ —C”)/2. 


As a consequence of Theorem 1 and (12.2), (12.3), (12.4), these vectors a, b, c 
and 4d, b, é are mutually perpendicular unit elementary six-vectors, so they 
form a set of unit coérdinate six-vectors (Theorem 4): 


(13.3) I, = 4,1, = 6b, 13 =c, I, = €, 1, = 6, Ig = 4. 
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From the three-vectors (13.1) five other sets of intrinsic coérdinate six- 
vectors can be found, the vectors in each set being determined as in (13.2) by 
pairs of these three-vectors so that each pair consists of a self-dual and an 
anti-self-dual three-vector. These six sets of codrdinate six-vectors which are 
intrinsically related to G(A) are called elementary six-vector skeletons of 
G(A). When (11.1) has distinct roots there are just six of these skeletons; the 
relations between them are discussed later. 

Let us see how G(A) operates on, or transforms, the vectors of its skele- 
ton. It follows from (13.2) and (13.3) that 

AslL+Il, B=elh+h, C=i+I, 
(13.4) 1 + 6 2 + 5 3 4 
A” = qT; aia Te, B" = Ts. —_ Ts, Gc = Tz al I4. 
When our function is applied to J, we find 
G(I;) = G(A’)/2 + G(A")/2; 
but A’ and A”’ belong to invariable directions, so 
G(I;) = a/A’/2 + a"A"/2 = (a! + @"”")Ii/2 + (a — @&"”)I6/2. 
The transformations of all six unit vectors can be written 
G(I;) = al, te ple, G(I2) = BIe oo ol;, G(I3) = ¥yI3 oh 614, 
G(T) = pl, ote alg, G(T) = ols — BIs, G(I4) = 6I3 oa yI4, 
where the new numbers represent the following combinations of the roots 
of (11.1): 


(13.5) 


a= (a’+0")/2, B= (6'+8")/2, v= (+ 7")/2, 
p=(a'—a")/2, «= (68 -8"/2, 8=( —¥/2. 
The roots of the characteristic equation of G(A) are not independent. For 


when both members of the first equation of (13.5) are scalarly multiplied by 
I,, we get 


(13.6) 


G(h)I; = @; 


but this is the component Gu of the tensor of the first type, referred to the 
intrinsic codrdinate six-vectors. In view of (13.5), all of the non-vanishing 
components of this tensor can be given in terms of the six components 


(13.7) Gu = a, Gee = B, G33 = y, Gis = p, Gos = 0, Gag = 56. 
The cyclic property (9.8) now becomes 

(13.8) ptot+sé=0; 

and in terms of the roots of the characteristic equation this becomes 
(13.9) oti +7 = a +p" +7". 
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Hence the sum of the multipliers of the three invariable directions of one type 
equals the sum of the multipliers of the invariable directions of the opposite 


type. 
From (13.7) and (8.8) it follows that the second contracted Riemann ten- 


sor is given by 
(13.10) R=G=4ae+6+7). 

14. Six-vector geometry of the tensor of the first type. If d and m are 
any two elementary six-vectors, the tensor of the first type is given by 
(14.1) G(d, m) = G(d)m. 
Let d, be the components of d relative to the codrdinate six-vectors (13.3) of 
the skeleton of G(A); then 
(14.2) d = d,I, (o = 1,2,---, 6) 
and when the argument of G(d) is so written we find, according to (13.5), 
G(d) = adil; + dele) + B(d2l2 + dels) + y(dsIs + dala) 

+ p(dile + deli) + o(dels + dsI2) + 5(dsI4 + dials). 

This can be put in the more convenient form 
(14.4) G(d) = Rd/12 + a,(d,I, + dr_,I7-p) + Bp(dpI7-p + dr-pI,) (p = 1,2, 3), 
where R is the second contracted Riemann tensor and 
a =a—R/12, a=B—R/12, as =y7-— R/12, 
Bi = p, Bb. =a, Bs = 6. 

It follows from (13.10) and (13.8) that 
(14.6) a + a2 + a3 = Bi + B2 + Bs = O. 

In view of (14.1) our results can be applied at once to G(d, m): 


THEOREM 7. The tensor of the first type is determined by an intrinsic set 
of unit codrdinate six-vectors and seven numbers, six of which correspond to 
these vectors. Because of (14.6) only five of these numbers are independent. T here 
are at least six of these intrinsic coérdinate systems and when referred to one of 
them the tensor takes the form 
(14.7) G(d, m) = dmR/12 + a,(d,m, + dz_ymz-p) + B,(d,mz_, + dz-pmp) 

(e = 1, 2, 3), 


(14.3) 


(14.5) 


where 


a + a2 + a3 = Bi + B2 + Bs = O. 
The part dmR/12 of this tensor is independent of a skeleton. 
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15. Four-vector geometry of the tensor of the first type. Let x, y and u, 
v be two pairs of four-vectors which determine d and m. The tensor dmR/12 
can be expressed as a determinant involving x, y, u, v according to (5.1). It is 
denoted below by H(x, y; u, v) and the remaining part of the tensor of the 
first type is called F(x, y; u, v). 

According to Theorem 4 the intrinsic coérdinate six-vectors found above 
determine a set of codrdinate four-vectors 7, 7, k, ] so that the z, 7 plane is the 
plane of J,, the z, k plane is that of I2, etc. These four-vectors are intrinsically 
related to the tensor of the first type, and the set of four mutually perpendicu- 
lar directions determined by them is called a skeleton of this tensor. 

Let the components of x, y, u, v be referred to this intrinsic coérdinate 
system, and let the components of d and m be given in terms of these com- 
ponents of x, y, u, v according to (4.1) and (5.2). Then (14.7) enables us to 
describe the tensor of the first type in terms of its skeleton and its four-vector 
arguments by means of the following equations: 


(15.1) G(x, y; u,v) = H(x, y; u, ») + F(x, 9; 4, 2) 


where 


xu xv 
(15.2) H(x, y; u,v) = | R/12, 
yu 


yo 
and where 


(15.3) F(x, 93 , 


o( 
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The coefficients are related according to (14.6), viz., 
(15.4) a; + a2 + a3 = Bi + Bo + Bs = O, 
and our results can be summarized as follows. 


THEOREM 8. The tensor F(x, y; u, v) is determined by a skeleton and four in- 
dependent numbers. Each of the three numbers a, a2, a3 is associated with a differ- 
ent pair of absolutely perpendicular planes of the skeleton, o, with the i, 7 and 
k,l planes, etc. The same is true of the numbers B1, Be, Bs. The tensor H (x, y; u, 0) 
depends only upon the number R, so the tensor of the first type is determined ied a 
skeleton and five independent numbers. 


By referring the tensor of the first type to its skeleton its independent 
components have been reduced in number from eleven to five. The scheme of 
its components can be written from (14.7) or from the formulas of this sec- 
tion. 

16. Relations between skeletons. Our intrinsic codrdinate six-vectors 
(13.3) were determined by taking sums and differences of pairs of three-vec- 
tors of invariable direction for G(A). These pairs consisted of one member 
from the group A’, B’, C’ of self-dual vectors and the other from the group A”’, 
B’’,C”’ of anti-self-dual vectors. Out of the six possible sets of pairs, however, 
we used only the set 

I, = (A’+A”)/2, Ie = (B’ + BY)/2, Is = (C' + C")/2, 
I, = (A’ — A”)/2, I, = (B’ — B”")/2, Ig = (C’ — C")2. 

Now consider the set of codrdinate six-vectors obtained as follows: 

= (A'+A")/2, If = (B'+C")/2, If = (C’ — B")/2, 
Ig = a = (A’ — A”)/2, Ig = (B’ — C")/2, Td = (C’ + B")/2. 


The new set of intrinsic codrdinate four-vectors are related to these new co- 
ordinate six-vectors in the usual way: i’ and 7’ determine J/, 7’ and k’ de- 
termine J{,---, k’ and /’ determine J,’. It follows from (16.1) and (16.2) 
that 


(16.1) 


(16. ni 


(16.3)! =f, 217 = I2+13 — 144+ Js, 23 = -Intis+i1t+1s, 
Ig = 16, 20g =I2—Is+Ig+1s, 2f =I2 +13 +14 — Is. 
If x and y are two four-vectors which determine an elementary six-vector 


b and if w and z are any two unit codrdinate four-vectors, then according to 
the definition of the components of 6, the quantity 


xW XZ 


yw ye 


is the component of b with respect to the codrdinate plane of w and z. 





1932] GEOMETRY OF THE RIEMANN TENSOR 


Hence the equation 
fy =ht+Is-kt+Ts 


of the set (16.3) becomes, in terms of components relative to any codrdinate 
plane, 


vw iz iw iz iw iz ~ jz lw Iz 
k'w k’'z kw kez lw Iz 


kw kz jw jz 
When the determinants on the right are collected this becomes 


iw iz (i-—jw (i-—j)z 


k'w k's (kR+ Dw (k+Dz} 

This equation states in components that the elementary six-vector 2/,’ is 
the same as one whose plane contains i—7 and k+/. Therefore z’ and k’ be- 
long to the plane of i—7 and k+/, and for some four numbers a, f, y, 5 we 
have 


#=ali-—j+Bkt+), Fh =yi-j+ok+d. 


But since J/ =J,, i’ and j’ lie in the plane of i and 7. Likewise J/ =J¢ so k’ 
and /’ lie in the plane of k and J. Hence for some four numbers X, yu, €, 7 we 
have 


’.= rity, k’ = ek +), 


with similar expressions for 7’ and 1’. 

Since the vectors involved are unit vectors the last four equations de- 
termine the values of the eight numbers except for ambiguous signs, and these 
affect only the senses of 7’ and 7’. Similarly the equation 


21g =I,-—I3+lht+Ts 


gives 7’ and /’ in terms of the old unit vectors, and the remaining equations in 
(16.3) give nothing new. The relations thus found are 


v= (¢—7)/2?, 7? = (§+9)/2"?, 
k= (k+)/2"2, V = (k—D/2"2, 


Hence i, j, k, | can be made to coincide with 7’, 7’, k’, 1’ by rotating ¢ and 7 
through an angle 7/4 in the i, 7 plane and & and / through —7/4 in the k, | 
plane. If 7/4 is used in both rotations the skeletons will still be made to 
coincide. 

We can always arrange our passage from one set of intrinsic codrdinate 
six-vectors to another so as to have two relations of the type J{ =J,, Ié =I 
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among the old and new vectors. Hence we can generalize the above method 
to one for passing from any skeleton to another by rotations, and we can count 
just six distinct skeletons to be found in this manner. 


THEOREM 9. Given one skeleton of G(x, y; u,v) we can rotate its axes through 
1/4 in any one of its six planes and through the same angle in the absolutely 
perpendicular plane to obtain a new skeleton. We may proceed in the same way 
with any new skeleton to get another, but there are just six distinct skeletons to 
be found in this way. 


The relations between the coefficients a/, 8! for the new skeleton and a;, 
8; for the old can be found by observing from (14.7) that these coefficients 
are the values which the tensor 


F(d, m) = G(d, m) — dmR/12 


assumes when the intrinsic coérdinate six-vectors are its arguments. When 
components are referred to the skeleton defined by (16.2) we have 


(16.4) F(d, m) = ay (dgm, + di_pmi—») + Bp (dp mi_p + di_ym, ) (p = 1,2, 3). 
Now by referring to (16.3) we find that 


at = Fi, Ti) = Fi, T,) = 1, 
ay = F(I{, 12) = [F(I2, I2) + F(Is, Is) + F(I2, Is) — F(Is, 14) |/2 


” (a2 + a3 + Bo — B3)/2. 
In the same way we find the relations 


as = (a2 + a3 — B2 + B3)/2, BY = fi, 
Bi = (82 + Bs + a2 — a3)/2, BJ = (B2 + Bs — a2 + 5)/2. 


From the relations between the coédrdinate six-vectors of any two skele- 
tons the relations between the two sets of coefficients can be written by the 
above method. 

17. Cases of multiple roots. We have shown that the tensor of the first 
type has at least six skeletons, and just six if the roots of the characteristic 
equation (11.1) are distinct. Let us determine the number of skeletons for the 
various cases of multiple roots. The number of independent scalars needed in 
each case to complete the description of the tensor is the number of these 
roots which are independent after their multiplicity and the relation (13.9) 
have been considered. 

It was shown that there is at least one set of mutually perpendicular in- 
variable directions for G(A) for which the vectors A’, B’, C’ along three of 
them are self-dual and the vectors A’’, B’’, C’’ along the other three are 
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anti-self-dual. Three of the roots, a’, 8’, y’, of (11.1) are the multipliers of the 
vectors of the first group and the other three, a’’, B’’, y’’, are the multipliers 
for the second group. 

If multiple roots appear only to the extent that two of the same group are 
equal, say a’ =’, then it follows from (12.1) that any six-vector of the plane 
of A’ and B’ is of invariable direction. Since every vector of this plane is a 
three-vector of the same type as A’ and B’, any pair of perpendicular vectors 
of square 2 in this plane helps to determine six skeletons for the tensor just as 
A’ and B’ did. There is a one-parameter family or simple infinity of such pairs 
in this plane, so there is a simple infinity of skeletons for the tensor in this 
case. 

The number of skeletons is not increased due to the equality of two multi- 
pliers of opposite groups. For if a’ =a’’ then every vector in the plane of A’ 
and A”’ is of invariable direction with a’ as multiplier, but A’ and A”’ de- 
termine the only two directions in this plane whose vectors are three-vectors. 
Hence A’ and B’ are the only vectors of this plane which can be used in de- 
termining skeletons. Multiplicity of this type then causes only a reduction 
in the number of scalars needed to describe the tensor. 

By the above method it is easy to determine the number of skeletons cor- 
responding to each kind of multiplicity of the roots. The condition (13.9) 
helps to reduce the number of cases in which more than six skeletons exist to 
five. The results are given in tabular form below. 


1 a’ = p’ c skeletons 
2 a’ = B’, a” = g” co 2 “ 
3. a’ = Bp’, al’ = 8” = 7" co 4 “ 
4 af = g’ se 7’ co 3 “ 
5 


a =f = 7 = a" = f" = 7" co 6 “ 


In this table a’, 8’, y’ denote the roots of either group and a’’, B’’, y”’ 
those of the opposite. This is not just a convention to shorten the table, for 
three-vectors of the self-dual type can be made anti-self-dual by reversing 
the sense of some of the codrdinate axes. Three-vectors of opposite types re- 
main of opposite types for any codrdinate transformation. 


V. THE TENSOR OF THE SECOND TYPE 


18. Four-vector geometry of this tensor. A set of four mutually perpen- 
dicular directions* which are intrinsically related to the second part of the 
Riemann tensor become evident at once when the second part, E(a, 6) or 


* These directions are due to Ricci, loc. cit. 











150 R. V. CHURCHILL y [January 


E(x, y; “, 2), is expressed in terms of the first and second contracted Riemann 
tensor, R(w, z) and R. This expression, 


_ R(x, u) R(x, 2) xu xv 
(18.1) OOM) ft a R(y, ») /? 


xu xD 
R/A, 
yu yo 
has been written in components and verified by Einstein.* 

According to (3.5) and the definition (3.10) of the first contracted Rie- 
mann tensor, this tensor is symmetric, R(w, z) = R(z, w). It is therefore de- 
termined by four mutually perpendicular intrinsic directions and four num- 
bers (cf. §10). Let coérdinate vectors 7, 7, k, 1 be chosen along these directions. 
Then, according to (10.6), 


(18.2) R(w, 2) = WaWala (a = 1, 2, 3, 4), 


where w;, w2, @3, w, are the characteristic numbers corresponding to the direc- 
tions of i, 7, k, 1, respectively, and w,, z, are the components of w, z relative 
to this intrinsic codrdinate system. The second contracted Riemann tensor 
can be written 


(18.3) ~ R= wy + we + ws + ws. 


Now let the first contracted Riemann tensor in the determinants of (18.1) 
be expressed in the form (18.2). The symbol w,. can be removed as a factor 
from the first two determinants, and when the third is broken into equal parts 


(18.1) becomes 
Xatla Xada ate aa 
F(a, 95,0) = ( vont ‘ . ) /2 
yu yy xu | xD 


Xatta Xala ate ala 
-( ie )R/s (a = 1, 2,3, 4). 
yu yD xu xD 


Here the value of the entire right-hand member for a = 1 is to be added to the 
value for a=2, etc. For any a@ the part in parentheses can be factored out, 
and one scalar and one vector factor can be removed from each determinant: 


Va Ua Va 
— YaX v2. 
v “uo 


The determinants here are vectors. Let these be factored out and the coefii- 
cients simplified by writing 


* Loc. cit. 


U, 
u 


ee Ts (sas 
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(18.4) (wp — R/4)/2 = vp (p = 1, 2, 3, 4). 
The expression for the tensor of the second type then becomes 


x a Va Ua Va 


(18.5) E(x, y; 4, 2) = Ya (a = 1, 2, 3, 4), 


y “ ov 
where, according to (18.3), 
(18.6) Yt v2 + ¥3 + ¥4 = O- 


The determinants in (18.5) are scalarly multiplied, and the value of the entire 
right-hand member for a =1 is to be added to the value for a=2, etc. We can 
summarize our results as follows: 


THEOREM 10. The tensor E(x, y; u,v) is determined by a skeleton and four 
numbers, one number corresponding to each direction of the skeleton, but only 
three of these numbers are independent. The tensor can be expressed in the form 
(18.5) by referring the components of its vector arguments to the intrinsic co- 
ordinate system determined by the skeleton. 


By referring it to the intrinsic codrdinate system the number of inde- 
pendent components of E(x, y; u, v) is reduced from nine to three. 

Special cases arise when the four characteristic numbers of R(w, z) are 
not all distinct. If two of these numbers are equal, say w:=we2, then R(w, 2) 
has a principal plane. Any two perpendicular directions in this plane together 
with the two corresponding to w; and w, form a skeleton for E(x, y; u, v). In 
this case E(x, y; u, v) has a simple infinity of skeletons and only two of the 
four numbers y, are independent. 

If three of the characteristic numbers are equal, the tensor of the second 
type can be described by means of any one of a triple infinity of skeletons and 
one number; but if all four are equal it follows from (18.4) and (18.6) that 
the tensor vanishes. In case of two pairs of equal characteristic numbers the 
tensor can be described by any one of a double infinity of skeletons and one 
number. 

19. Six-vector geometry of this tensor. Each set of unit codrdinate four- 
vectors determines a set of unit codrdinate six-vectors. Hence the tensor of 
the second type is determined by a six-vector skeleton and three independent 
numbers, and to express it in terms of these quantities it is only necessary to 
write (18.5) in terms of elementary six-vectors and their components relative 
to the intrinsic coérdinate system. 

Let d and m be the elementary six-vectors determined by the pairs of four- 
vectors x, y and u, v, respectively; then 
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(19.1) E(x, y; U, v) = E(d, m) — E cd pms (p, > 1, 2, iin. 6), 
where 
Eu = Eh, 11) = Eli, j; i, 7) = — Ess, Eve = Eli, j; 1, k) = — Eos, 


etc. By using the unit coédrdinate four-vector form of these components it is 
found from (18.5) that E(d, m), when referred to its skeleton, has only three 
independent non-vanishing components: 


Eun = 1+ 42, Exo = ¥1 + ¥3, Ess = ¥1 + V- 
When these are used in (19.1) we find 
E(d, m) = (1 + ¥2)(dim: — deme) 
+ (v1 + 3)(dem2 — dyms) + (v1 + v4)(dsms — dym). 


This is the form of the tensor of the second type when referred to its six- 
vector skeleton. 


(19.2) 


VI. CoNcLusION 


The Riemann tensor is determined by two intrinsic sets of orthogonal 
directions, or skeletons, and eight numbers. This tensor is the sum of three 
parts, 


R(x, y; u, v0) = H(x, y; u,v) + F(x, y; u,v) + E(x, y; u, 2). 


The first of these is determined by just one number, the second contracted 
Riemann tensor. The second is determined by one of the skeletons and four 
numbers, and the third by the other skeleton and three numbers. 

In the general case there is just one skeleton for the tensor E(x, y; , v). 
But from one skeleton and four numbers which determine F(x, y; u, v) five 
other skeletons and sets of numbers, bearing the same intrinsic relation to 
this tensor as the first, can be obtained. The tensor H(x, y; u, v) is given by 
(15.2) independently of any coédrdinate system. F(x, y; u, v) is given by (15.3) 
when referred to the codrdinate system determined by one of its skeletons, 
and E(x, y; u, v), referred to its skeleton, is given by (18.5). 

In special cases the number of skeletons may form an m-parameter family 
with m=1, 2, 3, 4 or 6 for F(x, y; u, v) and m=1, 2 or 3 for E(x, y; u, 2). 
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THE BOUNDARY VALUES OF ANALYTIC FUNCTIONS* 


BY 
JOSEPH L. DOOB 


Let f(z) be a function analytic in the interior of the unit circle |z|<1. 
Then under certain conditions lim,; f(re*t) exists for almost all ¢ in 0<t<2z, 
defining a boundary function F(z) almost everywhere on |z|=1, z=e''. The 
purpose of this paper is to discuss the function F(z).f 


I. THE OSTROWSKI-NEVANLINNA THEOREM 


Let logtx =4(log «+ |log x |). Ostrowski proved that if f(z) is a function 
analyticin |z|<1, and if f-" log* |f(re*) |d¢ is bounded uniformly for 0 <r <1, 
then 

lim f(re*) = F(e**) 


exists for almost all ¢in 0<$¢<2z and J.” log |F(e) |d¢ exists.t 
TuHEorEM 1. Let f(z) be a function analytic in |z|<1, such that 


J "y{log+| frei | Jat 


is bounded uniformly for 0 <r <1, where W(x) is a real monotone non-decreasing 
function of x such that lim zm. Y(x)/x = 0. Then lim, f(re**) exists for almost 
all t, O<t<2n, defining a boundary function F(e'*) such that J.” log |F(e%*) |dt 
exists and such that 


1 Qn ! 
(1) log | f(0)| $5 flog | F(e") | at. § 
2r Jo 
We can assume that f(0) ~0 without loss of generality. Let 


1 Q2r 
Li(f) =— f logt | f(re**) | dt. 
2nr Jo 


* Preliminary report presented to the Society, April 3, 1931; received by the editors June 22? 
1931. 

ft I wish to express my thanks to Professor J. L. Walsh and Dr. W. Seidel with whom I discussed 
the problems considered. 

¢ A. Ostrowski, Acta Litterarum ac Scientiarum Szeged, vol. 1 (1922), pp. 80-83; see also F. 
and R. Nevanlinna, Acta Societatis Scientiarum Fennicae, vol. 50, No. 5 (1922), p. 26, and F. Riesz, 
Acta Litterarum ac Scientiarum Szeged, vol. 1 (1922), pp. 95-96. 

§ If f(0)=0 take log f(0)=— «©. Theorem 1 was proved first with the hypothesis that 

‘a | S(re**) |at, 6>0, was bounded uniformly for O0Sr<1. Professor J. D. Tamarkin suggested this 
proof, which follows a method of V. Smirnoff, Journal of the Leningrad Physico-Mathematical 
Society, vol. 2 (1929), pp. 34-35. The theorem first proved (by a different method) is obtained by 
setting W(x) =e, 
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Since lim... ¥(x)/x =, and since 
Qn 
fi vhost | pret | Jat 
0 


is bounded uniformly for 0<r<1, Z+(f) must also be bounded uniformly for 
0<r<1. Then, using the results of Ostrowski stated above, only the proof of 
the inequality (1) remains to be given. It follows from the Jensen-Nevanlinna 
formula* that 


(2) log| f(0)| S$ L#(f) — L#(1/f). 


To prove the theorem it is therefore sufficient to show that 


1 Q2r 
(A) lim L#(f) = LF) = flog | P(e) | a 
T/0 


r=1 
and that 
(B) lim inf L+(1/f) 2 L+(1/F). 
r=1 


Since logt | f(re*) | >0 and since 
Qn 
- of vttog* | sire) | Jar 
0 


is bounded uniformly for 0<r<1, (A) is a consequence of a theorem of de 
la Vallée Poussin.t Since 


1 
log+ | ———— } 2 0, 
re yar) 


(B) is a consequence of Fatou’s lemma.{ The theorem is thus completely 
proved. 

The following corollary is well known, in a somewhat different form and 
under other hypotheses. § 


Corottary 1. Let f(z) be a function analytic for |z|<1 such that 


Q2r 
f | f(re*) |'dt, 5 > 0, 
0 


* See for instance L. Bieberbach, Lehrbuch der Funktionentheorie, vol. 2, 2d edition, 1931, pp. 
122-23. 

t C. de la Vallée Poussin, these Transactions, vol. 16 (1915), p. 451. 

t P. Fatou, Acta Mathematica, vol. 30 (1906), pp. 375-76. 

§ Ostrowski, loc. cit., p. 86; F. and R. Nevanlinna, loc. cit., pp. 11-12. 
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is bounded uniformly for OSr<1. Let Ei,-- +, E, be mutually exclusive meas- 
urable point sets on |z|=1 such that mE;>0*, j=1,---, n, and such that 
mE,+ --- +mE,=22. Then if{ 


1 1/8 
(3) {— f lF@ || as| } Su G=1,---5 9), 
it follows that 
(4) | (0)| s Tame - 

j=1 


It will be noted that the kth condition of (3) is satisfied if |F(z) | <7; al- 
most everywhere on £;. Corollary 1 is obvious if f(0) =0. If f(0) ~0, the corol- 
lary is deduced from Theorem 1 by means of a well known integral inequality: 
if g(x) is a real not-negative integrable function of x on a measurable set E 
such that fz log g(x)dx exists, then 


1 1 
lo — | ads = — fo x)dx. 
c—. ot” mE Js g g(x)dx.ft 


If we set g(¢) = |F(e**) |* we find that 


1 1 
—— | log|F(z)|| dz| = —— ] log| F(e**) |* 
=i og | F(z) || de| nz, J, 8! (es) [tar 


ile f | F(z) | *| dz|, 
6 mE ; E; 


1 


1 i; = 
log | f(0) | s-f log | F(z) || dz| <— dimE; log nj, 
2r =-1 27 ja1 


which is equivalent to the inequality (4). 


* mE; denotes the Lebesgue measure of Fj. 

t F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 87-95, proved that under the hy- 
potheses stated here 

lim, f(re*) = F(e*t) 
exists for almost all ¢, OS¢<2z, and that 
Sia 1 |F@) P |ds | =litmrp a fjsine |) |* [ds | 

exists. 

¢ This inequality can easily be obtained from a generalized inequality between arithmetic and 
geometric means, for which see G. Pélya and G. Szegé, Aufgaben und Lehrsatze aus der Analysis, 
vol. I, p. 53, Aufgabe 78, 
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Coro.iary 2. If in Corollary 1 the inequalities (3) are replaced by 
(5) | F(z) | Ss Ni» 


for z almost everywhere on E;,j7=1,--- , n, it follows that 


(6) |#@)| = IL a7, 
j=l 
where P (z) is the harmonic function defined by 
Ps) =— f  Uxe Had dt ¥ 
es ile" », 2=re™, 
, edo == « 1 — 2rcos(W —f) +7? 





U,(z) =1 for z in E;, U;(z) =0 on the complementary set. 
The proof of this is simply the application of Corollary 1 to the function 


7 (==), 


a function which is analytic in |w|<1 and has the value f(z) at w=0. This 
result will be the basis for the discussion of §III in which functions of the 
form P;(z) will be considered in some detail. 27P,(z) is the measure of the 
point set into which £; is transformed by the linear transformation 


. w-—s 
yw’ = . 


iw — 1 

Coroiiary 3. Let f(z), F(z) be the same as in Theorem 1 and sut pose in ad- 
dition that f(z) #0, f(z) =az*+ ---,a0,k=0. Then if E, is the set of those 
points on |z|=1 for which |F(z)|<e, mE, has an upper bound approaching 0 
with ¢ and depending only on ¢, |x|, M, where log M=L'(f), OSr<1. 

As noted in the proof of Theorem 1, a constant M such that log M=L+(f), 
0<r<1, actually exists. Let fo(z) =f(z)/z*. It is a simple matter to show that 
there exists a real monotone non-decreasing function Wo(x) such that 

lim. Wo(x)/x = © 
and such that 


J “Yoflog+ | fo(re') |} at 


is bounded uniformly for 0<r<1. It is almost obvious that 


lim sup L+(fo) S log M. 


r=1 


* Z, as is customary, is the conjugate complex number of z. 
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Leaving these facts for the reader to verify, we proceed with the proof. We 
have 


(7) L+(1/F) < lim inf L+(1/fo) < lim inf L+(fo) — log| a| S log (M/| |), 
r=1 r=1 


using the inequalities (B) and (2) obtained in the proof of Theorem 1. By the 
equality (A) above, and since 


| lim fo(re) | = | F(e*)|, 
(8) L+(F) = lim L+(fo) S log M, 
r=1 
so that combining inequalities (7) and (8), 


1 2r 
(9) se J, |o8| Pet || a Jog (4077 | a). 


It is now easy to prove Corollary 3. Apply Theorem 1 to fo(z): 


1 1 
log | a| $f log| F@)|| dz| + flog] ¥@)| | ae| 
2r Ez, 2r CE, 


where CE, is the complementary set of E, on |z|=1. Then using (9), 


1 
log | a| S 5 mE, loge + log (M*/| a|). 
T 


log € 


so that if e<1, log «<0, 


mE, Ss 4r 


Qn 
f | f(re*) |®dt, 6 > 0, 
0 
is bounded uniformly for 0 <r<1, 
2r 
f | f(rei*) |8de s x’, 
0 


inequality (4) leads to 
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II. METRIC DENSITY AND METRIC CLUSTER VALUES 


Let a measurable point set E be given on |z|=1. The set E will be said to 
be metrically dense at a point P (which may or may not belong to £) if every 
neighborhood of P contains a subset of E of positive measure. This concept 
is made more precise as follows. If A is an arc (open or closed) with P as mid- 
point, the inferior and superior limits of m(E-A)/mA as mA approaches 0 
will be called the lower and upper mean metric densities of Z at P respec- 
tively.* If these are equal, their common value will be called the mean metric 
density of E at P. If the mean metric density of E exists and is 1 at a point 
P, the metric density of E exists and is 1 at P and conversely. By a theorem of 
Lebesgue} the metric density of E exists and is 1 almost everywhere in £, 
which implies the same fact for the mean metric density. 

Let E be a measurable point set on the x-axis. Then the lower metric 
density of E on the right at x =» is defined as 

PT tl 
mI =0 mI 


where J is an interval lying on the right of x) and having x» as one end point. 


Lema 2.1. Let E, E’ be measurable point sets on the interval 0<x <1, hav- 
ing lower metric density 6, 5’ respectively on the right at x =0. Let the points of 
E be transformed into those of E’ in a one-to-one way by the transformation 
x’=yW(x), with inverse x=y,(x’), where W(x), W'(x) are continuous and not 
negative in OSx <1 and y(0) =0. Then if p’(0+) >0, 5’ =6. If ¥(x) =x", y>1, 


(- _ “J 
= ?. 
v 
Let ¢(x) =1 if x belongs to the set EZ, and 0 otherwise; then 


= lim inf —f o(x)dx 


y=0 


= lim inf —f $[vi(x) |dx, 


or, since ¥(0) =0, 


= on it =i we ¢[¥i(x) ]dx = lim m inf rer f ocowtwa. 


* The lower and upper mean metric densities as defined here are not the same as the lower and 
upper metric densities, for a discussion of which see Hobson, The Theory of Functions of a Real Vari- 
able, vol. 1, 2d edition, 1921, pp. 178-182. 

+ H. Lebesgue, Annales de |’Ecole Normale, (3), vol. 27 (1910), p. 407. 
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If y’(0+) =a>0, 


se a y 1 y P S 
i = meee ‘soa (ade + J ¢(x) [y’(x) alex. 


The last term has the limit 0 when y approaches 0 since if yo is so small that 
(i) |y’(x) —a| <ea when 0<x <p and that (ii) ay/W(y) <2, 0<y<yo, 


1 y eay 

— ‘ — ajdx| S$ —— S 2, 0O< yS yo. 
mf eow@ alds| <7 Se O< 9S 0 
Then 


a tee d.t. aad. mec eet ™ 
i’ = rag Port | 6(a)ax} ans et ce) f o(a)ax} 5. 
If y(x) =x’, v>1, 


vy v 
8’ = lim inf — f o(x)x"—dx = lim inf — [ ¢(x)a°1dx 
y=0 YW" Jo y=0 WJ ry 
v—1 


vr y 
= lim inf o(x)dx, 
7=0 ¥ Ay 


where 0<A <1. Then 


: 1 1 p> 
6’ => lim inf {-(— f oar) - no-1(— 6(2)dx)} => vd! — py’. 
y=0 y Jo y Jo 


Setting \ = ((v—1)/v)6, we get the desired result. 
Let a measurable function F(z) be defined almost everywhere on |z|=1. 
If the set of those points at which |F(z) —F(z0) | Se, Zo fixed, has metric den- 
sity 1 at 2» for all e>0, F(z) is called approximately continuous at 2) by Den- 
joy. Denjoy proved that F(z) is approximately continuous almost everywhere 
and that a necessary and sufficient condition that F(z) be approximately con- 
tinuous at a point P is that F(z) be continuous at P on a point set containing 
P and having metric density 1 at P.* In order to state in a simple way the 
theorems which are to be proved, the concept of approximate continuity will 
be generalized. If a number a and a point P exist such that the set of those 
points at which |F(z)—a|<e has lower (upper) mean metric density 6, at P, 
where 
lim ¢e* = 0,d > 0, 


«=0 


* A. Denjoy, Bulletin de la Société Mathématique de France, vol. 43 (1915), pp. 165-173. 
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a will be called a metric cluster value of the first (second) kind of F(z) at P. 
The upper limit (which may be + ©) of exponents d for which 
lim ¢@0* = 0 
«=0 
will be called the order of the cluster value. A special case is 6, =>5>0, which 
reduces to approximate continuity at P if 6=1 and if F(P)=a. A related 
special case is that in which F(z) is continuous at P on a set of positive lower 
(upper) mean metric density at P. The condition 
lim ¢0* = 0 
«=0 
restricts the rapidity of approach of 6, to 0 with e. Since F(z) is approximately 
continuous almost everywhere on |z|=1, it has metric cluster values of the 
first kind (and of infinite order) almost everywhere there. 
III. LINEAR TRANSFORMATIONS OF THE UNIT CIRCLE AND FATOU’S THEOREM 
Lema 3.1. Let E be a measurable point set on |\z|=1. Let A be an arc of 
|z|=1 with midpoint P: z=1. Then 
s—f w—r 


10 w= z= 
(10) m—1 rw—1 


transforms |z|<1 into |w|<1 and if E is transformed into E(r), 


mE(r) = 4 arc tan 0(E£, A,r), 


where 
(“) (~ _ wn) 
tan |——)} — tan 
1+r 4 4 
(11) 0(Z£, A,r) = ( ) 


1+ r\? mA mA — m(E-A) 
1+( ) tan (™*) tan ( ) 
1-—r 4 4 
If m(E-A)<mA and if r is determined by 
a-—1 1+r mA mA — m(E-A)\)~— 
(12) r= ,a= = { tan (“) tan ( )} , 
a+1 1-—r + 4 
it follows that 


(13) mE(r) = 4 arc tan ju (1 - uy". 
mA 2 mA 








1-—r 








For 


1—r? 


dw anol 
mew) = f ||| as = fale f lal. 
E\ dz g\|rz—1|? ga |rz—1|? 





1932] BOUNDARY VALUES OF ANALYTIC FUNCTIONS 161 


Now on |z|=1, |rz—1|=|r—1/z| has its minimum at z=1 and increases 
monotonely as z goes from 1 to —1 on either of the semi-circles in the upper 
and lower half-planes. Then if z=e on |z|=1, a=3[mA—m(E-A)}, 
b=imA, 

1— yr 
(14) mE(r) = 2 ie ; | i = 4arc tan 6(E, A, r) 
which is (11). If m(E-A)<mA and if r is determined by (12), 


(= C — a 
tan | —— ]} — tan 
+ + 


2] tan (~) tan (“= - ey 


To deduce (13) from this we note that if x, x, are real and positive, x; <2 
</2 implies that 








mE(r) = 4 arc tan 





tan x; x1 
ees GE oom « 


tan Xo ‘i Xe 


Coroiary. If the set E has lower (upper) mean metric density 5; (64) at P, 
lim inf mE(r) = 4 arc tan [36,(1 — 6;,)-"/2] if 6: < 1, 


r=1 


lim mE(r) = 2x if 6 = 1, 


r=1 


lim sup mE(r) = 4 arc tan [36,(1 — 6,)-"/?] if 6. < 1, 


r=1 


lim sup mE(r) = 2x if 5, = 1. 
r=1 


This is an immediate consequence of (13), since, in (12), if mA—0,r—1. 
As a first application we sketch a proof of Fatou’s theorem that if U(e**) 
is a bounded measurable function of ¢, 0<i<2z, 


2x 1 — r- 
u(z) = f U(e**) dt, z = re'¥, 
0 1— 2rcos(¥—#) +7? 





is a harmonic function in |z|<1 and lim,. u(re‘*) =U(e#*) for almost all ¢, 
O<t<2r.* 

The fact that u(z) is harmonic in |z | <1 is well known. The proof that the 
boundary function is actually U(e**) will be sketched in two steps. 


* P. Fatou, Acta Mathematica, vol. 30 (1906), pp. 345-349. The restriction that U(e*) be 
bounded is not necessary: it is sufficient that U(e**) be Lebesgue-integrable. 
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(i) Let U(e#*) =1 on a measurable set E on |z|=1 and 0 elsewhere. Then 
in the notation of Lemma 3.1, u(r) =mE(r)/(27). It is at once evident from 
the corollary to the lemma that lim,.; u(re‘t) = 1 =U/(e‘‘) almost everywhere 
in E (wherever the metric density of E is 1). Substituting its complementary 
set for E and 1—U(e‘‘) for U(e**') it is seen that lim,_; u(re**) =0 = U(e**) al- 
most everywhere in the complement of E. 

(ii) Let U(e**) be a measurable function taking on only a finite number of 
values. Then it is a finite sum of functions considered in (i) and so the theorem 
is also true in this case. The transition to any bounded measurable function 
can be carried out without difficulty. 

It can be deduced almost at once from this that if f(z) is a bounded ana- 
lytic function in |z| <1, lim,.: f(re‘*) exists for almost all ¢, 0<t<2z. 


IV. METRIC CLUSTER VALUES OF BOUNDED ANALYTIC FUNCTIONS IN THE UNIT 
CIRCLE AND NON-TANGENTIAL APPROACH TO THE PERIMETER 


THEOREM 2. Let f(z) be a bounded analytic function in |z|<1, with the 
boundary function F(z), |f(z)|<1. Let E be a measurable point set on |z|=1 
having lower (upper) mean metric density 6, (6.4) at a point P: e*”, Then if 
|F(z)|<n<1 om E, 


lim sup | f(reé*) | Ss 7°, 
r=1 


lim inf | f(re*) | < 7%, 
r=1 


2 6 
o(6) = — arc tan E (1 —- ay], 
T 2 


if 6<1, o(1) =1. 


We can suppose that 4) =0. Let E become E(r) under the transformation 
w=(z-—r)/(rz—1). Then as in Theorem 1, Corollary 2, we apply Theorem 1 
to the function f((z—r)/(rz—1)), getting 


| f(r) | < ME /(2x) 4 1— mE) (2x) = mE) / 2) , 


The theorem is now an immediate consequence of the corollary to Lemma 3.1. 

We now define different types of cluster values of f(z) at its boundary 
points. The point z will be said to approach a point P on |z|=1 on a non- 
tangential path if z remains within some angle whose vertex is at P and whose 
sides are chords of |z|=1. Since we are only considering bounded functions, 
a sufficient condition that f(z) have the limit a when z approaches P on any 
non-tangential path is that f(z) have the limit a at P when z approaches P on 
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a single such path which is a simple Jordan arc.* f(z) will be said to have the 
cluster value a when z approaches a point P of |z|=1 on some given path if 
there is a sequence of points 2, z2, - - -, on the path such that lim,.. f(z) =a, 
z,—P. We shall need a slight extension of the idea of metric cluster value as 
defined above. Let f(z) have the cluster value a on a straight line L to P on 
|z | =1. Then if the set of points on L at which | f(z) —a| <e has lower (upper) 
metric density 5, at P on the side of L within |z|<1, such that 


lim e%)? = 0, d > 0, 

«=0 
a will be called a metric cluster value of the first (second) kind of f(z) on L at 
P.. The order is defined as before. If F(z) is a measurable function defined al- 
most everywhere on |z|=1, its metric cluster values on one side of a point 
on |z |=1 are defined in an obvious way. It is evident, however, from the 
symmetry of the definition of mean metric density, that a metric cluster val- 
ue of F(z) on one side of a point on |z|=1 is also a metric cluster value of 
F(z) at the point as originally defined, and that the kind and order are un- 
changed. 


THEOREM 3. Let f(z) be a bounded analytic function in |z|<1 with the 
boundary function F(z). Let P be a point of |\z|=1. 

(i) The metric cluster values of the first and second kinds of F(z) at P of order 
greater than 1 are contained in the set of cluster values of f(z) on any single 
straight line to P. 

(ii) If the set of metric cluster values of the first and second kinds of F(z) at 
P of order greater than 1 contains one of the first kind, a, f(z) has the unique limit 
a as 2 approaches P on non-tangential paths: F(P) =a, and all the metric cluster 
values of the first two kinds of F(z) at P of order greater than 1 have the common 
value a. 


This generalizes a theorem proved by Pringsheim, Lindeléf and others 
which says that F(z) cannot have a discontinuity of the first kind (a jump). 
For if F(z) has the limit a on one side of P, 8 on the other, a, 8 are limits on 
sets of mean metric density }. They are then both metric cluster values of the 
first kind (of infinite order), so, by (ii), a= 8. It is to be noted that the the- 
orem does not state a necessary condition on F(z) in order that f(z) have the 
unique limit a when z approaches P on non-tangential paths. In the latter 


* E. Lindeléf, Acta Societatis Scientiarum Fennicae, vol. 46, No. 4 (1915), p. 10. The theorem 
used, which will be generalized below, can be stated as follows. Let f(z) be analytic and bounded in the 
region 0<r<ro, ro>0, |6|<¢0, do>0, where z=re'*. Then if limsoo f(s) =a when z approaches z=0 
on a simple Jordan arc lying in 0<r<ro, |¢|S¢1 <¢o, lim..o f(z)=a uniformly in any region 
O<r<ro, |\o|S¢2<¢o. 
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event, however, by (i), F(z) can have no metric cluster values of the first two 
kinds of order greater than 1 other than a. 

The proof is a simple application of Theorem 2. Let F(z) have a as a 
metric cluster value of the second kind of order greater than 1 at P. We can 
suppose that P is the point z=1, that a=0, and that |F(z) | <1. Then if the 
set of those points on |z|=1 at which |F(z) | <e has upper mean metric den- 
sity 6, 

lim inf | f(r)| < ee. 
r=1 
Since 
lim e*« = 0, 
€=0 
by the definition of a metric cluster value of the second kind of order greater 


than 1, and since 
arc tan x 
im ———— = 
z=0 x 


for real x, we have 


lim inf | f(r)| = 0, 
r=1 


on letting € approach 0. The value a=0 must then be a cluster value of f(z) 
on the radius to P. It will be shown in §V that a is a cluster value of f(z) when 
z approaches P on any chord of |z|=1. If a=0 is a metric cluster value of the 
first kind of F(z) at P: z=1 of order greater than 1, it is shown similarly that 


lim sup | f(r) | = lim f(r) = 0. 
r=1 r=1 


These two facts together with the theorem of Lindeléf quoted above in the 
note are sufficient to prove Theorem 3. 
The following theorem generalizes the theorem of Lindeléf just used. 


TueEorem 4. Let f(z) be a bounded analytic function in |z|<1, and let P be 
a point of |z|=1. Then if f(z) has the metric cluster value a of the first kind of 
order greater than 2 on a single straight line to P, lim,.p f(z) =a when z ap- 
proaches P on any non-tangential path: F(P) =a. 


It is thus seen that for f(z) to have a unique limit on a line to P is the same 
as for it to have merely a metric cluster value of the first kind of order greater 
than 2 on the line at P. It will be seen from the discussion to be given that 
more general curves than straight lines could be used in the hypothesis, de- 
fining metric cluster values on these curves suitably. Theorem 4 evidently 
generalizes the theorem of Lindeléf given in the footnote on page 163, and 
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can be stated in a similar way, for functions defined in a sector instead of in a 
circle. 

The proof is an application of Theorem 3. Let f(z) have the metric cluster 
value a@ of the first kind of order greater than 2 on the line L to P. There is 
another chord L’ of |z|=1 meeting L at P and forming with L an angle of 
size tr = 2/[2(1+€0)] where €)>0 is arbitrarily small. We consider f(z) defined 
in the sector S determined by L, L’ and an arc of the circle of radius 1, center 
at P:2z9. The sector S can be transformed into a circle in the following way. 
First transform it into a semicircle by 2’ = (z—29)?“¢+. The semicircle is then 
inverted on an end point of its bounding diameter, and thus transformed into 
a quadrant of the plane. The quadrant is transformed into a half-plane by a 
transformation of the form z’ =(z—2,)? and the half-plane into a circle by a 
linear transformation. The product of all these transformations, w=¢(z), is 
a function analytic in S in a neighborhood of P. The function ¢(z) is com- 
pounded of functions with non-vanishing derivatives at P and one of the form 
z’ =(z—z»)2+), Then if E is a point set on L in |z|<1 which is transformed 
into E’ on |w|=1 by w=¢@(z), if E has lower metric density 5 on L at P on 
the side in |z| <1, and if Z’ has lower metric density 5’ on |w|=1 at P’:¢(P) 
on the corresponding side, 6’ =>cé?“+), where 

1 a 2€ 1+2€9 
_ (; + a 

by Lemma 2.1. Let z=¢,(w) be the branch of the inverse of #(z) analytic in 
|w | <1 and taking it into the interior of S. Then if f(z) has a as a metric clus- 
ter value of the first kind on LZ at P of order greater than 2, the function 
f[¢:(w) ], bounded and analytic in |w | <1, has a boundary function on |w|=1 
which has a@ as a metric cluster value of the first kind at P’. Since €) can be 
made small at pleasure it is clear that the order of the cluster value at P’ is 
greater than 1. Then f[¢,(w) ] has the limit a, by Theorem 4, (ii), on all non- 
tangential paths to P’ so that f(z) has the same limit on certain paths to P 
in the sector S. By the theorem of Lindeléf (see footnote on page 163), f(z) 
then has the limit a@ on all non-tangential paths to P. 

It is seen from the above proof that the order of the cluster value on L, 
instead of being taken greater than 2 could have been made dependent on 
the angle 0 between L and the radius to P. If @ is nearly 1/2 the order can be 
taken near 1. 

If Theorems 3 and 4 are stated for functions analytic in a sector of a cir- 
cle, approach to the vertex P being considered, the only essential difference 
in statement is the difference in the orders of the metric cluster values con- 
sidered. 

















166 J. L. DOOB [January 


V. METRIC CLUSTER VALUES OF BOUNDED ANALYTIC FUNCTIONS IN THE UNIT 
CIRCLE AND TANGENTIAL APPROACH TO THE PERIMETER 


The discussion given in §IV has been restricted to approach to points of 
|z|=1 on non-tangential paths and even approach on non-tangential paths 
other than radii has not been treated directly. The methods used will now be 
applied directly to non-tangential (other than radial) approach and also to 
tangential approach to |z|=1. Part of Theorem 3 remains to be proved, in 
this connection. Let f(z) be a bounded analytic function in |z|<1 with the 
boundary function F(z). Let F(z) have a as a metric cluster value of the sec- 
ond kind of order greater than 1 at P on |z|=1. It was proved that a is then 
a cluster value at P of f(z) on the radius to P and there remains the proof that 
a is a cluster value of f(z) at P on every other straight line to P. Let the point 
¢ trace such a straight line ZL. Let E, be the set of those points on |z|=1 
at which |F(z)—a|<e and let E, have upper mean metric density 6, at P. 
We can suppose that P is the point z=1, that a=0, and that | f(z) | <1. Then 
let Z, be transformed into £,(¢) by the transformation 
Aaa | 
oe = = ; 

tz —1 


Applying Theorem 1, Corollary 1, to f((s—t)/Gs—1)), 
| 1) | => €(1/(2%)) mE, ($) 
If we can show that 


lim sup mE.({) = o1(6.) where lim o(5)/6 = x > 0, 
f=1 =0 


we will have 


lim inf | f(g) | S €(1/(2#))01 (5, | 
f=1 
This, on letting € approach 0, becomes 
lim inf | f(¢)| = 0, since lim e = 0, 
f=1 €=0 


by the definition of metric cluster values of the second kind of order greater 
than 1. It will be shown, then, that if ¢ is on L, 


lim sup mE.(¢) = o1(6.) where lim o1(5)/6 = x > 0. 
t=1 =0 


Let the radius through ¢ meet |z!=1 in Q:e‘t and let A be the arc of |z|=1 
of length 4¢ with midpoint Q. Then by Lemma 3.1, 
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mE(¢) = 4 arc tan 6(E,, A,| c| ) 


(15) 2 4arc tan Cs) 7 Are 
-o | ¢| + mA 


1 l\2 A E.- A)\}? 
[r+ (tea mea 
1—|¢| 4 mA 
using the same argument as on page 161. Now since ¢= |¢|e# is on L, 


l¢|/(1— |¢|) has a limit b. Since L is not the radius to P: z=1, b>0. Because 
of the choice of A, 


’ m(E, - A) 1 
lim sup ———— b&. 


mA=0 mA 2 


Then letting mA approach 0 in (15), 


65. be 
lim sup mE,(¢) = 4 arc tan { \ = 4arc tan ( ), 
r= 1 + 4621 — 36.) 1 + 482 


We take 





bé. 
o1(6.) = 4 arc tan ( ), 


1 + 4b? 


This satisfies the requirements since 


ee * 
The desired result is thus proved, and from the proof as here given it is clear 
that the result could be stated in a stronger way. 

We now take up tangential approach to |z|=1. Let f(z) be a bounded 
analytic function in |z|<1 with boundary function F(z). If f(z) has the u- 
nique limit a as z approaches a point P on |z|=1 on every curve tangent to 
lz | =1 at P, F(z) must be continuous at P (excluding from consideration 
the set of points of measure zeroon |z|=1 at which F(z) is not defined). For 
it follows readily from a theorem of Lindeléf* that f(z) then also has the limit 
a on every path to P. Conversely if F(z) is continuous at P with value a, 
possibly excluding from consideration a set of points on |z|=1 of zero mea- 
sure, lim, .p f(z) =a no matter how z approaches P from within |z|=1 by the 
same theorem of Lindeléf. The theorems which follow show the connection 
between cluster values of f(z) at P on curves tangent to |z|=1at P and the 


* E. Lindeléf, Acta Societatis Scientiarum Fennicae, vol. 46, No. 4 (1915), p. 13. Theorem 3, 
(ii), is a generalization of this theorem. 
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metric cluster values of F(z) at P. The conditions on F(z) need only be con- 
ditions on one side of P since tangential approach to P concerns only one side 
of the radius to P. Thus if F(z) is continuous on one side of P (excluding 
possibly from consideration a set of points on |z|=1 of measure zero), with 
limit value a, lim,.p f(z) =a when z approaches P on non-tangential paths, by 
Theorem 3, (ii). Using conformal mapping, it follows from the remarks just 
made concerning the conduct of a bounded analytic function in the neighbor- 
hood of a point of continuity of its boundary function, that lim,.p f(z) =a 
for any manner of approach to P as long as z remains in the semicircle con- 
cerned: the one determined by the diameter through P and on the side of 
the arc on which F(z) has the limiting value a at P. The conditions to be set 
are then conditions on F(z) at one side of P and should imply less than con- 
tinuity. 


TueEoreM 5. Let f(z) be a bounded analytic function in |z|<1, |f(z)| <1, 
with the boundary function F(z). Let E be a point set on |z|=1 in the upper half- 
plane. If A is an arc of |\z|=1 in the upper half-plane with one end point at P: 
2=1, let 


, m(E, - A) 
(i) “ii mA 
, a mAe ~® 


be finite, where g>0. Then if |F(z)|<n<1 on E and if the sequence {P,: 
rn,e'™}, O<t,<7, lim... P,.=P, approach P in such a way that 


1— rr, t,o! 
(ii) lim sup — = pi, (iii) lim sup : = po, 


n=o n n=o ny 
where pi, pz are finite, it follows that 


lim sup | f(P.) | <n (2! are tan (p,+2%pp_)—1 
n=o 


The condition (i) prescribes that E has metric density 1 (on one side) at 
P and also limits the slowness with which m(E-A)/mA can approach 1. The 
condition (ii) restricts P to lie outside an angle one of whose sides is the radius 
to P and the other some chord through P in the upper half-plane. The condi- 
tion (iii) allows the path of approach to be a tangent path but not of too high 
an order. Let A, be the arc on |z|=1 determined by z=e'', 0<#<2t,. Then 
using the same argument as that used several times already, 


| f(P,) | < (2/ are tand(E An tn) 
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and 
m(E-A,) 
(1 + 9,.)-—————— 


O(E, Mos Tn) = ’ 


_ m(E-A,) 
: mans + Dat2 (= \( 6,e*% I mA » | 
tan (¢,/2) tn 1 — ry, (mA ») 4 


lim inf 0(E, An, rx) 2 (o1 + 2%p,.)* 








so that 


which proves the theorem. 


THeEorEM 6. Let f(z) be a bounded analytic function in |z|<1, with the 
boundary function F(z). Let E, be the set of those points on |z|=1 in the upper 
half-plane for which |F(z)—a|<e, for some fixed a, ¢>0. Let A be an arc of 
|2|=1 in the upper half-plane with one end point P: z=1, and let 


; m(E, - A) 
? mA 
(i) lim sup [at | Sp, g>Q0, 


mA=0 mA 4% 


for some p independent of «>0. Then if the sequence {P,: rne*™} approaches 
P:2=1 so that 
, ‘ qt+l 
(ii) lim sup = pe 
n=0 — Tn 


is finite, it follows that limn-.«. f(Pn) =a. 


A simple sufficient condition implying the hypotheses of the theorem is 
that F(z) be continuous with limit value a on a point set Z in the upper half- 


plane such that 
‘ m(E-A) 
. | mA 
lim sup] —————_- 
mA =0 (mA)? 


is finite. We can assume that a=0 and that | f(z) | <1. Suppose that the se- 
quence {P,} contained a subsequence {P.,} such that 


lim f(Pa,) = B = a = 0. 


Since a =0 is a metric cluster value of the first kind of F(z) at P of infinite or- 
der, lim._: f(z) =0 if z approaches P keeping within some angle whose sides 
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are chords of |z|=1 meeting at P. Then for large , P.,, must be outside any 
given such angle. Thus the condition (ii) of Theorem 5 is satisfied for the se- 
quence {P.,,} with p:=0, so that 


lim sup | f(Pa,) | S ¢(2/w)are tan(2%pp_)-1 
n=o 


for all e>0. Letting ¢ approach 0, 
lim sup | f(Pa,)| = 0 


which contradicts the hypothesis made that 
lim f(P.,.) = 6 ¥ 0. 


The theorem is then proved. It could evidently be generalized somewhat by 
having the constants concerned depend upon e. An application with g=1 is 
given by letting z approach P on a circle tangent to |z|=1 at P. The hy- 
pothesis that P was the point z=1 was of course not essential, but made the 
statement of the theorem somewhat simpler. 
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THEORY OF CYCLIC ALGEBRAS OVER AN ALGEBRAIC 
NUMBER FIELD* 


BY 
HELMUT HASSE 


I present this paper for publication to an American journal and in English 
for the following reason: 

The theory of linear algebras has been greatly extended through the work 
of American mathematicians. Of late, German mathematicians have become 
active in this theory. In particular, they have succeeded in obtaining some 
apparently remarkable results by using the theory of algebraic numbers, 
ideals, and abstract algebra, highly developed in Germany in recent decades. 
These results do not seem to be as well known in America as they should be 
on account of their importance. This fact is due, perhaps, to the language 
difference or to the unavailability of the widely scattered sources. 

This paper develops a new application of the above mentioned theories 
to the theory of linear algebras. Of particular importance is the fact that 
purely algebraic results are obtained from deep-lying arithmetical theorems. 


In the middle part, an account is given of the fundamental algebraic basis 
for these arithmetical methods. This account is more extended than is neces- 
sary for this paper, and should obviate an extended study of several German 
papers. 

I am very grateful to Professor H. T. Engstrom (New Haven) for going 
through the manuscript and proof with me and anglicising my many literal 
translations from the German. 


I. STATEMENT OF THEOREMS TO BE PROVED{ 


1. Cyclic algebras. In I, the reference field is assumed to be an algebraic 
number field © of finite degree.f 
A cyclic algebra of degree n over Q is defined as an algebra A of the follow- 


ing type: 


* Presented to the Society, September 9, 1931; received by the editors May 29, 1931. 

t This section has also appeared recently in German in the Nachrichten von der Gesellschaft der 
Wissenschaften zu Gottingen, 1931. 

t In the following, such notations as are only made complete by naming a definite reference 
field, may be implicitly understood to be with respect to © unless another reference field is explicitly 
named. 
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Let Z be a cyclic corps* of degree m over 2, and A an algebra with the Z- 

basist 1, w, - - - , w"~! and with the relations 

(1.1) su = uzS, for every z in Z, 


where S denotes a generating element of the Galois group of Z and 2° de- 
notes the result of applying the automorphism S to z, and 


(1.2) u"=axX~Oin Q. 


A is an algebra of order n? with the basis w‘z,(i=0,---,n—1;k=1,---, 
n), where the z, form a basis of Z. I shall call the generation of A in (1.1), 
(1.2) a cyclic generation, and denote it by 


A = (a,Z,S). 


First, the following facts will be proved: 

(1.3) A is a normal simple algebra. 

(1.4) Z is a maximal sub-corps of A, i.e., the elements of Z are the only ele- 
ments of A commutative with every element of Z. 

Cyclic algebras were, on a large scale, first studied by Dicksonf (2, 3 
Kap. III, 4). Dickson (1 App. I§, 3 §42), in particular, stated the following 
criterion: 

(1.5) A sufficient condition that A be a division algebra is that a” is the least 
power of a which is the norm of an element of Z. 

For n=2, as Dickson (3 §$§31, 32) proved, every normal division algebra 
is cyclic; the same holds, as Wedderburn (2) showed, for  =3.|| 

2. Semi-invariants. While A is completely fixed by the number a, the 
corps Z, and its automorphism S, conversely, a, Z, S are by no means 
uniquely determined by A. Hence the following questions arise: 

(i) to characterise A by means of invariant quantities, and 

(ii) to determine ali cyclic generations of A. In the following, I shall give 
a complete solution of these problems. I shall develop, in other words, a 
theory of invariants of cyclic algebras. 

* In the following, I distinguish fields (Greek letters) whose elements play the rdéle of coefficients, 
and corps (Latin letters) which are to be regarded as commutative division algebras over fields. 

t As a V-basis of W I denote generally a maximal set of elements of W which are linearly inde- 
pendent with respect to right-hand multiplication with elements of the division algebra V. Further I 
denote as V-order the number of elements of a V-basis, and as V-codrdinates the right-hand coefficients 
of V in a representation by a V-basis. Basis, order, codrdinates without a prefixed letter refer to Q 

see 181). 
, t - — in parentheses following proper names refer to the bibliography at the end of this 
aper. 
7 a See also the paper by Wedderburn there quoted, in which for the first time the following criter- 


ion was completely established. 
|| See also Dickson (1 App. II). 
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Invariants of a cyclic algebra A =(a, Z, S) must be invariant, in par- 
ticular, when Z is fixed. If something is invariant when Z is fixed, I call it 
semi-invariant. When emphasising the difference between such semi-in- 
variants and invariants in the usual sense I call the latter also ¢otal-invariants. 

As to semi-invariance, question (ii), and with it implicitly also question 
(i), will be answered by the following theorem: 


(2.1) For the identity* 
(2.1 1) (a, Z, S) = (@, Z, S), where S = S* with (u, n) = 1, 
it is necessary and sufficient, that the numbers a and & be connected by a substi- 
tution 
(2.1 2) & = a*N(c), 


with c#0 in Z. 
This substitution reverts to the connection 


(2.1 3) i = wc 


between the elements u and a in the two cyclic generations (2.1 1). 

Here N(c) denotes the norm from Z. 

3. The norm residue symbol. As to total-invariants, I have been led to 
consider the norm residue symbols 


(=) = ((a,2Z)/»)t 


for the prime spots (Primstellen) p of Q, in particular by considering simul- 
taneously Dickson’s criterion (1.5) for division algebras, the just stated ele- 
mentary criterion for semi-invariance, and my former results on equivalence 
of general quadratic forms,§ which, in the case of quaternary forms with 
quadratic discriminant, are only formally different from the theory of cyclic 
algebras of degree n=2. 

The norm residue symbol ((a, Z)/p) is a function of a whose values are 
elements of the Galois group of Z, i.e., powers of S. That function is essen- 
tially characterised by the following two properties: 


* It is unnecessary to distinguish between isomorphism (equivalence) and identity unless sub- 
algebras of the same algebra are considered. 

t In the following, the general norm residue theory, recently developed by the author, is of the 
greatest importance. See therefore the papers Hasse (11, 12, 13 II). 

t This alternative form has been introduced by the editors to simplify typography. 

§ Hasse (1-4). 
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(3.1) ((a, Z)/p) =1 holds, if and only if a is congruent to the norm N(z,) 
of an element z, of Z for each power p’ as modulus, or, what is equivalent,* if a 
is the norm N (2p) of an element % of the p-adic extension corps Z® of Z. 


0 (2) (22) (2) 


By (3.1) and (3.2), the symbol ((a, Z)/p) is indeed fixed except an arbitrary 
exponent prime to 2 and independent of a which may be attached.f It is a 
pity that one is not able to-day to fix that exponent in a quite natural manner, 
i.e., without having to consider also the congruence behavior of a for prime 
spots different from p and with it, in principle, the law of reciprocity. There- 
fore, in order to obtain the complete definition of the symbol, one has to take 
the following round-about way: 

Let f be the conductor (Fiihrer) of Z,{ f, the exact power of p contained 
in f, and a a number in 2 with the following properties: 


(3.3) a = amod fy, 


(3.4) weed 


p 
(3.5) ag = pq, q prime ideal ¥ p of 2. 


The existence of such a number ap is guaranteed by the generalised 
theorem of the arithemetical progression.§ Further, let (Z/q) be that uniquely 
determined automorphism of Z which satisfies the relation 


(3.6) zZ/a) = gN(@) mod q, for every integer z in Z, 


where NV(_) denotes the norm with respect to the rational corps. 
Then the definition of the symbol is as follows: 


0 )-() 


The symbol so defined is independent of the choice of the auxiliary num- 
ber a» according to (3.3)—(3.5), and it satisfies the relations (3.1) and (3.2). 
Of course, these statements require particular proofs. These proofs are rather 


* Hasse (12 p. 150). 

t This follows immediately from the fact that Z is cyclic. 

t I.e., the conductor of the ideal class group to which Z belongs as class corps (Klassenkérper) 
See Hasse (7, 9). 

§ Hasse (7 Satz 13). Incidentally (3.5) may also be omitted; see Hasse (11, 13 §6). I adjoined it 
here only in order to get a formal simplification in the later proof of Theorem 1, (i). 
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intricate, in particular as to (3.1). They depend on the general law of reci- 
procity of Artin (1). 

The general law of reciprocity itself may be expressed by means of the 
norm residue symbol in the very simple and pregnant form 


a,Z 
(3.8) II (*=) = E, 
v p 


where p runs through all prime spots of 2, and E denotes the unit automor- 
phism of Z. More explicitly, (3.8) means that the symbol ((a, Z)/p) is dif- 
ferent from £ only for a finite number of prime spots p, and between the 
symbol values for these p, the dependence expressed in the product relation 
(3.8) holds. 

The prime spots p for which the symbol ((a@, Z)/p) is, at most, different 
from E, may be found from the fact 


(3.9) ((a, Z)/p) =E, if p is not contained in f and not in a. 


This fact is a special case of the following: 


oe (7. 


if p is not contained in f and is contained in a with exactly the exponent u. 
Finally, I shall quote the following theorem, which is of fundamental im- 
portance for the purpose I have to deal with in this paper: 
(3.11) ais a norm of an element of Z, if and only if 


(=)=2 


for all prime spots » of Q.* 

4. Total-invariants. The norm residue symbols ((a, Z)/p) are by no 
means total-invariants of A =(a, Z, S). They are, indeed, not even semi- 
invariants; for, with the substitution (2.1 2), according to (3.1), (3.2), 


wo OD) =(204)- CCH) 
holds. 


* See Hasse (13 §8, 15). In (13 §8) I was able to prove this theorem only for a prime degree n. 
Inspired by the important applications in the theory of cyclic algebras developed in this paper, I 
succeeded recently, in (15), in proving (3.11) for general degree nm. It may be explicitly noticed, that 
(3.11), in distinction to (3.1)—(3.10), does not hold for every general abelian corps Z, but does hold in 
the cyclic case. 
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It is, however, easy to form total-invariants, namely by inweaving the 
automorphism S, coupled with a in the cyclic generation according to (1.1), 
(1.2). As a matter of fact, ((a, Z)/p) may be represented as a power of the 
generating automorphism S: 


a,Z 
(4.2) (==) = S’?. 
D 


Now, the exponents v,, uniquely determined mod 1, claim the interest. 
For dealing with them, I write likewise as a substitute for (4.2), by prelimi- 
narily introducing a new set of symbols, 


a,Z,S 
(4.3) | ]= (ez. S/pF=» died ob. 


Then, the following holds: 
(4.4) The symbols [(a, Z, S)/p] are semi-invariant, i.e., from 


(a, Z,S) = (a, Z, S) 
follows 


a,Z,S a,Z, 5 
[ae]-P2) i 


v y 


for each prime spot » of Q. 
For, by the substitution (2.1 2) connected with the identity (2.1 1), the 
relation (4.2) changes, according to (4.1), into 


a,Z a,Z\" = 
(==) = (*=) = Sp = S’». 
p p 


In the following I shall indeed prove 


Tueoreo A. (i) The symbols [(a, Z, S)/p] are total-invariant. 
(ii) The symbols [(a, Z, S)/p], together with the degree n, are a complete set 
of total-invariants, 7.e., 


(a, Z, S) ™ (a, z, 5) 


[* z, 4 7 [* Z, 4 
p J oL » 
for each prime spot » of Q. 


* This alternative form has been introduced by the editors to simplify typography. 


holds, if and only if 
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This theorem gives the solution of the above question (i), to characterise 
cyclic algebras in a total-invariant manner. As a complete set of total-in- 
variants a set of residue classes vp (mod m), presents itself, uniquely corres- 
ponding to the prime spots p of Q, and different from 0 only for a finite num- 
ber of p.* 

I shall further give the solution of the above question (ii), to determine all 
cyclic generations of a given cyclic algebra, by the following theorem: 


THEOREM B. For a cyclic algebra A of degree n with the invariants vp, a 
cyclic corps Z of degree n leads to a cyclic generation, if and only if, for each 
prime spot » of Q, the p-degree ny of Z is a multiple of the integer 


n 


(%, n) 


Here I denote as the p-degree of Z the order of the decomposition group 
(Zerlegungsgruppe?) of the prime divisors of p in Z, i.e., also the product 
of the degree and order of the $, or hence, still more simply expressed, the 
degree of the corresponding $’-adic corps Zg. 

As to all of the cyclic generations arising then from Z, full knowledge is 
already given by (2.1). 

In particular, it may be noticed, that for only a finite number of p’s the 
integer m, is different from 1. Hence, for only a finite number of p’s there are 
really restrictive conditions in Theorem B. 

5. Similar algebras. Theorems A and B are contained in more general 
facts arising from considering also the degree as variable. 

As a normal simple algebra every cyclic algebra A, according to the 
second structure theorem of Wedderburn (1),f may be represented as a 
direct product A =D XM of a normal division algebra D and a total matrix 
algebra M. Moreover D and M are uniquely determined apart from an in- 
terior automorphism of A (transformation with a regular element of A).§ I 
shall call two normal simple algebras A and A similar, A~A, if the division 
algebras D and D contained within them are isomorphic (equivalent). If A 


* Recording, however, explicitly this finite number of ))’s according to (3.9), and restricting one’s 
self in the theorems to stating the conditions for the corresponding vp, would yield rather disagreeable 
complications. Albert (1) does this. He states there a result equivalent to my Theorem A dealing with 
the special case of rational generalised quaternion algebras. 

t See Hasse (7. Erl. 30, 9 §8). 

t See also Dickson (1 §51, 3 §78), Artin (2). 

§ See Wedderburn (1), Artin (2). 
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and A are of the same degree,* this obviously leads back to the isomorphism. 
In particular, I denote by A~1 that A is a total matrix algebra, A = M. 

If A is similar to a cyclic algebra (a, Z, S), I call A cyclically representable, 
(a, Z, S) a cyclic representation of A, and Z a cyclic representation corps for A. 

To any class of normal simple algebras similar to each other, there are 
two corresponding integers, namely the index m, and the exponent l. The index 
m is defined as the degree of the division algebra similar to A. The exponent / 
is defined as the least integer for which A'~1 (the power to be understood in 
the sense of direct product). 

6. Enunciation of the theorems. The invariants 


a,Z,S 
| ; Ja» (mod m) 


of a cyclic algebra A = (a, Z, S) of degree carry with them, as residue classes 
mod n, a reference to the degree » of A. Formally it is possible to get rid of 
that degree by introducing the corresponding quotients »)/n. In accordance 
with this it is suitable, instead of the symbol set preliminarily introduced in 
(4.3), to define rather, definitively, a new set of symbols by 


a, 2,5 Vp a,Z 
(6.1) ( ) = ((a, Z, S)/p) = — (mod 1), if (=) = Sr. 
Dd n Dd 


The integers m,, appearing above in Theorem B, are then precisely the 
denominators in the reduced expression of those fractions: 


Vp Mp 


(6.2) 


(mod 1), (up, My) =1. 
My 
For these integers m, the following holds obviously, according to (4.2), 
(6.2): 
(6.3) mp is the order of the norm residue symbol ((a, Z, S)/p). 
Now the following theorems may be stated, which include especially the 
above Theorems A and B: 


THEOREM 1. (i) The symbols ((a, Z, S)/») are total-invariant in the sense of 
similarity. 


* I suggest the use of degree instead of the American rank. For in Germany Rang is usual as a 
synonym for the American order, as seems quite natural considering the meaning of Rang (number of 
linear independent solutions) in the classical linear algebra. There is practically no objection to degree, 
for it is still neutral in both countries. Moreover the thing dealt with is really a “degree” (see the sub- 
sequent result (11.3)). 

¢ The existence of such an/ was first proved by Brauer (2,3). See also the subsequent proof in §12. 
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(ii) The symbols ((a, Z, S)/p) are a complete set of total-invariants in the 
sense of similarity, 1.e., 


(a, Z, S) ~ (a, Z, S) 


CECE) ma 


This theorem gives the solution of the problem to characterise cyclically 
representable algebras in a total-invariant manner. As a complete set of 
total-invariants a set of residue classes u)/m, (mod 1) presents itself, uniquely 
corresponding to the prime spots p of Q, and different from 0 only for a finite 
number of p’s. 

For placing in evidence the independence of the total-invariant ((a, Z, 
S)/») from the casual cyclic representation (a, Z, S) I use the symbol 


(6.4) (<) = (* - °) (mod 1). 


In particular, I call the reduced denominators my, of the total-invariants the 
p-indices of A. 

The following Theorems show then how the theory of cyclically repre- 
sentable algebras may be expressed in terms of the indicated invariants. 


holds, if and only if 


for each prime spot » of Q. 


THEOREM 2. For a cyclically representable algebra A, a cyclic corps Z leads 
to a cyclic representation, if and only if for each prime spot p of Q the p-degree 
My of Z is a multiple of the p-index my of A. 

THEOREM 3. For a cyclically representable algebra A, the relation 

A~1 


= ma 


holds, if and only if 


for each prime spot » of Q. 


TuEorEM 4. The direct product A=AXA of two cyclically representable 
algebras A and A is again cyclically representable. Moreover, for the correspond- 


ing invariants, 
A A A 
CrGrG one 
p p p 
holds. 


THEOREM 5. The index m of a cyclically representable algebra is equal to its 
exponent. They are both the least common multiple of all its p-indices my. 
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According to (6.3) and (3.11) the least common multiple of the m, is 
precisely the exponent of the least power of a which is a norm of an element 
of Z. Hence Theorem 5 also gives 


THeorEM 5’. Let A =(a, Z, S) be a cyclic algebra of degree n. The degree m 
of the division algebra similar to A is the least integer, for which a™ is a norm of 
an element of Z. 

In particular, A itself is a division algebra, if and only if a is the least power 
of a which is a norm of an element of Z. 


This theorem rounds off Dickson’s above mentioned criterion (1.5). 
THEOREM 6. Jf an algebra is cyclically representable, it is cyclic. 


This theorem reduces, in particular, the important question, still un- 
answered, whether every normal division algebra D is cyclic, to the question 
whether there is even one cyclic algebra A similar to D. 

It may be once more explicitly noticed that all these theorems depend 
essentially on the presupposition that the reference field Q is an algebraic 
number field of finite degree. This also holds for those statements whose 
formulation is independent of the special nature of 2, such as Theorem 6 and 
the first statement in Theorem 5.* 


II. Emmy NOETHER’S THEORY OF CROSSED PRODUCTS 


7. Definition of a crossed product. The proofs of the above theorems 
may be obtained in the simplest and most lucid manner by subordinating the 
theory of cyclic algebras or cyclically representable algebras to the theory of 
crossed products (verschrinkte Produkte) developed recently by Emmy 
Noether.} I have been permitted by the author to give here an account of this 
very important new theory. The publication by the author herself which 
will start from a larger base, namely the general theory of representations by 
matrices (linear substitutions) ,{ is likely to appear in the near future.§ For 
the present purpose, I have arranged the proofs for the convenience of a 
reader who does not care to go back to the theorems of the general theory of 
representations. I shall go into details only as far as it is needed for a person 
who knows the general theory of algebras as presented for example in Dickson 


(1, 3). 


* As to the latter, see the contrary statement in Brauer (4 §5), due to a reference field containing 
indeterminate variables. 

tT Ina lecture at the University of Géttingen, 1929. 

t For this see the extensive paper Noether (2). 

§ In a separate paper and also in van der Waerden (1). 

|| The norm residue theory and the theory of )-adic corps, very important in I and III, is in no 
way supposed to be known in II. Hence, if the reader perhaps should be deterred by the extensive 
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In II, the reference field Q is allowed to be any abstract field with only the 
restriction to be perfect (vollkommen).* By such a generality algebraic num- 
ber fields as well as their p-adic extensions are covered. 

Like the conception of a cyclic algebra, the conception of a crossed 
product has its origin in constructions of Dickson (2, 3 Kap. III, 4). It may 
be briefly characterised by the fact that the cyclic corps Z is now replaced by 
a general Galois corps Z of degree m over Q. Let G be the group of automor- 
phisms of Z, the so-called Galois group of Z. 

A crossed product of Z (by G) is defined as an algebra A of the following 
type: 

A possesses a Z-basis us, uniquely corresponding to the m elements S of 
G, for which the relations 


(7.1) Zug = usz5, 
(7.2) Usur = Usras,r, 


where as,r~0 in Z, hold. The set (a) of the coefficients ag,r is called the 
factor set (Factorensystem) of A. 

A is an algebra of order u? with the basis wsz, (S in G, k=1, ---,n), 
where the z; form a basis of Z. I shall denote the generation of A in (7.1), 
(7.2) by 


A = (a,Z). 


8. Elementary properties of a crossed product. I begin by stating some 
elementary facts concerning crossed products A = (a, Z). 

From the associativity of A the restrictive condition 
(8.1) ds = a7 uds ,TU 

ast ,U 
for the factor set (a) follows at once. This associative condition presents itself 
as a rule for the application of the automorphisms U from G to the factors 
as,T- 

Conversely, every set of elements as,7~0 in Z, satisfying the restrictive 
condition (8.1), obviously leads, by fixing (7.1), (7.2) (and trivial associative 
relations), to an algebra A of order n? with the crossed product representation 
A =(a, Z). 

A contains the modulus (unit) 





knowledge required in I, he may nevertheless go on studying II. I hope he will not be disappointed 
or discouraged before getting through IT. 

* In the sense of Steinitz (1 §11). See also Hasse (8 §4). This assumption aims to guarantee the 
validity of Galois theory in its full extension. 
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(8.2) € = ugdz.e, 


where E denotes the unit in G. This may be easily verified, since, by (7.1), e 
is commutative with the elements of Z and, by (8.1), in particular 


(8.3) Qz,e = Gz,s, Os,e = Oz,e 


hold. 

No misunderstanding arises in identifying the modulus e and the unit of 
Z, i.e., the sub-corps Ze = Zug, isomorphic to Z, and the corps Z itself. Then 
(8.2) becomes 


(8.4) Up = Gz ,E.- 
Furthermore the following is true: 
(8.5) Z is a maximal sub-corps of A, i.e., the elements of Z are the only ele- 


ments of A commutative with every element of Z. 


Let 
¢= Ddouszs, zs in Z, 
Ss 
be an element of A with its representation by the Z-basis us, and z an element 


in Z. From az =za follows by (7.1) 


Yiuszsz = Do uszSzs, 
s s 


whence, by equating Z-coérdinates, 

(z — 25)zs = 0, 
for each S of G. Taking here z as a primitive element in Z, one has 2° #2, if 
S#E, whence 

zs = 0, if S# E. 
Thus, with regard to (8.4), ais of the simple form 

@ = Upse = Ae,R Ze. 
This means that a belongs to Z. 

Further, we have 


(8.6) The elements us are regular (not divisors of zero). 
From (7.2), (8.4), 


Usus-| = Az,Fas,s-1 


follows, i.e., 
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(8.6 1) us = us-1d5's710p'r. 

The theory of invariants of the crossed product representations with a 
fixed Z, or, as I shall call it again, the theory of semi-invariants, is given by 
the following theorem: 

(8.7) For the identity 


(8.7 1) (a, Z) = (4, Z) 


it is necessary and sufficient that the factor sets (a) and (a) be connected by a 
relation 
crest 
(8.7 2) as,7r = as,7 sit , 
CsT 
with elements cs 0 in Z. 
This relation reverts to the connection 


(8.7 3) us = UsCs 
between the Z-bases us and tig in the two crossed product representations (8.7 1). 
(a) If (8.7 1) holds, us~'#s is, by (7.1), commutative with every element 


of Z. Hence, by (8.5), (8.6), us~#s itself is an element cs+0 in Z, i.e., 
(8.7 3) holds. (8.7 2) follows from this by the elementary calculation 


tistir = UgCsurcr = UsgurCs'Cr = Usgras rcs" Cr 


us cs" cr 
= UusTads ,T 
Csr 


(b) If (8.7 2) holds and a new Z-basis as is introduced by (8.7 3), ac- 
cording to the calculation just outlined (4) is found to be the corresponding 
factor set. Hence (a, Z) is also of the type (4, Z), i.e., (8.7 1) holds. 

Factor sets (a) and (a), connected as in (8.7 2), are called associated, and 
one writes for brevity 


(4) ~ (a). 


The characteristic semi-invariant for a crossed product is then, according 
to (8.7), the corresponding class of associated factor sets. 

9. Structure of a crossed product. I develop now the deeper lying struc- 
tural properties of crossed products. 

For this purpose it is suitable to use the concept of a splitting field 
(Zerfallungskér per), introduced by Brauer (1) and Noether (1). A field Z over 
Q is called a splitting field for a normal simple algebra A, if the normal simple 
algebra Az, determined by A over Z, i.e., the direct product A XZ, is ~1. 
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It is known that this holds in any case for the field 2’ of all algebraic elements 
over Q, and indeed also for fields Z of finite degree over © (e.g., for a field 
which arises from Q by adjunction of all 2’-coérdinates of a complete set of 
matrix units in Ag, representing these matrix units by an Q-basis of Ag, 
which belongs to the sub-algebra A).* In what follows a splitting field is im- 
plicitly always meant to be one of finite degree. 

Of course, every splitting field of A belongs at once to the whole class of 
all algebras similar to A, in particular to the division algebra D within this 
class. 

(9.1) Every crossed product A =(a, Z) is a normal simple algebra. 

(9.2) The field Z, isomorphic to Z, is a splitting field for A. 

(i) I show first that A is normal, i.e., has the centrum Q. This follows 
easily from (8.5). (8.5) means, in fact, that the centrum of A is contained in Z. 
Now, by (7.1), only those elements of Z are commutative also with each ug 
that are invariant under each automorphism S from G. This condition is sat- 
isfied only by the elements of the reference field Q. 

I pass now to the proof that A is simple, i.e., has no proper invariant sub- 
algebra. Let B be a proper invariant sub-algebra of A, not zero. Let, further, 


b = Susys, Ys in Z, 
8 


be the Z-basis representation of an element b of B, not zero. Let here 
S=R,--+,T7, U be exactly those subscripts to which non-zero Z-coérdi- 
nates ys correspond. Because of the invariance of B, then 


sb = > ozusys = > usz5ygs and b2 = ) usysz 
Ss Ss Ss 


also belong to B, for arbitrary z, Z in Z. Hence, so does 


b, = 2b — bf = Dousys(25 — 2). 
8s 


Now z may be taken as a primitive element in Z, and =z". Then }, be- 
comes an element in B in whose representation by the Z-basis us non-zero 
Z-coérdinates correspond exactly to the subscripts S=R, --- , T (without 
U). Proceeding in this way one is finally led to an element in B of the type 
UrYror With ag 0 in Z. Because of the invariance of B, uz itself belongs to B, 
and therefore, further, each 


ail 

Us = URUR"'saR,R"'S, 
and with them every 
* See Dickson (3 §86). 
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a= dYiuszs 
s 


in A. This means B=A. 

(ii) Let n= (ur) be the one-rowed matrix formed by the Z-basis us of A. 
By taking the Z-basis representations of the products au, there results, for 
every a in A, a system of linear equations 
(9.3) au = Ag, 
where A, is a matrix in Z. These matrices A, form, according to (9.3), an 
isomorphic representation YX of A in Z. Their degree (number of rows) is the 
degree n of Z. 

Interesting, by the way, is the explicit expression of the matrices Aa, 
which may be deduced without difficulty by (7.1), (7.2), 


(9.4) A= (agr-*.p 2g) (S rows, T columns), 


when 


a Dduszs, zs in Z. 
s 


In what follows, however, (9.4) is not needed. 

From the representation %{ in Z an isomorphic representation A in Z may 
be derived by passing through an isomorphism from Z to Z. 

Now the change from A to Az means also for A that one must add all 
linear composita with arbitrary coefficients in Z. For, by this process, cer- 
tainly a homeomorphic matrix algebra Az results. The latter must even be 
tsomor phic. For, those elements of Az, to which the zero-matrix in Az corre- 
sponds, form an invariant sub-algebra Bz of Az, which cannot be identical 
with A, because no element of A (except 0) belongs to it. Since Az is simple, 
as was shown in (i), Bz=0 follows. This means indeed the isomorphism be- 
tween Az and Az. 

Since Az has the order n? and consists of matrices of degree m, it follows 
further that Az~1. Hence also Az~1, i.e., Z is a splitting field for A. 

10. General normal simple algebras as crossed products. Of the results 
(9.1) and (9.2) also the converse, in a sense, is true. There hold, indeed, the 
following theorems, which illuminate the fundamental importance of the the- 
ory of crossed products for the general theory of algebras: 

(10.1) Every normal division algebra D (and therefore every normal simple 
algebra) is similar to crossed products A =(a, Z). 

More precisely: 

(10.2) To every Galois splitting field* Z of D there corresponds a crossed prod- 
uct representation A =(a, Z) of an algebra A, similar to D, with a corps Z, iso- 
mor phic to Z. 


* Of course, an arbitrary splitting field may always be extended to a Galois splitting field. 
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(a) I show, first, that the degree of Z is a multiple n=rm of the degree 
m of D. 

The presupposition concerning Z means Dz~1. Let e; be a set of m? 
matrix units in Dz. I consider, then, the right-invariant sub-algebra R =e, Dz 
of Dz, which consists of the first rows of this matrix representation. 

Let r be the D-order of R. Since D has order m?, the order of R is then rm?. 
Otherwise, this order of R may also be calculated as the product of the Z-order 
of R, which is the number m of terms in the rows of R, by the order of Z, 
which is the degree m of Z; thus mn results as the order of R. Comparison 
yields 


n= rm. 


(b) I show, further, that the algebra A of degree n=rm, similar to D, 
contains a maximal sub-corps Z, isomorphic to Z. 

Let r be a D-basis of R, considered as a one-rowed matrix. By taking the 
D-basis representations of the products ¢r there results, for every ¢ in Z, a 
system of linear equations. 


(10.3) tr = raz, 


where 2 is a matrix in D. These matrices z form, according to (10.3), an 
isomorphic representation Z of Z by matrices in D. Their degree is the D- 
order r of R. Hence, Z is a sub-corps, isomorphic to Z, of the algebra A of 
degree n=rm, similar to D, for the latter may be regarded as the algebra of 
all matrices of degree r in D. 

Moreover, Z is a maximal sub-corps of A, for A, as an algebra of degree n, 
contains no element, and therefore also no sub-corps, of a higher degree 
than n. 

Hitherto no use has been made of the assumption that Z be Galois. 

(c) Now I make use of this assumption, developing the influence of the 
automorphisms of Z on the representation Z furnished by (10.3). 

The Galois group I of Z corresponds isomorphically to the Galois group 
G of Z by fixing 


(10.4) 25 = Ses (= in i g S in G). 


Now, I may be made an automorphism group of Dz = D XZ by fixing the 
elements of D to be invariant under ’. Then, under an automorphism from 
I, the set of matrix units e;, changes to another such set ¢3,, the right 
invariant sub-algebra R=e,Dz to the analogously formed R* =e7,Dz and 
the D-basis r of R to a D-basis r* of R”. 

Since Wedderburn’s matrix representation is unique apart from an in- 
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terior automorphism of A, there is a regular element gz in Dz for which 
Cie =Jxeingz , and 
R® = gyeigy 'Dz = qyeiDz = 95R. 


Consequently, besides r”, gzt also is a D-basis of R”. Hence, one has a system 
of linear equations 


(10.5) qzt = rus, 


where ws is a regular matrix in D, i.e., a regular element of A. 
Now, by applying the automorphism = to (10.3), there results, with re- 
spect to the fixed invariance of the elements of D under 2, 


67 r= = r= Zr. 
Retransforming this, by the help of (10.5), to the D-basis r of R, it follows 
that 
c2r = rus zug. 
This means, with regard to (10.3), 
22 = Us Brus. 
According to (10.4), therefore, 


(10.6) 25=wus'sus, for every z in Z, 


holds. 

From (10.6), it follows further that the elements us7usur are commu- 
tative with all elements of Z. Since Z has been shown to be a maximal sub- 
corps of A, it follows from this that these elements belong to Z. Because of 
the regularity of the us these elements are also different from zero. Hence 


(10.7) Usury = Usras,T, with as,7r ¥ OinZ. 


(d) I show, lastly, that A =(a, Z). 

For this purpose, with regard to the relations (10.6), (10.7) just stated, it 
is sufficient to adjoin the proof that the ws form a Z-basis of A. 

Now from a linear relation 


Susys = 0, Ys in Z, 
Ss 


by a procedure like that in the proof of (9.1), using (10.6), a set of relations 
of the type 
UrYrar = 0, with ag ¥ OinZ, 


for each R from G may be deduced. These relations mean indeed yr 0 for 
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each R from G. Consequently, the 5s are linearly independent with respect 
to Z. 

This implies that the sub-algebra = s«sZ of A has the same order n? as A. 
Hence it is identical with A. It follows that the ws really form a Z-basis of A. 

11. General splitting fields. With regard to the results (9.1), (9.2) and 
(10.1), (10.2), the theory of crossed products may also be designated as the 
theory of Galois splitting fields of a normal division algebra D. 

Parenthetically, for reasons of completeness, I adjoin here the theorems of 
Brauer (1,3) and Noether (1), which determine all splitting fields, both Galois 
and not Galois, of D. 

As already noted, in (a) and (b) of the proof of (10.1), (10.2), independ- 
ently of the assumption that Z be Galois, the following facts have been stated: 

(11.1) If Z is a splitting field for the normal division algebra D, the degree 
n of Zis a multiple n=rm of the degree m of D. 

(11.2) The algebra A of degree n, similar to D, contains a maximal sub-corps 
Z, isomorphic to Z. 

Of these results also the converse, in a sense, is true, at any rate for the 
special case where the reference field © is an algebraic number field of finite 
degree: 

(11.3) If Z is a maximal sub-corps of the normal simple algebra A, the degree 
of Z equals the degree n-of A. 


(11.4) Every field Z, isomorphic to Z, is a splitting field for A. 

(11.3) may be proved in a known manner by means of Hilbert’s irreduci- 
bility theorem.* 

(11.4) follows by considering the isomorphic matrix representation of A 
in Z furnished by a Z-basis of A. According to (11.3), its degree is m. Now the 


* For division algebras see Dickson (3 §132). For general normal simple algebras analogous con- 
clusions are valid; for this, see Artin (3 §4). For this proof the special assumption concerning the refer- 
ence field © is essential. 

For division algebras Albert (2) gave a very short proof of (11.3), which does not use Hilbert’s 
irreducibility theorem and, consequently, is independent of that assumption. This proof is akin to 
the proofs of Brauer (3) for (11.3) and (11.4). The latter’s proofs place in evidence the limits of the 
validity of these theorems with respect to varying the reference field 2: 

(11.4) holds for every perfect Q. 

(11.3), in the special case of division algebras, also holds for every perfect ©. 

(11.3), in the general case, holds, if and only if Q is regular, i.e., if 2 has to each algebraic extension 
of finite degree algebraic extensions of every fixed relative degree. 

For reasons of prolixity I must forego developing here the just mentioned proofs of Brauer, and 
also the proofs of Noether for the same theorems, which will appear in her paper previously men- 
tioned. 

For the purposes of II, theorems (11.3) and (11.4) are only needed in the case of algebraic num- 
ber fields of finite degree. 
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conclusions may be drawn quite analogously to the proof of (9.2) for the 
Galois special case. 

12. Classes of similar normal simple algebras and classes of associated 
factor sets. Next I develop further contributions to the theory of semi- 
invariants of crossed products given in (8.7), by following up the relations 
between the classes of associated factor sets pointed out there as semi- 
invariants on the one hand, and the classes of similar normal simple algebras 
on the other hand. 


(12.1) If (a) ~ (1), then (a,Z) ~ 1. 


It may even be assumed without any restriction that (a) =(1), i.e., that 
each as,r= 1. 

I start from the isomorphic matrix representation % of A =(a, Z), fur- 
nished in (9.3) by the Z-basis u= (wr) of A. Here I transform the Z-basis u 
to the new Z-basis uC of A by means of the substitution with the coefficient 
matrix 


C = (2,5) (S rows, k columns), 


formed with the conjugate bases to a basis z; of Z as rows. This transformation 
gives, from (9.3), 


(12.1 1) a(uC) = (uC)A,, where A, = C-4.C. 


The A, form another isomorphic matrix representation % of A in Z. Its de- 
gree is the degree of A. Now, due to the assumption (a) = (1), & even be- 
longs to 2. Now, from (12.1 1), it follows for an arbitrary R from G, since 
ux Cur=C® and up'A.ur=A.*, that 


(12.1 2) a(uupC®) = (uugC*)A,*. 


Now, since the as,7=1, 


uupC® = ( D wruess?® ) = ( Dwrnsit) 
P P 
= ( D wos?) = uC. 
Q 


Hence (12.1 2) changes to 
a(uC) = (uC)A.*. 


Now, by comparison with (12.1 1), 


A,® = p 
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Thus the matrices @, of Z are invariant under each automorphism R of Z. 
Therefore they really belong to 2. 


Since % is, like A, of order n?, it follows that A~1, i.e., also A~1. 
(12.2) If (a, Z) ~ 1, then (a) ~ (1). 
More generally, 
(12.3) if (a,Z) has the index m, then (a™) ~ (1). 


Let D be the division algebra similar to A = (a, Z). Then m is the degree 
of D, and the degree n of A is a multiple »=rm of m. 

A may be represented as the algebra of all matrices of degree r in D. Let 
€ix, aS in the proof of (10.1), (10.2), be a complete set of matrix units of A, 
and R=e,,A the right-invariant sub-algebra of A consisting of the first rows 
of that matrix representation. 

R is of order kn, where k is the Z-order of R. On the other hand, the order 
of R is found, passing through the D-order r of R, to be rm*. Comparison 


yields the value 
k=m 


for the Z-order of R. 

Now let r be a Z-basis of R as a one-rowed matrix. By taking the Z-basis 
representations of the products rus, there results, for each S of G, a system of 
linear equations 


(12.3 1) tus = tBs, 


where Bs is a matrix in Z. Its degree is the Z-order m of R. 
From (12.3 1), it follows further that 


TuUsuyr = rBsur = tur Bs? = tBrBs’, 
while, according to (12.3 1), also 
tusur = tusrds,r = tBsras,r. 
Comparison yields 


(12.3 2) BrB;* = Bsras,r.* 


On account of (8.6), the Bs are likewise regular, i.e., their determinants 


* According to (12.3 2), the matrices Bg do not exactly form a matrix representation of G in 
the usual sense, but they do form a crossed representation of G in Z, as Noether calls it. 

Such crossed representations were first considered by Speiser (1). In a supplementary paper to 
this, Schur (1) was first led to the conception of a factor set which has become so important nowadays. 

The theory of factor sets was then further developed by Brauer (2), first without connection with 
the theory of algebras. Later Brauer (3) and Noether (in a lecture at the University of Géttingen) 
subordinated it to the theory of algebras. 
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| Bs| = Cs * 0. 
Hence, by taking determinants, in (12.3 2) it follows that 


crc” = Csras,r, 
with elements cs~0 in Z. According to (8.7 2), this means indeed that 


(a) ~ (1). 
(12-4) The relation (a, Z) X (4, Z) ~ (a4, Z) holds. 


In order to represent the elements of the direct product (a, Z) x (4, Z), 
Z in the second factor is to be replaced by an isomorphic corps Z whose ele- 
ments are to be regarded as linearly independent of those of Z. Let then 
A =(a, Z), with the Z-basis ws as in (7.1), (7.2), and accordingly A = (4, Z), 
with the Z-basis is. 

(a) A XA contains Z XZ. As a semi-simple commutative algebra Z XZ is, 
on account of the structure theorems of Wedderburn (1),* a direct sum of 
corps, and this decomposition is unique apart from the arrangement of the 
components. f Let Z be one of these component corps and ¢ its modulus, hence 
Z=e(Z XZ). Z contains the sub-corps eZ and eZ both isomorphic to Z. As 
isomorphic sub-corps of the same corps Z these two corps are conjugate. Since 
they are Galois, they are therefore identical. That means 


(12.4 1) Z=eZXZ) =ecZ = eZ. 


Hence, Z is isomorphic to Z. Thus, Z XZ is a direct sum of corps isomorphic 
to Z, whose number then must be equal to the degree n of Z.t 

The moduli of these » components represent a decomposition of the modu- 
lus of A XA in n idempotents orthogonal to each other. This decomposition 
leads, in a familiar manner,§ to a set of m? matrix units in A XA, and so toa 
splitting off from A XA of a complete matrix algebra of order m? as a direct 
factor. The remaining normal simple algebra is isomorphically represented by 
e(A X A)e, where e denotes any one of the diagonal matrix units, i.e., any one 
of these moduli. Accordingly there results 


(12.4 2) AXAw~A, with A = e(A X A)e. 
(b) The Galois group G of Z is made an automorphism group of Z XZ by 


* See also Dickson (1 §§40, 51, 3 §§69, 78). 

t See Dickson (1 §24, 3 §53). 

¢ These facts may be also obtained in a more complicated but elementary way by studying the 
decomposition of a generating equation for eZ in linear factors of eZ. 

§ See Dickson (1 §51, 3 §78), Artin (2). 
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fixing its automorphisms to keep the single elements of Z invariant. Then, 
under the automorphisms R from G, the idempotent e changes to m idempo- 
tents e”, for each of which, according to (12.4 1), 


ZR = ek(Z XZ) = eFZ = e®Z 


is a corps isomorphic to Z, which occurs in Z XZ as a direct summand. 

The u idempotents e” and therefore the corps Z* are different from each 
other. For, from e” =e it follows that the single elements of eZ, hence, accord- 
ing to (12.4 1), also those of eZ, and with them those of Z, are invariant under 
R. This, indeed, is satisfied only if R=E£. 

Now, by reason of the uniqueness of the direct decomposition of Z XZ, 
this decomposition is precisely given by 


(12.4 3) ZXZ= YZ = YekZ. 
R R 


Accordingly, the elements z* of Z XZ are uniquely represented in the form 


(12.4 4) 2* = > e®zr, ze in Z. 
R 


In particular for the elements 2 in Z, with regard to their invariance under G, 
comparison of coérdinates yields 

Sr = Zp*, 
i.e., 
(12.4 5) Z= Dreksk, zinZ. 

R 
Therein 2 runs through the corps Z in an isomorphic correspondence J to the 
elements z of Z; I denote this by 7=2’. 

Now let G be the Galois group of Z, and let, conversely, the single ele- 
ments of Z be invariant under G. For each automorphism S from G, I denotef 
by S’ that automorphism from G which corresponds to S by means of the 
isomorphism J, i.e., 

ZS’ = 2SJ, 
Then, the representation (12.4 5) for z° is, on the one hand, 
ZS’ = SrekgSR = eS Re R, 
R R 
while, on the other hand, this representation may also be found from (12.4 5) 
itself, by application of S’, to be 


t To simplify typography in superscripts, S’ is used here rather than S. 
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ZS’ = S eRs’zR 
R 


The comparison of these two relations for the elements 2, of a basis of Z 
yields 
(12.4 6) eRS’ = @SR, 

Now, since us is commutative with the elements of A and therefore, in 
particular with the elements of Z, the transformation by us has precisely the 
same effect as the automorphism S of Z x Z. Correspondingly, the transfor- 
mation by as has the same effect as the automorphism S of Z XZ. Therefore 


in particular, with regard to (12.4 6), 
e®ug = ugeRS 

(12.4 7) ae 

eFiis = tigeRS’ = tigeS1R 


hold. 
From the first of these two relations it follows, by the way, that 


es,r = us ure™ 
is a set of ? matrix units in A XA corresponding to the e® as es,s. I do not 
need this, however, in the following. 


(c) Now, according to (12.4 2), A=e(A XA)e is to be deduced. The ele- 
ments a* of A XA are evidently given by 


a* = ps Ustr2s,r, 23,r inZ X Z, 
8,T 


and so, with regard to (12.4 4), by 


a* = > usgtre®zr s.r, Zr,s,7 in Z, 
S,T 


in a unique representation. Therefore A consists of the elements 


a = cate = > eustire®ze 5.7 
R,S,T 


bo usgtre™ Se®eze sr 
R,S,T 


(according to (12.4 5)) 


= Dusiiseze s,s 
s 


(because of the orthogonality of the e® according to (12.4 3)). 
By setting then 


tig = Usiis, Zs = C2z,8s,8 inZ = eZ, 
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A consists of the elements 


a= DYiasis, zs inZ, 
s 


in a unique representation on account of the order. This means that the as 
form a Z-basis of A. 
As a consequence of (12.4 7), in addition, for every z=ez 


lig = C2Ugtig = eugitig2S = ugtigezS = iigz5, 


holds, where S denotes that automorphism of Z which corresponds to S by 
means of the isomorphism Z =ez from Z to Z. 
Further, it follows obviously that 
ustr = Usras,ras,r. 
Therefore, 
A = (aa, Z). 
This yields, by (12.4 1) and (12.4 2), the assertion (12.4). 

13. The group of classes of similar normal simple algebras. The foregoing 
results, derived in §§9-12, may be stated also in the following manner, as is 
easily seen: 

(13.1) The classes of similar normal simple algebras A which possess a fixed 
Galois splitting field Z form an abelian group with respect to direct multiplication. 

This group is isomorphic to the group of classes of associated factor sets (a) 
for a corps Z, isomorphic to Z, where multiplication is defined termwise. 

(13.2) Each element A of this group has a finite exponent l. Indeed, A™™1, 
if m is the index of A; hence, further, lis a divisor of m. 

Accordingly, of course, ail classes of normal simple algebras form like- 
wise an abelian group with respect to direct multiplication, in which each ele- 
ment is of finite order. For the existence of the reciprocal element is already 
guaranteed by (13.1): To A~(a, Z), A~!~(a~"', Z) is reciprocal. From (7.1), 
(7.2), by the way, it is easy to see, that the reciprocal A~! may be found sim- 
ply by inverting the succession of factors, i.e., by passing to the reciprocal 
algebra in the sense of Dickson (1 §12, 3 §20). 

Theorems (13.1) and (13.2) were first stated by Brauer (3), although on a 
somewhat different basis. 

As Brauer (3) also states, (13.2) may be strengthened as follows: 

(13.3) The exponent | of A is divisible by each prime divisor p of m. 

Let Z be a Galois splitting field for A and »=rm its degree. From a well 
known theorem of Sylowf, it follows that Z has a sub-field 2 of such a kind 


Tt See Speiser (2 Satz 67). 
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that the degree of Z over = is a power p’, while the degree of = is prime to p. 

By (11.1), 2 is not a splitting field for A, because its degree is not divisible 
by m. Therefore A x is not similar to 1. Further, since Az~1, i.e., since Az 
has the splitting field Z of degree p” over 2, by (11.1), the index of Az is a 
power #*. By (13.2), therefore, the exponent of Ax also is a power #’, in 
particular, p*~1 because A is not similar to 1. 

Now, the exponent / of A is a multiple of the exponent p* of A z, because, 
from A'~1, it follows that 


(Az)! = (A)z~ 1. 


Moreover, Brauer (3) proved the following important theorem: 
(13.4) Every normal division algebra D is a direct product of normal division 
algebras whose degrees are powers of different primes. 


Let 
t=] ps 
be the prime decomposition of the exponent / of D, and 
gi = 1 (mod p*), gi =O0(mod1/p*), hence Zig; = 1 (mod/). 


Then, by (13.1), (13.2), 
D~ Deu = [[Du ~ JID; 


where the 
(13.4 1) D; ~ D& 


are normal division algebras with the exponents ;‘. By (13.2), therefore, the 
degrees of the D; are powers p*. 
Let, more precisely, 
ID; = D x M,, 


where M, denotes the total matrix algebra of degree r. Comparison of degrees 
leads to 
I]oe = mr. 


On the other hand, every splitting field of D is, by (13.4), also a splitting field 
for the D;. Since, in particular, D has, by (11.3), (11.4), splitting fields of de- 
gree m,} it follows from (11.1) that each pj is a divisor of m. Therefore also 
II:#%* is a divisor of m. This means that r =1, i-e., 


D}= [[Dx. 


t See the remarks in footnote on p. 188. 
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Hence the assertion (13.4) follows. Finally, the following theorem, which, in 
connection with the foregoing, goes farther, may be noted: 

(13.5) Every normal division algebra is a direct product of normal division 
algebras which do not properly contain normal division algebras. 

The proof follows easily from a theorem of Wedderburn (2). 

14. Extension of the reference field. I shall consider now the behavior of 
a crossed product when one passes from the reference field 2 to an arbitrary 
perfect extensional field ¢. 


(14) The relation (a, Z)4 ~ (a*, Z*) holds. 


Here, Z* denotes the composite of Z and $ considered as a corps over , and 
(a*) that partial set of (a) which corresponds to the automorphisms of Z* with 
respect to o. 

Lett A =(a, Z) and n be the degree of A. 

(a) A, =A X¢ contains Z,=Z X¢. As a semi-simple commutative algebra, 
Z, is a direct sum of corps. Let Z be one of these corps and e¢ its unit, hence 
Z=eZ,=e(Z X¢). Z arises from its sub-field e*, isomorphic to ¢, by adjunc- 
tion of the elements of the corps eZ, isomorphic to Z. As a corps, Z is there- 
fore isomorphic to the composite Z* of Z and ¢.t Thus, Z, is a direct sum of 
corps isomorphic to Z*, whose number, then, must be &, when / is the degree 
of Z¢ over ¢ and k the complementary divisor of n =hk. 

As in the proof of (12.4), from this the relation 


(14.1) A,~A, with A =eAge, 


results. 

(b) The Galois group G of Z is made an automorphism group of Z, by 
fixing its automorphisms to keep the single elements of ¢ invariant. Then, 
under the automorphisms S from G, the idempotent e changes to m idempo- 
tents é*, for each of which Z° =e°Z, is one of the k direct summands of Z,. 

Now, if P is an automorphism from G with e? =e, the single elements of 
e* are invariant under P. Let F be that sub-corps of Z for which eF is con- 
tained in e*;§ then F also is invariant under P. This means that P belongs to 
the sub-group H of G which corresponds to the sub-corps F of Z according 
to the fundamental theorem of the Galois theory.|| Conversely, each auto- 
morphism P from H has the property e? =e. Consequently, when S runs 


1 The proof is in extensive parts analogous to the proof of (12.4). 

t In the sense of Hasse (8 §18). Notice the difference between composite and direct product. 

§ F is the Durchschnitt of Z and ¢ in the same abstract sense as in the conception of the free com- 
posite (freies Kompositum) Z* according to Hasse (8 §18). 

|| See, for instance, Hasse (8 §17). 
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through all automorphisms from G, exactly to the automorphisms from any 
full residue class HS correspond the same e”*=e* and the same Z”°=Z", 
and to different residue classes with respect to H correspond different e° 
and Z°. 

H itself furnishes an automorphism group of Z with respect to e® as ref- 
erence field. H is, indeed, the complete Galois group of Z with respect to e*, 
since each automorphism of Z with respect to e* reduces to the automorphism 
of eZ with respect to eF, i.e., of Z with respect to F, contained within it. Con- 
sequently, the order of H is equal to the degree h of Z over e® (i.e., of Z* over 
¢), and therefore the index of H is equal to the complementary divisor & of n. 

Among the direct summands Z° of Z,, furnished by means of the auto- 
morphisms S$ from G, there are, therefore, k that are distinct, i.e., exactly 
sufficient, according to the foregoing, to make up the total number of direct 
summands of Z;. Thus, the direct decomposition of Z, is given by 


(14.2) Z= DO B= DY GY. 
S mod WH S mod H 


Now, in Ag, the transformation by ws has precisely the same effect as the 
automorphism S of Z;. Therefore we have in particular that 


(14.3) eug = uses. 


(c) Now, according to (14.1), A =eAye is to be deduced. The elements a* 
of A, are evidently given by 


a* = )ouszs*, zs* in Z,, 
s 


in a unique representation. Therefore A consists of the elements 


a = cate = Dreuszste = )useSezs* 
s s 


(according to (14.3)) 


= >> upeszp* 
PinH 


(because of the orthogonality of the e°, corresponding to different residue 
classes with respect to H, according to (14.2)), hence of the elements 
a= ps UpZp, Zp in Z, 
Pind 


in a unique representation (on account of the order). This means that the up 
form a Z-basis of A. 
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In addition, for each P, Q from H, the relations 


Zup = up2?, for every Z in Z, 
Upug = UpgdpP,.ag 
hold. This means that 
A = (4,2), 
where (4) denotes the partial set of (a) corresponding to the automorphisms 
from H. With regard to (14.1), this yields the relation (14) on performing, 
finally, the isomorphism from Z to Z*. 

15. Specialization to the cyclic case. I develop, finally, the manner in 
which the general theory of crossed products presents itself in the special case 
of a cyclic corps Z. This is precisely the case which matters for the proofs of 
the Theorems in I. 

In this special case, without loss of generality, one need only consider fac- 
tor sets normalized to a particular simple form, by passing according to (8.7) 
to a suitable associated factor set. Let S be a generating automorphism of Z, 
(a) any factor set, and #s the corresponding Z-basis. I set then 


use = uw (u = 0,---, 2 — 1), where u = ads. 
This means, indeed, as is easily seen, a substitution of the type (8.7 3). Be- 
cause S* = E, further, 
(15.1) u™ =a 0inZ.t 
The factor set (a), corresponding to the new Z-basis us*, may be expressed 
then by this a alone, namely 
l,ifut+v<n, 
a,ifutven Osun<n,0Sv<n). 


(15.2) as" 3” = { 


The associative condition (8.1) is equivalent to the following fact: 
(15.3) a is an element in Q. 
(a) From (8.1) it follows, according to (15.2), that 


as" sas,z a-l 

8 ’ ° 

as = ads ,s" ee ed a, 
az.s 1 


i.e., (15.3). 


+ Dickson (2, 3 Kap. III, 4), in his investigations on division algebras which revert, indeed, to 
the theory of crossed products, always introduces such normalisations. His investigations are then 
concerned with pointing out the conditions for associativity and division algebras, and with the reali- 
sation of these conditions. The conditions, however, turn out rather complicated, by reason of this 
special normalisation. It is precisely by dropping all normalisation that Noether obtains both the 
fine simplicity and great generality of her theory. 
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(b) Conversely, from (15.3), the associativity of (a, Z) follows directly. 

(15.1), (15.3) reduce exactly to the definition of a cyclic algebra A = 
(a, Z, S) given in §1. Hence, in the first place, the facts (1.3), (1.4) are 
subordinated to the theorems (9.1), (8.5) of the general theory. Notice that 
these facts are even proved for arbitrary perfect reference fields 2, not only 
for algebraic number fields of finite degree, as was supposed in I. 

Furthermore: 

(15.4) (a)~(1), i.e., A~1 holds, if and only if a is a norm from Z. 

(a) (a2)~(1) means, according to (8.7 2), that 


Cg"C ou P . 
(15.4 1) gt gy = ee? with elements cgz ¥ Oin Z. 
From this it follows, in particular, by multiplying over v, while u = 1 is fixed, 
and taking (15.2) into account, that 


(15.4 2) a = N(c), with ¢c = cg inZ. 
(b) Conversely, from (15.4 2), one deduces easily (15.4 1), by setting 


ul 
cs = [[ 5’. 
p=0 
By (15.4), as is easily shown, the fact (2.1) is subordinated to the theorem 
(8.7) of the general theory, and further Dickson’s criterion (1.5) to the the- 
orems (12.3), (11.1) of the general theory. Notice again that these facts are 
are even proved for arbitrary perfect reference fields ©. 
Finally, I note how the general theorem (14) presents itself in the cyclic 
special case: 
(15.5) For an arbitrary perfect extension field $ of Q 


(a, Z, S)¢ - (a, Z, Ss) 
holds, where S, denotes the least power of S which represents an automorphism of 
the composite Z* with respect to $. 
According to (14), 
(a, Z, S)g se (a, Z)e = (a, Z*) 


holds. Here (a*) denotes that partial set of (@) which corresponds to the 
automorphisms of Z* with respect to ¢. These automorphisms are the powers 
of S;. Thus if S,;=S* and »=hk, the factor set (a*), according to (15.2), con- 
sists of 


¢ Of course, this may also be proved by calculating (8.1) from (15.2). 
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l,ifut+v<h, 
aifutveah OSun<h0Sv<h). 


gal = Of se = { 


Since h is the degree and S, a generating automorphism of the Galois group 
of the cyclic corps Z* with respect to ¢, the assertion (15.5) follows from this. 


III. PRoors OF THE THEOREMS IN I 


16. -adic extension of a normal simple algebra. In III again, asin I, the 
reference field 2 is assumed to be an algebraic number field of finite degree. 

The proofs of the Theorems in I depend on passing from 0 to the p-adic 
extension fields Q, for the prime spots p of 2, and, in accordance with this, 
from a normal simple algebra A to its p-adic extensions Ay (=A X2)=Ag,). 

As I have shown in a previous paper,} the division algebra D,, similar to 
Ay, has an arithmetically distinguished cyclic generation, namely one such that 
its cyclic generation corps is the uniquely determined unramified corps W® of 
degree m;* over Q), where m,* denotes the index of Ay, i.e., the degree of D,.t 

For characterising the cyclic algebras which arise from W? as cyclic gen- 
eration corps, I use the generalisation of the norm residue symbol to the 
p-adic corps W®. In order to define this symbol for a finite prime spot (prime 
ideal) let, analogous to (3.6), (W*/p) denote that uniquely determined auto- 
morphism of W? which satisfies the relation 


(16.1) wy¥?/») = wN) (mod p), for every integer wy in W?. 
Analogous to (3.7), I define then 


(16.2) (* ~) = (—)" 
p p 


where By is a number in Q, divisible exactly by pe. The symbol so defined has, 
analogous to (3.1), (3.2), the following properties: 


(16.3) (=) =E 


holds, if and only if By is a norm from W?; 


a6 (my hw) _ (he Bry 


+ Hasse (14 §§2-5). 

} This is also true for infinite prime spots p, not yet considered in Hasse (14). 9p is then the field 
of all real numbers, and W? must be interpreted as the single corps of degree m,* (=1 or 2) over Qp. 
For, over the field of all real numbers, there is indeed, except this field itself (m,*= 1), only one divi- 
sion algebra, i.e., the common quaternion algebra (m,* =2), and for this algebra the corps of all com- 
plex numbers is evidently a cyclic generation corps. 
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For, f, is a norm from W’, if and only if p is divisible by m;*.t For an infinite 
prime spot p the symbol (6,,W*/p)is completely fixed already by imposing the 
property (16.3) for, because m,*=1 or 2, no distinction of different non- 
residue sorts is required. 

Further, I define again, analogous to (6.1), 


’ W?, R ¥ ’ we * 
(16.5) (en) =—" (mod1), if (7) = Ry. 
p my" D 
Here R, denotes a generating automorphism of W?. 
Then, analogous to (2.1) and (4.4) (but exceeding the latter), the following 


is true: 
(16.6) The identity 


(16.6 1) (Bp, W?, Ry) ~ (B>, W», Ry) 
holds, if and only if 


(16.6 2) (E28 ~ =) = (=e ~~ *) 


(a) From (16.6 1) it follows, by means of (2.1), that 
(16.6 3) By = ByN(cp), with cp in W?, where Ry = Rp. 


This leads, by using (16.3), (16.4), as in the proof of (4.4), to the validity of 
(16.6 2). 

(b) From (16.6 2) by using (16.3), (16.4), first (16.6 3) follows, and thence 
(16.6 1) by means of (2.1). 

If W is a cyclic corps of degree ” over Q in which p is unramified and splits 
into prime divisors B of degree m;,*, the $-adic corps corresponding to these 
§ are isomorphic to W*. Then, there is the following connection between the 
norm residue symbol for W®, defined in (16.2), and the norm residue symbol 
for W with respect to p, defined in (3.7): 


(16.7) (=) = (* —). 


This follows from (3.10) on the one hand and (16.2) on the other hand, by 
observing that the automorphism (W/p) of W, normalised according to (3.6), 
furnishes the automorphism (W*/p) of W*, normalised according to (16.1).t 

The automorphisms of W? are furnished precisely by the automorphisms 


t See for instance Hasse (14 Satz 27). 
t For infinite prime spots, (16.7) holds already by reason of (16.3). 
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from the decomposition group of the prime divisors .} Since this decomposi- 
tion group has as its order the degree m,* of the prime divisors §, it is gen- 
erated by R,””"» , where R is a generating automorphism of W. Hence it 
follows from (16.7), by (16.5), that 


_W,R , W?, Rei 
a6. ey geen ind. 
p Dp 

17. Proof of Theorem 1, (i). Let 
(17.1) A = (a, Z, S) 
be a cyclic algebra of degree m, and 

, Z, 
(17.2) (2) = = (ood 1), Gon mm) = 1, 
p nM, 


the corresponding symbols, according to (6.1), (6.2), which are semi-invari- 
ant, as has been shown in (4.4). 

Further, let for a prime spot p of 2, according to the references given in 
§16, 


(17.3) Ay ~ Ds = (Bp, W?, Ry) 


bef an arithmetically distinguished cyclic generation of the division algebra 
D,, similar to Ay, and 


,W?,R * 
(17.4) Gn”) =. (mod 1) 


p m* 
the corresponding symbol, according to (16.5), which is semi-invariant, as has 
been shown in (16.6). With this, moreover, 


(17.4 1) (up*, mp*) = 1§ 


holds. 
I shall, then, prove the fundamental fact 


(17.5) (“—*) ‘ (en) 
p p 


in particular 


t See Hasse (11, 13 §7). 

t More exactly “the uniquely determined,” namely in the sense of semi-invariance, i.e., apart 
from substitutions of type (2.1 2). 

§ See Hasse (14 §4). By means of (16.1), (16.2), (16.4), indeed, up* turns out to be the negative 
reciprocal to the residue class r there. For infinite prime spots p, (17.4 1) is again already true by 
(16.3). 
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(17.5 1) My = My*. 

This fact furnishes at once the proof of the assertion (i) in Theorem 1. 
For, it reduces the semi-invariant symbol (17.2), belonging to A and p in the 
cyclic generation (17.1), to the semi-invariant symbol (17.4), belonging to A, 
in its arithmetically distinguished cyclic representation (17.3), and so places 
in evidence the total-invariance of the former symbol. 

Moreover, (17.5) gives a formation rule and an interpretation for the in- 
variants ((a, Z,S)/p) which do not refer to a casual cyclic generation, as their 
definition does. 

Proof of (17.5). A. The proof of (17.5 1) which must first be given depends 
upon the comparison of the arithmetically distinguished cyclic representation 
(17.3) of Ay with the cyclic representation 


(17.6) Ay ~ (a, 2”, Sy) 


of A, which follows from (17.1) according to (15.5). Here Z? = Z*» denotes the 
composite of Z and 9. It is isomorphic to the $-adic corps Zg corresponding 
to the prime divisors $ of p in Z. Further, S, denotes the least power of S 
effecting an automorphism of Z?. Since the Galois group of Z® with respect to 
is given precisely by the decomposition group of the prime divisors B, Sy 
is the least power of S which is a (generating) element of this decomposition 
group. 

I now calculate the exponent of Ay, first from (17.6) on the one hand, and 
then from (17.3) on the other hand, by means of (12.1), (12.2), (12.4). 

As the order of the factor set belonging to (17.6), this exponent is, by 
(15.4), the exponent of the least power of a which is a norm from Z?, hence, 
by (3.1), the order of ((a, Z)/p), and so, by (17.2) (as already by (6.3)), 
equal to mp. 

As the order of the factor set belonging to (17.3), that exponent is, by 
(15.4), the exponent of the least power of 8, which is a norm from W®, hence, 
by (16.3), the order of ((8, W*)/p), and so, by (17.4), (17.4 1), equal to m,*. 

Comparison yields, indeed, (17.5 1). 

Notice that the last conclusion implies the following: 

(17.7) The index m of Ay is the same as the exponent of Ay and equal to the 
order my of ((c, Z)/p). 

From this, in particular, one obtains the following fact, which will be re- 
peatedly applied in the sequel: 

(17.7 1) Ay~1 holds, if and only if ((a, Z)/p) =E. The latter may also be 
derived immediately from (3.1) and (15.4). 

B. (a) In order to give the full proof of (17.5), I must take a round-about 
way, for the reasons already mentioned after (3.1), (3.2). 
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Let a» and q be determined according to (3.3)—(3.5). I consider, then, in- 

stead of (17.1) the modified algebra 

(17.8) A® = (ap, Z, S). 


By (3.7), (3.9), (3.10), for the corresponding norm residue symbols we have 
that 


9 OF): 


in particular, that 


(17.10) _ (=) 


(17.11) 


for each prime spot r¥p, q of Q. 
I develop next several consequences from these relations. 


(i) From (17.8), by (15.5), 
(17.12) Ap ~ (ao, Z®, Sp) 


follows, where S, is defined as in (17.6). Now, because of the first relation in 
(17.9) and by (3.1), (3.2), ao differs from a only by a norm from Z?. Hence it 


follows, by (2.1) from (17.6) and (17.12), that 
(17.13) Ap = Ay. 


This means that the modification performed on A does not imply any modifi- 
cation on Ay». 

(ii) According to (3.3)—(3.5), q is not a divisor of the conductor f of Z. 
Hence q is unramified in Z. On account of (17.9), further, the order of the 
generating element (Z/q) of the decomposition group of the prime divisors O 
of q in Z, i.e., the degree of the prime divisors ©, is equal to the order m, of 
((a, Z)/p). Hence Z41=W‘% is the unramified corps of degree m, over Q,. The 
analogue to (17.6) for A® and q instead of A and » is therefore 


(17.14) Ao ~ (ao, W4, S™!/™), 
Further, by (16.6), 


Qo, Z, Qo, W4, Sri my 
(17.15) ( = ( ) 
q q 


holds. 
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(iii) From (17.11), it follows by (17.7 1) that 
(17.16) Ag ~1. 


From (17.10), (17.15), it follows for the symbol ((a, Z,S)/p) to be investi- 
gated that 


io xo, W4, Smim , 
(17.17) (==) — ea) (mod 1). 
q 


(b) Now, let ¢ be a cyclic extension field of degree m, with the property 
that p and q remain prime in ¢, and therefore become of degree m,.{ I show, 
then, that ¢ is a splitting field for A°. 

For this purpose, I must consider A®. According to (15.5), 


(17.18) A? ~ (ao, Z*, Ss). 

(i) On account of the choice of ¢, ¢» is the uniquely determined unrami- 
fied field of degree m, over %, hence isomorphic to the corps W® in (17.3); 
this is seen from the fact that, by (17.5 1), mm) =m,*, as has already been stated 


in A. According to (9.2), therefore, ¢» is a splitting field for Ay, hence, by 
(17.13), for A~. From this it follows that 


(A? )p = (A° X o)p = AP X Hw. 


Hence, by (17.7 1), it holds for the cyclic representation (17.18) that 


Qo, Zz 
(17.19) ( ) = E. 
Q 


(ii) For the prime spots r’ ~ p, q of ¢ it is also true, on account of (17.16), 
that 


(A?) = (A° XK oe = AP XK oe ~w 1. 
This yields, by (17.7 1), 


ao, Zz? 
(17.20) ( - )- E, 


r 


for each prime spot r’~p, q of ¢. 
(iii) From (17.19), (17.20) it follows, by means of the law of reciprocity 
(3.8), for the only remaining prime ideal q of ¢ that 


(17.21) (==) = E 


t The existence of such a field will be proved at another place in addition to the existence theo- 
rems in Hasse (5, 6, 10). 
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Now, from (17.19)—(17.21), it follows by (3.11) that a» is a norm from Z¢. 
This means then, by (15.4), that 4 ~1. Thus ¢ is, indeed, a splitting field 
for A®. 

According to (10.2), there is therefore a cyclic representation 


(17.22) Aw (8, W, R), 


where W is a corps isomorphic to ¢ and R a generating automorphism of W. 
Here we have, on account of (17.16), by (17.7 1), that 


W 
(—) = E, 
t 


for each prime spot r¥ p, q of 2. Consequently, by the law of reciprocity (3.8), 


. 5 7 é “ 
p “de 
i.e., 


7.29 es a et ind 
y q 


Now, since p and q according to the choice of ¢ remain prime also in W 
and so the corresponding decomposition groups coincide with the full Galois 
group of W, (17.22) implies, analogous to (17.6), 


(17.24) Ay ~ (8, W*, R), A? ~ (8, W4, R), 


where W?, W® signify as above the unramified corps of degree my over Q», Qy. 
Also, by (16.8), 


W,R Ww, R ,W,R , Ws, R 
(17.25) (Go : )=(* ), (—") =) (mod 1). 
p p q q 


(17.24), (17.13), (17.3) on the one hand, and (17.24), (17.14) on the other 
hand imply the identities 


(B, W*, R) a (Bp, Ww, Ry), (6, Ws, R) = (ao, Ww, S*/»). 
Now, these identities imply, by (16.6), 


,W*,R ,W®,R ,W4,R , wa, Sim 
ran (A) PER, AEM) gy, 
q q 








From (17.23), (17.25), and (17.26) together, 


WR , W4, S*!™ 
(17.27) (A) oy (Ga) (mod 1) 


p q 















1932] CYCLIC ALGEBRAS 207 


follows. Now, comparison of (17.17) with (17.27) proves the assertion (17.5). 

18. Proof of Theorem 2. Before I pass to the proof of the assertion (ii) in 
Theorem 1, I shall prove first Theorem 2. 

The proof depends on the following analogous fact for p-adic algebras: 

(18.1) For a normal simple algebra Ay over Q», a cyclic corps Z” is a cyclic 
representation corps, if and only if the degree ny of Z” is a multiple of the index 
M, Of Ay. 

(a) The necessity of this condition follows immediately from the fact that 
the field, isomorphic to the cyclic representation corps Z® of A?, is, by (9.2), 
a splitting field for Ay, and therefore its degree m is, by (11.1), a multiple of 
the index m, of A». 

(b) Now I show that the condition is sufficient. 

For the sub-group of the norms from Z? in Q), the quotient-group is iso- 
morphic to the Galois group of Z? with respect to Q),+ hence cyclic of order mp. 
Therefore, if m, is a multiple of mp, there exists a number ay in 2, whose order 
with respect to that norm group is precisely my and hence for which precisely 
a"» is, as the least power, a norm from Z®. Hence, by (13.1) and (15.4), the 
cyclic algebra 


(18.1 1) Ay = (ap, Z, Sp), 


where S, denotes a generating automorphism of Z?, has the exponent my. Ac- 
cording to (17.7), its index is also mp». Consequently, in the arithmetically dis- 
tinguished cyclic representation 


(18.1 2) Ay Sia (Bp, W?, Ry) 


of Ay, there occurs the same unramified corps W?, as in the arithmetically dis- 
tinguished cyclic representation 


(18.1 3) Ay ~ (By, W?, Ry) 


of Ay. Then, for the semi-invariant symbols corresponding to the cyclic re- 
presentations (18.1 2), (18.1 3), a relation 


, WR, §», W, R, 5, W, R 
(18.1 4) (FZ) = ‘(* : ") = (* = *) (mod 1) 


holds, with a x prime to mp. 
Now, (18.1 1), (18.1 2) imply, by (13.1) and (15.4), 


(18.1 5) (Bp, W?, Ry) ~ Ay ~ (a9, Z?, Sy). 
On the other hand it follows, from (18.1 4) by (16.6), that 
+ See Hasse (12). 
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(18.1 6) (Bp, W, Ry) = (By*, W, Ry). 
From (18.1 3), (18.1 5), (18.1 6) together, 
Ay — (ap, 2°, Sy) 


follows. Hence Z? is indeed a cyclic representation corps for Ay. 

I pass now to the proof of Theorem 2. 

(a) If Z is a cyclic representation corps for A, then for each p, by (17.6), 
Z° is a cyclic representation corps for Ay. Hence, by (18.1), the degree of Z” 
over Q%, i.e., the p-degree m, of Z, is a multiple of the index of Ap, i.e., by 
(17.7), of the p-index m, of A. Thus the necessity of the condition in The- 
orem 2 follows. 

(b) In order to prove also the sufficiency of that condition, it need, with 
regard to (10.2), only be shown that a cyclic field Z’ of degree n’ is a splitting 
field for the cyclically representable algebra 


A _ (a, Z, S), 


if for each p the p-degree m, of Z’ is a multiple of the p-index m, of A, hence, 
if the degree m, of the $’-adic extension fields Zy’, corresponding to the prime 
divisors }’ of p in Z’, is a multiple of the index my of Ap. 

Now, let Z’ be a cyclic field with this property. I must, then, consider Az,. 
By (15.4), : 


(18.2) Az ~ (a, 2*’, Sz’). 


The assumption concerning Z’ implies, by (18.1), that for each p a corps, 
isomorphic to Z’, is a cyclic representation corps for Ay. Hence, according to 
(9.2), Z’g- itself is a splitting field for Ay. 

Now it follows, quite analogously to the above dealing with (17.18), that 


(Az)ys = (A X Z')gr = Ay X Z'ge ~ 1. 
Hence, by (17.7 1), for the cyclic representation (18.2), we have 


» Ze 
(*—) = E, for each prime spot $’ of Z’. 
From this it follows just as above, due to (3.11), and (15.4), that 


A~1l. 


Thus Z’ is indeed a splitting field for A. 
19. Proof of Theorem 1, (ii). Let 


(19.1) A = (a,Z,S), 
(19.2) A = (a,Z, S) 
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be two cyclic algebras of degrees m, v, and p-indices mp, my. Further suppose 


a,Z,S§ a, Z, S 
(19.3) ( : ) =( ; ) (mod 1) for each p, 


hence, in particular, 
(19.3 1) M, = M, for each p. 


Since, according to (19.1), Z is a cyclic representation corps for A, for each 
p the p-degree of Z is, by Theorem 2, a multiple of the p-index m, of A, hence, 
by (19.3 1), also of the p-index m, of A, and therefore, again by Theorem 2, 
Z is a cyclic representation corps also for A. 

Let accordingly 


(19.4) A ~ (6, Z, S). 


Then, by comparing the cyclic representations (19.2) and (19.4), it follows, 
on account of Theorem 1, (i), that 


a,Z, S ,2,8 
(~—-) = (A) (mod 1) for each p. 


Together with (19.3), this yields 


a,Z,S 6B, Z, S 
( : )=( : ) (mod 1) for each », 


i.e., from the definition of these symbols, 


a,Z 8,Z 
(==) = (=) for each p. 
p Dp 


Hence, on account of (3.2), (3.11), 6 differs from a only by a norm from Z as 
a factor. Thus, the comparison of the cyclic representations (19.1) and (19.4) _ 
yields, by (2.1), indeed 

AWA. 


20. Proof of Theorem 3. According to (15.4), (a, Z, S)~1 holds, if and 
only if a is a norm from Z. This again, by (3.11), holds, if and only if each 
((a, Z)/p) =E, i.e., if each ((a, Z, S)/p) =0 (mod 1). 

21. Proof of Theorem 4. Let 
(21.1) A ~ (a,Z,S), A ~ (@,Z, S) 


be two cyclically representable algebras. Then, let Z be any common cyclic 
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representation corps for both A and A. The existence of such a corps Z may 
be derived from Theorem ?.} Let, accordingly, 
(21.2) A ~ (8,Z,S), A ~ (6, Z,S). 
Then, by (13.1), 
AXA =A~ (6§,Z,S) = (a,Z,S). 


Hence also A is cyclically representable. 
Here we have, for the corresponding semi-invariant symbols, that 


a, Z,S 8, Z,S B, Z, S a, Z,S a,Z, § 
CPPS he rey re, 
p p p p p 


the former on account of the definition of these symbols and by (3.2), the 
latter, according to Theorem 1, (i), by comparing the cyclic representations 
(21.1) and (21.2). 

22. Proof of Theorem 5. Let 


A ~ (a, Z, S) 





be a cyclic representable algebra. Then, by (13.1), 
At w (at, Z, S). 
By (15.4), A*~1 holds, if and only if a is a norm from Z, hence, by (3.11), 


if and only if 


a‘, 
( “) = E for each p, 
p 


and further, by (3.2), if and only i 


a,Z\* 
(=) E for each p. 
Dp 


From this it follows that the exponent / of A is equal to the least common 
multiple of the orders m, of the symbols ((a@, Z)/p). 

In particular, in accordance with Theorem 2, there is a cyclic representa- 
tion corps Zo, whose degree mo is equal to that least common multiple of the 
my. Thus, the index m of A, as a multiple of / according to (13.2), and asa 
divisor of m9, according to (11.3), must be the same as/ and that least common 
multiple. 

23. Proof of Theorem 6. Let A be a cyclically representable algebra of de- 


Tt See the footnote on p. 205. 
t See again the footnote on p. 205. 
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gree n. On account of Theorem 2 there are cyclic representation corps whose 
degree is precisely n.t They lead to cyclic generations of A. 

24. Conclusion. Let me note once more the analogy between the foregoing 
theory of cyclic representable algebras and my theory of general quadratic 
forms which I have developed in some previous papers,{ and which I have 
already mentioned in §3 as one of the starting points for my present work. 

Let me point out, in particular, the Fundamentalprinzip, dominating all 
my work referred to: 


In order that a representation or equivalence relation hold in Q, it is necessary 
and sufficient that this relation hold in each p-adic extension field Q, of Q. 


In harmony with this, there hold here the following fundamental prin- 
ciples: 

In order that two cyclic representable algebras A, A be similar, it is necessary 
and sufficient that for each » their p-adic extensions Ay, Ay be similar. 


In order that a cyclic representable algebra A be a total matrix algebra, it is 
necessary and sufficient that for each » the p-adic extension Ay be a total matrix 
algebra. 


In order that a cyclic corps Z be a cyclic representation corps for a cyclically 
representable algebra, it is necessary and sufficient that for each » the p-adic ex- 
tension corps Z® be a cyclic representation corps for the p-adic extension Ay. 


The validity of these principles may be easily derived from the foregoing 
proofs, especially from Theorems 1-3, and (17.5), (17.7), (18.1). 

These principles, for their own part, illuminate the methodical scheme of 
my proofs. The facts to be proved are each time first derived for the p-adic 
extensions A,; this may be done without great difficulty. Then, by means of 
the composition principle (3.11), borrowed from the class field theory, the 
transition to the algebra A itself is performed. 

I was not, however, able to give a methodically pure performance of this 
scheme. For, by the reasons mentioned after (3.1), (3.2), for proving the to- 
tal-invariance of the symbol ((a, Z)/p) (Theorem 1, (ii)) I had to go beyond 
the p-adic extension Ay of A, and had to consider also the behavior of A for 
another prime ideal q. 

Nevertheless, even if the theory of the norm residue symbol should, at 
some time, be carried far enough to avoid that round-about way, the proof 
of Theorem 1, (i), in the manner here developed will be preferable, I am sure, 
for reasons of brevity and simplicity. 


t See again the footnote on p. 205. 
t Hasse (1-4). 
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ON SUMMABILITY OF DOUBLE SERIES* 


BY 
C. RAYMOND ADAMS 


1. Introduction. Although the theory of summability of simple series has 
been brought to a rather high degree of development, it is fair to say that the 
extension of this theory to multiple series is still in its infancy. In the present 
paper we view the question of summability from the standpoint of transfor- 
mation of sequences and establish for double sequences a considerable num- 
ber of analogues of well known theorems in the elementary theory of summa- 
bility. We hope to return later to the problem of generalizing some of the 
more advanced developments of the theory, such as, for example, those due 
to Hausdorff. 

The Pringsheim definition of convergence of double series will be used, 
since it alone among the definitions commonly employed permits a series to 
converge conditionally. Under this definition a series }°;;_, wi; is convergent 
if and only if the sequence of partial sums, 


m,n 
Smn = pw Uijy 
Sel, fond 


converges; i.e., if the limit of sn, exists as m and n become infinite simultane- 
ously but independently. This manner of indefinite increase is to be understood 
whenever the symbol 

lim 


m n> 2 


appears hereafter. 
Let {mn} be a double sequence and 
|| amnxal| (m, n, k, l= 1, 2, 3,-- -) 
a four-dimensional matrix of numbers, real or complex, with 


Amnkt = 0 tor k > m orl > n or both. 


Then the transformation 


* The chief results of this paper, in essentially the form given here, were presented to the Society, 
September 8, 1931, under the title Transformations of double sequences, with application to Cesdro 
summability of double series. The paper was received by the editors November 9, 1931. 

+ Hausdorff, S: tionsmethoden und Momentfolgen, 1, I1, Mathematische Zeitschrift, vol.9 
(1921), pp. 74-109, 280-299. 
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Ynn = } » AmnkiXkl, 
k=1,l=1 
which we denote by A, defines a new double sequence {nn}. Clearly A is the 
analogue of the transformation of simple sequences defined by a triangular 
matrix. 

In order that it may be useful as a method of summability it is natural to 
require a transformation A to be regular for some class of sequences, in the 
sense that it carry every convergent sequence {xm} of that class into a se- 
quence {y,,} convergent to the same limit. Necessary and sufficient condi- 
tions that A be regular for the class of all double sequences have been found 
by Kojima.* One might well expect that the class of transformations thus 
regular would be extremely restricted, since a double series can behave so 
very badly and yet converge. Such turns out to be precisely the case ,even the 
arithmetic mean transformation M, defined by 


Amnki = 1/(mn), 


being excluded from this class of transformations. It is desirable, therefor<, 
to enlarge the class of transformations admitted to consideration, even at 
the expense of limiting the class of sequences for which the transformations 
are regular. Thus at the outset the theory of transformations of double se- 
quences is markedly dissimilar from that of simple sequence transformations. 


It has long since been observed that to a considerable extent convergence 
plus boundedness plays for double sequences a réle analogous to that of con- 
vergence for simple sequences. There is little doubt, therefore, that the class 
of bounded convergent sequences is the most important sub-class of all con- 
vergent double sequences. Hence it is natural to concern oneself especially 
with the class of transformations A which are regular for the class of bounded 
sequences. Necessary and sufficient conditions that A be so regular have been 
found by Robison.{ We have recently shown{ that a transformation A, regu- 
lar for bounded sequences, is in general regular for a much larger class of se- 
quences. 

A transformation A will be said to be the “product” of two transforma- 
tions of simple sequences, A’ and A’’, defined respectively by matrices 
|| a,x || and || a,,||, when we have 





* Kojima, On the theory of double sequences, Tdhoku Mathematical Journal, vol. 21 (1922), 
pp. 3-14. 

+ Robison, Divergent double sequences and series, Dissertation (Cornell), 1919; these Transactions, 
vol. 28 (1926), pp. 50-73. 

t Adams, Transformations of double sequences, with application to Ceséro summability of double 
series, Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 741-748. This paper, which 
will be referred to hereafter as I, contains references to the literature of the subject. 
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Qmnkl = mk Ant (m, n, k,l = 1, 2, 3,-++). 
We then write 


A=A’'OA" 


to distinguish this type of product from the ordinary product A’: A’’, which 
indicates the result of performing A’’ upon a simple sequence and then A’ 
upon its transform. For the ordinary product of two double sequence trans- 
formations we shall use the notation B- A. In general throughout this paper 
unprimed capital letters will stand for transformations of double sequences, 
while primed capitals will be used for simple sequence transformations. 

Double sequence transformations of the product type are of special inter- 
est and importance because they include the arithmetic mean transforma- 
tion M and, so far as we are aware, all generalizations yet made for double 
sequences of the simple sequence transformations which are defined by tri- 
angular matrices and bear the names of Cesaro, Hélder, etc. Here we con- 
sider mainly transformations of the product type. Concerning them we have 
established in I the following theorem. 


THEOREM 1A. Let A’ and A"’ be any two regular transformations of simple 
sequences; then the transformation A =A'QOA"’ is regular for the class of double 
sequences of which each row is transformable by A'’, and each column by A’, 
into a bounded sequence. 


Almost simultaneously with I there appeared a paper by Lésch* in which 
a somewhat better result was independently obtained. His theorem may be 
stated in the following form.f 


THEOREM 1L. Let A’ and A" be any two regular transformations of simple 
sequences; then the transformation A=A'QOA"’ is regular for the class of double 
sequences which are bounded A.t 


Many of the subsequent theorems in the present paper are based upon 
Theorem 1L; we can thus give them a more general and simpler form than 
would have been possible had they been made to depend upon Theorem 1A, 
as was our original intention. 

Each of the Theorems 1A and 1L is valid when the factor transforma- 





* Lésch, Uber den Permanenzsatz gewisser Limitierungsverfahren fiir Dop pel folgen, Mathematische 
Zeitschrift, vol. 34 (1931), pp. 281-290. 

¢ It may be remarked that if the factor transformations A’ and A”’ are defined by matrices con- 
taining no zeros in their main diagonals, Theorems 1A and 1L give identical results. 
t A sequence {mn} will be said to be bounded A if its transform, A { xmn}, is bounded. 
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tions, A’ and A’’, are defined by square rather than triangular matrices, pro- 
vided certain further restrictions are made upon the class of sequences { mn} 
involved. In particular it is first necessary to restrict this class to sequences 
for which every double series 


Dame: OniXes (m,n = 1, 2, 3,---) 
k ,l=1 

converges, in order that the sequence {y,,} may be completely defined; sec- 
ondly, in order to apply the methods of proof already used in establishing 
the two theorems, it is necessary to assume that each of these double series 
has convergent rows and columns. Of course these conditions are satisfied by 
any bounded sequence, and they do not constitute real restrictions when A’ 
and A”’ are defined by row-finite, but not triangular, matrices. In the follow- 
ing pages it is to be understood that the simple sequence transformations in- 
volved are defined by triangular matrices; the results are always valid, how- 
ever, for the case of row-finite matrices, and in general can be extended to 
the case of matrices which are not row-finite, unless the contrary is specified. 
In §2 we consider a more general form of Theorem 1L and the question 
of whether the sufficient conditions for regularity therein contained are also 
necessary. In §3 is established an analogous theorem for convergence-preserv- 
ing transformations. §4 is devoted to transformations defined by matrices 
of finite “rank” greater than unity. In §5 we consider the questions of in- 
clusiveness and equivalence of two transformations. In §6 the adjunction or 
omission of a row or column is discussed. In §7 we establish certain sufficient 
conditions for mutual consistency of two transformations. §8 is devoted to 
the transformations defined by a particular kind of matrix of infinite “rank.” 
2. An extension of Theorem 1L; necessity of the conditions. First we state 
two lemmas concerning a pair of simple sequences, {a,} and {b,}, of real 

or complex numbers. The proofs can readily be supplied by the reader. 


Lema 1. Jn order that we have 
lim anb, = L ¥ 0, 


m n> 2 


it is necessary and sufficient that lim,,... dm and lim,.+2 6, both exist and their 
product equal L. 


Lemma 2. In order that we have 


lim a,b, = 0, 


m n> 2 


i is necessary that one of the sequences {am}, {bn} converge to zero. 
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Now an examination of the proof of Theorem 1L as given by Lésch dis- 
closes the fact that only the following hypotheses are actually used: 


(1) liman, =0 (k =1,2,3,---); lima.=0 (l=1,2,3,---); 


Mrw nwo 


(2) > | ane | < K, > | anz| <K (K = constant; m, -++); 
k=1 l=1 


m,n 


. , ? 
lim > Guida: = 1. 


mn>© kal ,l=l 


By Lemma 1, this last condition is equivalent to the set of conditions 


(3) lim Dane => li, lim Yan = Lo, 
l=1 


m—> 2 k=1 n> 2 
(4) L;-L, = 1. 


It is well known that the combination of conditions (1), (2), and (3) is neces- 
sary and sufficient that the transformations A’ and A’ be convergence-pre- 
serving and regular for null sequences.* Thus we obtain the following theorem 
which includes Theorem 1L. 


THEOREM 2. Let A’ and A"’ be any two transformations of simple sequences, 
each convergence-preserving and regular for null sequences, and let them satisfy 
the condition (4) ; then the transformation A = A'QA"’ is regular for the class of 
double sequences which are bounded A. 


That the sufficient conditions for regularity given here are also, in a cer- 
tain sense, necessary, we shall now see. 


THEOREM 3. Let A=A’'OA"’ be any transformation of the product type, 
regular for a class of double sequences which includes all bounded sequences; then 
each factor transformation is convergence-preserving and regular for null se- 
quences, and together they satisfy condition (4). 


Since the transformation A is regular for all bounded sequences the follow- 
ing conditions must be fulfilled :7 





* Each of the matrices || ¢/,x|| and || a’%:|| is then a “pure C-matrix” in the language of Haus- 
dorff, loc. cit., p. 75. 
t See Robison, loc. cit., p. 53. 
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(5) lim Amnkl = 0 


mn 2 


(6) lim > Qmnkl = 


mano k=l, lel 


(7) lim >. | Omnkt | = 


m n> 2 k=l 


(8) lim > os | Omnkt | = 0 (k = 1,2, 3,° 


m no l=1 
(9) » | Qmnzi| < K  (K = constant; m, m = 1, 2, 3,--- 
k=l ll 
From (6) it follows by Lemma 1 that the factor transformations satisfy the 
conditions (3) and (4). By (9) we have 


>| ane| » S| an| < K (m,n = 1, 2,3,---). 
k=1 l= 1 


Neither sum can vanish for all values of m or n without violating (3), (4); 
hence each sum is bounded, and conditions (2) are satisfied. From (7) we have 


lim lan:| - Do] anme| = 0 (? = 1, 2,3,---). 


mn 2 k=l 


The second factor does not tend to zero with 1/m; therefore, by Lemma 2, 
A” fulfills the second of conditions (1); that A’ fulfills the first of (1) follows 
in a similar manner from (8). 

3. Convergence-preserving transformations of double sequences. Neces- 
sary and sufficient conditions that the transformations A’ and A’’ be con- 
vergence-preserving are expressed by (2), (3), and* 


(1’) lim ame = an (k=1,2,3,---); lima=a; (1 =1,2,3,---). 


mo no 


Let the transformation defined by the matrix whose general element is 


Gmakt = (aimk ame ar) (ant = a) 
be denoted by A. From Theorem 1L is now easily obtained 


THEOREM 4. Let A’ and A"’ be any two convergence-preserving transforma- 
tions of simple sequences. Then the transformation A=A'OA"’ is convergence- 


* See, for example, Hausdorff, loc. cit., p. 75. 





1932] ON SUMMABILITY OF DOUBLE SERIES 221 


preserving for the class of double sequences {xmn} which are bounded A and are 
such that the series 


(10) Danan: + a) Omk - azar )(xx1 = x), 


k,l=l 


where x is the limit of {mn}, converges. Moreover, the A-transform of a convergent 
sequence satisfying these conditions converges to the limit 


LIyLex + S, 
where S denotes the sum of the series (10). 
4. Transformations defined by matrices of finite rank greater than 1. Let 
(11) Oe a) a 
be transformations defined respectively by matrices 


” 


l[amall [nal] s {]Omall, [Ona] s «+ + 5 


|| Pmall || Daal 
and let 
A=A'OA", B= B'O B",---,P=P'O P". 
Moreover, let 
(12) {@mn} {bmn}s**s { Pmn} 


be any set of double sequences. If the number of the transformations (11) is 
2r, the matrix whose general element is 


(13) tmnkl = OmnOmk Ont + BmnBmibnt + wibiiks + PmnPmkPat 


will be said to be of rank r. Theorem 2 may now be extended as follows. 


THEOREM 5. Let each of the transformations (11) be convergence-preserving 
and regular for null sequences, and in addition let each pair satisfy condition 
(4). Then, if the sequences (12) converge with respective limits a, b,- - + , p, the 
transformation T defined by (13) is convergence-preserving for the class of double 
sequences which are simultaneously bounded A, bounded B, - - - , and bounded 
P. A convergent double sequence of this class, with limit x, is carried into a se- 
quence whose limit is (a+b+ - - - +)x; hence the transformation T is regular 
for the class of sequences described if and only if we havea+b+ --- +p=1. 
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5. Inclusiveness and equivalence. For most of our subsequent work the 
following theorem is of primary importance. 


THEOREM 6. If we have* 
A = A'Q A" and B = B' © B", 
then we also have 
B-A = (B’-A’) © (B”-A”"). 


The general element of the matrix defining the transformation B-A is 


m,n m n 

, a, gf 7 , , sna 

Cmnrs = y OmeOni@kr@is = Do bink@ir Do bniais 
k=r 


k=r ,l=s l=s 


Of these two sums the first is the general element c’,,, of the matrix defining 
the product B’- A’, while the second is the general element c;’, of the matrix 
defining B’’-A’’. 

From this we obtain at once 

THEOREM 7. If A’ and A"’ both have inverses, denoted respectively by A’ and 
W’’, then A=A’'OA" has an inverse X=A'OA"’. 

If the identical transformation for simple sequences be denoted by J’, and 
that for double sequences by J, we have 

T = | i © P< 


and hence 
A-W% = (A’- 1’) © (A”- 4”) =]'ol!' z. 


YA A=(W-AVO(MA AN = Or =. 


When every simple sequence evaluated by a transformation A’ (i.e., for 
which the A’-transform converges) is evaluated, and assigned the same value, 
by a second transformation B’, we say that B’ includes A’ and write 


Bsc’. 


The corresponding notion for double sequences we define in a similar way 
and indicate by a like relation. 


THEOREM 8. Let A=A’'OA” and B=B’OB" be any two transformations 
of which the factor transformations, not necessarily regular, satisfy the conditions 
B'> A’ and B''3 A" and A’ and A" have inverses. Then we have B>A for 
the class of double sequences which are bounded B. 

* If A’, B’, A’’, and B” are defined by matrices which are not row-finite, we must add to the 
hypotheses of this theorem; it is sufficient to assume, in addition, absolute convergence of the series 


of elements in each row of the matrices defining respectively the four transformations. We may re- 
mark, however, that this restriction does little to impair the usefulness of the theorem. 
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Let the respective inverses be &’ and %’’ and let {xmn} be any sequence 
for which B{xn,} is bounded and A {nn} converges, let us say to x. By 
Theorems 6 and 7 we then have 


B{xmn} = BLM-A {xmn} } 
(14) = (BX) {A {xmn} } 
= [(B’-W) © (BYU) {A [ xmn} } - 


From the relations B’> A’, B’’3 A’’, it follows that the transformations 
B’-%' and B’’-%’’ are both regular; hence B{ xm} converges to x and the 
theorem is proved. 

As immediate consequences of this theorem we have several corollaries, 
of which the following concerning Cesaro summability is typical. 


Coroiiary.* If a double series is summable (C, r,s) (r, s> —1) and bounded 
(C,r’, s’) (r’ =r, s’=s), the series is summable (C, r’, s') to the same sum. 


When we have simultaneously B’ > A’ and A’ > B’ we say that A’ and B’ 
are equivalent and express this fact by the relation 


B’~ A’. 


A similar terminology and notation will be used for the analogous relation 
between double sequence transformations. 
From Theorem 8 we now obtain 


THEOREM 9. Let A=A'OQA"’ and B=B’'OB" be any two transformations 
of which the factor transformations, not necessarily regular, satisfy the conditions 
B'~A' and B’'~A"' and all have inverses. Then we have B~A for the class of 
double sequences which are bounded B (or bounded A). 


That it is immaterial whether we say bounded B or bounded A is appar- 
ent from the relation (14) and its analogue expressing A {mn} in terms of 
B{xmn}, both of which are valid under the present hypotheses. 

The following corollary is of interest: 


Coro.iary. The Cesdro (C, r,s) and Hélder (H, 1, s) (r,s > —1) definitions 
of summability are equivalent for the class of double series which are bounded 
(C, r, s) (or bounded (H, r, s)). 


We shall now state several theorems concerning inclusiveness and equiva- 
lence which do not depend upon the existence of inverses of the transforma- 
* This corollary obviously includes Theorems 3, 4, and 5 of I as well as Theorem 1’ of Merriman, 


Concerning the summability of double series of a certain type, Annals of Mathematics, vol. 28 (1927), 
pp. 515-533. 
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tions involved. First we have two analogues of well known theorems on simple 
sequences.* 


THEOREM 10. Let A and B be any two transformations, not necessarily regu- 
lar for any particular class of double sequences.} If there exists a transformation 
C, regular for all double sequences and satisfying the condition B=C-A, we have 
BoA for all double sequences. 


THEOREM 11. Let A and B be any two transformations, not necessarily regu- 
lar for any particular class of double sequences.} If there exist two transforma- 
tions C and D, each regular for all double sequences, and together satisfying the 
conditions B=C-A, A=D-B, we have B~A for all double sequences. 


Neither of these theorems is of any considerable interest, since the class 
of transformations regular for all double sequences is so restricted. The two 
following theorems, while more general than Theorems 8 and 9, still possess 
some degree of usefulness. 


THEOREM 12. Let A=A'OA"” and B=B’'OB"' be any two transformations 
whose factors are not necessarily regular. If there exist regular transformations 
C’ and C"’ satisfying the conditions B'=C’- A’, B'’=C"’-A"', we have BD A 
for the class of double sequences which are bounded B. 


THEOREM 13. Let A=A’OA"’ and B=B'OB" be any two transformations 
whose factors are not necessarily regular. If there exist regular transformations 
C’, C’’", D’, and D" satisfying the conditions B’=C'-A', B’’=C"-A”, 
A'=D'-B’, and A'’=D"'- B", we have B~A for the class of double sequences 
which are bounded B (or bounded A). 


6. Omission or adjunction of a row or column. It is sufficient to consider 
the omission or adjunction of a row, since the situation with respect to 
columns is symmetrical. Let us set 


m,n 


mn 
(15) Vmn = ) AmnkiXkl, Vmn = » AmnkiXk+1,15 


k=1,l=1 k=1,l=1 


and 


m,n 


(16) mn = 7 Om+in,k+1,1Vk+1,1- 


k=l lel 


We seek to determine sufficient conditions that, when either {yma} or { jmn} 


* See Hurwitz, Report on topics in the theory of divergent series, Bulletin of the American Mathe- 
matical Society, vol. 28 (1922), p. 26. 
+ Other than the “class” of sequences all of whose elements are zero. 
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converges, the other will converge to the same limit. If the transformation and 
sequence involved satisfy the condition 


(17) lim = Camauxu = 0, 


m n— 2 l=1 
we have 


lim yan = lim ymiin = lim Ymn 
m n> © m n> 2 m n> © 
whenever any one of these limits exists, and may therefore transfer our considera- 
tions from the pair Ymn, Imn to the pair Y'mny Fmn- 
Let A denote the first of transformations (15) and A, the transformation (16). 
If A and A, are equivalent for some class of sequences and if a sequence 


(18) { tan} (m, n = 1, 2, 3,--+) 
of that class satisfies the condition (17), the sequences (18) and 

(19) { tn} (m = 2, 3,4,---;" =1, 2, 3,---) 
are assigned the same value whenever either is evaluated. Thus by Theorem 
11 we have 


THEOREM 14. Let A be any transformation, not necessarily regular for any 
particular class of double sequences, and let (18) be any sequence satisfying con- 
dition (17). If there exist two transformations C and D, each regular for all 
double sequences, and together satisfying the relations A,=C-A, A=D- Aj, then 
whenever either sequence (18) or (19) is evaluated by A, the other is assigned the 
same value. 


It may be remarked that when A is regular for the class of bounded se- 
quences, any sequence (18) of the class described in Theorem 2 of I fulfills 
condition (17). For transformations of the product type we have by Theorem 
13 the following: 


THEOREM 15. Let A=A’OA"’ be any transformation, whose factors are not 
necessarily regular, and let A,=A{ OA". If there exist regular transformations 
C’ and D’ satisfying the conditions A{ =C’'- A’, A’=D’-Aj, let (18) be any 
sequence satisfying the condition (17) and such that (19) is bounded A (or 
bounded A,). Then if either sequence (18) or (19) is evaluated by A, the other 
is assigned the same value. 


The following corollary, obtained by taking A as the Cesaro transforma- 
tion (C,r, s), may be of interest. Denoting by (C, r), the transformation whose 
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matrix is obtained from the (C, r) matrix by suppressing the first row and 
column, we may write 


4=(79)=CNOC), 41=C 1069 
and obtain, for C’ and D’ of Theorem 15, 
CHC) D=(C,y)- (nb, 
each of which is regular.* Hence we have the 


COROLLARY. Omission or adjunction of a row is permissible in the case of 
the Cesdro transformation (C, r, s) if the first row of (18) is bounded (C, s) and 
(19) is bounded (C, r,s). 


7. Permutability; mutual consistency. Two double sequence transforma- 
tions A and B will be said to be permutable if and only if we have 


B-A=A-B. 


For the present all simple sequence transformations are understood to be de- 
fined by triangular matrices, and all double sequence transformations by four- 
dimensional matrices of analogous type. 

THEOREM 16. If we have 


A=A'O A" and B= B' © B" 


and if A’ and B’, and also A"’ and B"’, are permutable, A and B are permutable. 


By Theorem 6 we have 
B-A = (B’-A’) © (B"-A") = (A’-B’) © (A"-B”) = A-B. 
It is evident that the arithmetic mean transformation for double se- 
quences, M, defined by the matrix 
Amnkt = 1/(mn), 
satisfies the equation 
M=M'OM’, 
where M’ indicates the arithmetic mean transformation for simple sequences. 
Thus we have 


Coro.iary 1. If A=A’OA"’ is any transformation of which each factor 
is permutable with M', A is permutable with M. 


* See Hurwitz, loc. cit., p. 32, and Carmichael, General aspects of the theory of summable series, 
Bulletin of the American Mathematical Society, vol. 25 (1918), p. 118. 
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Let T=Ai+A2+ --- +A,; then we clearly have A-T=A-A,+A-A;z 
+ -.---+A-A, and obtain immediately 
Coro.iary 2. If A=A’'OA" and A;=A! OA!’ (i=1, 2, - - +, m) are any 
n+1 transformations of which each of the factor transformations A! is permuta- 
ble with A’ and each of the Aj’ is permutable with A'’, A and T are permutable. 
A third corollary, similar to this, can be stated for 
Ast Ag +---+Aa4*:- 


whenever this symbol has a meaning. 

Two double sequence transformations, A and B, will be said to be mutu- 
ally consistent if, whenever each evaluates a double sequence, the values as- 
signed to it are the same. We now turn to the problem of determining suffi- 
cient conditions for the mutual consistency of two transformations. 

It is natural to call any transformation of the form 


Vmnn = Suntan 
a multiplication. In addition to such transformations we are concerned with 
the Euler transformation for double sequences, 
tg m — 1)! n— 1)! 
me (ge Se 
bat dnl (m — k)\(k — 1)! (n — DM — 1)! 
which we denote by A. Evidently we have 
A=A'O4d’, 





Vkly 


where A’ stands for the Euler transformation for simple sequences, and hence 
A? = A-A = (A’-A’) © (4-4) =’ OL =I. 
We may now prove at once six lemmas corresponding precisely to Hur- 


witz and Silverman’s Lemmas 1-6*; these culminate in the last which is as 
follows. 


Lema 3. Any two double sequence transformations of which each is permut- 
able with M, are permutable with each other. 


From this Lemma we obtain at once two theorems. 


THEOREM 17. Any two double sequence transformations of which each is per- 
mutable with M and regular for the class of bounded sequences, are mutually 
consistent for this class of sequences. 


* Hurwitz and Silverman, On the consistency and equivalence of certain definitions of summability, 
these Transactions, vol. 18 (1917), pp. 1-20. 
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The generality of this theorem can be extended somewhat by aid of 
Theorem 2 of I; this comment applies also to Theorem 19 and to Theorem 23 
and its corollary. 

THEOREM 18. Let A=A’OA"’ and B=B’' OB" be any two transformations 
of which eachis permutable with M and all the factor transformations are regular; 
moreover, let {xmn} be any sequence which is evaluated by both A and B and is 
bounded B-A (or bounded A-B). Then the values assigned to this sequence by 
A and B are the same. 

Further consequences of the above-mentioned lemmas are the following 
three theorems. 

THEOREM 19. If A and B are any two double sequence transformations of 
which each is permutable with M and regular for the class of bounded sequences, 
and if A evaluates a bounded sequence {xmn} to & and B evaluates a bounded 
sequence {mn} ton, then A-B evaluates {Xmn+mn} to €+n. 


THEOREM 20. Let A=A’'OA” and B=B’'OB" be any two double sequence 
transformations of which each is permutable with M and all the factor transforma- 
tions are regular; moreover, let {xmn} be any sequence which is evaluated by A, 
say to £, and is bounded B-A (or bounded A-B), and let {mn} be any second 
sequence, evaluated by B to n and bounded B-A. Then A - B evaluates {xmn+Ymn} 
to E+. 

THEOREM 21. A necessary and sufficient condition that A be permutable with 
M is that there exist numbers fyi (h, i=1, 2, 3, - - - ) such that we have 


=.9 (m — 1)! 
Qmakt = — 1)*ti-k-1 
“ | ) (m — h)\(h — kk — 1)! 
(20) 
(n — 1)! f 
(n— adi —DWI—DP 

More general sufficient conditions for mutual consistency are given by the 
three following theorems, which are free from any restriction on the shape of 
the matrices involved.* 

THEOREM 22. Any two double sequence transformations A and B are mutu- 
ally consistent for a class of double sequences if there exists a third transformation 
C such that we have C > A and C > B for this class of sequences. 

THEOREM 23. Any two transformations A and B are mutually consistent for 


the class of bounded sequences if there exist transformations C and D, each regular 
for this class of sequences and together satisfying the condition C-A=D-B. 








* See Hurwitz, loc. cit., p. 28. 
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Coro.tiary. Any two transformations A and B which are permutable and 
regular for the class of bounded sequences, are mutually consistent for this class 
of sequences. 


THEOREM 24. Let A=A’'OA"” and B=B'OB" be any two permutable 
transformations of which all the factor transformations are regular; moreover, let 
{xmn} be any sequence which is evaluated by both A and B and is bounded B-A 
(or bounded A -B). Then the values assigned to this sequence by A and B are the 
same. 


RARE SII 


& 8 ah ie ee 
ee 


Swern: 


8. Transformations defined by certain matrices of infinite rank. The fol- 
lowing analogues of Hurwitz and Silverman’s Theorem 1 and its corollary* 
are readily proved by a natural modification of their method. 


BG rs 


THeEorEM 25. If f(z) =aot+aiz+arz?+ --- is analytic within and on the 
boundary of the circle of unit radius about the origin and if we have f(1) =1, then 
the symbol aol +a:M+a2M?+ --- defines a transformation A regular for the 
class of bounded sequences. 


Corotiary. The general element Qmnir of the matrix corresponding to A 
is expressed in terms of f(z) by a formula like (20) except for the replacement of 


Sas by f(1/(hi)). 

From Theorem 2 of I it follows that the transformation A may be regular 
for some unbounded sequences. It is clear, however, that if a0, the class 
defined by conditions (a) and (b) in Theorem 2 of I need not include any un- 
bounded sequences. If ay is zero, every sequence {mn} which is bounded M 
belongs to this class, as we shall now prove. 

First of all, since the main diagonal elements of M’ are all different from 
zero, we infer that each row and column of {mn} is bounded M’. Let the 
general elements of M* and (M’)* be denoted respectively by 


STS: 


i Press te Te 
+ Sree mg : 
~~ 


: , 
SEL anne. sane Ac lene, o: 


(r) (r) 
Omnkt and Qmk; 


then we have 


PEGs te need eal 


aren y= 


P 
A (r) 
Qmnkl = lim oa-4mnkt- 


~~ r=1 


Fame mauve ty ct, 


Thus the transform of the /th column of {mn} is, in the notation of Theorem 
2 of I, 


* See Hurwitz and Silverman, loc. cit. 
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m 


P 
° (r) 
7 lim Ay Amnkl [XkL 


k=1 \P>@ poi 


P m 
° (r) 
lim da, Doamnkt tes 
k=l 


P+2 r=1 

(21) ‘ 4 (r) a Cr) 
lim Sla,an1 Amk Xk. 
P28 r=1 k=1 

But we have 

m 
(r) 
| Dame Xen < B, (m = hy 2, 3, aida ); 


k=1 


where B; is a suitable constant. Hence the sum in (21) is at most equal to 


| 
B, >>| a, -| anal, 
r=1 


and we have 


P 
(22) | tn | < B; lim > | a | - Pi 
—?2 roe] 

It still remains to show that this bound converges to zero with 1/n. Since 
>“. /a,| converges and |ay?| <1, the limit in (22) exists uniformly with 
respect to m; and, M’ being regular, 

a 
lim > | a, | . an? 

r=1 


n— 2 


exists and equals zero for each P. Hence we have for this sum 


lim lim = lim lim = 0, 

no Pi2w P22 no 
which was to be proved. The corresponding condition on columns of {mn} 
may similarly be shown to hold. We formulate the result now established in 


THEOREM 26. If f(z) =aiz+a22’+ - - - is analytic within and on the boun- 
dary of the circle of unit radius about the origin and if we have f(1) =1, then the 
symbol o,M+a.M*+ --- defines a transformation A regular for the class of 
sequences which are bounded M. 
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ON THE COVERING OF ANALYTIC LOCI 
BY COMPLEXES* 


BY 
B. O. KOOPMAN anp A. B. BROWN 


1. Introduction. Classical analysis is frequently occupied with the varie- 
ties defined by analytic equations. Modern analysis situs, on the other hand, 
deals with complexes formed by the union of cells, and investigates the topol- 
ogy of these figures by combinatorial methods. In order that the results of 
this method be applicable to the analytic varieties, it is essential that a theo- 
rem be established, both in the real and in the complex domain, which states 
that analytic varieties may be obtained as complexes of cells. The proof of 
this theorem is the object of the present paper. 

While the fact that analytic varieties belong to the complexes of analysis 
situs has been quite generally assumed on intuitive grounds, it has not up 
to now been given a rigorous general proof. In the case of algebraic varieties, 
van der Waerden{ has given a proof which, by the nature of the case, cannot 
be extended to analytic varieties in general. An outline of a proof has been 
given in the general case by Lefschetz.{ But examination reveals that this 
discussion is incomplete. Thus (to mention only two of the logical diffi- 
culties) the statement, page 365, that “the conditions for coincidence - - - 
are expressed by the vanishing of certain functions holomorphic - - - ” is true 
only in the small. These functions, determined at two different points, are 
not in general analytically continuable into each other. Again, the use of pro- 
jections requires the existence of a unique direction for application of the 
Weierstrass preparation theorem for every point of a locus, a result difficult 
to demonstrate (cf. our Theorem 5.1). 

At the end of the paper we establish a theorem for the space of a set of 
complex variables, and finally show that in the real case the (m —1)-dimen- 
sional part of any locus defined by the vanishing of analytic functions is 
either vacuous or an orientable (m—1)-cycle (mod 2). 

2. Some properties of real analytic functions. The theorems of this sec- 
tion are for the most part corollaries to theorems about complex quantities. 

* Presented to the Society, October 31, 1931, under the title Covering of analytical loci by com- 
plexes; received by the editors November 16, 1931. 

+ B. L. van der Waerden, Topologische Begriindung des Kalkiils der abzahlenden Geometrie, An- 


hang 1, Mathematische Annalen, vol. 102 (1929), p. 360. 
1S. Lefschetz, Topology, pp. 362-366. Colloquium Series, vol. 12; New York, 1930. 
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Unless otherwise stated, notations are as in Osgood’s Funktionentheorie, vol. 
II} (hereafter referred to as Osgood II). When we restrict ourselves to real 
functions throughout, we denote properties by adding “-R,” as “equivalent- 
R,” “reducible-R” , denoting the ordinary properties, in the domain of com- 
plex numbers, by “equivalent-C”, etc. The conjugate of an analytic function 
is the function which, for real values of the variables, takes on values con- 
jugate complex to those of the given function, and is denoted by placing a 
dash over the symbol for the function. 

We observe that any function of x, - - - , x, which is analytic for real (x) 
can be put in the form A +7B, where A and B are real and analytic. The real 
locus where the function vanishes is the real locus where A = B=0, or where 
A’*+B*=0. Consequently, the problem of investigating the nature of the real 
locus where any set of analytic functions vanishes is equivalent to that in 
which the functions are all real. We consider the latter case henceforth. 

In the theorems of this section, the independent variables are understood 
to be x, - - - , X,. We omit proof of the following lemma. 

Lemma 2.1. If A =BC in some real neighborhood, A, B,C are analytic, A 
and B are real, and A is not identically zero, then C is real. 

Coro.iary 2.II. If two real functions are equivalent-C at a point P, they 
are equivalent-RatP. 

If both functions are identically zero, the result is obvious. If not, it is a 
consequence of Lemma 2.I. (Equivalence is defined in Osgood II, Chapter 2, 
§4.) 

Lema 2.III. If F is analytic at a real point P, and not equivalent there to 
any real analytic function, then F is not equivalent to F. 


From F =QF would follow F=@ F, hence F=QQF. Since F cannot be 
identically zero, QQ=1, so that Q=e**, k a real constant. On writing 
F* =e~-‘*/2F, we have F equivalent to F*, which is real since 

F* = etk/2h = ciklte—ikf — o—ikl2f — F*, 
As this contradicts the hypotheses, F cannot be equivalent to F. 

THEOREM 2.IV. If A is real, analytic, zero at the real point P, irreducible-R 
there but reducible-C, and B is an irreducible-C factor of A at P, then B is irre- 
ducible-C at P, B and B are not equivalent at P, and 


A = BBQ 


near P, where Qis real, analytic, and not zero at P. 


+t W. F. Osgood, Lehrbuch der Funktionentheorie, vol. II, second edition, Leipzig, 1929. 
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From B=B,B:, with B, and B, analytic and zero at P, would follow 
B=B,B:, with B, and B; analytic and zero at P, contrary to the hypothesis 
that B is irreducible-C at P. Hence the first conclusion is valid. 

By hypothesis, we have A = BD, where D is analytic and zero at P. 

Since A is irreducible-R, B is not equivalent to any real function. From 
Lemma 2.III we then infer that B is not equivalent to B. 

Since A is real, A=A=BD, so that B divides A at P. (Since P is a real 
point, B is zero at P.) Since B is irreducible-C and is not equivalent-C to B, 
so that B and B have no common divisor, it follows thatt 


(2.1) A = BBQ, 


where @ is analytic at P. Since BB is real, it follows from Lemma 2.1 that 
Q is real. If 2 were zero at P, then by (2.1) A would be reducible-R at P, 
contrary to hypothesis. Hence 20 at P. This completes the proof. 


THEOREM 2.V. If A is real, analytic, zero at P but not identically zero, it 
can be factored in one and only one way into a product of real analytic factors 
zero at P and irreducible-R there, if we do not distinguish between equivalent fac- 
tors. Those of the factors that are not equivalent to real analytic functions can be 
paired so that each member of a pair is equivalent-C to the conjugate of the 
other member of the pair. 


By use of the theorem of unique factorability in the domain of complex 
quantities, { and our Theorem 2.IV and Lemma 2.I, the proof is easily con- 
structed. We shall give no further details. 


Coro.iary 2.VI. Factorization of a real singular algebroid polynomial into 
irreducible-R factors which are real singular algebroid polynomials with the same 
vertex, is unique, provided we do not distinguish between equivalent factors. The 
factors which are not equivalent to real functions can be paired as in Theorem 2.V. 


The result follows easily from Theorem 2.V and §7 (Satz 2) and §3 in 
Osgood II, Chapter 2. 

We shall use the usual definitions of resultant and discriminant, say as 
defined in Perron’s Algebra.§ The definitions in Bécher’s|| Algebra differ from 
these merely by constant multiples depending only on the degrees of the 
polynomials involved. Since the resultant and discriminant to be used vanish 
at the same points as the resultant and discriminant defined in Osgood II 


t Osgood II, Chapter 2, §4, Hauptsatz. 

t Osgood II, Chapter 2, §5, Hauptsatz. 

§ O. Perron, Algebra, vol. I, pp. 218, 225; Berlin, de Gruyter, 1927. 

|| M. Bécher, Introduction to Higher Algebra, pp. 195, 250; New York, Macmillan, 1907. 
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(Chapter 2, §9), the theorems in Osgood II regarding their vanishing remain 
valid under the present notations. 


THEOREM 2.VII. Let F be a real, singular algebroid polynomial (ausgezeich- 
net Pseudopolynom). If its discriminant vanishes identically, then F is a product 
of real singular algebroid polynomials of lower degrees, with the same vertex, one 
of which occurs as a multiple factor. 


This theorem is proved easily by use of the corresponding theorem for the 
complex case,* and our Lemma 2.I and Corollary 2.VI. Theorem 2.VIII, now 
following, is proved in similar manner, and we give no further proof for either 


theorem. 


THEOREM 2.VIII. Jf F and G are real singular algebroid polynomials with 
the same vertex, the identical vanishing of their resultant implies that they have a 
common real singular algebroid factor. 


Corotiary 2.1X. Theorems 2.VII and 2.VIII are also valid for non-singu- 
lar algebroid polynomials, providing the coefficient of the highest power is not zero 
at the vertex. 


By the method of Chapter 2, §10, in Osgood II, it is easily shown that 
such an algebroid polynomial is a product of one or more algebroid polyno- 
mials each of which has all its roots at the vertex coincident. Consider, say, 
Theorem 2.VII. The discriminant of the product equals the product of the 
discriminants of the factors by the squares of the resultants of the pairs of 
factors.t At least one of these discriminants and resultants must vanish 
identically; and if it is a resultant, the two corresponding factors must have 
equal roots at the vertex. The proof is now easily completed by use of Theo- 
rem 2.VII or 2.VIII, and the facts that an algebroid polynomial with roots 
all coincident at its vertex is expressible as a singular algebroid polynomial 
in a new variable equal to a constant plus the original one; and that, as fol- 
lows from the expressions for discriminants and resultants in terms of differ- 
ences of roots,{ this new polynomial has the same discriminant (or two of 
them have the same resultant). 


Lema 2.X. Let F(x, - - - ,%m3¥;2) =F (x, y, 2) be an algebroid polynomial 
with vertex at the origin: 


(2.2) P(x, y, 2) = a + ya(x, a)! +--+ v(x, 9); 


* Osgood II, Chapter 2, §9, Satz 3. It is also convenient to use §3, and $5, Satz 3 and Zusatz. 
In the proof of Theorem 2.VIII we would use §9, Satz 1. 

t Perron, loc. cit., p. 227, formula (10). For Theorem 2.VIII we rr use formula (21), p. 223, 
giving the resultant as the product of the resultants of the factors. 

t Perron, loc. cit., p. 275, formula (8), and p. 278, formula (15). 
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suppose that it is irreducible-C at the origin, and that its coefficients are analytic 
in the (2m+2)-dimensional neighborhood E: |x;|<e, |y|<e; finally, let the 
discriminant R(x, y) of F(x, y, 2) vanish only on the locus y=0. Then we shall 
have, for all |x;|<e, 


(2.3) F(x, 0, z) = [z — T(x) ]¥, 


where T is analytic for all |\x;| <e. 


First we observe that at any point of Z not on the locus y=0, any root 
can be continued analytically into any other at the point, along a curve in E 
not meeting the locus y=0. This is proved as in Osgood II, Chapter 2, $10. 

Suppose now that at P on the locus y=0, F had two distinct roots. It 
follows from the continuity of algebroid functions that two roots could then 
be found at a point Q near P, not on y=0, which could not be continued into 
each other near P. But from the preceding paragraph it follows that a path 
could be described from Q to the neighborhood of the origin and back to Q, 
not meeting the locus y =0, and such that along it one of the roots in question 
is continued analytically into the other. This path could be deformed into a 
curve near P, so as still to pass through Q, without meeting the locus y=0 
during the deformation. The result would be a curve from Q to Q, near P, 
along which the one root could be continued into the other. As this would 
contradict the statement above in this paragraph, it follows that at every 
point (x, 0) in E, all the roots of F coincide. 

We then infer that F(x, 0, z) has the form (2.3), for any point (x, 0) in E. 
Comparing with (2.2), we find that T(x) = —y:(x, 0)/N, hence is analytic. 
This completes the proof. 

3. Lemmas of analysis situs. We present the following lemmas: 


Lemma 3.1. Given a complex and a number of sub-complexes, then the sum of 
the sub-complexes is a sub-complex, and the intersection of the sub-complexes is 
a sub-complex. ; 


Lema 3.II. Let E, and S,_: be an n-cell and its boundary, in the space of 
the variables (x, - - - , Xn), homeomorphic to an ordinary (n—1)-sphere and its 
interior in a euclidean n-space. Let y; and 2 be two functions of (x) single-valued 
and continuous over (E,+Sn-1), such that ye>y. on En, and yo=y. on Sn-1. 
Then the locus, say H, of points in (x, y)-space for which (x) is on E, or Snr 
and y,S ye, is homeomorphic to an ordinary n-sphere and its interior in 
euclidean (n+1)-space, in such a way that the interior of the n-sphere corres ponds 
to the points for which (x) is on E, and yi<y <ye. 


We omit the proof of Lemma 3.I, and proceed to prove Lemma 3.II. 
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Since H may be replaced by a homeomorph, we may assume first that 
S,-: and E, are an ordinary (n—1)-sphere and its interior, in the (x)-plane, 
say with center at the origin. Next, we redefine y, and 2 as follows. They are 
unchanged over S,_1. At the origin, y2 takes on a positive value greater than at 
any point on S,_;, determining a point, say P, on the y-axis; and y, takes on 
a negative value less than at any point of S,_1, determining a point Q on the 
y-axis. For other values of (x), ye is determined by the surface obtained by 
joining P by straight line segments to all the points (x, y2) for which (x) is on 
S,-1; and y; is similarly defined, with the point Q replacing P. 

The new H is homeomorphic to the old, with interiors corresponding, and 
furthermore it is convex from the origin. For, if we consider any straight line 
from the origin (not the y-axis), it and the y-axis determine a 2-plane, which 
cuts out from H a convex 2-dimensional region, bounded by four, five or six 
straight sides, four of which are not parallel to the y-axis. The line segment 
cuts the boundary of this figure in just one point; hence also cuts the boun- 
dary of H in just one point. These line segments (including the two along the 
y-axis) set the boundary of H in a one-to-one continuous correspondence with 
any #-sphere with center at the point (0,0); which is extended in an obvious 
manner to the interiors. (Cf. Lefschetz, loc. cit., p. 9.) This completes the 
proof. - 

4. Nature of an analytic locus in the small. By an analytic locus we mean 


one defined by equating to zero certain functions analytic in the space-coérdi- 
nates. As a means of finding the nature of such a locus, we introduce an al- 
gorithm. 

We begin with a finite set of functions 


O,(x1, Pain Xn); as O,(x1, ae a), 


which are (i) analytic at the origin (x) = (0); (ii) real; (iii) not identically zero. 
The first step of the algorithm is a rotation of axes such that, for the new 
variables (using the same notations for the variables and functions), we have 


(4.1) 0,(0,---,0, x,) #0 (i = 1,2,---,5). 
Next we apply a theorem of Weierstrass,* giving us, near (0), 
(n) 


(4.2) O(a, sclelie sg Xn) = W(x, es Xn) TI |F: (x1, aie Xn) |Pe. 
k 


Here W;{ is real, analytic and not zero at the origin, the product is finite, 
and F,™ is an irreducible-R singular algebroid polynomial with vertex at (0); 
that is, it has the general form 


* Osgood II, Chapter 2, §2. 
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(n) 


ee Ped, +b + ead +++ 4+, ed 


where the y’s are real, analytic and zero at (x) = (0); but F,™ is not factorable 
into a product of two such functions. The notation in (4.2) and (4.3) is ge- 
neric and not intended to be complete; thus, NV, yu, etc., will usually be differ- 
ent for different values of k. The superscripts are used here, as throughout, 
to indicate the number of independent variables. The exponents P;, and N 
are positive integers, but if 0,(0)~0, the product II; is replaced by unity. 
Finally, (4.2), which holds for i=1, 2,---, s, defines a finite set of real 
F(’s, which we have arranged in an arbitrary order as 


(4.4) Fr Be yee Bes 
where no two of these F’s are equivalent at (0). (See Corollary 2.VI.) 

Next we form the discriminants R;{*-) (a, - - + , Xn-1) of all Fs in (4.4), 
and the resultants R;{*-) (a, - - + , %n-1) of all the pairs F<”, F{™, in (4.4). 
Let these discriminants and resultants be denoted by 


(n—1) 


(4.5) @.” (x1, aa La~1), CO. 


(a1,+°+, Mnna)y**, 


a finite set. None of them vanishes identically, as follows from Theorems 
2.VII and 2.VIII. 

This completes the first step in our algorithm, which consisted in (1) 
choosing axes so that (4.1) is satisfied; (2) determining the functions (4.4); 
(3) determining the functions (4.5). We now proceed to apply the same proc- 
ess to the functions 0,"-» (x, - - - , Xn-1), to determine a new set of func- 
tions O,"-?)(x, - - + , Xn-2). We note that the change of axes coming at the 
beginning of this process will involve only the variables x, - - - , x1, hence 
will not affect what was done in the first step of the algorithm. 

We then repeat the process, doing it (7—1) times in all. The general equa- 
tions replacing (4.2) and (4.3) are 


(4.6)Rsj (x1, +++, %) = Oy (a, +++, m) 


(*) 


Wi (a, es ty) ITF (a1, res xy) Pe, 


(4.7) F; = x + vi( x, 7 Te ude + re + Yy(x1, es Xp—1) 
(v=1,---,m). 


(*) 


(*) 


At the termination of this process, we complete our algorithm by deter- 
mining positive constants a, - - - , a,, and, corresponding with these, ” 
real closed neighborhoods %’(v=1, - - - , m): 


W: | x.| <a (k =1,---,»), 
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having the following properties: (a) The functions R™ or 0, W™, and 
F™ are analytic in A’. (8) Throughout %, W™ +0. (y) If, for v<n, 
(m%1,-- +, %,) isin W’, each root x,4, of Fit) =0 is restricted by the in- 
equality |x,,1|<4a,4:. The a’s are determined as follows. First, take a, such 
that properties (a), (8) for &{ hold in the neighborhood %’": |x;|<an, -- +, 
|x» | San; second take a,_1<a, and such that (a), (8), (y) for {"-! hold in the 
neighborhood %’"-!: |ai:| San, -- +, |4n-1|S@n-1; property (y) being ob- 
tainable by virtue of the continuity of algebroid functions. By repeating this 
process m times, the desired set of constants is obtained. 

The following theorem, which is fundamental for the later results, is valid 
for the values y=1,2,---,n—1. 


THEOREM 4.1’. (1) The closed region X’ can be covered by a complex A” of 
analytic cells a*(u=0,1,---,v). 

(2) Each cell a*, O0<p<v, is mapped on a p-cell b* in the p-space of a certain 
set of x's, X14) + * + , Xe,, by equations 


*,, ~ wi( Xe, hit 


(4.8) 


<i aad Wal Xt,, at 


where the functions w, which are determined by a*, are real and analytic in b+, 
and continuous on b* and its boundary. Each cell a’ is a region of X’. 

(3) If Bit (a1,, + ~~ » X45 X41) is the polynomial obtained from Ft” by 
the substitution (4.8”) (or if v=p, B;,¢+? =F +), the following reduction will 
take place throughout b*: 


(u+1) N; 
®;, =[[ [x41 ans Qip(Xe,, ea *t,) uy 


? 
where the Q’s are analytic within b* (but not necessarily real). 
(4) If Qi, and Q;, are equal at one point of b*, they will be equal identically. 


The proof is by induction. Let us assume Theorem 4.I’, with y<n—2, 
and proceed to prove Theorem 4.I’+!. As the proof that we are to give will 
also hold for the value y=1 with no assumptions at all (but with certain sim- 
plifications, which we shall not mention), the proof will establish the theorem. 

In the first place, the functions Q;, belonging to a“, together with a set of 
functions Q;, one belonging to each of the cells on the boundary of b*, define, in 
all, a function continuous over b* and its boundary. (If u.=v, we use b” as an- 
other name for a’.) To prove this, we observe that all the functions Q;, and 
2;., being algebroid, form a set continuous over 5“ and its boundary, hence 
uniformly continuous. It follows that if we extend the function 2;, so as to 
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assume, over the boundary of 5+, its limiting values, the resulting function 
will be continuous over b# and its boundary. That the values so defined for a 
single cell of the boundary are those of one of the 0;,’s for that cell follows 
from the facts that the values defined are continuous over the cell in question; 
the value at any given point of the cell must be that of one of the Q;,’s; and 
the functions 2;, satisfy condition (4) of the theorem. Hence the italicized 
statement is correct. 

Next, we note that if Q;, is real at one point of b*, it is real at every point of 
b+. To prove this, we note that from condition (4) of Theorem 4.1’, the fact 
that the non-real roots of ®;““+» =0 occur in conjugate imaginary pairs, and 
the continuity of the functions Q;,, it follows that the functions Q;, that are 
not real occur in conjugate imaginary pairs. Since at no point, by condition 
(4) of Theorem 4.I’, can one of the latter functions coincide with its con- 
jugate, it cannot take on any real values. On the other hand, the real func- 
tions take on only real values. Thus the statement is proved. 

By an analytic cell we mean either a cell which is a region of the space of a 
certain set of variables, or one defined by equations like (4.8”). 

We now proceed to divide the region %{’+! into analytic cells. Consider the 
points (x1, - - - , %»41) of A’+! whose projections (x, - - - , x,) in Y” lie on the 
cell a*. We distribute these points into three classes of cells, as follows. First, 
those points for which x,,1=Q;,(x:,, - - - , %,) will lie, for each real Q of a*, 
on certain analytic cells. Second, those points for which x,4:= 4,4; and those 
for which x,:= —a,4, will lie, respectively, on two analytic cells. No two of 
the cells thus far described can have a point in common, as follows from 
Theorem 4.1’, (4), and the fact that F;°+ #0 when x,4:= +4,4:. Finally, 
the cells of the third class consist of the points between successive pairs of 
cells of the first two classes, that is, points for which, respectively, 


— O41 < M41 < D4, 
Q; < Xy41 < Qe, 


Qe < M41 < O41. 


Here 2, - - - , Q, denote the totality of real distinct 2’s of a“, taken in such 
an order that at one point, and hence, by Theorem 4.1’, (4), at every point, 


of b* we have 
2, < Qe m+ - + < Oy. 


By applying this construction for every cell of A’, we decompose %{’*+! into 
a set A’t! of analytic cells, no two of which have a point in common. Each 
cell of either of the first two classes and its boundary, is in one-to-one con- 
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tinuous correspondence with a cell and its boundary, of A’, as follows from 
the construction and the italicized statement at the beginning of the proof of 
the theorem. From Theorem 4.1’, (4), and this same statement it follows that 
the hypotheses of Lemma 3.II are satisfied for each cell of the third class 
and its boundary; consequently each such boundary and k-cell are homeo- 
morphic to an ordinary (k—1)-sphere and interior in a euclidean k-space. It 
follows that the set of cells A’+! forms a complex which, by a single regular 
subdivision, can be made simplicial. Thus (1) and (2) of Theorem 4.I’+! are 
proved. 

We shall now prove (3) and (4) of Theorem 4.I’ for the neighborhood of 
a point, after which both are easily obtained for the entire cell b+. 

Let ®*+® and P;;“+» be the algebroid polynomials obtained from 
F*? and R;;°*», respectively, as a result of making the substitution (4.8). 
(If 1.=v, this amounts simply to renaming the functions.) Then P;;‘*+” will 
still be the resultant of ®*+® and @*+» (or the discriminant of &*+®, 
if i=j). Furthermore, by (4.6) and Theorem 4.1’, (3), we have 


(4.9) Piy? = UTIL [ae41 — Qer(e,, «+, 4,) 
kor 


(U analytic and not zero in b#). Now let a be any cell of A’*! projecting on 
A” in b*, and take any point (x°)=(a!, ---, 2°41) in a. Suppose that at 
(x°) the following reduction to irreducible-C, though not necessarily distinct, 
factors ¢ takes place: 


(4 10) get) - I (+2) 


, 
a 


where ¢ is an algebroid polynomial in x,,2 with vertex at (x°), in general not 
singular. Then its roots at (x°) are all equal. 

In (4.10), if the discriminants and resultants of the ¢’s are denoted by 
Pia,ia ANd Pia,jg aS Usual, we shall have . 


(u+1) (u+1) 


(4.11) Pi; = + [TT pia, js (i =jori# j), 
a 8 

in a neighborhood of (x°). This follows from the formulas for the discriminant 
and resultant of the product of a number of polynomials.f An expression 
%r41—QDer(Xe,, + + +» Xs) in (4.9) vanishes at (x°) if and only if (1) @ is a cell 
of the first class (cf. above construction) ; (2) 2;, is the 2, used in its construc- 
tion. It then follows by (4.9) and (4.11) and the theorem of unique factora- 
bilityt that if p%*) =0 at («®), it has there the form 


ia, jB 


t Perron, loc. cit., p. 223, formula (21), and p. 227, formula (10). 
t Osgood II, Chapter 2, §7, Satz 1. 
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(4.12) PA gee = V [x41 — 2, ]*, 
where V is analytic and not zero at (x°). 

The proof of Theorem 4.I’+!, (3), for the neighborhood of (x°), now fol- 
lows. If a is of the second class, (4.8’+") is defined as (4.8”) together with the 
equation x,41= 4,41 OF X,41= —4,41; if a@ is of the third class, (4.8’+") is the 
same as (4.8”), but with x,,: considered as one of the independent variables; 
if ais of the first class, (4.8’+") is taken as (4.8”) together with the additional 
equation 


+1 = 2,( x2, malta Xt) sa Or pt1( Xess ais Xt) . 


In all cases the function ¢;.'“+® becomes, after the above substitution 
(4.8’+1), an algebroid polynomial in x,,2, with coefficients depending on 
(41, °° *, Ley) OF ON (X,,- + +, Ley» X41). We say that it reduces at (x°) to 
the form 
(4.13) bin = (442 — tT)! (c = 1 or 2), 
where T is analytic at (x°) in (%,,, -- +, %:,) or in (,, - + + , %1,, X41). Thisis 
clearly true if pt? (x) ~0, as in that case, since 0¢;./0%,,2 cannot be zero 
where ¢:2=0, (4.13) follows by the implicit function theorem, with M =1.7 
If p&t? (x°) =0, then (4.12) will be valid, and if we introduce the new vari- 
able y=x,4:—Q, in place of x,4:, the result follows from Lemma 2.X. As 
every function ®; ,,, of Theorem 4.I’*', (3), is a function ®*, from (4.13).and 
(4.10) it follows that condition (3) of Theorem 4.I’+! is satisfied for a neigh- 
borhood of (x°), taking the functions Q;, as the functions T. 

To prove Theorem 4.I’+!, (4), for a neighborhood of (x°), suppose that 
Tf and YT’, corresponding to ¢ia‘*+ and ¢;,"“+” respectively, as in (4.13), are 
equal at (x°). It follows that the resultant pia,;s(x°) =0. From (4.9) and (4.11) 
we infer that at the point (x°), x,4: must equal one of the 2;,’s mentioned in 
(4.9). Hence (x°) must be on a cell of the first class; and consequently pia,is 
has the form (4.12) near (x°). Since, as stated before (4.12), the 2, appearing 
in (4.12) is the one used in the construction of the cell a, it follows from (4.12) 
that the resultant in question vanishes at every point of a real neighborhood 
of (x°) on the cell. Hence ¢;.‘*+ and ¢;,‘“+) have a common root at every 
point of the neighborhood, and therefore, by (4.13), T and YT’ are identical 
over the neighborhood. 

Thus we have proved (3) and (4) of Theorem 4.I’+! for the neighborhood 
of an arbitrary point of the cell a. That they hold for the entire cell a may 
now be shown easily by use of the Heine-Borel theorem and the fact that any 


¢ Osgood II, Chapter 1, §6, Satz 1. 
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closed curve on a can be deformed into coincidence with any given point of 
the curve. Hence the proof of Theorem 4.I’+! is complete. We may therefore 
consider Theorem 4.1’ established for y=1,2, - - -,m—1. 


THEOREM 4.II. Let the functions O(%1, - - - ,%n),t=1, - - - , m, be real and 
analytic at the point (x)=(0), vanishing there, but not vanishing identically. 
Then, after a suitable real change of coirdinate axes which keeps the origin fixed, 
it is possible to enclose the origin in a closed region XA": |\x;|<a:, a:>0, which 
coincides with a complex A” of analytic cells, such that each of the loci 0 (x) =0, 
in %", coincides with a sub-complex of A”. 


This follows from the proof of the preceding lemma, as the induction ex- 
tends from v=n—1 to v=n, with certain simplifications. From the construc- 
tion it follows that each of the loci 0;(x) =0 is a sub-complex (compare con- 
struction of cells of the first class). 

In connection with this theorem, see Lemma 3.1. 

5. A property of analytic loci. We prove the following theorem: 


THEOREM 5.I. Let R be a connected n-dimensional open region of the 
real (x:,---, %,)-space, and M a closed sub-set of R. Let the functions 
Oi(x;, - ~~ , Xn) 40,i=1, 2, - - - , m, be single-valued, real and analytic in R. 
Then a direction can be found as close to any given direction as we like (as meas- 
ured by direction cosines), such that no locus @;=0 contains a straight line seg- 
ment in R through a point of M, in that direction. 


By an internal element of M we understand a set of real quantities 
(%1,-- +, Xn, fi, +--+, &) such that (x) is a point of M; (é,---, &,) are 
direction components of a line segment through (x) in R, whose points lie 
on one of the loci 0; =0; and 


(5.1) St? +---+82 $1. 
Thus, for some k, we shall have the identity in ¢ 
(5.2) Ox(ar + Et, ---, xn + Ent) = 0, 


and conversely, any such identity for which (x) is on M and (5.1) is satisfied, 
defines an internal element. 

Since we can expand the left hand side of (5.2) as a power series in #, the 
set of internal elements is found by equating the coefficients, say C;, to zero. 
We denote by T the locus thus obtained in (x, £)-space. We shall consider the 
part, say S, of (x, £)-space for which (x) is on M, and (£) satisfies (5.1). Here, 
and in a neighborhood of any such point, not all the coefficients C; can be 
identically zero. For in that case [ would contain line segments in all direc- 
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tions through a point of R, so that ©, would be identically zero, contrary to 
hypothesis. 

In a neighborhood of an arbitrary point of S, the locus T is found by 
equating a finite number of the coefficients C; to zero. For, with any finite 
set we obtain a locus consisting of a finite number of configurations of various 
grades, and with each additional coefficient which is not identically zero on 
these configurations, some of them are replaced by configurations of lower 
grades.* As a finite number of such steps must reduce the locus to a single 
point or no point at all, unless, after a certain value of i, all the C; vanish 
identically on the configuration already obtained, our statement is correct. 

Since we have only a finite number of analytic functions to consider in 
the neighborhood of any point of S, from Theorem 4.II it follows that in any 
such neighborhood the locus T is a complex K; of analytic cells. Since S is 
closed, it is covered by a finite number of these complexes, overlapping 
(Heine-Borel theorem). Some of them will contain points not in S, in general. 

Suppose Theorem 5.I to be false. Then the projection, on the (£)-space, of 
all the complexes K; must cover a neighborhood of a point in (£)-space repre- 
senting the given direction. Consider the projections on (£)-space of all the 
closed cells of the K;, starting with those of smallest dimensionality (zero), 
added together one by one. The first cell, say B, for which the sum covers a 
region in (£)-space must itself cover a region, since the preceding sum is a 
closed set. 

Then the boundary of B projects onto a point set containing no inner 
points. Hence the projection of B, less a neighborhood of the boundary, con- 
tains an open set. Next, we can divide the part of B in question into any given 
number of closed parts (having certain common boundary points), at least 
one of which, by an argument given above, projects onto a set containing an 
inner point. Continuing this process of subdivision, we obtain a limit point, 
say Q, on B, such that the projection on (£)-space of any neighborhood of Q 
on B contains some inner points. 

Since B is analytic, in a sufficiently small neighborhood of (Q it is repre- 
sented by equations of the form 


Xr1 = Xr4a( 41, + °° 5 fy Ets *s é.), 


xn = Xn(X1, "tty Xr, &, tia »&e); 
(5.3) E41 = fo41( a1, st ty Ney é1, laid , és), 


&, = E,( a1, + 9%» Sn Byes’, é), 
* Osgood II, Chapter 2, §17. 
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where the functions on the right are analytic. Now if s<z, not all the partial 
derivatives of £,4:,---, &, with respect to %,---, x, can be identically 
zero, as in that case m—s of the &’s would be dependent on s of them and on 
nothing else, so that a neighborhood could not be covered in (£)-space. Sup- 
pose, then, that 0£,,:/dx, is not identically zero, and consider the locus de- 
termined by its vanishing, in the above neighborhood of Q. If the projection 
of that locus covers a region in (£)-space, then we fix attention on that locus, 
which is composed of cells of lower dimensionality than that of B, near Q. 
If, on the other hand, this is not true of its projection, it will be of that of the 
locus determined by the condition 0£,,;/0x,#0. Moreover, as before, we can 
even avoid a neighborhood of the locus for which 0£,4:/dx,=0, and proceed 
as above to find another limit point, say Q’, on B, having the same properties 
as Q, but with 0&,,,/dx,0 for Q’. By the implicit function theorem, in a suf- 
ficiently small neighborhood of Q’ the points satisfying £.41= &44:(a1, - - - , &) 
are given by taking x, as an analytic function of (m,---, #1, &, °°: , &, 
£,,:) and substituting in the other equations of (5.3). We then have the locus 
(5.3), near Q’, expressed in a new way, with one more of the é’s now appearing 
as an independent variable. 

If we continue to apply the above method, at each step we will therefore 
either obtain a cell of lower dimensionality, or introduce another £; as inde- 
pendent variable. Since a single point cannot project onto a set containing an 
inner point, eventually the former must cease to occur, so that all the é’s will 
finally appear as independent variables. If we then set all the independent 
variables except the £’s equal to constants, we shall have an analytic cell of 
dimension n, 

wi = ai(bi,--+, &n) (i =1,2,---,m), 
part of 7. Then by (5.2) we have 


O, [x1(é:, ial) tn) + &f,°-- ’ n(é1, iii En) + Ent] =0 


for every &,-+-, £,, in a certain (n+1)-dimensional region. Since 9; is 
not identically zero in its arguments, for any value of ¢ in a certain interval 
the Jacobian 


A(x + él, CS oie + Et) 
a(é:, eo Ye f,) 
But, since the highest power of ¢ in the expansion of the determinant has 
coefficient unity, this is impossible. Hence Theorem 5.1 is true. 


Coro.iary 5.11. In Theorem 5.1, the loci ©;.=0 may be replaced by a finite 
number of complexes of analytic cells such as arise in Theorem 4.11, which may 
overlap; and the conclusion will be valid. 


0. 
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This follows immediately from the kind of proof used for Theorem 5.I. 
6. Analytic loci in the large. We prove the following theorem: 


THEOREM 6.1. Let R be a connected open region of a real n-dimensional 
number-space S", and M a closed sub-set of R; and let @,,---, Om be real 
single-valued analytic functions in R, not identically zero. Then M can be em- 
bedded in a complex K ¢R of analytic cells, such that each locus @;=0 on K 
coincides with a sub-complex of K. 


Let S* be covered by a lattice of n-cubes, denote by K" the set of closed 
cubes of the lattice which have at least one point in common with M; and 
suppose that the lattice is so fine that K" ¢ R. Let the equations of the (m—1)- 
faces of the cubes of K” be adjoined to the given equations, and continue to 
denote the amplified set by 0,=0, - - - , O,,=0,—an inconsequential change 
of notation. Let 7"~! be the locus of real points of K" at which at least one 
@; vanishes. 

In our proof we shall introduce what will be called a proper system of axes 
in S", namely, one for which the statements (6.1”), (6.2”), (6.3”) below are 
valid, y=n—1, n—2,---,1,0. In these statements, K” is the projection of 
K* upon the (m, - - - , x,)-space, K° the origin. 


(6.1"-") A line through any point P,1 of K"“ parallel to the x,-axis cuts 
T*— in a finite set {P.} of real points Pn. 


When P,1_, is given on K*~', there are two possibilities: either the set of 
values of x, determined by the set {P,} corresponding in the above fashion 
with P,_, will form, for all P,_: sufficiently near to P,.,, a set of distinct- 
valued analytic functions of (x, - - - , #n-1); or else this is untrue however 
small a neighborhood of P,}_, be taken. In the second case, we assign P,/_; to 
a new locus T7"-?¢ K"-!. (Evidently T"~? contains the projections on K"-? 
of all the (n—2)-dimensional faces of the n-cubes of K*.) 


finite number of points. 


Let {P,1:} be this finite set of intersections determined by P, on T”’. 
Through each P,,; pass a parallel to the x,+2-axis: it will cut T’+! in a finite 
set of points P,,2, by (6.1”+"). Through each P,,2 pass a parallel to the x,43- 
axis: they will all cut T7’+? in a finite set of points P’+?, by (6.1”+?). - - - Con- 
tinuing in this manner, we finally have a finite set {P,.} of points on T™- 
determined by the given point P, of K’. 

When P?} is given on K’, there are two alternatives: either the set of 
values of x,;, determined by the points {P,,,} obtained in the above fash- 
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ion from P, form, for all P, sufficiently near to P}, a set of distinct-valued 
analytic functions of (x, - - - , x,), and this for each w=1, 2,---, m—v; or 
else this is untrue for at least one of these values of u. In the second case we 
assign P} to a new locus T’~' ¢ K’. Evidently 7’! contains the projections 
on K’ of all the (v—1)-dimensional faces of the n-cubes of K. 


(6.2”) Any point P} on K” being given, it will be possible, maintaining the 
original X,, Xn1, - * * , Xv41-axes of the proper system, but possibly introducing 
new xX,,- +, X-axes (dependent on P}), to construct rectangles H" centering 
at the P.,’s of the finite set {P| determined as above by P}, all with edges 
parallel to the axes, and corresponding dimensions equal, and such that conditions 
(a) and (b) below are satisfied by the r-rectangles H* in which the H”’s project on 
S’ (r=n—1,n—2,---,v): 

(a) By a method essentially that of §4, each H* may be covered by complexes 

of analytic cells, the algebroid polynomials F?(x,, - - - , x.) used here being ob- 
tained as in §4, in the process of forming successive resultants and discriminants, 
starting with our given ©;’s in the different H’s. But (cf. below) here the F’s need 
not be singular at the centers of the rectangles. This construction can be so per- 
formed that, if L” is the locus in all the H™*"’s at which the functions F“+” vanish, 
L’ will coincide with a sub-complex of the complex covering the H'+"’s in question. 

(b) The part of T’ in these H*+"’s shall coincide with a sub-complex of the 

complex covering L’. 


(6.3") The part of T’-! in H’ is a sub-set of L’-'. 


We now prove the existence of a proper system of axes, using induction. 
Suppose directions have been determined for the x,, %n-1, - * - » X»4:-axes for 
which (6.1"~"), (6.2"-1), (6.3"-1), - - - , (6.1), (6.2”), (6.3”) are satisfied. We 
proceed to determine a direction for the x,-axis which will further render 
valid (6.1’~"), (6.2’+ ) and (6.3’-'). 

For any point P, of K’, we have a corresponding H’, according to (6.2’), 
and a finite set of H’*"’s which project upon it, on each of which is determined 
a finite set of algebroid polynomials F{’*”. We form the set RY? (a1, - - - , 2») 
of the resultants of all these F{’*”’s, and the discriminants of them taken in 
pairs, where both members of a pair are defined over the same H’*!. Next we 
treat these RY? as in a similar case in §4 (cf. below), obtaining equations of 
the form (4.6), (4.7), but with x, replaced by (x,—x,°), where x, is the value 
of x, at P,, and with the vertex at the projection of P, on K’—. This pro- 
cedure may involve decreasing the size of H’, and a change of m, --- , %- 
axes. Thus we have algebroid polynomials determined in (x,—x,); which we 
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proceed to rewrite as algebroid polynomials in x,, with the result that the 
new algebroid polynomials are no longer necessarily singular. The latter are 
taken as the functions F;” of (6.2). For the H” in question, the locus L’— is 
then determined by the vanishing of these functions F;. 

By the Heine-Borel theorem, a finite set of such H’’s can be obtained 
which will cover all of K”. Let {H”}; denote such a set. According to Corol- 
lary 5.II, a direction exists such that no line segment in that direction cuts the 
totality of the corresponding L’-’s in a line segment and hence, since the 
L-"s are defined by analytic equations, in more than a finite set of points. 
We choose such a direction for the x,-axis, and proceed to show that it satis- 
fies (6.1°-"), (6.2”-") and (6.3’-). 

Consider any line in K” parallel to the x,-axis. Any intersection of that 
line with JT’ must be interior to one of the set of overlapping H’’s mentioned 
in the preceding paragraph. According to the last paragraph, the line will 
cut all the L’—'’s in a finite set of points. Since, by (6.3”), the part of T’-1 
in any H” is a sub-set of the corresponding L’-, it therefore follows that the 
line cuts 7’ in only a finite number of points. In other words, (6.1’-") is 
proved. 

Now let P,_: be any point of K’-', and let us establish (6.2’-"). Choosing 
any directions for the x1, - - - , x,:-axes, consider all the points P,, r=v, 
v+1,--+-, ”, determined as described above following (6.1”), with » re- 
placed by v—1. If the corresponding rectangles H’ are taken small enough, 
they will all lie in the H”’s determined by the rectangles {H”},; in fact, if 
one of the present H’’s is taken small enough to be interior to one of the H”’s 
of {H’},, its corresponding H”’s can be made to be interior to the H’’s de- 
termined by the H’ of {H”}, in question. It is then easily seen that the pres- 
ent Ls will be sub-sets of the L’’s of the latter H”’s, so that the assigned 
Xn, Xn—1, °* * , X,-directions, for which these L’’s are cut in only finite num- 
bers of points, have the same property for the present H’’s. 

Let us now compare the present situation with that in $4. Corresponding 
to His %- of §4. (See Theorem 4.I.) Corresponding to %” of §4 we now 
have a finite set of H’’s, which project upon H’-". For each of these H”’s we 
have a finite set of H’+"’s, as compared with the single %’+! of §4; and so on. 
Another difference is that the functions F;‘” of this section are algebroid 
polynomials in general non-singular, while those in §4 are singular. However, 
the latter difference is of no consequence, as the work of §4 does not depend 
upon the singularity of the algebroid polynomials (cf. Corollary 2.IX and 
Lemma 2.X), this being a mere convenience. Consideration of §4 now shows 
that if the x, - - - , x,:-directions are chosen properly, its procedure can be 
extended to the present case. with the following modification. When H’-' is 
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covered by a complex of analytic cells, we then proceed, as in the construction 
of Theorem 4.1’-1, to cover by a complex of analytic cells each of the H”’s 
which projects upon H’-!, making use of the complex covering H’-'. Then, 
using the complex covering each of these H”’s, we cover by complexes of 
analytic cells all the H’*"’s which project upon it. Proceeding in this way, we 
finally have all the H”’s, r=v—1, v, - - - , m, covered by complexes of analytic 
cells. Observing the definition of L’ as the locus where the functions Fj‘*+» 
vanish, and comparing with §4, we see that the L’ in any H’*' is a sub-com- 
plex of the complex of analytic cells just constructed, so that (6.2’-1(a)) is 
established. Next we prove (6.2’-1(b)). , 

We take all the dimensions of the H”’s corresponding to the given point 
P3}., so small that the locus TJ’ in H’“ is determined solely by the part of 
T*— in the H”’s. Let W be a cell of ZL’ in some H” corresponding to P}.,; 
and suppose that some point Z of W is not on T’-'. We shall show that no 
point of W can then be on T’-*. Since L’ is composed of cells of the first class 
(see definition of L’, and the construction of §4), it follows from (6.3”) that no 
cell of the second or third class can have a point on 7J’-!; hence we may as- 
sume that W is of the first class. First, suppose W is a (v—1)-cell. Then, by 
methods similar to those used to prove Lemma 2.X, and with the use of the 
hypothesis about Z, it can be shown without difficulty that the set of cells 
of L” on T” (in the H’+"s projecting on H”) determined by W and its two 
incident v-cells in H’, determine a set of functions real, distinct-valued and 
analytic over those three cells; so that no point of W can lie on T— (cf. the 
definition of T’-'). The proof involves a region in the space of the complex 
variables x, ---, x,, neighboring the locus of W, and consists in proving 
that a certain locus which contains W is a locus of removable singularity.* 
The result for the case that W is of dimension less than »—1, is an easy con- 
sequence of the result for (v—1)-cells, and the same theorems on removable 
singularities. Now T’— is a closed set, as follows from its definition. From 
(6.3”) and the result just proved it therefore follows that the part of T’-! 
in H” is covered by (coincides with) a sub-complex of the complex which 
covers the corresponding L’. Consequently (6.2”(b)) is established for 
r=v—1. As similar treatment applies for larger values of r, (6.2’-") is proved. 

From the results just established, we infer that if, near a given point P 
of L’-', L’- is given by equating x, to a single real analytic function of 
(1, - - + , %,-1), then in a sufficiently small neighborhood of P either no point 
of L’-', or else every point of L’-!, is a point of T’-". Since, by (6.3’), Tis a 
sub-set of L’-!, and similar statements can be made of T’, T’t!, ---, T*-}, 


* Cf. Osgood II, Chapter 3, §5, for theorems on removable singularities. 
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L’, L’+!,.--, L*-', it therefore follows that our T’-? (locus of singularities 
of T’-!, T’, -- - , T™~") must be a sub-set of L’-* (which contains the locus 
of singularities of L’-', L’, - - - , L"-"). Thus (6.3’-") is established. 


As (6.1"-"), (6.2"-"), (6.3"-") admit simplified versions of the preceding 
proofs, we can now consider (6.1”), (6.2”), (6.3”) to be established inductively 
for y=n—1, n—2, - - - , 1, with a proper system of axes. 

Now we say that T° contains only a finite number of points. For, about 
any point P of K! we can take a closed segment H' to which (6.11), (6.2), 
(6.3') apply. Hence, in H', T° is a sub-complex of the corresponding L°; 
and as the latter contains only isolated points, the same is true of T°. As T° 
is a closed set on K°, it follows that T° contains only a finite number of points. 

We can now complete the proof of Theorem 6.I. First we cover K* by 
the complex whose 0-cells are the points of T°. Next we cover K? by a com- 
plex, as follows: Over each v-cell (v=0, 1), the corresponding points on JT? 
form a finite number of v-cells, analytic if y=1, which we designate as of the 
first class. The points of K? which project on a v-cell of K1, and are between 
two successive (in the order of values of x2) v-cells of the first class, form a 
(v+1)-cell, called a cell of the third class. The totality of 0-, 1- and 2-cells 
thus determined on K? form a complex covering K*, as any details of the 
proof that these cells form a complex are the same as those in §4. 

Next we cover K* by a complex of cells of the first and third class Over 
each v-cell (v =0, 1, 2) of K* are determined a finite number of v-cells of the 
first class and of (v+1)-cells of the third class, where the v-cells of the first 
class all lie on T?, and are analytic if y>0, as follows from the definitions 
of the sets JT’. This process is continued till finally we obtain an m-dimensional 
complex of cells, some of which, in general, will not be in K. Upon dropping 
the latter cells, we have the required complex covering K. The sub-complex 
determined by an equation 0;=0 will consist of cells of the first class, hence 
is of dimension not exceeding »—1. The proof of Theorem 6.I is now com- 
plete. 


THEOREM 6.11. Let O;(z:, - - - , Zn), 7=1, - + - , m, be functions of the com- 
plex variables 21, - - - , Zn, single-valued and analytic over an open region R of 
the 2n-space of the complex variables, and not identically zero. Then if M is any 
closed sub-set of R, M can be embedded in the interior of a sub-set K of R, where 
K is a 2n-dimensional complex of analytic cells, such that the locus, in K, of 
each of the equations @;=0 is a sub-complex of K. Furthermore, the sub-com- 
plex defined by the simultaneous solutions, or the totality of solutions, of any 
sub-set, or of all, of the equations, is of even dimensionality. 


Writing 2, =x,+(—1)!/*y,, R=1, 2, - - -, , we will have 
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O (21, iy Se Zn) = ® (x1, <** 5 tae pee * Og Yn) + (- 1) Wh (x4, 7. oe Yn) 


- 


where ®; and YW; are real analytic functions of (x, - - - ,4n3 91, ° °°, Vn) OVer 
the region of real (x, - - - , ¥n)-space corresponding to R. This follows readily 
from the absolute convergence properties of power series. The locus in ques- 
tion is now the real locus determined by replacing the equation 0;=0 by the 
simultaneous equations ®;=0 and ¥;=0. Theorem 6.II then follows from 
Theorem 6.1, except for the last part of the conclusion, which we now prove. 

Let L denote the sub-complex mentioned in the last sentence of the theo- 
rem, and let a‘ be one of its cells of highest dimensionality, namely ¢. If =0 
there is nothing to prove, therefore we suppose that ¢>0. Now L consists of a 
finite number of configurations of various grades,* near any point on it. Let 
P be any point on a‘; nearby on one of the configurations, say G, of the high- 
est grade for the neighborhood, can be found a point Q near which L is given 
by taking certain of the variables z; as analytic functions of the others as 
independent variables. It follows that a small neighborhood of Q, on J, is 
covered by a cell of even dimensionality (twice the grade of G). Since a‘ isa 
cell of the highest dimension for L, 0 must be on a‘. Thus we have a neighbor- 
hood of Q on a‘ covered in one-to-one and continuous manner by a cell of even 
dimension. By the theorem of invariance of dimensionality? it therefore fol- 
lows that a‘ is of the same even dimension. Consequently L is of even dimen- 
sion, and the theorem is proved. 

7. A topological property of analytic loci. We prove the following theo- 
rem: 


THEOREM 7.1. Under the notation of Theorem (6.1), let L denote the bound- 
ary (mod 2) of K. (Thus no point of M is on L.) Let H denote the sub-complex 
of K determined by the simultaneous solutions, or totality of solutions, of any 
sub-set, or of all, of the equations 0;=0. Let H’ denote the complex consisting 
of all the (n—1)-cells of H and the cells on the boundaries of the latter. Then if 
H’ is not vacuous, it is a cycle (mod 2; L), and determines an oriented (n—1)- 
cycle (mod L) in which each of its (n—1)-cells appears (oriented) with coefficient 
plus or minus one. 


First we note that we may assume that H is the locus of the totality of 
solutions of the equations 0;=0. For the simultaneous real solutions of a set 
of real equations are the same as the real solutions of the set of equations ob- 
tained by equating to zero the sum of the squares of the left hand members 


* Osgood II, Chapter 2, §17, second Weierstrass theorem. 
+ L. E. J. Brouwer, Beweis der Invarians der Dimensionszahl, Mathematische Annalen, vol. 70 
(1911), pp. 161-165. Cf. Lefschetz, loc. cit., p. 99. 
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of the equations in question; and the property of being a cycle (mod 2) is 
independent of the particular complex used to cover the locus.* The final con- 
clusion of the theorem will be a consequence of the fact that H’ is a cycle 
(mod 2; L). 

Now the locus H’=H’*—! in question consists of cells of the first class, 
as follows from the construction of the preceding section. Let W"~* be any 
(n—2)-cell of H’"-!, and W,"-? the projection of W"-? on S”, the plane of 
the variables (x, - - - , %n-1). Let =* be the 2-plane determined by the normal 
to W,"-* in S"“! at some point P;, and the line through P; parallel to the 
x,-axis. Let P be the point of W*~-* which projects onto P;. Then near P in 
>? the locus J! where the functions ©; vanish consists of the points of H’"—} 
near P in >?, with P as the only point on W"-? in ?. 

Each (n—1)-cell of H’"—! incident with W"-? determines a 1-cell on J? 
in >?, near P, incident with P. This follows from consideration of the deter- 
mination of the (7—1)-cells of H’"~! by setting x, equal to distinct analytic 
functions of (x, - - - , %n-1). Now, the locus in a real 2-space where a set of 
analytic functions vanish has the property that at each point on it there are 
an even number of analytic 1-cells abutting. This can be proved by use of 
the Weierstrass preparation theorem; and the parametric representation for 
the locus defined by equating to zero an analytic function of two variables. 
Since, then, we have an even number of 1-cells abutting on P in ~?, it fol- 
lows that H’"-! must have an even number of (7—1)-cells abutting on W. 
This completes the proof that H’"~' is a cycle (mod 2; L). 

The final result of the theorem now follows easily from the following con- 
siderations of analysis situs: euclidean m-space contains no non-bounding 
cycles (mod 2); it is orientable, where the point-set boundary of any sum of 
oriented n-cells, each taken once, involves the same (7 —1)-cells as appear in 
the boundary (mod 2) of the sum. 

* A. B. Brown, Topological invariance of sub-complexes of singularities, American Journal of 


Mathematics, vol. 54 (1932), pp. 117-122; Corollary 4. 
t Osgood, Lehrbuch der Funktionentheorie, vol. 1, Chapter 8, §§12-14. 
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CONCERNING TOPOLOGICAL TRANSFORMATIONS 
IN £,* 


BY 
J. H. ROBERTS 


In my paper Concerning non-dense plane continuaj I showed that if in the 
plane S the set M is the sum of a countable number of closed sets containing 
no domain then there exists a topological transformation II of the plane S 
into itself such that if ZL is any straight line whatsoever the point set L-II(M) 
is totally disconnected. The principal object of the present paper is to prove 
this result with “plane S” replaced by “euclidean space of m dimensions.” In 
the proof here given use is made of a general theorem concerning transforma- 
tions in a locally compact, complete metric space. 


THEOREM I. Suppose that S is a locally compact complete metric space and, 
for every positive integer n, €, is a positive number and II, is a topological trans- 
formation of S into itselft such that 6[P, 11,(P)]§<e, for every point P of S. 
For each point P of S let-P' denote 11,(P) and in general let P”*' denote 
II .4:(P*). Suppose the series e:+¢2+e;+ --- converges. For each point P of S 
let I1(P) denote the sequential limit point of the sequence P', P?, P®,---.Then 
II is a single-valued continuous transformation of S into itself. Furthermore if 
II-! is single-valued it is continuous. A necessary and sufficient condition that 
II-! be single-valued is that for every positive integer m if P and Q are 
points of S then there is an integer n (n>m) such that if 5(P, Q)>1/n then 
5(P, QO") >Qoinsi3ei. 

Since the series e:+¢.+e;+ --~- converges the sequence of transforma- 
tions II), (IIeII;), - - - , (11,1,-1 - - - Th) is uniformly convergent, and thus II, 
the limit of this sequence, is continuous. If Q is any point of S then there 
exists a sequence of points Pi, P2, P;,--- of S such that for each m (with 
the notation as in the statement of the theorem) (P,,)"=Q. Let k bea positive 
number such that the domain S(Q, &)|| is compact. There exists a positive in- 


* Presented to the Society, in part, June 2, 1928, and November 28, 1930; received by the editors 
June 2, 1931. 

+ These Transactions, vol. 32 (1930), pp. 6-30. 

t That is, a continuous single-valued transformation with continuous single-valued inverse. 
Moreover II(S)=S. 

§ If A and B are points of S then 5(A, B) denotes the distance from A to B. 

{] This does not imply that II (the inverse of Il) is either single-valued or continuous. 

|| If Q is a point and k is a number then S(Q, &) denotes the set of all points whose distance from 


Q is less than k. 
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teger m such that if T is any point andi any integer (=> 0) then (7, T™+*) <k. 
In particular 5[(Pmsi)™, (Pmsi)™**]<k (20). But (Pnsi)™*‘ is Q. Thus 
(Pm+i)™ (£20) belongs to the compact domain S(Q, k). Let K denote 
f1(Pmsi)™, and let K’ denote >>2.:Pm4:. The infinite set K has a limit 
point. Thus there is a point P such that P” is a limit point of K. Then P isa 
limit point of K’. As II is continuous, II(P) is a limit point of II(K’). Now 
6[Q, M(P.)]<6[Q, (P.)"]+4[(P.)", W(P.)]. Now (P,)"=Q, whence 
5[Q, (P.)"]=0. Moreover 5[(P,)", TI(Px) ]<(énsitensot@nist+ ---). Thus 
Q is a sequential limit point of the sequence II(P:), II(P2), (Ps), - - - . Then 
no point except Q is a limit point of the point set II(P:) +II(P2) +I(Ps)+ - - -. 
But II(P) is a limit point of this set. Then II(P) =Q. Hence for each point Q 
of S there is a point P such that II(P) =Q, whence II(S) =S. 

Now suppose that II-? is single-valued. Suppose R is a point set and Q 
is a limit point of R. Let II-1(Q) =P and II-'(R) =M, so that II(P) =Q, 
II(M) =R, and II(P) is a limit point of II(M). It is to be shown that P is a 
limit point of M. By hypothesis there exists a positive number & such that 
S[l(P), k] is compact. Let 2 be an integer such that }>2.n41e:<k/2. For each 
i let X; denote a point of II(M) such that 6[X;, II(P) |] <k/(2i). Since X; be- 
longs to II(M) it follows that there exists a unique point Y; in M such that 
Il(Y;) =X;. Let K denote the point set (Y;)"+(Y2)"+(Ys)"+ - - - , and let 
K’ denote ¥1+¥.+Y3+ ---. For each i, 5[(Yi)", X;]<k/2, and 5[Xi, 
II(P)]<k/2, whence every point of K belongs to the compact domain 
S{I(P), &]. Let W denote a point such that W* is a limit point of K. Then W 
is a limit point of K’ and II(W) is a limit point of II(X’). But II(P) is the only 
limit point of II(K’). Hence II(P) =II(W) and'by hypothesis P=W. But W 
is a limit point of the subset K’ of M. Hence P is a limit point of M. 

We come now to the proof of the last sentence of Theorem I. Suppose that 
for every positive integer m and pair of points P and Q of S there is an in- 
teger n (n>m) such that if 6(P, Q)>1/n then 6(P*, 0") >>o7.,41:3e;. Let 
P and Q be distinct points, and let m be an integer such that 5(P, Q) >1/m. 
Then there exists an integer ~ (m>m) such that if 6(P, Q)>1/n then 
5(P", 0") >> o2n113e;. But as n>m, 5(P, Q)>1/n, whence 6(P*, Q*) 
>>o22413e; Obviously 5[P*, I(P)]<6(P*, P*t)+6(P**!, P»+*)+.--- 
<(€nyit€nsotenys+ * ++). That is, both 5[P*, I(P)] and 6[Q*, 11(Q)] are 
less than >> _n41¢;. It follows that 6 [II(P),1(Q) ] >en4:and henceII(P) ~II(Q). 

Now suppose II-? is single-valued. Then II is a topological transformation 
of S into itself. Let M be any positive integer and let P and Q be distinct 
points of S. Let ¢ denote 6[II(P), I11(Q) ]. Since -e; converges it follows that 
there exists an m (n>m) such that >> 7.44:3e:<e/3, 5[II(P), P"| <e/3, and 
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6(11(Q), 0" ] <e/3. Then 6(P*, 0") >>> 7..4:3e;. This completes the proof of 
Theorem I. 

Let x!, x*, - -- , x" denote the codrdinates of a point in E,. If c is any 
positive number and (a!, a?, - - -, a") is any point of Z, then the set of points 
for which x‘=a', ai—cSxisai+c (isn, j=1, 2,---,i-1,i+1,---,n) 
will be called an (7—1)-cell. A point of such a cell for which a?—c <xi<ai+c 
for every j (j <n) will be called an interior point of that cell. 


TuHeoreEM II. Jf E,, denotes euclidean space of n dimensions, H and K are 
mutually exclusive closed and compact point sets in E,, and € is any positive num- 
ber, then there exists in E,—(H+K) a finite set G of mutually exclusive (n—1)- 
cells each of diameter less than € and such that any straight line interval, with end 
points in H and K respectively, contains an interior point of at least one cell of 
the set G. 


Let ¢ be a positive number such that the product n-¢ is the lower distance 
from H to K. For each i (i<n) let A; denote the point set containing every 
point P whose lower distance from H lies between the numbers 7-¢ and (i+1)z. 
Then the sets A1, Ao, - - - , A, are mutually exclusive domains, and every 
straight line interval with end points in H and K respectively contains seg- 
ments lying in Ai, As, - -- , A, respectively. As H and K are separable there 
exist sequences of points P;', P/, Pj, --- andQ/,Q/,Qs,--- suchthat H 
is the set (P/+P/+Pj;+ ---) plus its limit points, and K is (0 +Q/ 
+Qj+ ---) plus its limit points. There exist points Pi, P2, P;,--- and 
(1, Qe, Qs, - - +, such that (1) for every 7 there exist numbers j and & such that 
P;=P} and Q;=Q¢, and (2) for every pair of integers 7 and & there is an 
integer i such that P;=P/} and Q;=(Q;. Let 7 denote the smallest integer 
(i <n) such that x‘ is not constant on the interval P,Q;. Let C, denote a point 
of P,Q, in A;, and let D; denote an (7 —1)-cell with center C,, lying in A; and 
in the set with equation x‘=2%,.t Then not only does D, contain a point of 
P,Q;, but there exist spherical neighborhoods Ep, and Eg, of Pi and Q; re- 
spectively such that any interval with end points in Ep, and Eg, respectively 
contains an interior point of the cell D;. Clearly there is a greatest number 
5p, such that for every positive number v the domains Ep, and Eg, can be 
taken of diameter greater than 5p,—v. Let 5* be the upper limit of 5p, for 
all such cells D,, and let D* denote a cell D; such that 6p, > 6*/2. 

Now consider the second pair of points P2Q2. Let 7 be the smallest integer 
(i<n) such that x‘ is not constant on the interval P.Q2. Let C2 be a point of 
P,Q, lying in A;, and such that x‘¢,~‘-*, where C* denotes the center of 


+ If iis an integer (i <n) and C isa point, then by xe is meant the ith codrdinate of the point C. 
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the (n—1)-cell D*. Let D. be an (n—1)-cell with center C2, lying wholly in 
A; and in the set with equation x‘=x‘¢,. Let 6* and D* denote respectively 
a number and an (m—1)-cell obtained from P.Q. and the cells (D,) in the 
same manner that 6* and D¥* were obtained from P,Q, and the cells (D;). 
This process may be continued indefinitely. Thus there exists an infinite set of 
numbers 6**, 6%, 5, - - - , and an infinite set of (n—1)-cells D*, D¥, D¥, - - - 
such that, for every m, (1) D,* lies in A; for some i (i <”) and in the set with 
equation x‘=k (k being a constant), (2) if D** and D*#* both lie in the set with 
equation x‘=w (w being a constant) then h=k, and (3) if Ep, and Eg, are 
spherical neighborhoods of P,, and Q,, respectively, then (a) if the diameters 
of Ep, and Eg, are less than 6,,*/2 every straight line interval with end points 
in Ep,, and Eg,, respectively contains a point in the interior of D,,;*, but (b) 
if Ep, and Eg,, are both of diameter greater than 6,," and Dis any (n—1)-cell 
lying in A; (<n) and in the set with equation x‘=, and no cell D* with h 
less than m lies in the set x‘=k, then there exists a straight line interval with 
end points in Ep, and Eg, respectively, which does not contain any point 
of D. 

If now we suppose the theorem false there exists a sequence of pairs of 
points Ri, Si; Re, S2; Rs, Ss; - - - such that (1) for every m, R,, is a point of 
H and S,, is a point of K, (2) the interval R,,S,, contains no interior point of 
Ds (k<m), and (3) the sequences Ri, Re, R3,--- and Si, S2, S3,--- re- 
spectively have sequential limit points R and S. Let i be an integer (i<m) 
such that x‘ is not constant on the interval RS. In view of the fact that the 
point set RS-A; is uncountable, and that for each m if D,* lies in A; then it 
contains at most one point of RS, it follows that there exists a point C lying 
in RS- A; which does not belong to D,,* for any m. Let D denote any (n—1)- 
cell with center C and lying in A; and in the set with equation x‘=x‘c¢. Let 
M1, M2, M3,- +--+ denote a sequence of numbers such that the sequence 
Pa, Pn Pny *** converges to R, and the sequence Q,,, Qn. Qn, °° * Con- 
verges to S. Since for every i the interval RS contains no interior point of 
D,, it follows that the sequence of numbers 6,*, 5,*, 5,,*, - - - converges to 
zero. But there is a positive number 6* such that, if Ez and Es denote spheri- 
cal neighborhoods of R and S respectively of diameter 5*, then every interval 
with end points in Er and Es respectively contains a point in the interior of 
D. There exists a positive number m’ such that if m>m’, then the distances 
P,,,,R and Q,,,S are each less than 5*/4. Then, for the moment writing k=7,,, 
the spherical neighborhoods Ep, and Eg, of P, and Q, respectively which 
are of diameter 6*/4 are subsets of Ez and Es, respectively. Hence any inter- 
val with end points in Ep, and Eg, respectively contains an interior point 
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of the (n—1)-cell D, whence 6* = 6*/8. But lim,,_,, 6*=0. Thus the sup- 
position that Theorem IT is false has led to a contradiction. 


THEOREM III. If 7; and T: are countable point sets, dense in E,, and M is 
the sum of a countable number of closed point sets lying in E, and containing 
no domain, then there exists a topological transformation II of E,, into itself such 
that 11(T:) =T2, and if L is any straight line the set L-T1(M) is totally discon- 
nected. 


To facilitate the proof of Theorem III, I will establish two lemmas. 


Lemma 1.7 If, in E,, L is any finite point set, e is any positive number, 
P,, Po, Ps, - ++ and Q:, Qo, Qs, -- + are countable sets dense in E,, and i is an 
integer such that P; and Q; are not in L, then there exist integers n; and m;, and 
a topological transformation C of E,, into itself, such that (1) for every point U 
the distance 6[U, C(U) |<e, (2) C(Pi) =Qn, and C(Pm,) =Qi, and (3) if U is 
any point of L then C(U) =U. 


Let m; be any integer such that the length P,Q, <e/6, and also less than 
1/6 of the lower distance from P; to 0;+L. Let ¢ denote three times the dis- 
tance P,Q,, and let R denote the point such that the interval RQ,, is bisected 
by the point P;. Let X denote any point and let x denote its distance from 
the point R. If x>t let Yx denote X. If «<# let Yx denote the point on the 
ray RX whose distance y from R is given by the equation 2y=1(—3x?/# 
+5x/t). Let C; be the transformation throwing X into Yx for every X. For 
the point P; we have x=#/3, and for Q,,, x =2t/3. It is then easily verified 
that C,(P;) =Q,,. Thus C; is a topological transformation of £, into itself 
which reduces to the identity outside the sphere with R as center and radius ¢, 
and which throws P; into Q,,. In a similar manner there exists a topological 
transformation C; of £, into itself, and an integer m;, such that C.(P,) =Q; 
and C; reduces to the identity outside a sphere S so chosen that (1) it does not 
contain any point of L or any point of the sphere with center R and radius ¢ 
and (2) its radius is less than e/2. Then the product transformation C.C; 
satisfies the requirements of the lemma. 


Lemma 2. If H and K are mutually exclusive closed and compact point sets, 
eis any positive number, R is a closed point set of dimension less than n, and L 
is any finite point set, then there exists a topological transformation B of E,, into 


+ With the help of this lemma and Theorem I, a very short proof can be given of the following 
well known theorem: Jf 7; and T2 are countable point sets dense in En, then there is a topological trans- 
formation of En into itself throwing T, into Tz. See Fréchet, Mathematische Annalen, vol. 68 (1910), 
p. 83. Also see Urysohn, Sur les multi plicités Cantoriennes, Fundamenta Mathenzaticae, vol. 7 (1925), 
pp. 30-137, and Menger, Dimensionstheorie, p. 264. 
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itself, and a positive number e', such that (1) if P is a point of L then B(P) =P, 
(2) if P is any point of E,, then 5[P, B(P) |<, (3) B reduces to the identity trans- 
formation outside some sphere, and (A) if p is any topological transformation of 
E,, into itself such that 6|P, p(P)|<e for every point P of E,, then any straight 
line interval containing a point both of H and of K contains a point of 


E,—p[8(R) ]. 


Since the point set L is finite it can readily be shown, with the help of 
Theorem II, that there exist k mutually exclusive (7—1)-cells 51, 52, - - - , Se, 
lying in E,—(H+K), such that no point of L belongs to any s; (i<k) and 
every straight line interval containing a point of H and a point of K contains 
an interior point of s; for some i (i<k). Let L’ denote L—L-(H+K). Let e 
denote a positive number less than e, and less than every number 6(X, Y), 
where X and Y are points of distinct sets of the sequence H, K, L’, 
Si, S2,* + +, Sz. For each i (Sk) let Q; be a spherical domain in the comple- 
ment of R+5;, every point of which is at a distance less than e/4 from some 
point of s;. There exists a topological transformation T; of £, into itself such 
that (1) 7; reduces to the identity on s; and for every point of £, at a dis- 
tance greater than e/2 from every point of s;, (2) if] is any straight line which 
contains a point of s; then / contains a point of 7; (Q;). Let 8 be the product 
transformation 7,727; - - - T;. Then B is a topological transformation of E, 
into itself such that if / is any straight line interval containing a point of H 
and a point of K then / contains a point of B(Q;) for some z (i<k). Now since 
H-+K is a closed point set while 8(Q;) is open (¢<&), it follows that there 
exists a number e’ such that if p is any topological transformation of E, into 
itself such that for each point P of E, the distance 5[P, p(P) ] is less than e’ 
then if / is any straight line interval with end points in H and K respectively, 
i contains a point of p[8(Q,)] for some i (¢<k). Then the transformation B 
and the number ¢’ thus obtained satisfy the conclusions of the lemma. 

Proof of Theorem III. Let Ri, R2, R3, - - - denote the set of all spherical 
domains with centers and radii rational. There exists a sequence of pairs of 
integers m1, 1; M2, m2; ~~ - such that (1) for every 7 the sets R,, and Rm, are 
mutually exclusive, and (2) if #4 and k are integers such that R, and R;, are 
mutually exclusive then there exists an integer 7 such that n;=h and m;=k. 
Define new symbols S;, S2, S3,--- as follows: S:=Rn,, Ss=Rm,, Ss=Ra,, 
Ss=Rmy* + + y Serr =Rn,, Sor. =Rm,. Then the sequence Si, S2; S3, Sa; --- 
contains every pair of domains of the set Ri, Re, Rs, -- + which with their 
boundaries are mutually exclusive. 

Let Pi, Po, Ps, +--+ and Q:, Qe, Qs, --- denote the points of 7; and T2 
respectively. Suppose M is the set M,+M2+M;-++ - - - , where for every k 
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the set M;, is closed and furthermore M;, is a subset of M;4:. With the help 
of Lemma 1 it can be seen that there exists a topological transformation C; of 
E, into itself such that (1) there exist integers m, and m, such that Ci(P1) =Qn, 
and Ci(Pm,) =Q:, (2) if U is any point then 6[U, C,\(U)]<1/2, and (3) C, 
reduces to the identity transformation outside some sphere. Let C, denote a 
transformation and e;’ a number satisfying the conclusion of Lemma 2, where 
H and K denote S; and S2, €=1/2, R is the set Ci(M;) and L is Pi: +Qi+Pm, 
+0Q,,. Let Il, be the product transformation C,C,. There exists a number 
e/ (ef <1) such that if U and V are points and 6(U, V)>1 then 45[I,(U), 
I1,(V) ]>e/. Then, letting ¢: equal 1, the following properties hold true: (1) 
I1,(P:) =Q,,, and 1,(Pm,) =Q:, (2) 6[U, 0,(U) ] <a, (3) if U and V are points 
and 6(U, V)>1 then 6(U’, V!)>e/, and (4) if p is any topological trans- 
formation such that for each U, 6[U, p(U) | <e/’, then any straight line inter- 
val containing a point of 5, and of S, contains a point of E,—p[Ii(M)) J. 
Moreover II, reduces to the identity outside some sphere. 

Let €: be any positive number less than each of the numbers ¢,/12, e/ /12, 
and e/’/12. Again by the use of Lemma 1 it can be seen that there exist in- 
tegers m2 and me, and a continuous transformation C; of E, into itself such 
that (1) CiJI,(Pi)=Q,; and CJIi(P», =Q; (i=1, 2), (2) the distance 
5[U, C3(U)]| <e2/2 for every point U, and (3) C; reduces to the identity out- 
side some sphere. Let C, denote a transformation, and e,* a number, satisfying 
the conclusion of Lemma 2, where H and K denote 5; and 5,, e=e:/2, R is 
the set CsIIi(Mz2), and L is >> in1,2(Pi: +Q:+Pm,+Qn,)- Let Iz denote the prod- 
uct transformation C,C;. There exists a number e¢ (e/ <e) such that if U 
and V are points and 6(U, V) >1/2, then 6[I1,11,(U), I.II,(V) ] >e/ . Let ef’ be 
less than ¢,/12 and es. Then the following properties obtain: (1) I1-I1,(Pi) =Q,, 
and ILI(P»,) =Q; (i=1, 2), (2) 6[U, I.(U)]<es for every point U, (3) if 
U and V are points and 6(U, V)>1/2 then 4[I.1,(U), M.11(V) ]>e¢, (4) if 
pis any topological transformation of E, into itself such that 5[U, p(U) ]<e?’ 
for every point U, then any straight line interval containing a point of S; 
and of S, contains a point of E,—p[II.IIi(M2) |, and (5) each of the numbers 
€2, ef, €’ is less than each of the numbers €:/12, ef /12, ef’ /12. 

This process can be continued indefinitely. Thus there exist transforma- 
tions II,, Ils, Ils, - - - , three sequences of positive numbers «1, €2, €3, - - * ; 
ef,e2,63,--- and ej’, ef’, €3’, - - - , and two sequences of positive integers 
M1, Ne, N3,°* + and m, m2, m3,-- + such that, for every integer k (with the 
notation of Theorem 1) (1) P#=Q,, and P»,=Q; (i<h), (2) if U is any point 
then 6[U, I1,(U)]<e, (3) if U and V are points and 6(U, V)>1/k then 
5(U*, V*)>e¢, (4) if p is any topological transformation of E, into itself 
such that, for each point U, 6[U, p(U) ]<ez’, then any interval containing a 
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point both of 52,1 and Sz, contains a point of E,—p[M,JI.1 - - -WA(M;,) J, 
and (5) each of the numbers €x41, €#4:1, €¢’4: is less than each of the numbers 
e,/12, ef /12 and ef’/12 and €441>€£41. 

Let II be the transformation defined as in Theorem 1. For each let e, 
denote €,. Then since €/ >3)>jn+1€:, and e,>e,’, it follows from (3) above 
that the hypotheses of Theorem 1 are satisfied. Hence II is a topological trans- 
formation of E, into itself. From (1) it follows that II(7:) =7:. Suppose L 
is some straight line such that the point set L-II(M) contains an arc ¢. Since 
the sum of a countable number of closed and totally disconnected sets is not 
connected it follows that there exists an integer a and a subarc ?¢’ of ¢ such 
that ¢’ is a subset of II(M.). There exists an integer k (k >a) such that the 
end points of #’ lie in the mutually separated sets S2._1 and Sz. Let p denote 
the transformation such that p[II,JIx-: - - - 1.11,(P)]=I1(P) for every point 
P. Then 8[P, p(P) ] <éxsitexse+exis+ -- - <ed’. Hence by (4) above, the 
interval ¢’ contains a point of E,—p[I,IIx_1 - - - M11,(M;) ]. That is, t’ con- 
tains a point of Z,—II(M;,). But ¢’ is a subset of II(M.) and therefore of 
II(M;.), since k >a. Then the supposition that L-II(M) contains a connected 
set has led to a contradiction and the theorem is proved. 

It has been shown} that if M is any continuous curve lying in a plane S, 
then there exists a topological transformation II of S into itself such that if K 
is the interior of the rectangle whose edges lie in the lines x =n, x =7r2, y=5i, 
y =5S2, where r; and s; are rational (¢=1, 2), then the point set K -II(M) is the 
sum of a finite number of connected sets. The following proposition does not 
hold true: If M is a continuous curve in £; then there exists a topological 
transformation II of £; into itself such that if K is the interior of a cube with 
sides in the planes x=", x =r2, y=S1, Y = Se, 3=h, Z=te, where r;, 5;, and ¢; are 
rational (i=1, 2) then the point set K -II(M) is the sum of a finite number of 
connected sets. 

Example. Let (x, y, z) denote a general point of 3-dimensional space. For 

each m (w=0,1,2,---) let An, Bn, Cn, and D, be the points with codrdinates 
(0, 0, 0), (0, 1/2", 0), (1/2”, 1/2”, 0) and (1/2*, 1/2"+', 0). Let EZ, denote the 
midpoint of the interval C,4:D,4:. In the plane perpendicular to the xy plane 
and passing through the points D, and E£, let G, denote the circle with center 
E, and with diameter 1/2"+*. Let F,, denote the first point of G, on the inter- 
val D,E, in the order from D, to E,. Let K denote the continuum 
n-0(4nBn+B,C,+C,D,+D,F,+G,), where A,B,, etc., denote straight 
line intervals with end points as indicated. Then K is a bounded regular 
curve of order 3. It will be shown below that if H is any domain such that 


T Cf. Roberts, loc. cit., Theorem 3. 
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no simple closed curve J in H is interlaced{ with any closed point set not in 
H and H contains the point A» but does not contain the point Bo, then the 
point set H-K is not connected. The continuous curve M desired will be de- 
fined as the sum of a countable number of continua homeomorphic with K. 

For each pair of integers m and k (n>0, 0<k<2") let Ti, denote the 
transformation such that if Tin(x, y, 2)=(x’, y’, 2’) then x’=2/2", 
y’ =(y+hk)/2", and z’ =2/2”. This transformation may be thought of as divid- 
ing every distance to the origin by 2, and then moving space upward (along 
the y-axis) a distance k/2". Let M’ denote K+).°_,>-7-5'Tin(K). Let T de- 
note the transformation such that if T(x, y, z)=(«’, y’, 2’) then x’ =—zx, 
y’ =2'y, and 2’ =z. Set M”’ equal to 7(M’), and M equal to M’+M’’. Then 
M is the continuum desired. 

Let H denote any domain containing A» but not every point of A»Bo and 
such that no simple closed curve in H is interlaced with any closed point set 
containing no point in H. It will be shown that the point set H - K is not con- 
nected. Suppose on the contrary that H-K is connected. For each m let Q, 
denote the set consisting of the circle G,, plus its interior in the plane which 
contains G,. Let k denote the smallest integer for which there exists an arc 
A E; such that (1) Ao; lies in H and has only the point E; in common with 
the set 4 -o(BuCn+CnDnt+DnEnt+Qn), (2) AoEst+(AcBesit+BrsCes+Cess 
+E,), where AoB;4:, etc., denote straight line intervals, is a simple closed 
curve J; and is interlaced with G;. Now there exists in H-Q; an arc from E, 
to some point of the circle G,;. For if we suppose the contrary then the com- 
mon part of Q; and the boundary of H must contain a continuum L; which 
separates FE, from G;; then J; is interlaced with L;, contrary to the definition 
of H. Let E,N;, denote a simple continuous arc lying in H-Q;, where N; is 
on G;. Then since, by supposition, the set H-K is connected, the point set 
NF. +F Dit DiCitC.Bit+ B.A; lies in H, where N;F;, denotes one of the 
arcs into which NV; and F;, divide G; (or N;.F; denotes the point F;, in case 
N, and F;, are identical). But then AoE, +E,Nit+Ni Fit FiDit Di Ex is 
an arc Ao,-_, satisfying the conditions given above. Thus the supposition 
that H-K is connected has led to a contradiction. 

Let S denote the first point of the interval A »Bo which lies on the bound- 
ary of H. 

Case 1. Suppose the y-codrdinate of S (call it ys) is irrational. If k/2"<ys 

7 See Mazurkiewicz and Straszewicz, Sur les coupures de V’espace, Fundamenta Mathematicae, 
vol. 9 (1927), p. 205. If J is a simple closed curve and ZL is a closed point set having no point in com- 
mon with J, then J is said to be interlaced with L provided there does not exist a continuous point 
function x(/, «), defined for OS¢<1, OSwS1, such that (1) the point x(t, w) does not belong to L, 
(2) x(0, w) =x(1, w) for every w, (3) x(t, 1) (OStS1) generates the curve J, and (4) x(t, 0) =o, where 
x is a fixed point. 








1932] TOPOLOGICAL TRANSFORMATIONS IN E£, 261 


<(k+1)/2" then T;..(K) is such that T;,(Ao) is within H but some point of 
T in(AoBo) is not in H. Then by the preceding argument 7,,.(K) -Z is not con- 
nected. There exists a sequence of distinct continua Vi, V2, V3, -- - such 
that, for each 7, there exist integers k and such that Vi=Tin(K), Tin(Ao) is 
in H but Tin(AoBo) is not entirely in H. Now any arc lying in M and connect- 
ing two points of a set V homeomorphic with K must lie in the set V. Hence 
it follows that, since for each 7 there are at least two components of V;-H, 
the number of components of H- M is infinite. 
Case 2. Suppose ys is rational. Let W be the inverse of the transformation 
T. Then W(M"’) =M’, and ywis) is irrational. The domain W(H) is such that 
no simple closed curve in it is interlaced with a closed point set not containing 
a point in W(H). Moreover W(H) contains the point A» and does not contain 
every point of A»Bo. The point W(S) is the first point, in the order from Ay 
to By on the boundary of the domain W(H), and yw;s) is irrational. Hence 
by Case 1 the set M’’—W (A) is not the sum of a finite number of connected 
sets. Then M’-H is not the sum of a finite number of connected sets. Thus in 
any case M -H is not the sum of a finite number of connected sets. 


THEOREM IV. If M is a continuous curve lying in E, and G is any uncount- 
able set of mutually exclusive hyperspheres, then there is at least one element g of 
G such that for each positive number e the set g-M contains a subset T,. such 
that M—T,.=Sit52+ --- +54, where s; and s; (i%j) are connected, mutually 
separated sets, and s; lies either within the hypersphere concentric with g and of 
radius equal to that of g increased by e, or outside the hypersphere concentric 
with g and of radius equal to that of g decreased by e. 


Let g be any element of G and let e be any positive number. Let 
hi, he, + - - , hy denote a finite set of components of M—M-g containing every 
component of M—M-g which contains a point whose distance from g is as 
much as e. Suppose that if Q is any point of M —)-}_,A; then there exists in M 
an arc OR, where R belongs to h; for some i (i Sk), but no point of OR belongs 
to h; (ji). Let h* denote the component containing h; of M—)-}_,h;. Let h¥ 
denote the component containing /, of M—(hi*+>-3_3h.). In general let h* 
denote the component containing h; of M —(iatht +>7}-j41h:). It is clear 
that the sets h*, he*, - - - , hi* are mutually separated and connected. Let T,,. 
denote the set of all points common to h* and h¥ (ij; i, 7<k). Now 
M =>"!_,h*, so in this case the theorem is proved. 

Thus if we suppose the theorem false it follows that for every element g 
of G there is a positive number e, such that if , he, hs, -- - , hy is any set 
of components of M—M-g contaiaing every component of M—M-g which 
contains a point whose distance from g is as much as e,, then there exists a 
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point Qin M —>-}_,A; such that if QR denotes any arc in M, and Ris the only 
point of this arc in Dink then R must belong to two sets h; and h; (i+j). 
Let Pi, P2, P3,- ++ denote the points of a countable point set dense in M. 
Let G' denote an uncountable subset of G and e’ a number such that, for 
every element g of G', 2e’ <e,. Let g’ be a condensation element of G' and let 
pi, po, Ps and ps be spheres concentric with g’ but with radii r—e’/2, r—e’/4, 
r+e’/4,andr+e’/2, respectively (r being the radius of g’). Let a1, de, @3, - + + ,@m 
denote the components of M—(2+ 3) which contain points on ~:+ 4s. Let 
G* denote the uncountable subset of G! containing all elements of G! which lie 
entirely within p; and entirely without 2. Let g be any element of G’ and let 
hy, he, - - - , hy denote the components of M—g containing points on p:+ fs. 
Then there exists a point Q, (and this may be taken as a point of the count- 
able set Pi, Ps, Ps, - - - ) such that if Q,R is any arc in M such that R, but 
no other point of Q,R, lies in pa then R must belong to two sets /; and 
h; (iXj). Hence there exists a point Q and an uncountable subset G* of G? such 
that, for every g in G*, 0, =Q. 

For each element g of G* let @,1, a2, - - - , @gx, denote the components of 
M-—M-g which contain points on ~:+/,:. Then k,<m, since, for each i 
(i<k,), a,; contains a point of a; (j<m). If @,; and @,; have a point in com- 
mon, and both a,; and a,; lie inside (outside) g, then if / is any element of G* 
outside (inside) g the set 4,:+ 4,; is a subset of a single component of M—M-h. 
It can thus be seen that there exists an uncountable subset G* of G* such that 
if g is any element of G‘ and / and k are components of M—M-g having 
points on ~:+ ps, then one and only one of the sets / and k lies inside g. 

Let g; and g2 denote two elements of G*. Let the components of M—M-g; 
with points on ~:+ fs be called hi, hi2, -- - , Aix; (6=1, 2). Let OR be any 
arc in M from Q to a point R in a,. Let W be the first point of OR belonging 
to Fons Me hij. The point W obviously cannot belong both to g; and gz. 
Moreover it must belong to one of these sets. Suppose W belongs to g:. Let 
hy; and iy; be two sets (ij) such that W belongs to /ni-/1;. One of the sets 
hy; and hy; lies on the non-g: side of g:. Hence QW is an arc having no point in 
common with the set hoi: ho; (ij; i, 7 < ke), and connecting Q to a component 
of M—M-g, having a point on ~:+/,. Thus we have reached a contradiction 
and the theorem is proved. 
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ON CYCLIC NUMBERS OF ONE-DIMENSIONAL 
COMPACT SETS* 


BY 
W. A. WILSON 


1. An interesting class of one-dimensional compact sets is that of cyclically 
connected sets. P. Alexandrofff has defined the cyclic numbers of such sets 
and obtained important properties. It is the main purpose of this article to 
obtain a theorem on the divisor of a sequence and a generalization of Alexand- 
rofi’s addition theorem. The proofs are based on a modification of Alexand- 
roff’s definition of cyclic number, which seems to the writer to furnish a more 
natural approach for those whose main interest is the theory of point sets. 
The work is confined to compact metric spaces. 

2. A finite set of closed sets {d;}, of which no three have common points 
and none is a sub-set of the union of the others, is called a canonical set of 
cells. If the set M can be expressed as the union of a canonical set of cells, 
each of which has a diameter less than some positive o, we say that these cells 
constitute a canonical a-covering of M. If M is compact and one-dimensional 
at most, it is well known that there is a canonical o-covering of M for each 
positive o. If M is contained in the canonical set S={d;} and M-d;<0 for 
each 7, we call S a canonical enclosure. 

If the cell d; has points in common with w; other cells, w; is called the order 
of d;. A component of the covering is a maximal sub-set of the cells which 
cannot be separated into two sets such that no cell of one set contains points 
of the other set. 

If p is the number of components, 


m=%3>(wi—-2+p=4Lw—n+p 
1 1 


is called the cyclic number of the covering or enclosure.{ The number J de- 
fined by 


1=4(w— 2) =m—p 
1 


* Presented to the Society, September 9, 1931; received by the editors July 11, 1931. 
t Uber kombinatorische Eigenschaften allgemeiner Kurven, Mathematische Annalen, vol. 96, pp. 


512-554. 
t It is apparent from §11 of the article referred to above that m is the same as the s(L) of the 
corresponding linear complex used by Alexandroff. 
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is called the index of the covering or enclosure. The numbers m and J will be 
used sometimes when the covering is not canonical. In this connection it 
should be noted that, if the covering satisfies the definition of being canoni- 
cal, except for the existence of one or more cells each of which is a sub-set of 
some other cell, the canonical covering resulting from the deletion of these 
cells has the same cyclic number as the original one. Such a covering may be 
called almost canonical. 

In reckoning m, p, and J, void cells are not counted. Thus, if no two cells 
have common points, J = —n=—p and m=0. At times we use w(d;), m(S), 
p(S), or J(S) for definiteness. 


3. THEOREM. Let M be a compact set imbedded in a compact space Z and 
{d;} be a canonical o-covering or -enclosure. Then there is an e>0 such that, if 
e; is the set of points of Z whose distances from d; are not greater than e, then 
e;-e;~0 if and only if d;-d;0, and the set of cells {e;} is a canonical o-enclosure 
of M of the same cyclic and component numbers as {d;}. 


There is a positive 6 less than one-third the least distance between any 
pair of disjoint cells {d;}. Since the given set is canonical and the number of 
cells is finite, there is a positive 7 such that every d; contains a point whose 
distance from the union of the remaining cells is greater than 7. The con- 
clusion is then valid if € is less than both 6 and 7, and 2e is less than o minus 
the upper bound of the diameters of the cells {d;}. For on account of the 
first statement e;-e;0 if and only if d;-d;#0. On account of the second state- 
ment no é¢; is contained in the union of the others. Finally the enclosure is a 
o-enclosure because the diameter of e; exceeds that of d; by at most 2e. 


4. THEOREM. Let A and B be canonical sets of cells such that the point sets 
which they form are disjoint. Then m(A+B)=m(A)+m(B) and I(A+B) 
=I(A)+J(B). 


Coro.iary. The cyclic number or index of a canonical set of cells is the 
sum of the cyclic numbers or indices, respectively, of the components. 


5. THEOREM. Let A={d;} be a canonical set of cells. To each d; let there 
correspond a closed sub-set e; and let B be a canonical set of the cells {e:}. Then 
m(B) <m(A). 


First let A be connected and its cells arranged in such an order that the 
first m form a connected set A,. Let B, be the sub-set of B corresponding to 
cells of A, and assume that m(A,) =m(B,). 

If én4: is void, it is obvious that m(A n41) > m(Bas1). If en41 is not void, let 
it meet c components of B, in a total of & cells. It is easily seen that 
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I(Bras1) =1(Bn)+k-1 and p(Bas1)=p(B,)—c+1; hence m(Bys1) =m(B,) 
+k—c. Now d,,; may meet more than k cells of A,; hence m(A n41) =>m(A,) 
+k—1. Clearly k—12k—c, unless c=0. In this case k =0, but on the other 
hand d,4: meets at least one cell of A,. Thus in every case the addition of 
€n41 and d,4; increases m(A,) by at least as much as m(B,) is increased. Hence 
the theorem is true by induction. 

The case that A is not connected follows at once by §4. 


Corottary 1. Let A={d;} be a canonical set of cells and Be A. Then 
m(B) <m(A). 


For it is obvious that B is canonical and this corollary is the special case 
of the theorem where e; =d; or e; is void. 


Coro.iary 2. If in addition to the hypotheses of the above theorem or corol- 
lary we know that p(B) = p(A), then I(B) SI(A). 


Coro .tary 3. Let M be a compact set and {d;} be a canonical enclosure of M 
of cyclic number m. Let e:=M-d;. Then there is a sub-set of the cells {e;} which 
is a canonical covering of M of cyclic number not greater than m. 


For the deletion of any cell e; which is a sub-set of the union of the other 
cells leaves a covering of M. If this is done successively, we finally reach a 
sub-set of the cells {e;} which is a canonical covering of M and the theorem is 
then applicable. 

6. If A={d;} and B={e,} are two canonical sets of cells which have 
common points and A +B is canonical, a discussion of A +B requires the as- 
signment of a meaning to A- B. By A-B we shall mean the set of cells {f,} 
which are either common cells of A and B or divisors of a cell of A not in B 
and a cell of B not in A. If f, is a cell of the first type and f, =d;-e; is one of 
the second, f,-{,=0, because A+B is canonical. In like manner no two cells 
of the second type can have common points. Thus A - B is canonical and each 
component is either a cell of the second type or a connected set of cells of the 
first type. It is also a simple matter to show by induction that, with the above 
definitions, 


p(A + B) + p(A-B) — p(A) — p(B) 2 0. 
7. THEOREM. Let A, B, and A+B be canonical collections of cells. Then 
1(A + B) = 1(A) + I(B) — 1(A-B). 


Let Bo be the set of cells common to A and B; let there be ” other cells 
of B and let B, be the union of By and the first k of these cells {e;}. Suppose 
that the theorem is true for A + B;;i.e., 
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(1) 1(A + B,) = 1(A) + I(B,) — 1(A-B;). 


This is obviously true when k =0, since A - By = Bo. 
Let e441 meet c¢ cells of Bo, a cells of A—Bo, and b cells of B, —Bo. As the 
sets are canonical, this gives at once 


(2) 1(A + Bes) = (A+B) +a+b4+c¢-1; 

(3) (Bess) = (By) +b +¢-1. 

By §6 we see that the addition of e,,, adds a isolated cells to A - B,; hence 
(4) I(A- Busi) = 1(A-B,) — a. 


Relations (2), (3), and (4) make (1) true for +1. Thus the theorem is 
true by induction. 


Corotiary 1. [f A+B is a canonical collection of cells, 
m(A + B) = m(A) + m(B) — m(A-B) + p(A + B) — p(A) — p(B) + p(A-B). 
Coroiiary 2. If A+B is a canonical collection of cells, 
m(A + B) = m(A) + m(B) — m(A-B). 


Remark. The above theorem and the one in §14 are variants of the index 
formulas derived by S. Straszewicz (Uber die Zerschneidung der Ebene durch 


abgeschlossene Mengen, Fundamenta Mathematicae, vol. 7, pp. 159-187) for 
plane sets. The index used here is not, however, the same. This theorem is 
easily generalized to cover the case where the set of cells is not canonical and 
may indeed be taken as a basis to define the cyclic number. 

8. A compact metric set M is called at least m cyclic if for a positive o small 
enough every canonical o-covering of M has its cyclic number at least m. It 
is called at most m cyclic if for every positive o there is some canonical o-cover- 
ing of cyclic number not more than m. If M is imbedded in a compact space, 
we can of course substitute the word enclosure for covering without altering 
the sense of these definitions. 

We say that M is m cyclic if it is both at most and at least m cyclic; i.e., 
if for some ¢ >0 every canonical o-covering has its cyclic number at least m 
and for every ¢ >0 some canonical o-covering has the cyclic number m. If for 
every integer m, M is at least m cyclic, we say that it is © cyclic. It is a simple 
matter to show from these definitions that every (at most) one-dimensional 
compact set has a definite cyclic number, finite or infinite. It is also clear from 
page 523 of the reference given in §1 that m is one less than Alexandroff’s x. 

9. It is readily seen with the aid of §5, Corollary 3, that, if M and N are 
one-dimensional compact sets and M c N, the cyclic number of M is not more 
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than that of NV. (Cf. Alexandroff, loc. cit., p. 523.) Hence the divisor of a de- 
creasing sequence of at most m cyclic one-dimensional compact sets is at most 
m cyclic, and every set of this character contains a set irreducible with respect 
to these properties. But the first of these statements is seen to become false 
and the second doubtful, if the word most is replaced by /east, and so the ques- 
tion of the cyclic number of the divisor of a sequence requires further investi- 
gation. 

Similarly, the relation between the cyclic number of a set and those of its 
components is obvious when the component number is finite, but requires a 
proof when the component number is infinite. We begin with the second ques- 
tion. 


10. THEOREM. Let M be a compact one-dimensional set. If its cyclic number is 
finite, it is the sum of the cyclic numbers of those components having positive 
cyclic numbers. 


We know by §7 that for every partition of M into r disjoint closed sets 
{M;}, m(M) =>°,m(M,). There is then a largest r<m such that for each i, 
Now no such M; can contain more than one component K; of positive 
cyclic number. If M; is decomposed into disjoint closed sets P; and Q;, where 
K;¢P,, it is clear that m(P;) =m(M;) and m(Q;) =0. If this can be done for 


each 7 so that K;=P;, the theorem is evident'y proved. 

In the other event there is a decreasing sequence { P;;} of closed sub-sets 
of M; having the component K; as its divisor, such that m(P;;) =m(M;) for 
each j, 0;;=M;—Pi; is closed, and m(Q;;) =0. Let o be so small that every 
canonical o-covering of M; has its cyclic number at least m(M;). Let 5<oa/2 
and let A = {d,} be a canonical 6-covering of K; of cyclic number m(K;,). By 
§3 we can take e<a/6 and so small that, if ¢, is the set of points of M; whose 
distances from d, are not greater than e, the set of cells {e,} is a canonical 
a-enclosure of some P;; of cyclic number m(K;), since K; is the divisor of 
{ P:;}. Setting f, =e,-Pi;, there is by §5, Corollary 3, a sub-set B of cells {f,} 
which is a canonical o-covering of P;; of cyclic number not greater than m(K*)). 
Let C= {gx} be a canonical o-covering of Q;; of cyclic number 0. Then B+C 
is a canonical o-covering of M; of cyclic number not more than m(K;). Hence 
in this case also m(K;) =m(M,), and the theorem is proved. 


11. THroremM. Let M be an ~ cyclic compact one-dimensional set. Then 
either some component of M is © cyclic or an infinity of components have posi- 
tive cyclic numbers. 


We first show that the assumption that all the components are 0 cyclic 
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leads toa contradiction. There is a dyadic decomposition* M =)>M;,=>_M;i,i, 

=)>°M;j,i,i,, etc., into disjoint closed sets, such that each component K of M 
is the divisor of some monotone descending sequence {M,}, where M, is 
some M;,;,...- in- 

Take o>0. There is a canonical (¢/2)- covering of K, K =U [d,], whose 
cyclic number is 0. By §3 we can take 5<a/6 and so small that, if e, is the 
set of points of M whose distances from d, are not greater than 6, the set of 
cells {e,} is a canonical o-enclosure of K of cyclic number 0. For some mi, 
this enclosure contains every M,, n=n;,, of the sequence whose divisor is K. 
That is, for each K there is an ,, such that there is a canonical o-covering 
of cyclic number 0 of every M,, n2=nx, of the sequence whose divisor is K. 

We now prove that , has an upper bound for all components {K}. If 
this is not true, it follows by well known theorems that there is a sequence 
{K.} of components such that m,,—>© and a K containing the upper closed 
limiting set of {K.}, as w+. But for u large enough, K, and K lie in the 
same M,,; whence m,, Sx. 

Let then a be the upper bound of m,. There is then a canonical o-covering 
of each M, of cyclic number 0. As these are disjoint and their number is finite, 
we have a canonical o-covering of M of cyclic number 0. Since o was arbi- 
trary, we see that M is 0 cyclic, contrary to hypothesis. Hence not all the 
components of M are 0 cyclic. 

Now let M have s components {K;}, each of cyclic number m,, and let 
every other component be 0 cyclic. Taking any ¢>0, let K=U[di,,] be a 
canonical (¢/2)-covering of K, of cyclic number m;. Choose a positive 6 so 
small that, if e:,, is the set of points of M whose distances from d,,, are not 
more than 4, then the set of cells {e:,.} is a canonical o-enclosure of K; of 
cyclic number m. We can set M = P,+(Q,, where P, and Q, are disjoint closed 
sets, Ki& Pi, >>3K:£(Q1, and P, is contained in the enclosure {1,4}. Hence 
by §5, Corollary 3, this enclosure generates a canonical o-covering of P, of 
cyclic number at most m. 

In the same way (Q) is the sum of disjoint closed sets P2 and Q2, such that 
K2€ Ps, >-3K; © Qz, and there is a canonical ¢-covering of P: of cyclic number 
at most ms. Finally we reach 0,=M —)_}P;. This has no component of posi- 
tive cyclic number and so there is a canonical o-covering of Q, of cyclic num- 
ber 0. Thus there is for any o a canonical o-covering of M of cyclic number 
at most m’=)-\m;. This is contrary to the hypothesis that M is ~ cyclic, 
and so the theorem is proved. 

Remark. We can combine the results of these two sections in the state- 


* F. Hausdorff, Mengenlehre, p. 131. 
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ment that the cyclic number of any compact one-dimensicnal set is the sum 
of the cyclic numbers of its components, if we understand that the sum of any 
number of zeros is zero and that of any number of infinities is infinity. The 
cardinal number of the cyclic components may be that of any closed set. 


12. Lemma. Let M and M’ be compact one-dimensional sets lying in a com- 
pact space Z, M'& M, and M’ have p' components, p’ finite. Let every canonical 
a-enclosure of M have its cyclic number at least m and for some 6<o/2 let there 
be a canonical 5-covering of M’ of cyclic number m' and component number p’. 
Then there is an €>0O and an n>0 such that, if E= {ex} is any canonical n- 
enclosure of M and B is a sub-set of E for which M’c BcV.(M"')*, while the 
other cells of E form a set C containing no point of M’, then 


m(E) — m(B) + p(B) = m—m'+ 9’. 


Let D={d;} be the canonical 5-covering referred to above. Let € be so 
small that, if the set of points of Z whose distances from d; are not greater 
than 2¢ is taken as a cell, the set of such cells forms a canonical o-enclosure 
of M’ of cyclic number m’ and component number p’. (See §3.) Let e<o/6 
and »<e/2. Let E= {e,} be any canonical y-enclosure of M and B be a sub- 
set of E for which M’ ¢ Bc V.(M’) and the other cells form a set C such that 
M’-C=0. Then each cell e, of B contains a point of V.(d;) for some i. 

Let I’; be the union of the cells of B containing points of V.(d;). Then 
I;-T';+0 if and only if d;-d;40, and {T;} is a canonical o-enclosure of M’ 
of cyclic number m’ and component number ?’. 

For each i let A; be the union of the cells {e,} contained in T';, but in no 
Ij, 7 >i. The set A of non-void cells {A;} is a canonical enclosure of M’ since 
A; ¢T;, m(A) Sm’ by §5, and p(A) 2 p’. It is easy to see that A +C is a canon- 
ical o-enclosure of M, and we must prove the inequality given in the state- 
ment of the theorem. 

We know that 


(1) m(A + C) — m(A) + p(A) = m(C) — m(A-C) + (A +0) — 9(C) + A(A-C); 
(2) m(B+ C) — m(B) + p(B) = m(C) — m(B-C) + p(B+C) — pC) + o(B-C). 


Since C has no cells in common with A or B, m(A-C) =m(B-C) =0. As 
A+C is obtained by combining certain cells of B+C into new cells, 
p(B+C) = p(A+C). Each component of A-C is the divisor of a cell e, of C 
and a cell A; of A and is therefore the sum of the divisors of e, and one or 
more cells {e;} contained in A;. As no two cells {A;} contain common cells 
{e:}, it follows that p(B-C)=p(A-C). 





* This notation signifies the set of points of Z whose distances from M’ are less than e. 
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Thus the left member of (2) is greater than or equal to that of (1). Since 
m(A+C)2=m and p(A)= >’, while m(A) <m’, this proves the theorem. 


Coro.iary 1. Under the hypotheses of the above theorem there is an n>0 
such thal, if E={e,} is any canonical n-enclosure of M and B is the sub-set of 
cells containing points of M', then m(E)—m(B)=m—wm’. 

For in this case p(B) =p’. 

CoroLiary 2. Let M and M’ be compact one-dimensional sets with cyclic 
numbers m and m’, let p’=p(M') be finite, and let M'c M. Then there is an 
€>0 and an n>0, such that, if E=e,} is any canonical n-enclosure of M and 
B is a sub-set of E for which M'’c Bc V(M’"), while the other cells of E form 
a set C containing no point of M’, then m(E) —m(B)+ p(B) =>m—m'+p’. 


For it is easy to show that the hypotheses of the theorem apply here. 


Coro.iary 3. Under the hypotheses of Corollary 2 there is an »>0O such 
that, if E={e,} is any canonical n-enclosure of M and B is the sub-set of cells 
containing points of M’, then m(E)—m(B)=m—m’. 


For again p(B) =p’. 


13. TuroreM. Let {M;} be a decreasing sequence of compact one-dimen- 
sional sets, each of finite cyclic number m, and let M be the divisor of the sequence. 
Then m is the cyclic number of M. 


By §10 each M; contains a sub-set NV; consisting of the components of M; 
whose cyclic numbers are positive and m(N,;) =m. As there can be at most m 
components in each N; and, if A ¢ B, m(A) <m(B), we can assume without 
loss of generality that each NV; consists of p components { K;;}, each of cyclic 
number m;=1, where p<m and m=)_/m;. Moreover, the sequence {N;} is 
monotone decreasing. Let N be its divisor. 

It is easily seen from §8 that for each i there is a greatest o; such that 
every canonical o;-covering of N; has its cyclic number at least m. If the lower 
bound ¢ of a; is positive, we proceed as follows. Let m’ =m(N) and {d,} bea 
canonical covering of N of cyclic number m’ and norm o/2. Taking e small 
enough, we know that, if the set of points of N, whose distances from the cell 
d,, are not greater than e¢ is taken as a cell, then the set of such cells forms a 
canonical o-enclosure of N and Nj, for i large enough, of cyclic number m’. 
This enclosure generates a canonical o-covering of N ; of cyclic number at most 
m’, by §5. This is a contradiction unless m’ =m. 

Let p be less than the distance between any two components of Ni, and 
therefore of any N;. If the lower bound of o; is 0, we may assume that every 
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o;<p/3 and that every o;>30;4:, since this is true for a partial sequence. If 
6 is slightly less than o;/2, it is greater than o;,:. By definition of 7;,; there 
is a canonical §-covering of N;,: of cyclic number not greater than m—1 and 
of component number p. Then by §12 there is an 7; such that every canonical 
ni-covering of N; has its cyclic number at least 1 larger than that of the sub- 
set of cells containing points of V;,:. Let r be any integer and 7 be less than 
any i, 7<r. 

Let S, be an n-covering of N; and 7, be the set of cells of S; containing 
points of N2. By §5, Corollary 3, there is a set S2 of cells which are divisors 
of N2 and cells of T2, and which forms a canonical y-covering of N2 of cyclic 
number not greater than m(T:). Then by §12, 


(1) m(S;) = m(T2) + 1 = m(S2) + 1. 


Defining 7; and S; in like manner, we have 

(2) ‘ m(S2) = m(S3) + 1. 
Finally we reach 

(r) m(S,) = m(S,41) + 1. 
Relations (1), (2), - - - , (r) give 


m(S,) =r. 


Hence for every integer r, m(N,) =r, which is impossible by the hypothe- 
sis. Therefore the lower bound of o; cannot be zero and m(N) =m. Since 
N ¢M and M € M,;; for every i, m(M) =m, which was to be proved. 


Coroiary. Let M be a one-dimensional compact set of finite cyclic number 
m. Then N contains a set K irreducible with respect to the properties of being 
closed and of cyclic number m. 


14. THEOREM. Let A and B be one-dimensional compact sets, each having a 
finite number of components and a finite cyclic number. Let A-B have a finite 
number of components. Then 


(1) m(A + B) = m(A) + m(B) — m(A-B) + p(A + B) — p(A) — p(B) + p(A-B). 


There is a o so small that every canonical o-enclosure of A, B, A-B, or 
A+B has the same component number and at least as great a cyclic number 
as the respective set. Let D={d;} be a canonical (¢/2)-covering of A -B of 
cyclic number m(A - B). Let «<o/6 and so small that §3 is valid for the cover- 
ing D and the set A-B considered as imbedded in the space A+B. Let n<e 
and so small that §12, Corollary 1, is valid for A and A-B, and for B and 
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A-B. Let E={e,} be a canonical y-covering of A of cyclic number m(A); 
let E’’ denote the set of cells of E which contain points of A-B, and E’ the 
others. Similarly define F={f,}, F’’, and F’ with respect to B and A-B. 
Then £”’ and F’’ have the same cyclic and component numbers as A - B. 

Let A/ be the union of the cells {e,} containing points of d; but of no d;, 
j>i. Let A!’ be the union of the cells {f,} containing points of d; but of no d;, 
j>i, and A;=A/+A/’. Then G={A,} is a canonical o-enclosure of A-B, 
m(G) =m(A-B), and ~(G) = p(A - B), by the choice of €, , and ¢. 

Now G+£’ is a canonical o-enclosure of A, G and E’ have no common 
cells, p(G+£’) = p(A), and m(G+E’) =m(A). Compare the equations 


m(G +E’) = m(G) + m(E!) + 2G + EB) ~ 9G) - pe!) + 9G-B); 
m(E) = m(E") + m(E!) + P(E" + B) — p(B") — p(B) + p(B"-2). 


It is seen as in the proof of §12 that p(G-E’) < p(E”’- EB’). As the other pairs 
of corresponding terms on the right are equal, this gives m(G+£’) <m(E); 
whence m(G+E’) =m(A). Likewise, G+F’ is a canonical o-enclosure of B, 
m(G+F’)=m(B), and p(G+F’) = p(B). 

Consider the canonical o-covering E’+G+F’ of A+B. Since E£’-F’=0, 
we have at once from the.above results and §7, Corollary 1, 


m(E’ +G +F") = m(A) + m(B) — m(A-B) + p(A + B) — p(A) — p(B) + (4-8). 


This shows that m(A +B) is not greater than the right side of (1). 

Now for any covering D of A+B and any sub-set C we let Cp be the set 
of cells containing points of C. We first note that Ap- Bp consists solely of 
cells common to Ap and Bp. For, if a cell d of Ap meets a cell d’ of Bp and d 
contains no point of B, d¢ A, and d’ contains a point of A. Then d’ ¢ Ap and 
so d-d’ is deleted by our original definition of the divisor of two canonical 
collections of cells. 

For any e>0O there is a 6>0 so that for any canonical 5-covering 
A-BcAp-Bp¢V,(A-B) and no other cell of (A+B)p contains points of 
A-B. As A-B is a sub-set of A, there is an €>0 and an 7>0 for which §12, 
Corollary 2, is valid. 

Also, for some o >0 and less than both 6 and n, every canonical o-covering 
of A+B is such that p(A+B)p=p(A+B), p(Ap)=p(A), p(Bo) =p(B), 
m(Ap)2=m(A), and m(Bp)=m(B), and for some such covering m(A+B)p 
=m(A+B). By §7, 


m(A + B)p = m(Ap) + m( Bp) — m(A p- Bp) 
+ p(A + B)p — p(Av) — p(Bo) + p(Av- Bp). 
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By §12, Corollary 2, m(Ap)—m(Ap-Bp)+p(Ap- Bp) =m(A) —m(A-B) 
+ (A -B). Hence the above equation shows that m(A +B) is greater than or 
equal to the right hand side of (1). As we have already shown that it is not 
greater, the theorem is proved. 

15. If we define the index of a set A by I(A) =m(A)— (A), the above 
addition formula becomes /(A+B)=I/(A)+J(B)—I(A-B), which is the 
same as the formula of Straszewicz and is readily generalized. For complete- 
ness the following rather obvious result is added. 


THEOREM. Let A and B be compact one-dimensional sets, let each have a 
finite set of components, and let A-B have an infinite set of components. Then 
m(A +B) is infinite. 

For some component K of A and some component L of B, K-L has an 
infinite set of components. Then K-ZL is the sum of r disjoint closed sets for 
any integer r. Hence for some o >0 every canonical o-covering M+ N of K+L, 
where M denotes the set of cells containing points of K and N those contain- 
ing points of L, is such that M- N has at least r components. By §7, 


m(M + N) = m(M) + m(N) — m(M-N) 
+ p(M + N) — p(M) — p(N) + p(M-N). 


Obviously, m(M) =0, m(N) —m(M -N) =0, and p(M+N) = p(M) = p(N) =1. 


Hence m(M +N) =r-—1. As r was any integer, m(K +L) is infinite; and so, a 
fortiori, m(A +B) is infinite. 


YALE UNIVERSITY, 
New Haven, Conn 








ON CERTAIN POLYNOMIAL AND OTHER APPROXIMA- 
TIONS TO ANALYTIC FUNCTIONS* 


BY 
HILLEL PORITSKYf 


Part I. INTRODUCTION 


1. The Lagrange interpolation polynomials. This paper deals largely with 
certain polynomial approximations to analytic functions of a complex vari- 
able, that are somewhat analogous to the Lagrange interpolation polynomials. 
The latter, it will be recalled, are defined as follows: 

Given an analytic function f(z) of the complex variable z, and a set of 
points 2=4), d2,- ++, d,, the corresponding Lagrange interpolation poly- 
nomial is the polynomial of (w —1)th degree at most, which, in case no two of 
the a; are equal to each other, agrees with f(z) at the points z=a;,z=a2,---, 
z=<a,, while if some of the a; are equal to each other, it is the limit of the 
Lagrange interpolation polynomial corresponding to m points a/ that are all 
distinct and are allowed to approach the points a; respectively. In the latter 
case, if (say) a; occurs just , times in the sequence a, a2, - - - , dn, the corre- 
sponding Lagrange interpolation polynomial will have “contact” of at least 
order m,—1 with f(z) at s =a, that is, its derivatives of order 0,1, - - - ,m—1f 
will be equal to the corresponding derivatives of f(z) at that point. 

These polynomials are among the most familiar approximations to func- 
tions of a real or complex variable, and general theorems are known which 
prove their convergence to f(z) as » becomes infinite, for properly restricted 
points 1, dz, + + + ,@n, - + - .§ The most familiar instance of these polynomials 
is undoubtedly the case when all a; have a common value a, since the La- 
grange polynomials corresponding to the first m terms of the sequence 
, @2,- + + , Gn, * - - now reduce merely to the first 7 terms of the Taylor ex- 
pansion of f(z) about the point z =a; the discussion of the convergence of the 
polynomials to f(z) belongs to the elements of the theory of functions of a 
complex variable. One other case where the convergence problem may be 


* Presented to the Society, August 29, 1929, and December 27, 1929; received by the editors 
June 22, 1931. 

+ Part of the work of this paper was done while the author was a National Research Fellow at 
Harvard University. 

t By a derivative of order 0 will be understood, as usual, the function itself. 

§ In this connection see Bieberbach’s article in the Encyklopidie der mathematischen Wissen- 
schaften, II C 4, §59. 
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treated with equally definite results is the case where the points a; recur in 
groups of (say) m members: a;=a; for 7=i (mod m). The sequence of the re- 
sulting Lagrange polynomials turns out to be essentially equivalent to an ex- 
pansion of f(z) in a series of powers of [(z—a1)(z—a2) - - - (—@m) | with co- 
efficients that are polynomials in z of degree at most m—1. Such expansions 
have been investigated by Jacobi and others.* They may be shown to con- 
verge to f(z) in the largest region |(z—a,)(z—az) - - - (g—an) | <constant, in 
which f(z) is analytic. 

2. The polynomials P,,(z). The approximation or expansion problem to 
which Parts II, III of this paper are devoted is somewhat similar to the ap- 
proximation problem by means of the Lagrange interpolation polynomials for 
the case of recurrent series , dz, - - - , just mentioned. 

Consider first two fixed points, a;, d2; @:~d2. A unique polynomial, P2,,(z), 
may be shown to exist of degree 2m —1 at most, and such that 
(12.,)  Pan(a1) =f (a1), Pon (as) =f (a2) (i = 0,1,---, m —1). 

The polynomial P»,,,(z) resembles the Lagrange interpolation polynomial 
corresponding to 2” terms of the recurrent sequence 4d), @2; 41, d2; - - - in that 
certain of its derivatives at a; and a, agree with the corresponding derivatives 
of f(z); the orders of these derivatives, however, differ in the two cases. For 
the above Lagrange interpolation polynomial the derivatives are of order 
0,1,---,n—1; for P2,, they are of order 0, 2, - - - , 27—2. Now in spite of 
this apparent similarity in definition, it will appear later that the convergence 
properties of P2,,,(z) are radically different from those of the Lagrange inter- 
polation polynomials corresponding to the sequence i, d2; a1, d2; - - - . Thus, 
the latter still exhibit a Taylor-like type of convergence in that they converge 
to f(z) within the largest of a proper set of open regions (namely, the regions 
|(2—a@:)(s—az) |<constant) within which f(z) is analytic; the former poly- 
nomials, P:,,(z), however, may not converge to f(z), or even may fail to con- 
verge altogether (with the possible exception of a countable set of points), 
even in case f(z) is an integral function. Thus, for example, if a:=0, a2=7, 
f(z) =sin z, the polynomials P2,,(z) obviously reduce to zero identically, and 
consequently converge to f(z) only for z=mz, where m is an integer. Again, 
if with the same values of a;, a2 we put f(z) =sin kz, where & is not an integer 
and in absolute value greater than unity, then it turns out (see §11) that as ” 
becomes infinite P»,,,(z) diverges for all z except z= mr. It is thus obvious that 
even forintegral (entire) functions, further conditionsare necessary in orderthat 


(22) pees Pon(z) = f(z). 


* See Montel, Lecons sur les Séries de Polynomes, Paris, 1910, pp. 47, 48. 
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The first of the above examples, f(z) =sin z, constitutes in a sense the 
limiting function between the set of functions for which (22) holds and those 
for which (22) fails to hold. More precisely, for a; =0, a2 =7, a sufficient condi- 
tion for the yalidity of (22), presently to be stated, is that the mode of increase 
of |f(z) | as |z| becomes infinite, should be less than that of |sin z]. 

Consider next m fixed points, a1, dz, - - - , dm, no two of which are alike, 
and determine a polynomial P,,,,(z), m=1, 2, - - - , of degree mn —1 at most, 
such that 


(Saal P.,”. (a) = f(a) (¢=0,1,---,#—- 1;j= i, 2,--+,m). 


The polynomial P,,,,,, has mn available constants, while the above equations, 
requiring that its derivatives of order 0, m, 2m, - - - , m(m—1) at the points 
a1, °° * , @, agree with the corresponding derivatives of f(z), impose mn linear 
conditions on P,,,,(z). These conditions may be shown to be linearly inde- 
pendent; hence a unique polynomial will be determined for arbitrary values 
of the right hand members of (1,,,). The existence and uniqueness of Pn, is 
thus manifest. 

For m= 1 the polynomial P,,,,,, as well as the Lagrange interpolation poly- 
nomial corresponding to the sequence of m terms a, a, - - - , a1, both reduce 
to the first m terms of the Taylor expansion of f(z) about z=a;. From m=2, 
the polynomials P,,,,, have just been discussed and their similarity to and 
difference from the Lagrange interpolation polynomials corresponding to the 
recurrent sequence 4, a2; a1, d2, - - - pointed out. Likewise the latter poly- 
nomials corresponding to the recurrent sequence of mn terms, 41, d2, - - - 
Gm; ** * 3 @1, de, - + + , dm resemble the polynomials P,,,,, in having m deriva- 
tives at each of the points a, a2, - - - , dm equal to the corresponding deriva- 
tives of f(z). The order of the derivatives again differs in the two cases with 
corresponding profound differences in the nature of the convergence of 
P.,,.(z) and conditions in order that 
(2m) lim Pmn(z) = f(z). 

n—- 2 

3. Sufficient conditions for the validity of (2,,). Necessary conditions. 
Functions of a very simple type and for which (2,,)(m>1) fails to hold for a 
general value of z, may be obtained by considering the system consisting of 
the differential equation 


(3m) d™u(z)/dz™ — »"u(z) = 0 
and the “boundary conditions” 


(4m) u(a;) = 0 
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The set of characteristic parameter values, that is, of values of \ for which 
the above system possesses a non-trivial solution, or a solution not identically 
zero, is readily shown to coincide with the (non-null) set of roots of a certain 
integral function. Any non-trivial solution of (3), (4m) obviously consti- 
tutes an example for which (2,,) fails to hold for a general value of z, since 
Pn.n(z) =0. 

Now these characteristic values are also of interest in another connection. 
Thus, sufficient conditions in order that (2,,) hold for all z are the following: 


1. f(z) is an integral function of z; 
2. f(z) satisfies the relation 


(Sm) f(z) = Ofer!) & < pm; 


where é is a constant, and p,, is the absolute value of those characteristic 
parameter values of (3), (4m) which are nearest the origin of the A-plane. 
For m=2 the characteristic values of (3), (4m) which are nearest the origin 
are given by \?= —7?/(a—b)*, the corresponding non-trivial solutions of 
(32), (42) being given by sin [1(z—a)/(a—b) | in each case. This will be recog- 
nized as the example used in §2 for the case a=0, b=z. For m=2 the suf- 
ficiency of the conditions is shown in Theorem 1; for m=3 in Theorem 10, 
and the latter proof applies with little modification to any m. 

We shall refer to an integral function f(z) that satisfies a relation 
f(z) =O(e*!=!) for any constant k <p, but for no constant k >p, as a function of 
“exponential type” p. The sufficient conditions just mentioned amount to re- 
quiring that f(z) be of exponential type less than pn. 

From the consideration of a non-trivial solution of (3), (4m) correspond- 
ing to a characteristic value of \ that is nearest the origin, it will be shown 
that in (5,,) pm cannot be replaced by any larger value without incurring the 
failure of the conclusion for some functions f(z). Consequently the above 
sufficient condition is the best possible one of its type. Nevertheless, this con- 
dition is not a necessary one. Thus, it is shown in Theorem 2 that, if the func- 
tion f(z) is odd about (a:+4a2)/2, that is, if 


ee as © 


then (22) will hold for all z provided that f(z) is merely of exponential type 
less than 22. Likewise, for m>2 condition (5,,) may be replaced by more 
lenient ones for special types of functions ($16). 

For m=2 condition (5,,) becomes 


f(z) = Oferl*!), k < 4/| a1 — ae]. 
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It is of interest to point out that this condition is precisely the condition under 
which a theorem of F. Carlson* assures us that an integral function that 
vanishes at all the points congruent to a; (mod (a;—a2)) must vanish identi- 
cally. A connection, though a somewhat superficial one, between the two sets 
of results may be seen in the fact that, as pointed out above, there exist 
functions for which P2,,(z) diverges everywhere with exception of the points 
congruent to a; (mod (a:—42)); as regards convergence of P:,,(z), these points 
thus appear to play a réle analogous to that of the origin in a series of powers 
of z, and are thus somewhat on a par with a; and a».7 

The general question of the validity of (2,,) may obviously be separated 
into two parts: first, does the sequence P,,,,(z) converge at all?; second, if it 
converges for a proper point set, does it converge to f(z) there? To answer the 
first question, the nature of the convergence of P»,,(z) or of their equivalent 
series, for arbitrary values of f‘'™(a;), the right hand members in (1m,n), is 
studied in §§9, 10, 17. It is shown that for m =2 the series in question either 
converges for all z, or diverges for all z with the possible exception of a count- 
able set of points with « as its only limit point, depending upon whether the 
sums 
D(— 1)"[f2" (ar) + £2” (a2) | [(ar — a2)/m]**, 
n=0 s 


we 


E(= 1) [2 (as) = f(a) (as = 2)/n) 


n=0 


both converge or not (Theorem 6). In the former case P2,,(z) approaches a 
limit uniformly in any finite region, and the limiting function is integral and 
may be broken up into a sum of two functions, respectively event and odd 


* In this connection see G. H. Hardy, On two theorems due to F. Carlson and S. Wigert, Acta 
Mathematica, vol. 42 (1920), p. 328. In Carlson’s theorem the inessential restriction a;=0, a2=1 is 
made. See also P. L. Srivastava, On a class of Taylor’s series, Annals of Mathematics, (2), vol. 30 
(1928), p. 39, where the same conditions are employed. 

{ This suggests that an approximation problem that is more vitally connected with the problem 
of approximating by means of P2,, than the Lagrange interpolation polynomials corresponding to a 
sequence of recurring points (mentioned in §§1, 2) is the problem of the Stirling interpolation series. 
The latter, it will be recalled, is equivalent to the sequence of polynomials of degree 2”, which agree 
with the function at the points —”, —n+1,~--- , . This problem has been treated among others 
by N. E. Noérlund in his Lecons sur les Séries d’Inter polation, Paris, 1926, Chapter II. Nérlund derives 
necessary conditions, as well as sufficient conditions, for the convergence of these interpolations to 
f(s); these conditions are in the form of inequalities on | f(re*®)| for various 6. No use has been made 
of such inequalities in this paper, though it is likely that an application of conditions of this type 
would prove fruitful. 

a;+42 


t That is, satisfying 
s( .:) (2 *_,) 
> 6+ > z 
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about (a:+42)/2, and of exponential type at most equal to pz, 2p2 respectively. 
From these conclusions are obtained necessary conditions for the validity of 
(2.) (Theorem 7), and these conditions turn out to be almost sufficient (The- 
orem 8). 

Analogous results are also established for m>2 (Theorems 11a, 11b, 12), 
subject, however, to a slight restriction concerning the location of the charac- 
teristic values of (3), (4m). No analogue of Theorem 8, however, has thus far 
been found. The somewhat greater completeness of the results for the case 
m =2 is due to the fact that many familiar notions (among them, evenness 
and oddness, simply periodic functions) which can be utilized for m =2 do not 
admit of immediate and obvious generalizations for higher values of m; also 
to the greater familiarity of the various functions encountered in the discus- 
sion. For these reasons the case m =2 has been dealt with separately in Part 
II, while the case m =3 is dealt with in Part III in a manner which immedi- 
ately generalizes to higher values of m. 

4. The method of proof. Other expansion problems. The procedure em- 
ployed in proving the above results is not without interest in itself. The proof 
of the sufficient conditions is obtained by making use of certain properly de- 
fined “Green’s functions” G,,,;(z, 5; \), i=1, 2, - - - , m, associated with the 
system consisting of 


(3;,) d™u(z)/dz™ — X™u(z) = ( — 1) ™0(z) 
and of (4,,) in such a way that 


(6m) u(z) = >> f Gn_i(z, 5; d)0(s)ds 
i=1 z 

is equivalent to (3, ), (4m); here all the variables range over their complex 
planes, and the functions u(z), v(z) are analytic.* The Green’s functions G,,,; 
are not immediately connected with the polynomials P,,,,; however, the co- 
efficients which result from expanding G,,,; in powers of \ (or rather of \”) are 
very intimately connected with P,,,,,. Thus it is shown that the “remainder” 
f(z) —P.(z) can be expressed in terms of these coefficients; this is done by 
means of successive applications of the formula 


(7m) [rome + (- 1) (+1) 4(™)(s)y(s) ]ds = u(s)v(™—-)(s) 
— u'(s)v(™—)(s) + +--+ (- 1) aulm-0(3) 060) | 


%2 
. 
’ 


* These Green’s functions are also shown to be the resolvent system of an integral equation of 
the second kind with the same integration pattern as in (6). 
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the easily determined asymptotic behavior of the coefficients is then utilized 
to discuss the convergence of the remainder to zero. 

For m=1 the above procedure is shown to lead essentially to a familiar 
way of establishing Taylor’s series (§18). The crux of the difference between 
the cases m=1 and m>1 appears in the course of the proof as due to the 
fact that in the latter case the Green’s functions are meromor phic in the para- 
meter X, while in the former case the Green’s function (there is now only one 
such function) is integral in i. 

In discussing the necessary conditions the Green’s functions G;,m are also 
utilized. Thus for m=2 it is shown that when 0G:,:(z, s; \)/ds|,-0, iS ex- 
panded in powers of \?, the coefficient of d2" (it is denoted by a,_:(z) in Part 
II) is a polynomial whose even-order derivatives at a, a2 all vanish, with 
exception of the derivative of order 2” at a,, which is equal to unity. Similar 
statements are true for 8,-:(z), the coefficient of A2" in OGz2,2(z, 5; X)/As |,nas, 
but with a;, a2 interchanged. Obviously one may express P2,,(z) in terms of 
Q@,, 6, thus: 


ei 
P2n(z) = Li LPar)ax(s) + f*(a2)B.(2)]. 
Again the asymptotic behavior of a,(z), 8,(z) is determined from the nature 
of the singularities of their generating functions on the circle of convergence 
and beyond. This aymptotic behavior is utilized in investigating the nature 
of the convergence of P»,,(z), and in deducing necessary conditions for the 
validity of (22). A similar procedure is followed for m>2. 

The methods of proof used are highly suggestive and may be applied to a 
variety of approximation problems. Some of these are discussed somewhat 
briefly in Part IV, but no attempt is made to formulate a general theory for 
the present. Among the problems discussed are the following: 

1. Approximations by means of solutions of certain linear differential 
equations with constant coefficients, where the approximating function is 
chosen so that its even-order derivatives of a sufficient order at two points, 
a), a2, are equal to those of f(z). These approximations are suggested by ex- 
panding the Green’s functions G:,; connected with the polynomials P2,,,(z) 
about an arbitrary value of X, Ao, not a pole of G2,;. For Ayo =0 these approxi- 
mations reduce to P2,,(z) (§19). 

2. Expansions suggested by means of the Laurent expansion of the 
Green’s functions (of a proper system with a parameter) about a pole of the 
parameter (§20). 

3. Certain boundary value expansions of functions of m (real) variab!cs 
(§22). These expansions are the n-dimensional analogues from a certain point 
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of view of the approximations of one real variable by means of the poly- 
nomials P,,,. 

The last one of the above expansions is similar to the boundary-value ex- 
pansions considered by the author in a paper entitled On Green’s formulas for 
analytic functions.* In these expansions an analytic function of several real 
variables in a given region is expressed in terms of the boundary values of its 
iterated Laplacians and their normal derivatives. The present paper had its 
origin in the attempt to eliminate the normal derivatives and express an 
analytic function over a given region in terms of the boundary values of the 
iterated Laplacians only. The representation obtained in this way generalizes 
the familiar expression of a harmonic function in terms of its boundary values 
by means of Green’s function. However, throughout most of this paper we 
have confined ourselves to functions of one variable only, but have allowed 
it to range over the whole complex plane. 

It is suggested that for a first reading Part III be omitted, in view of its: 
formal complexity. 


Part II. THE POLYNOMIALS P32,,(z) 


5. Introduction of the polynomials a,(z), 6,(z) and of the Green’s func- 
tions A(z, s;X), B(z,s;). Throughout Part II we shall denote a, a2 by a and 
b respectively. 

It will be recalled that the polynomials P:,,(z) are uniquely determined 
by means of the conditions (1»,,,) which equate at z=a, z=b those even-order 
derivatives of P2,,(z) that do not vanish identically, to the corresponding de- 
rivatives of f(z) at the same points. Suppose now that we replace all the 
right hand members of (12,,) by zeros with the exception of f‘?"-*)(a;), re- 
placing the latter by 1. The resulting polynomial P;,, we shall denote by 
an-i(z); from equations (1:,,) it follows that its degree is at most equal to 
2n—1. Now since its (2n—2)th derivative takes on two different values at 
a and b, namely 0 and 1, respectively, it follows that a,_; is at least of degree 
2n—1. Hence it is actually of degree 2n —1. In a similar way we define poly- 
nomials 8,,_:(z) as the polynomial of degree 2n —1 at most whose even-order 
derivatives vanish at z =a, z = b with the exception of the (2m — 2)th derivative 
at b, whose value is 1. In terms of the polynomials a,(z), 8,(z), as pointed out 
in §4, we may express the polynomial P>,,(z) as follows: 


Paa(t) = Klpe(as) + f2°(6)B,(2)]. 


i=0 


* Presented to the Society, December, 1928. 
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It will sometimes be necessary to exhibit the fact that the polynomials 
P2,n(Z), &n(Z), Bn(z), in addition to depending upon 2z, also depend upon a and 
b. Where this is the case we shall denote them by P2,,(a, b; z), an(a, 5; 2), 
8,(a, b; z) respectively. It will often be convenient to make the restriction 
a=0, b=. We shall write ’P2,,(z), ‘an(z), ‘Bn(z) in place of P2,,(0, 7; 2), 
a,(0, 7; 2), B,(0, 7; 2) respectively; likewise we shall precede with a prime the 
number of any formula in which a and b have been equated to 0 and z. 

We now turn to the Green’s functions G:,:, G22 mentioned in §4, denoting 
them, however, by A(z, s; 4), B(z, s; \) respectively. They are defined by 
means of the equations 


87A(z, s; d) 


0*Blz, s;X 
(8) —————— = )9A(s, 5; 0), eon 


= dB(z, s; A); 


0s? Os? 
(9,) : A(z, a; 4) = 0; 
(9) B(z, b; d) = 0; 
(93) A(z, 2; 4) + B(z, 2; 4) = 0; 


0 
(9,4) 5, At s;)) + B(z, s; )] 1. 
Ss s=z 
From (8), (9:), (92) it follows that, for \~0, A and B are of the form A sinh 
(s—a), B sinh \(s—b) respectively, where A, B are independent of s. Sub- 
stituting in (93) and (9,) we find that when the resulting linear equations are 
compatible their solution is given by 
date sinh A(z — 6) sinh A(s — a) 
sinh A(a — 6) 
sinh \(z — a) sinh X(s — 8) 
d sinh A(a — 5) 


It will be observed that \= + mmi/(a—b), n=1, 2,--- , are (for general 
values of z and s) poles of A and B. Now it is precisely for these values of \ 
that the system (8), (9;) is incompatible. The case \=0 still remains to be 
examined. It is readily seen that, for this value of \, (8), (9;) possess a unique 
solution which is equal to the limit approached by the right hand members of 
(10) as \ approaches 0. With A(z, s; 0), B(z, s; 0) defined as equal to this limit, 
A and B are analytic at \=0. 

As pointed out in §4, the functions A(z, s; A), B(z, s; X) naturally arise in 
connection with the semi-homogeneous system 


(32’) d?u(z)/dz? — du(z) = (2), 
(42) u(a) = 0, u(b) = 0, 





(10) 





B(z, s;4) = — 
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where we suppose that 2(z) is a given analytic function, and u(z) is sought 
analytic. It is easily verified that for values of \ which are not poles of A, B, 
the homogeneous system (32), (42) possesses only the solution u(z) =0; hence 
that the solution of (37), (42), if it exists, is unique; and that 


(62) u(z) = f A(z, s; A)o(s)ds + f 2% s; d)o(s)ds, 


where the integrations are carried out along any paths joining the end points 
and lying in the region of analyticity of v(z), furnishes such a solution. 

In the real domain, that is, for a and b real (a<b), v(z), u(z) functions of 
the real variable z for a<z<b of class C°, C’’ respectively, the Green’s func- 
tion G(z, s; 4) of the above system is commonly defined by means of condi- 
tions “adjoint” to those of (8), (9;), or by means of the integral representation 
u(z) = f’G(z, $;X)v(s)ds. Thus, for real values of z and s,G=—A forass<z, 
G=B for z<s <b. Our departure from the conventions will prove convenient 
when it comes to the applications in the following sections. 

6. Expansions of the Green’s functions in powers of \. Expression of the 
remainder f(z) — P2,,(z) in terms of the resulting coefficients. Of particular in- 
terest in connection with the polynomials P;,,,(z) are the coefficients that re- 
sult when A and B are expanded in powers of \. From (10) it is obvious that 
A and B are even functions of X, analytic at the origin in the \?-plane, and 
that the singularity of each that is nearest the origin is at \? = —72?/(a—b)?. 
They may therefore be expanded in powers of \?, the resulting expansions 
being valid for |A|<z/|a—b|: 


Lo} 


(11) A(z, s;) = >> d2"4,(z, 5), B(z,s;d) = >> d2"B,(z, s). 


n=0 n=0 


If we now substitute these power series in (8), (9;) and compare coefficients 
of like powers of \? on both sides of the resulting equations, we deduce the 
following properties of A, and B,: 
0°A,(z, s) {° for n = 0, 8°B,(z, s) {" for n = 0, 

~ (Ay-i(s, s) for n > 0, ds? ss L Bu-als, s) forn > 0, 


(12) — 
(13,) A,(z, a) = 0, 
(132) B,(z, b) = 0, 
(135) A,(z, 2) + B,(z, 2) = 0, 
(13,) <[Auls,8) + Buls,3)]] = 4 


8=z 


1 for x = 0, 
Oforn> 0. 
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To show the connection of all these Green’s functions with the problem at 
hand we shall now apply the formula 


(7s) f- [u(s)v’’(s) — u’’(s)o(s) ]ds = u(s)o’(s) — w(do(9 | 


between the limits z and a to the pairs of functions f(s), Ao(z, s); f’’(s), 
A(z, s);-- + ; f@(s), An(z, 5), letting f(s) take the place of u(s) and 
choosing a path of integration that lies inside a region in which f is analytic, 
and is the same for all the m+1 integrations. Adding the resulting equations 
and making use of (12) we get 


-f fon?(s)An(z, s)ds = dye 


If now to this equation we add the equation 
dB((z, s) 


‘ f f2n+?)(s)B,(z, s)ds = D2 —- — feng aes, a] 


i=0 8=2 


Me) _ penn(ate, |. 


obtained in a similar way by applying (72) to the pairs of functions f(s), 
Bo(z, s); - - - ; f(s), An(z, s) between the limits z and 6, and simplify the 
right hand member by means of (13;), we obtain, on transposing, 


fe) = & [poo Xe? | + 720g) SB2 mast} a 


i=0 


(14) 
+ f f2"+2)(s)A,(z, dist fi f2"+2)(s) B,(s, s)ds. 


Putting in place of f(z) in (14) the polynomials a,(z), 8,(z) we come out with 
0A,(z, s) 

Os 
dB,(z, s) 


Os 


(15;) a,(z) = 


(152) Bn(z) = 
Hence we may write (14) in the form 

(16) f(z) — Penti(z) = fo 12")4.G, s)ds + freon, s)ds. 

The connection of A,, B, with the polynomials a,(z), 8,(z), P2,.(z) is now 


obvious. 
The fundamental formula (16) shows that A,(z, s), B,(z, s) constitute the 


Green’s functions of the system 
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d2"+2y4(z) /dg2nt? -_ v(z), 
u(a) = u"(a) = --- = u@”(a) = u(b) = w"(b) = --- = v'-™)(b) = O. 


For if we replace either member of (16) by u(z) and put 2(s) in place of 
(2n+2)(s), equation (16) shows that 


u(z) = J 46 s)o(s)ds + xc s)v(s)ds 


furnishes the solution of the above system. 
Applying this to the case » =0 we see that the system 
Wis) — gi"(z) = Mh(2), 
h(a) — g(a) = 0, h(d) — g(b) = 0 


is equivalent to the integral relation 


h(z) = g(z) + “| fa o(z, s)h(s)ds + f B,(z, s) w(s)as]. 


If, however, we write the differential equation of the last system in the form 
h'"(z) — g'"(2) — »*[A(z) — g(z)] = r*e(2), 


the system becomes of the form (37), (42) of the preceding section; for \ not a 
pole of A(z, s;\), B(z, s; ) the system is therefore equivalent to 


h(z) = g(z) + r| in A(z, s; \)g(s)ds + f 2% 5; r)e()as]. 


Comparing the two integral relations obtained we see that A(z, s; X), 
B(z, s; X) constitute the resolvent system corresponding to the kernel system 
A(z, s), Bo(z, s). The characteristic values of the parameter of the first in- 
tegral equation are precisely the poles of the resolvent system and furnish the 
parameter values for which the homogeneous system obtained by putting 
g(z) =0 has non-trivial solutions. 

Finally, we point out the equations (17;), whose validity for |A|< 
x/ \|a—b| follows from (10), (11), and (15,): 


dA(z, s; d) | sinh \(z — d) . 
17 St aes Sieh 
(171) Os ene sinh \(a — 6) 2X aa(e) 
dB(z, s; ) sinh \(z — a) ° 
17 oe = ——_—— = S0°G,(s).* 
(173) ds a sinh \(a — b) ue Bale) 


* From this it is seen that d’a,,(s)/dz? is equal to an_s(s) for n>0, and to 0 for n=0; similar rela- 
tions hold for 8,(z). 
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7. Asymptotic formulas for A, By, @n, Bn. In this section we shall estab- 
lish certain asymptotic properties of the functions listed in the title, for large 
n; these properties will be utilized further on. The method used is based on 
examining the singularities of the generating functions (11), (17;). It is essen- 
tially the method employed by Darboux in his article Mémoire sur l approxi- 
mation des fonctions de trés-grands nombres etc.* We shall confine ourselves to 
the special case a=0, b=. The Green’s functions A, B, An, B,, correspond- 
ing to these values of a and 5, we shall indicate by ‘A,’B,’A,,’B,, in accord- 
ance with the notation explained in §5. 

The functions ‘A, ’B possess simple poles at X= +mi, m=1, 2,---. 
Direct computation shows that the sum of the principal parts of ’A at the 
two poles \= mi, \ = — mi is equal to 


1 
2 + m? 


2 

(18) —(sin mz)(sin ms) 
TT 

Likewise 


2 
(18:) - (sin mz) (sin TS 


is equal to the sum of the principal parts of ’B at \=mi, \= —mi.} Hence 
M—! sin mz sin ms 


(19,) ACG, 5; ) -= > 


M-! sin mz sin ms 


m=1 d? + m* 
are analytic throughout |A|<M—e, e>0. Using this fact we see that 


2 
(192) 'B(z, s;\) + — 
TT 


M—! sinmzsinms 


(20) oe a ee = > 


pews m2 (n+l) 


+O[|(M — €)-*"],e> 0, 


where the order relations for a fixed M hold uniformly for z and s ranging 
over any finite part of their planes. 
To obtain similar formulas for ’a,(z), ’8,(z) we compute the principal 
parts of the generating functions in (17;) by differentiating (19;). We find 
M—! sin mz 


(24) ’a) = (- = OV ol - 9, 


2n+1 


2 M-! sin mz 
(212)  ‘Bx(z) =(— 1)*»— Qo (-1)™4 + O[(M — ¢-**],e>0, 
e = m2nth 
* Journal de Mathématiques, (3), vol. 4 (1878), p. 1, p. 377. 
t The latter computation might be avoided by noting that A(z, s; 4)+B(z, s; d) is integral in \, 
a fact inferred from (8), (93), (9) or directly from (10). 
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where for a fixed M the order relations hold uniformly in z ranging over any 
finite part of its plane. 

For a fixed m the above order relations have not been shown to hold uni- 
formly in M; hence no information is gained by letting M become infinite 
while 7 is held fixed. The behavior of the resulting Fourier sine series is not, 
however, without interest. For general values of z and s they fail to con- 
verge. However, for real values of z and s convergence does take place, and 
we have for 0O<s,z<7 


2 > sin mz sin ms e 'A(z, s;d) for s S z, 
7 ’B(z, s;d) for s = z, 


T m=1 2 + m? 


p 2 & sin mz sin ms _ §- 'A,(z,s) fors Sz, 
(1) > m2n+2 \ ’B,(z,s) fors = 2z.* 

For a general position of a and b analogous results may be obtained by 
effecting in the s- and z-planes a linear integral transformation that sends 0 
and 7 into a and bd respectively, and at the same time multiplying \ by 
(b—a)/r. 

8. Sufficient conditions for the convergence of P2,,(z) to f(z). We shall now 
prove 


THEOREM 1. Jf f(z) is an integral function satisfying 
(22) f(2) = Ole), k<a/|a—d], 


then P2,,(z) converges to f(z) for all z, the convergence being uniform in an y finite 
region. 


* These facts may be established as follows. Let OSs, << and let 


K(c,s)= —’Ao(s,s) for sss, 
: Boz, s) for s=z, 


—’A(z, s;) for sSz, 
-r)= 
Gls, $3) 'B(z, s; d) for s=z. 


Then, from what has been explained toward the end of §6, G(s, s; \) is seen to be the resolvent to 
the symmetric kernel K(z, s) in the ordinary sense. The characteristic values of the parameter \? are 
the values \?= — m*x? with (2/7)!/? sin mz as the only linearly independent corresponding character- 
istic function in normalised form. Making use of a familiar bilinear form for the resolvent of a sym- 
metric kernel (see, for instance, A. Kneser, Die Integralgleichungen, Braunschweig, 1922, Chapter III) 
we see that the first sine series in the text is the Fourier sine series of G(z, s; X), and hence infer the 
validity of the first equation. The second equation now follows by equating coefficients of like powers 
of X? on both sides. 
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THEOREM 2. If f(z) is an integral function which is odd* about (a+6)/2, and 
satisfies 


(23) f(z) = O(e#l#!), k < 2n/|a— 5], 
then P2,,(z) converges to f(z) as in Theorem 1. 
Combining these theorems we obtain 


THEOREM 3. Let f(z) be an integral function; resolve it into a sum of two 
functions, e(z)+0(z), where e(z) is even about (a+b)/2 and o(z) is odd about 
(a+b)/2, and suppose that e(z) satisfies (22) while o(z) satisfies (23); then 
P;,,(z) converges to f(z) as in Theorem 1. 


Using a term explained in $3, the exponential conditions of, say, Theorem 
3 are that e(z), o(z) are of “exponential type” less than / |a—b|, 2x/ |a—6| 
respectively. 

It may be remarked at the outset that the constants of the right hand in- 
equalities in (22) and (23) may not be replaced by any larger values. This may 
be seen for Theorem 1 by considering the example a=0, b=7, f(z) =sin z, 
already mentioned in §2, and for Theorem 2 by taking the same values of 
a and b and putting f(z) =sin 2z. 

It will be proved in §11 (Theorem 7) that a necessary condition for the 
convergence of P»,,(z) to f(z) is that e(z), o(z) be of exponential types less 
than or equal to p2 and 2p respectively. 

The constant 7/ |a—b| is precisely the same as the constant p» of the in- 
equality (52), while the function sin z constitutes in fact the non-trivial solu- 
tion of the system (32), (42) corresponding to the characteristic parameter 
value which is nearest the origin. 

To prove Theorem 1 we shall first suppose that a=0, b=. This will 
simplify the formal work. The general case may be reduced to this special 
case by means of the linear integral transformation of z mentioned at the end 
of the preceding section. As a result of this transformation (22) becomes 
equivalent to 


(’22) f(z) = Oferl!), R< 1. 


We shall prove that under this condition the remainder f(z) —’P2,n(z) ap- 
proaches zero uniformly. 


* As explained in §3, a function f(z) will be said to be “odd about a point z=c” if it satisfies 
f(c+s) =—f(c—2) for an arbitrary ;, that is, if all its even-order derivatives at c vanish. Similarly, if 
f(z) satisfies f(c+-z) =f(c—s), that is, if all its odd-order derivatives vanish at c, f(z) will be said to be 
“even about s=c.” 
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Let f(z) =)o7-o¢n2". Applying Cauchy’s integral formula over the circle 
|z | =r* and using (’22), we get 
| cn| < Ce*/r*, 


where k <1 and C is a constant; and replacing e*"/r” by its minimum value, 
obtain 


| cn | <C(ke/n)". 
| £(0) | < Cnt(ke/n)", 
and, introducing Stirling’s formula, 
| £™(0) | < Ce-mm™+/2(2n)"/2[1 + O(1/n) |(ke/n)” = Cn'/?k"[1 + O(1/n)]; 


hence 


Hence 


| £™(0) | < Cnt/2Rn. 
A similar inequality 
(24) | £™(z) | < Cnt/2Rm 


holds for z in an arbitrary finite region, and with the constant C dependent 
only on the region but independent of the position of z in it. For from ('22) 
follows 


| f(z + 2’) | < Cetleletle’, 


Now the product of the first two factors is bounded if z lies in a prescribed 
finite region. Applying Cauchy’s integral over a circle with center at z and 
radius 2’, and proceeding as above, one arrives at (24). 

We now turn to ’A,(z, s), ’B,(z, s) and make use of (20) with M equated 
to 2. We obtain 


'A,(z, 8), — 'Ba(z, s) = (— 1)*(2/x) sinz sins + O[(2 — €)-*"],e > 0. 


Utilizing this result, as well as (24) with m replaced by 2n+2, in the integral 
representation (16) for the remainder f(z) —P2,n4:(2), we see that for z and s 
ranging over any finite regions of their respective planes the integrands in 
(16) may be made in absolute value less than a prescribed constant by 
choosing m large enough. Hence the remainder approaches zero uniformly in 
z as m becomes infinite; the proof of Theorem 1 is thus complete. 


* This part of the proof is adapted from Bieberbach, Lehrbuch der Funktionentheorie, vol. II, 


1927, p. 228. 
+ Wherever that will lead to no confusion the same letter C will be used to denote different con- 


stants in different inequalities. 
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Several remarks are of interest at this stage. In the first place it is obvious 
that the exponential function of |z| employed may be replaced by any func- 
tion of |z|, F(|z|), such that 


min [F(r)/r2"] = o[1/(2n)!], 


where the left hand member represents the minimum of the bracket for all 
positive r for a fixed integer value of n. 

We next recall again that the conditions of Theorem 1 are the same as 
those of a theorem of Carlson regarding functions which vanish at all the 
points congruent to a (mod (a—d)) (see §3). A slight connection between the 
two sets of results may now be seen from the asymptotic representation (21;). 
Putting M =2 we get 


‘an(2), 'Br(z) = (— 1)"(2/r) sings + O[(2 — 6-)-**],e > 0. 


Thus the roots of a,(z), 8,(z) approach asymptotically the points congruent 
to a (mod (a—b)). This shows that the latter points are in a sense equivalent 
to a and b, and makes plausible the existence of functions for which P2,,(z) 
converges to f(z) for these points while diverging for any other value of z. 
An example of a function-of this kind is given in §11. 

We now turn to Theorem 2. It will be noticed that the constant figuring 
in the right hand member of the second inequality in (23) is twice as large as 
the corresponding constant in (22).* Nevertheless, Theorem 2 may be de- 
duced from Theorem 1 as follows. 

Instead of forming the polynomials P:,,(z) corresponding to a, b or 
P;,,(a, 6; 2) suppose we form P;,,(a, (a+6)/2; 2). At z=(a+6)/2, all the 
even-order derivatives of f(z) vanish. Hence all the even-order derivatives of 
P:;,,(a, (a+b)/2; 2) will vanish at z=(a+6)/2; this polynomial will conse- 
quently be odd about (a+5)/2 and its derivatives at z=) of orders 0,2, ---, 
2n —2 will be equal to the corresponding derivatives of f(z) at the same point. 
Therefore for the odd functions in question 


Ps »(a, (a oe b)/2; 2) = P2,,(a, b; 2). 


Applying Theorem 1 to the polynomials on the left we get the result desired. 
For the sake of the analogues of Theorem 2 in Part III (Theorems 11a, 
11b) we point out that the conditions of this theorem are equivalent to 


* This, of course, has been rendered possi le only by restricting the range of functions to func- 
tions odd about (a+b)/2. 
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2r 
la—5| 
Pr(a) + fr(8) = 0 


fi tet? = 0. 
. a—b 


f(z) = Ofer), k< 


This may be shown by breaking up f(z) into a sum of two functions, one 
of which is even about (a+5)/2 and the other odd, and proving that as a 
consequence of the above conditions the even component must reduce to 
zero. Since the odd component satisfies condition 2 automatically, the even 
one must. Hence its even-order derivatives at a and b vanish. Consequently 
it is periodic of period 2(a—b). As a consequence of condition 1 and its peri- 
odicity, it may be shown to reduce to 
r(z — a) 


C sin 
a—b 


(see proof of Theorem 8 in §11). Finally, condition 3 reduces C to zero. 

It is of interest to point out that Carlson’s theorem possesses no extension 
forming a counterpart of Theorem 2 for functions which are odd about 
(a+b)/2, since there exist functions satisfying the conditions of Theorem 2 
which vanish at all the points congruent to a (mod (a—6)) without vanishing 
identically. An example of this kind is given by a=0, b=7, f(z) = [(#/2) —z] 
‘sin 2. 

9. Convergence of the series }-[cnan(z)+dn8n(z)] for special cases. The 
theorems of the preceding section give sufficient conditions for the conver- 
gence of P2,,(z) to f(z) or for the validity of 


fs) = Spe” (a)an(s) + $2(6)8,(2)]. 


n=0 


As pointed out in §3, the question of the validity of this equation may con- 
veniently be broken up into two parts: first the question of convergence 
merely; second, the question of equality of the limit to f(z). To answer these 
questions we shall consider a series })n=0[Cn@n(Z) +n8n(2)], where cn, d, are 
arbitrary constants, and examine the convergence of such a series and the 
nature of the sum function. In this section we shall only consider certain 
special cases covered by Theorems 4 and 5, reserving the general case for the 
following section. 
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THEOREM 4. The series 


(25) Dewen() ’ 
(25,) Dewhs(s), 
(253) De [an(z) + Bn(z)] 


either converge for all 2, or else diverge for all z with the possible exception of 
some or all of the points congruent to a (mod (a—b)) depending upon whether 
the series 


(26) X(= 1)"ca{(a — 8)/m]2 


n=0 


converges or not. In the former case the series (25;) converge uniformly over any 
finite region of the z-plane to integral functions c,(z), ¢2(z), cs(z) respectively, of 
exponential type at most equal to x/ |a—b|, that is, to functions c;(z) satisfying 


(27) ci(z) = O(e*l#!) foranyk > x/|a—b|. 
THEOREM 5. The series 
(28) Lien [an(z) — Ba(2) J 
n=0 
either converges for all z, or diverges for all z with the possible exception of all or 
some of the points congruent to a (mod (a—b)/2) depending upon whether the 
ies 


(29) Y(= 1)"ca[(a — 8)/(2n) ]2* 


n=0 


converges or not. In the former case (28) converges uniformly in any finite region 
to an integral function c(z), odd about (a+b)/2, of exponential type at most 
equal to 2x/ |a—b|, that is, to a function c(z) satisfying 
(30) c(z) = O(et!#!) for any k > 2r/|a— |. 

To prove Theorem 4 consider first the series (25;) for the special case 
a=0, b=: 


('251) Dien’een(2), 


and suppose that it converges for a value 2» of z, different from m7,n=---, 
—1,0,1,2,---. Recall the asymptotic representation 
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’a»(z) = (— 1)"(2/x) sinz + O[(2 — ¢)-**], e > 0, 


employed in the preceding section. From it we conclude that ‘a,(zo)(—1)* 
approaches (2/7) sin z9>#0 as m becomes infinite. Hence and because the 
series > Cn@n(Zo) converges, it follows that the coefficients c, are bounded. If, 
therefore, we break up (’25:) into }>(—1)"(z/m)c, sin z+) c,0[(2—¢€)~*], 
choosing e<1, the latter sum will converge absolutely and uniformly in any 
finite region of the z-plane. Consequently, from the convergence of (’25;) for 
% = Zo follows the convergence of >. (—1)"¢n. 

Conversely, if >(—1)"c, converges, the constants c, are bounded, and 
each of the two sums into which (’25,) has been broken up is seen to converge 
uniformly. Since the convergence is uniform over any finite region, the limit 
function ‘c,(z) is an integral function of z. 

To complete the proof of Theorem 4 for the series (’25,) it remains to 
show that 


(’27) ‘ex(2) = O(e*l*!), 


where & is any constant greater than 1. To that end we shall express the sum 
of the first N +1 terms of (’25;) as a contour integral in the A?-plane. 
From (17;) it follows that 


1 sinh A(z — x) d(d?2) 


‘a,(z) = — — , 
an(s) 2ni J,  sinhdw  (d?)*+1 





where the integration is carried out in the \*-plane over a closed path y that 
goes once around the origin in a positive sense, but fails to enclose the points 
\?=—1, —4,---, —mn?,---. We may therefore write 


N inh A(z — c 
Setax(s) = ~ ME A (24 Ay “) a0). 


1 
er dni Jy sinh \r 2 y2v+2 

Suppose, however, that we replace the path of integration by the circle 
|A?| =k?, 1<k<2; the values of both members of the last equation will then 
alter by an amount equal to the residue of the integrand at the pole A?= —1. 
Since —sinh \(z—7)/sinh Aw—(2/z)(sin z)/(1+A*) is analytic for |A?| <4 
(see §7), this residue has the value (2/7) sin 2[co—cit+ - - - +(—1)%ey]. 
Therefore 


N 1 inh A(z — 
Levan(s) = — f — (24 S4..-4 = a4 
i=" »? , 


n=0 2ni sinh \r » \2N+2 


2 
+ —sinz[eo — cr. +---+(— 1)%ew]. 


T 


a en 
SEN ee ee 


om x22 a 4 
ne Bee Se eee ee ed a a es 
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Now since we are dealing with the case where })(—1)"c, converges, the 
bracket above will converge as V becomes infinite, to a proper limit yo. Con- 
sequently the power series in 1/A*, co/A*+¢,/A‘+¢2/A°+ - - - converges at 
least for |A?|>1 to a certain analytic function of 1/d*, (1/A?). If therefore 
we let V become infinite, the integrand on the right will converge uniformly 
over the circle of integration, and we shall get, in the limit, 


1 sinh A(z — 2 
'c(z) = — f — sinh Ms = 9) a ngatrs + de Z. 
201 sinh Ar ag 
Denoting by M the maximum of |¢(1/A?)/sinh Az | for | | =% we have along 

the circle of integration |d?|=&?, 
| sinh A(z — x)o(1/d2)/sinh Ax | < M| sinh A(z — =) | 

< Msinh| (z — z)| = Msinh(k|z — =|), 
and hence 


| ‘cx(z) | < k®M sinh (k| z — +]) + 2| yosinz| /x. 


From this the existence of a constant C for which |’c;(z) | <Ce*l+! holds is 
obvious. (’27) has thus been proved for values of k between 1 and 2. Hence 
the proof of Theorem 4 for-the series (’25,) is now complete. 

Still confining ourselves to the case a=0, b= we may prove Theorem 4 
for the series (252), (253) in a similar fashion. The general case of arbitrary 
a and b (for all three series (25;)) may be reduced to the case a=0, b= by 
means of a proper integral linear transformation of z. 

To establish Theorem 5 we may employ the asymptotic representation 


‘an(2) — 'Br(z) = (— 1)*(4/x) sin (22/2?*+") + O[(4 — €)-**], € > 0, 


obtained from (21,) by putting M =4, and proceed as above, choosing, how- 
ever, for the path of integration a circle |A?|=k?, 2<k<3. An easier proce- 
dure, however, is to make use of the relation 


an( a, b; 2) _ 6,(a, b; 2) = a,(a, (a+ b)/2; 2) 


by means of which series (28) is converted into a series of type (251); Theorem 
5 now follows by an application of Theorem 4. The truth of the above relation 
may be rendered obvious by evaluating the even-order derivatives of the left 
hand member at z=a, z=(a+6)/2, at the latter point making use of (17;). 

As a consequence of the uniform convergence of the series (25;), (28), it 
follows that they may be differentiated term by term, and hence that the 
even-order derivatives of the sum functions at z=a, z=) are equal to a 
proper coefficient c, or to 0. 
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10. Convergence of the series }-[c,an(z) + dn8,(z)] in the general case. We 
shall now consider the series in the title for arbitrary coefficients and prove 





ST SMP RTO me, A EE em 





THEOREM 6. Consider the series 






(31) ¥ [encns(2) + duBa(z)]. 


n=0 










If the two series 


(32,) Y(— 1) "(cn + dy) [(a — 8)/x) 


n=0 








bo} 


(322) (= 1) "(cn — dn) [(a — 6) /(2m)) }* 


n=0 









both converge, then the series (31) converges uniformly in any finite region, and 
may be broken up into the sum of 






o 


(331) Li(en + dn) [an(z) + Ba(z)]/2, 


n=0 









(332) Y(ca — ds) [an(2) — Ba(2)]/2, 


n=0 









both series converging uniformly to sum functions respectively even and odd about 
(a+b)/2 and in turn satisfying the relations (27) and (30) of Theorems 4 and 5, : 
that is, of exponential types at most equal to r/|a—b|, 2x/|a—b|. ; 

If the two series (32;) are not both convergent, then (31) diverges for all z with { 
the possible exception of some or all of the roots of 


(34) sin [x(z — a)/(a — b) | {cos [#(z — a)/(a— 8) ] — a b)]} =0, 


where 2, is a fixed point. ; 4 
; 








As in the preceding section, we may confine ourselves to the special case 
a=0, b=7, since the general case may be reduced to it by means of a proper 
linear integral transformation of z. Suppose that the series ‘ ra 









(’31) Dew'an(2) + da/By(2) 


n=0 





converges for 2 = 21, 2 = 22, where 21, 22 do not satisfy the equation 


sin 2, sin Ze 





(’34) = 2 sin 2; sin 22(cos z2 — cos 2;) = 0. 1 $ 





sin 22; sin 222 


We shall write (’31) in the form 
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('31’) Yh (cn + dy) ['cn(2) + 'Bu(z)] + (cn — dn) ['on(2) — 'Ba(z)]} /2. 


n=0 
As this series converges for z = 21, 2 = 22, the mth term must approach zero for 
these values of z: 

(Cn + dp) [’cn(2:) + ’B, (21) | + (Cn = d,) [’cxn( 21) ~~ ’Bn(2:) | = €1,n) 

(Cn + d,) [’axn(z2) + ’Bn(z2) | + (cn = d,) [’cxn(z2) _ ’Bn( ze) | = €2.ny 
where both «,,, and €,, approach zero as m becomes infinite. We shall con- 
sider the above as two linear equations for 

(— 1)*(cn + da), (— 1)*(en — dy) /2?*. 
Upon recalling the formulas (21;), (212) it is seen that the coefficients of these 
quantities approach the proper terms of the matrix 
| (4/mr) sinz,; (2/7) sin 22, 
(4/m) sin 2, (2/7) sin 222 
as m becomes infinite. Since the determinant of this matrix does not vanish, 


we may, for sufficiently large , solve the above linear equations for (—1)* 
(Cn +dn), (—1)" (Cn —d,)/2™, and conclude that 


lim (cn + d,) = lim (cn, — d,)/22" = 0. 


no 


Return now to the series (’31’), and, utilizing the formulas (21;), (21.), 
write its general term in the form 


(~ 


T 


(cn + dn) {sins + O[(3 — €)-*"]} 
‘ (— 1)" (eq. - dn) 


= Q2ntl 





sin 22 + O[(2 — €)-**]}. 


Since cn+d,, (¢,x—d,)/27" are both bounded, it follows that the series made 
up of these parts of the above terms which involves the O’s, converges for all 
finite z. Hence for any z for which ('31’) converges, the series 


SU(- Yee + a.) sins + (— 1)» 2— 


s ., 
sin 2z] 
+1 
n=0 


Cn 
22 


will also converge; therefore 


eo 1) "(en + dn) sin 2, + (— 1)" oo — & sin 2z,], 


poy J2ntl 


rI- 1) "(cn + dy) sin ze + (— 1)" dn 


Cn — 
aa J2n+l 


sin 2z2| 
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are both convergent. Now multiply these equations by 2, x2 respectively, 
where 1, x2 are the solutions of 





2x, sin 2; + xesin2z;= 1, 24, sin zg + xesin 222. = 0, 






and we arrive at the result that }>(—1)" (c,+d,) is convergent. Likewise, by 
interchanging 0 and 1 above, one proves that >>(—1)" (c,—d,)/22" is conver- 
gent. 

Conversely, if both of these series are convergent, then by applying 
Theorems 4 and 5, one proves that the series (33;) converge for all z, and to 
functions specified in the statement of Theorem 6. 

The restriction on the two points 2, 22 for which (’31) cannot converge 
without converging everywhere is that (’34) should not be satisfied; that is, na 
that neither should be at mz, and that cos 2; ~cos 22. One of them, say 21, may 7 
therefore be chosen at random and 2, may be taken anywhere except for the | q 

t 











roots of cos z—cos z:=0. These restrictions are thus equivalent to the restric- 
tions of the last sentence of Theorem 6. 

11. Necessary conditions for the convergence of P2,,(z) to f(z). Examples. 
Certain existence theorems. The conditions of Theorem 6 may be used as 
necessary conditions in order that P2,,(z) converge to f(z) for all z, by applying 
them to the case where in (31) we put c,=f°(a), d, =f" (b). The result 
might be formulated as a special theorem as follows: 


THEOREM 7. Let f(z) =e(z)+0(z), where e(z) is even, and o(z) odd about 
(a+b)/2. In order that 


(23) lim Poa(s) = So[f2™(a)an(s) + 2"(8)Bq(2)] = f(2) 


n> 2 n=0 






















hold for all z, itis necessary that + 

(1) f(z) be integral; iy 
(2) e(z), o(z) be of exponential types at most equal to r/|a—b|, 2x/ |a—b |; a 
(3) the two series . 







oo 


D(— 1)"[f2r(a) + f2(0) ][(a — 8) /x]**, 






D(= elp2m(@) = f2()][(0 = 3/28) i 


both converge.* A 






* At this stage we take the opportunity of correcting an error that has crept into a previous 
publication of some of the above results in the Proceedings of the National Academy of Sciences, 
vol. 16 (1930), No. 1, p. 84, where the brackets [(a—b)/x], [(a—b)/ (2) ] were erroneously replaced 
by their reciprocals. 
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The converse of Theorem 7, however, does not hold; that is, if f(z) 
satisfies the three conditions of Theorem 7, then (22) need not be true. 
For suppose that f(z) satisfies conditions 1, 2, 3, of Theorem 7; the function 
f(z)+D sin[(z—a)/(a—b)}+D’sin[2(z—a)/(a—b)], where D, D’ are arbi- 
trary constants, will also satisfy the same conditions and will have the same 
even-order derivatives at a and b as f(z). Thus a two-parameter family of 
functions will possess the same polynomials P»,,,(z) and (22) could hold only 
for one member of the family at most. Theorem 8 will show, however, that 
this is the only extent to which conditions 1, 2, 3 of Theorem 7 fail to be 
sufficient to insure the validity of (2:). 


TueoreM 8. If f(z) satisfies conditions 1, 2, 3, of Theorem 7, then P2,,(2) 
will converge to f(z)+D sin [(z—a)/(a—b)]+D’ sin[2(z—a)/(a—b)] uni- 
formly for z in any finite region, where D, D’ are proper constants. 


That P:,,(z) does converge uniformly to a proper limiting function c(z) 
follows from the convergence of the two sums in the third condition of The- 
orem 7 by applying Theorem 6. It also follows from the latter theorem that 
we may break up > [f@")(a)an(z) +f (b)8,(z)] into a sum of two series after 
the manner of (33;), (332), these series converging respectively to c.(z), c.(z), 
respectively even and odd about (a+6)/2, and satisfying in turn (27) and 


(30). Now the even-order derivatives of c.(z) at z=a, z=b are the same as 
the corresponding derivatives of e(z). The difference of these two functions is 
thus odd about both a and 6 and consequently periodic of period 2(a—5); it 
also satisfies the inequality (27). If then we apply the conformal transforma- 
tion 2’ =e*#/(e-»), e(z) —c,(z) becomes a single-valued function of z’ admitting 
no singularities in the z’-plane except possibly for poles of the first order at 
z’=Oand at 2’= ©. Hence 


e(z) = c-(z) = C + Clerite—a)/(a-b) 4 CM" g—rile—a) | (a—b) | 
where C, C’, C’’ are proper constants. Equating e(z) —c,(z) to 0 for z=a, z=), 
we find that C=0, C’ = —C’’. Hence 
e(z) — cz) = Dsin [(z — a)/(a — d)]. 
In a similar way one proves 
o(z) — ¢(z) = D’ sin [2(z — a)/(a — d)]. 


Adding the last two equations we obtain the conclusion of Theorem 8. 

It will be observed that the gap between the exponential type conditions 
of Theorem 3 and those of Theorem 7 or 8 is filled by functions f(z) for which 
one or both of the following hold true: 
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1. The exponential type of e(z) is r/ |a—b |.* 

2. The exponential type of o(z) is 2r/|a—b|. What can be said of the 
convergence of P2,,(z) for functions lying in this gap? We shall show by explic- 
it examples that for such functions P2,,(z) may converge to f(z), or, again, 
may essentially diverge. Hence the third condition of Theorem 7 is independ- 
ent of the second condition. 

Choose a=0, b=, and put f(z) =sin kz, where |k|=1, R41, —1. Ob- 
viously the function in question is of exponential type unity. The polynomial 
P»,, reduces now to sin kr >>"=)(—k*)‘’8,(z). Applying Theorem 4 we see that 
the sequence P2,,(z) diverges for all z with the possible exception of integer 
multiples of x. On the other hand, if we consider the series ))?_,’a,(z)/n, it is 
seen by applying Theorem 4 that it converges uniformly for all z to an integral 
function of exponential type at most equal to unity. We shall show that the 
exponential type of the limit function is at least unity, and hence is actually 
equal to 1. ; 

Denoting the limit function by c(z), we first observe that 


1 
c2(0) = —, a> 1. 
n 


Now the exponential type of a function may be expressed in terms of the de- 
rivatives of the function at a fixed point. Thus, if f(z) =)0c,(z—h)" is the Tay- 
lor series of f(z) about z = h, the exponential type o of f(z) is given by 


(35) o = limsupm| ca|*!"/e. f 


The limit of the right hand member of (35) for even m is now equal to unity; 
hence the exponential type of c(z) is at least equal to unity. 

Returning to the previous example a =0, b=7, f(z) =sin kz but allowing k 
to have any non-integer value, | k | >1, we conclude as above that the sequence 
P,,,, diverges for all z that are not integer multiples of x. For the latter points 
P:,,(2) converges and to the respective values which the function in question 
takes on there. The proof of this follows at once if at these points we compute 
the remainder by means of (16), provided we utilize (20) with an appropri- 
ately large M. 

We shall close Part II with a sample existence theorem that follows from 
the preceding work. 


* That is, x/ |a—b| is the greatest lower bound of values of & for which e(z)=O(e*ll!) holds. 
In the theory of functions of a complex variable what we have termed a function of exponential type o 
is known as a function of order 1 and type o. See Bieberbach, loc. cit., pp. 227, 228. 

+ Bieberbach, loc. cit., p. 231. This formula is derived from the second italicized statement on 
that page, with the order equated to 1. 
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THeEorEM 9. If >> 7-9 (— 1)"c, converges, then there exists a function f(z) 
satisfying the following conditions: 


(1) f°” (0) =cn; 
(2) f(z) is of exponential ‘ype at most equal to 1; 
(3) f(z) is either odd about x or even about 7/2. 


These conditions, moreover, determine f(z) uniquely except for an additive term 
Dsin z, where Dis a constant. 


The proof of this theorem consists simply in considering the functions 
defined by the series > 79 Cn’an(Z), Doo Cn [’an(Z) +’Bn(2) J. 

By expanding the function f(z) in a Taylor series and rephrasing Theorem 
9 in terms of the resulting coefficients, one obtains existence theorems for 
solutions of a proper infinite system of linear equations in an infinite number 
of variables. Proceeding in this way with the Taylor expansion of }-c, 
- [‘a,(z) +'B,(z) | about z—(x/2): 


Yeu[’an(2) + ‘Ba(2)] = Scale — (®/2)]24/(2n)! 


n=0 n=0 


we obtain, as an equivalent of Theorem 9 for the case in which f(z) is even 
about z— (7/2), the following existence theorem: 


THEOREM 9a. The system of equations 


Li xn+m(/2)?*/(2m + 2m)! = cm (m= 0,1,2,---), 
n=0 
where Cm, Xn are subject to the conditions 


> (— 1) "cm is convergent, 


m=0 


lim sup | x, | 1/" < 1, 
no 


respectively, possesses the solutions given by 


t, = 2 e.. ‘tman(e/2) + D(— 1)" 


m=0 


where D is an arbitrary constant, and no others. 


That the condition x, is the same as condition 2 of Theorem 9, follows by 
the use of (35). 
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Part III. THE POLYNOMIALS PP», FOR m>2 


12. Orientation of the problem. The situation that arises in connection 
with the polynomials P,,,,(z) for m>2 has been briefly discussed in §3, and 
compared with the cases m =2. The sufficient condition for the convergence 
of the polynomials P,,,,(z) for m>2 there described is proved below in 
Theorem 10 for the case m= 3 and in a manner that requires no information 
regarding the distribution and nature of the characteristic values of the 
system (3m), (4m). Such is not the case, however, with regard to the more 
delicate questions of the broader sufficient conditions for special types of 
functions, analogous to those of Theorem 2, nor with regard to the discussion 
of the general nature of the convergence of the polynomials P,,,,, or of their 
equivalent series. 

The characteristic values in question are shown to be roots of a certain 
transcendental function of \”, but little information concerning the location 
and multiplicity of the roots of this function seems available for m>2. Now 
as a certain amount of such information is needed for discussing the above 
questions, certain assumptions are made in §§16, 17 regarding the roots near- 
est the origin, assumptions that amount to confining oneself to the general 
case. Thus for m= 3, let 1, u2, - - - be the roots in question, arranged in order 
of non-decreasing distance from the origin; if it is assumed that |: |< |u| 
and that yw, is simple, then it is shown in Theorem 11a that the allowable ex- 
ponential type of f(z) may be enlarged to any number less than ||, provided 
that f(z) satisfy certain auxiliary conditions. Theorem 11b then shows that 
one may proceed even further in this direction. Except for the above assump- 
tions which confine the discussion to the general case, these theorems form 
the complete analogue of the sufficient conditions of Part II for the case 
m = 2. Likewise the treatment of the general convergence of the polynomials 
P;,, or of their equivalent series, given in Theorem 12, is as complete as the 
treatment of the analogous question for m = 2, except that it is confined to an 
even more restricted general case. Yet it must be said that the generalization 
to cases beyond m=2 is by no means an obvious one, as the case m=2 is 
somewhat misleading in its simplicity, and that it required a considerable 
search to reveal the facts for higher values of m. 

While only the case m =3 is treated at length, it is fairly typical of the 
general case of m beyond 2, and corresponding results for any m may be ob- 
tained in general by changing the order of matrices and the range of sub- 
scripts involved. Whatever features of this generalization are not obvious are 
discussed briefly at the end of Part III in §18. 


13. The Green’s functions for m=3. We start the treatment of the case 
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m = 3 by considering the Green’s functions G;,;(z, s; 4), i=1, 2, 3, mentioned 
at the end of §4; we shall denote them, however, by G,(z, s; \). They are de- 
fined by means of the equations 


OG Az, s;r 
(36) SS. «ict, 
ds 


(37;) Giz, ai; 4) = 0, 
(372) aGi(z, $3 ) _ 0, 


Os 8=a; 


(375) YG, z; 4) = 0, 


i=1 
3 


ce) 
(37, D 5-Gs,5;0)| =o, 


i=1 
: 3 e2 
37 — G; 2,5; r = 1. 
(37s) 2 ds? ( 1. 


For \#0 solutions of the first three equations above may be put in the 


form on 
Gi(z, s; ) = Gis3[A(a; — 5) ], 


where G; are independent of s, and s; stands for the power series 
zante 


+Ga4ait 


ss 
adit a ‘adit 
(38) 


1 
_ — + wee? + we*"2), w = e2ri/3, 


Substituting this form of G; in (373), (374), (375) we are led to the equations 
Giss[A(ai — 2) ] + Gess[A(a2 — z)] + Gsss[A(as — z)] = 0, 


a, a _ @ 
Gi rs ss[A(ai — 2)] + — ss[A(a2 — 2)] + Gs — sa[N(as — 2)] =0, 


a — — 
Gi r ss[M(a1 — 2)] + Goo, S1A(as —z)] +Gs—F s3[M(a3 — z)] = 1, 


and solving them in the case the determinant D does not vanish, we obtain 


— ss[A(ai41 — 2)] ss[\(aix2 — 2)] 
Giz, s;d) = solos — 9) 


(39) D re [M(ais1 — 2)] <5 [A(ais2 — 2)] 


= s3[A(a; — s) ]N(Az)/D, 


















1932] APPROXIMATIONS TO ANALYTIC FUNCTIONS 303 


where a; =a; for i=j (mod 3), and Nis the two-rowed determinant appearing 
in the second member above. 

The determinant D is independent of z and s, and is an integral function 
of \*. This may be seen by replacing the functions s; in the determinant repre- 
sentation of D by the sum of exponentials from (38), whereupon the deter- 
minant may be factored thus: 


ed(a:-2)  gwd(a,—z) ~— gw*h(a,-2) ia 
3 
Dae ae oes ed (a2—2) e(a_—2) ew*d(a,—2) -| 1 w* ww 
27 P 

es (43-2) e®(a,-z) e® A(a3-2) 1 1 1 

ee, groa, gro’, 

(40) = 7\33-3/2] pla, grwa, hua, 

eres erwa; eroray 

= id33-1/2[53/"(Xb) — s3’’(dco) J, 

where 


b = a; + wae + was, C = wa, + wae + az. 


The integral function D=D(d) belongs to the type of function investi- 
gated by G. Pélya* and for which he proved the existence of an infinite num- 
ber of roots and investigated the distribution of the roots at infinity. Now the 
roots, other than 0, of D(A), whose existence is thus assured, are precisely the 
set of values of \ for which non-trivial solutions of 


(33) d°u(z) /dz? — d3u(z) = 0, 
(4s) u(ay) = u(ar) = u(a3) = 0 


exist. For, substituting an arbitrary solution of (33) in the form A,e*+A,e* 
+Ase*: in (45), we obtain equations the determinant of whose coefficients 
is the same as the determinant in (40). It is apparent from (39) that these 
roots are (for general values of z and s) poles of the Green’s functions G;. 

By employing for s; in (39) the power series (38) it is seen that \=0 is not 
a pole of G;. The system (36), (37;) is readily shown to possess a unique solu- 
tion for \ =0; this solution may be obtained from (39) by letting \ approach 0. 
The use of these power series also shows that for fixed s and z, G; depend upon 
only, as may also be inferred from (36), (37;). 

As already mentioned in §4, the name “Green’s functions” for G; is due to 
their connection with the differential equation 


(33’) d°u(z) /dz? — d3u(z) = — o(z) 


* G. Pélya, Geometrisches iiber die Verteilung der Nullstellen gewisser ganzer Funktionen, Miinch- 
ener Berichte, 1920, pp. 285-290. 
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and the boundary conditions (4;). Thus, for values of \ not poles of G; this 
system possesses the unique solution 


; 3 a; 

(63) u(z) =>> G,(z, s; d)v(s)ds. 
i=1 £ 
That the solution, if it exists, is unique, follows from the fact that the homo- 
geneous system (33), (43) possesses as its only solution the solution u(z) =0. 
That (63) is a solution may be verified by differentiation and substitution, 
making use of the following properties of G;: 
0G; 


= °G;, 
dz 


Ga;, s; ) = 0 for i ¥ j, 


3 
d-Gi(z, 2; 4) = 0, 
i=1 


1 8 
Zz = G.(s,5;»)| ” 0, 
i=1 Oz saz 
3 o2 
—G;(z, 5; = 1, 

2 dz? ( ) ome 

The first two of these relations follow from (39) by differentiation and substi- 
tution; the remaining equations result from 


3 
(42) LGi(z, s;) = ss[A(z — 5)], 
t=1 
an equation whose validity is manifest from (36), (373), (37s), (37s). 
It follows from the above that the functions G;(z, s; 4) may be expanded 
in powers of \*: 
(43) Gi(z, s;d) = DOH n(z, s)r**, 
n=0 
these expansions being valid for |\ | <ps, where ps is the absolute value of the 
roots of D(A)/d* nearest the origin (there are always at least three of them). 
By substituting these power series in the various equations satisfied by 
G; and equating coefficients of like powers of \*, one derives various properties 
of H;,,. For a fixed m the latter may also be shown to be the Green’s functions 
of the system d°"u(z)/dz'" =v(z), u®?(a,;) =0; i=1, 2, 3; 7=0, 1,---, n—-1. 
Finally, the functions G;,(z, s; \) may be shown to constitute the resolvent 
system to the kernel system H;,o(z, s). These statements are proved in a 
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manner quite similar to the proof of the analogous statements about A, B, 
A,, Bn in §§5, 6. 

14. Expression of the polynomials a;,,(z) and of the remainder f(z) — 
P;,,(z) in terms of H;,,(z, s). After the manner of §6 we now apply the for- 
mula 


(73) fl Lu(syo"(s) + w"(o(9) Jas = u(3)0"(3) — w'()0(9) + wa) 







82 
$1 





to the pairs of functions 











where 7 has one of the values 1, 2, 3, between the limits z and a;, and over the 

same path for all the »+1 integrations. Adding the equations resulting for a ‘ff 
fixed 7, and utilizing the relations 

0H; (2, 5) \- Hi n-1(z, 8) for n > 0, 

ds8 ~ lo forn = 0 






which follow from (36), we see that the sum of the left hand members reduces 
to /7f%+»(s)H;,.(z, s)ds. Adding the three equations thus obtained for 
i=1, 2, 3 and simplifying the right hand members by means of the various 
boundary value properties of H;,, which follow from (37;) we are led to 

3 8?H;,,(z, 5) 


f(2) - De eae eae 


i=1 jm0 0s* 











f8°(a,) 


&=A; 










=— > "Mike s) f3"+9)(s)ds. 


i=1 z 








Now let i=1, 2, 3; m=0, 1, - - - , and let a;,,(z) be the polynomial of de- 
gree 3n+2 whose derivatives of orders 3j (j =0, 1, - - - ) all vanish at z=a,, 
a2, a; with exception of the 3th derivative at z=a,;, whose value is 1. The 
existence of these polynomials follows from equations (13,,4:). They are quite 
analogous to the polynomials a,(z), 8,(z) of Part II. We obviously have 


Prals) = ¥ DL f*(a)as,,(2). 


j=0 i=l 








If we put f(z) =a; ,,(z) in the formula derived above, we get 


(44) ails) = Hea) 






and therefore may write it in the form 
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3 a; 
(45) {2 — Paarl =— DY Hin(z, s)f%"*®(s)ds. 
i=l z 
This “remainder” formula is the complete analogue of (16), and will form the 
basis of the proof of Theorem 10 in the next section. 
From (39), (43), (44) follows the validity of 
8°G(z, s; d) d2N (Az) 


46 i.n(z) 38" = —————— =— » |A| < ps. 
( ) da , (z) as? aes D(a) | | P3 


15. Sufficient conditions for convergence of P3,,(z) to f(z). We shall now 
prove 


THEOREM 10. If f(z) is an integral function, such that 
(47) f(z) = Ofe*l*!), k < ps, 
where p; is the absolute value of the roots of D(d)/X* that are nearest the origin, 


then P;,,(2) converges to f(z), the convergence being uniform in any finite region 
of the z-plane. 


We recall that D(A)/)° is an integral function of \* (see (40)) whose roots 
coincide with the values of \ for which non-trivial solutions of (33), (4s) 
exist. Hence the conditions of this theorem are equivalent to those of §3. 


The proof of this theorem is quite similar to that of Theorem 1, and con- 
sists in showing that the remainder given by the right hand member of (45) 
approaches 0 as m becomes infinite. 

First we recall that from (47) follows the inequality 


(24) | f(z) | < Cues, 


where z ranges over any finite region, and C is a constant depending upon 
that region (for proof of (24) see §8). We then proceed to estimate H;.,.(z, s) 
for large n. 

An estimate of H;,, which is not as precise as the one obtained for A,, B,, 
in §5, but is nevertheless sufficient for the purpose at hand, may be obtained 
from the fact that the generating functions G;(z, s;\) (see (43)) are analytic in 
the \-plane inside a circle of radius p; and center at the origin, and for z and s 
in arbitrary finite regions of their planes. We have then for z and s as stated, 
and |\| =k’, where k’ lies between p; and the constant k for which (47) holds, 


|Gi(z, s;)| < M, 
where M is a proper constant. Hence by applying Cauchy’s integral 
| Hin(z, s)| << Mk’-3, 
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Combining this inequality with (24) in which m has been replaced by 3n+3, 
we see that by choosing m large enough the integrands in the right hand 
member of (45) can be made uniformly small in absolute value for z and s 
in finite arbitrary regions. The proof of Theorem 10 is thus complete. 

We shall now show that Theorem 10 will not hold if in (47) we replace p; 
by any larger value. Let A1, |A:|=ps, be one of the roots of D(A)/A* nearest 
the origin. As explained in §13, there will exist constants C,, C2, C3, not all 
zero, and such that 

u(z) = Cre + Cree + Cyee 
vanishes at = 41, 2=d2, =a3. The function u(z) obviously satisfies 
u(z) = O(e!#!) 


for any constant & greater than |A, | =p3, but the polynomials P3,, formed for 
u(z) vanish identically. From Theorem 10 it now follows that u(z) must fail 
to satisfy (47). 

16. Extension of the sufficient conditions. While for arbitrary functions 
f(z), the exponential type conditions of the preceding section are the best 
possible ones of their type, by restricting f(z) properly one may replace the 
exponential type conditions by more lenient ones. This is analogous to the 
situation which obtains for P:,,(z) as portrayed in Theorems 1 and 2. 

From the original representation of D(A) as the determinant 


| diss[A(a; — 2) ]/dz°| 
(see §13), it follows that D is the Wronskian of the three solutions of d*u(z)/dz* 


+r u(z) =0, 
ss[A(ai — 2)], ss[A(ae — 2)], ss[A(as — 2)]. 
Hence the roots of D(A) =0 are precisely the values of \ for which the 
above three functions are linearly dependent: 
(48) Diss [An(aa — 2) ] + Doss [An(a2 — z)] + Dsss[An(as — 2)] = 0, 


where X,, is a root of D(A) and D,, D2, Ds; are constants, not all zero. Differen- 
tiating this equation with respect to z, we may solve it and the resulting 
equation for the ratios of the two-rowed determinants: 


Ss[An(aiz1 — 2)] Ss [An(aix2 — 2)] 
= Ni(dn2) 


a Ce) 
> s3[An(air1 — 2) ] 2 S3[An(ai+2 — 2) ] 


(see (39)), and get 
(49) Ni(Anz): No(Anz): N3(Anz) = Dy: Do: Ds. 
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It may be shown by expressing s; in form of exponentials that no two of 
the functions s3[A(a;—z) ] are ever linearly dependent. Therefore, no one of 
the above constants D; vanishes. 

Again, no one of the functions NV ;(Az) ever reduces to zero identically, as 
this would imply the linear dependence of s3[(a:,:—2) ], s3[A(@i+2—z) ]. Hence 
it follows from (49) that any two of the functions N;(A,2) are linearly depen- 
dent. 

We shall suppose now that in the \*-plane D(A) /A° possesses only one root, 
\,°, which is nearest the origin, and that this root is simple. The principal 
part of G; at A,’ is 


s3[Ai(a; — s) ]N (az) 
(A® — d4°)(dD/dd5 | vy)’ 





we shall denote the numerator of this fraction by G?1(z, s) and dD/d\* | 3.3 
by Ci. 

If we expand G; in a Laurent series about ),?, substitute in equations 
(36), (37;) and equate coefficients of (A*—2,*)-! on both sides, we find that 
G}: satisfy the differential equations 

0G): 
50 : —— = — AGP 
(50) we =a, 
and homogeneous boundary conditions of the type (37;). 
From (50) and the last three boundary conditions, follows 


(51) Tented « Seba ~ ad oe 


i=1 i=1 


identically in z and s, a relation which is also easily inferred from (48) and 
(49). 
With these preliminaries disposed of, we shall now prove 


THEOREM 11a. Suppose that D(d)/d® possesses in the d*-plane a single root, 
\.°, which is nearest the origin, and which is simple, and let d.* be the root of next 
greater absolute value. Let D:, Dz, D3 be the constants for which (49) holds for 
r = Ai. 

Sufficient conditions in order that P;,,(z) approach f(z) as n becomes infi- 
nite, and uniformly for z in any finite region, are that 


(1) f(z) is integral and satisfies 
f(z) = Ofer), k <| dal ; 
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(2) Spy"(a,) = 0 (n = 0,1, 2,--- ); 


i=1 


(3) Ds J ‘aida ~ aan + f "“abda~ din «6. 


The last condition is equivalent to 


=D, [sda Das = 0. 


i=1 z 


First, as regards condition 3, consider 
3 a; 3 a, 
Xf GMs, Jas= DL fEms, 9s(oas 
i=1 Vz i=1 z 
a, ay 
+ f G2(z, s) f(s)ds + f G31(z, s)f(s)ds. 
ay a 


Using (51) and (49) (and since none of the constants D; vanishes) we ob- 
tain for the right hand member above 


> “G(s, s)f(s)\ds = No(duz) ( fis [Aa(a2 — s)]f(s)ds 


i=1 z 


re 
D: 


a [u(ae - s) If(s) is) ; 


On account of the first form of condition 3, the sum in the last parenthesis 
vanishes. Hence 


. "G(s, s)f(s)ds = 0 


identically in z, and replacing G>: by N (Miz) s3[Ai(ai—s) ] and utilizing (49), 
the second form of condition 3 follows. Conversely, by putting z=<a, in the 
latter form of the condition, the first form is obtained. 

We next proceed with the proof by recalling the remainder formula 


(45) fle) — Pal) = — Sf Hials, f(s)as; 


i=1 2 


here H;,,, is defined by 


(43) Giz, s;d) = Hi als, s)a3", 


n=0 


acer, 





a - 55 o> 


Pee 


iN nce Seiichi cepa tas pei apa 


Sat win esieind Mert 
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Break up G; into the sum of its principal part at \; and a function which is 
analytic for |\|<d2; let 5>°_oH;',(z, s)A*" be the expansion of the latter 
component of G;. We have 


H;,.(2, s) = He \(z, s)+ IGi'(«, s)/Ci(— »4)3"+5]. 
Now break up the remainder in (45) into Ri +Re, where 


= > inc s) f3+9)(s)ds, 


C,R, = > i G; ‘ez, s) f2"+8)(s)ds/(— di) 3nt8, 
Now, 1. 
H;'(z, s) = O[(| 2] — )-**], € > 0, 


since >> ~_»H}',(z, s)\" is analytic for |A|<|A.|. From this and condition 
1 of Theorem 11a, one may prove, by the same methods as were used for 
Theorems 1 to 10, that R; approaches zero as m becomes infinite. We shall 
now show that R, vanishes for any n. 

To this end apply the same procedure that was employed in §14 to pairs of 
functions f(s), H;,0(z, s); f’’"(s), Hia(z,s); - - - to the pairs of functions 
Als), Gr(z, 8) G(z, s) - 5 fn (9), G)(z, s) . 
Gaye Gaye (a) 

On utilizing equation (50) and the homogeneous boundary conditions of 
type (37,) satisfied by G)', we obtain a formula analogous to (44): 


> “196 '(z, s)ds — f rm G(z, 5) 


re (- (— d,)3nt8 , 


5 '"(9), 


a°G)(z, s) 
(—r.3+8/) as? om F 


= > pO 


i=1 


Now > i-1/%G?"(z, s)f(s)ds has been shown to vanish as a consequence of 
condition 3. The right hand sum, on replacing G?'(z, s) by s3[A:(ai—s)] 
-N (Xz) and carrying out the differentiations, is transformed into 


ne B (Speman. aye) 


Finally, utilizing (49) and condition 2, one proves that for any j, the expres- 
sion in the parentheses vanishes. The proof is then complete. 
Theorem 11a is not the complete analogue of Theorem 2; by supposing 
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that f(z) in addition to satisfying the conditions of Theorem 11, also satisfies 
proper further conditions, one may still further extend the exponential type 
of f(z) and still have P;,,, converge to f(z). In this connection we have 


THEOREM 11b. Let the roots of D(d)/X* in the d*-plane arranged in order of 
non-decreasing amplitude be 


A}, 3, 3, ¥ 
and suppose that |di|<|d2|<|As|, and that d, and dz are simple roots. Let 
D,, D2, D3; Di , Di! , Dj be the constants for which (49) holds for }=i, \=o, 


respectively. Sufficient conditions in order that P;,,(z) approach f(z) as n becomes 
infinite, and uniformly for z in any region, are that 


(1) f(z) is integral and satisfies 
f(z) = Ofer), k<| al ; 


(2) SD s(a,) = 0, 


i=1 


Edi f(a) = 0 


i=1 


Dp. J stG — s) If(s)ds = 0, 


3 a; 
yD! f aide: ~ dub «8. 
i=1 z 

It will be seen that the conditions of Theorem 11b include those of Theo- 
rem 11a. The proof of this theorem follows along similar lines by breaking up 
G; into a sum of the principal parts at both \,’ and },°, and a function which 
is analytic for \*< |\3|*, and correspondingly breaking up the coefficients 
Hn. 

The matrix 

Lo oe oe | 
Di Di Ds 

may be supposed to be of rank two. If it should ever happen that (for proper 
a;) it is of rank 1, then the latter part of condition 2 is superfluous, and one 
could even further extend the permissible exponential type of f(z). 

17. Convergence of the series } 729). 3-1 Ci.n@i,n(2). We shall now prove 
the following analogue of Theorems 4-6: 
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THEOREM 12. Let the roots of D(d)/X* in the d*-plane, arranged in order of 

non-decreasing amplitude, be 
Ar, Ad’, See 
and suppose that 
| ar] <| dz] <] rs] <|rs| 
and that },°, d°, 3° are all simple roots. Write the equations (49) corresponding to 
the roots \;,i=1, 2, 3, in the form 
N (dz): No(Aiz): Na(Aiz) = Di 12Di2:Di.s, D;,; ~ 0. 

Suppose that the determinant |D;,;| does not vanish, and let 6;,; be the reciprocal 


matrix to the matrix D;,;. In order that the series 


fo} 


(52) [C1 noes n(2) + C2 nOt2,n(2) + C3 n@3,n(2) | 
0 


r= 


converge for general values of 2, it is necessary that the three series 


co 3 
(53) DE in/di*; Ein = DC 5 nDi.; (i - 1, 2, 3), 
n=0 j=1 
all converge. Conversely, when these series are convergent, the series (52) con- 
verges for all z, uniformly in any finite region, and may be broken up into a sum 
of the three series 


(54) DE nBinl2) ; Bin(2) = 8 cts n(2) (i = 1, 2, 3), 


n=0 j=1 


convergent likewise and to integral functions f;(z) of exponential type at most 
equal to |d;| respectively, and satisfying the conditions 


3 
(55) YDi.if. (a) = 0 fori # k. 
j=1 
It will be noticed that the latter conditions are of the same type as condi- 
tions 2 of Theorems 11a, 11b. 
The constants D;,; may be definitely fixed by assigning their values for 
some one j. We shall suppose that D;,=1. If further we denote Ni(Az) by 
N (Az), we may write the equations which define D; ,; in the form 


Ni(d,2) = Dj sN(A32). 


The statement of the necessary conditions in the theorem includes the 
somewhat vague phrase “converge for general values of z.” The proof pres- 
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ently to be given will show that the series (53) converge if (52) converges for 
three values of z: 21, 22, Z3, such that the determinant |N(A,z,)| does not 
vanish. Now, as the theorem further states that the convergence of (53) in- 
sures the convergence of (52) for all z, it follows that the set of values of z for 
which (52) converges is such that for any three of its points, 2, 22, 23, the 
equation |N(A,z,) |=0 holds. Hence this set, when it does not consist of the 
complete complex plane, is a discrete set with infinity as its only possible 
limiting point. 

The proof of Theorem 12 is quite analogous to the proof of Theorems 
4-6. The separation of the series (52) into the three series (54) is analogous to 
the breaking up of (31) into (33,) ($10). Barring questions of convergence, 
the equivalence of (52) and the sum of (54) is manifest from the identity 


3 3 3 3 3 

LCi najn(2) = DO ( ps CinDia)) Dube, sett n(2) | = DE i nBin(2); 
j=1 j=1 \ i=1 k=1 j=1 

an identity which itself follows from the relations between the elements of the 

mutually reciprocal matrices D;,;, 5;,;: 


3 
DD j,5%,5 = 


j=1 


Coane 
Ofori + k. 


We shall now establish asymptotic formulas for the functions 6; ,,(z), based 
upon the fact that their generating functions possess in the \?-plane only one 
pole, namely, \* =), inside the circle of radius |A¢ |. The generating functions 
of a;,n(z) are given by 

Gz, 5; d) d2N (zd) = . 
46 | = = Yoain(z)a%. 
(46) ae poy Seal) 
From these equations, and since the principal part of \°N,(zA)/ D(A) at a sim- 
ple root 4; is 
APN i(zd5)/ (Cj? — 2,4)], 
where 
C; = dD(d)/an? 
N=d,*, 


follows 


asa(s) = — DNA) (CAP) +.0(| dal — 


j=l 


= DYN (24) D;,i/(CAP"*) + O(| da| —_ e)-3", €> 0. 


j=1 
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Hence 


Bin(z) = —— 


j=1 


3 3 ; 
_— 55. DON (2dx) Dz, /(Crd8"*?) + o[(| d,| _ e)-*]. 
fun} k=l 
Carrying out the j-summation first and replacing >) ;-,5;,:Dx,; by 1 or 0 ac- 
cording asi =k ori#k, we obtain 


Bi(2) = — (er) (Cram) + o[(| da] — 6-8"). 


Now suppose that the series (52) or, what amounts to the same thing, the 

series 

C) 3 
(56) D (De8i.(), 

n=0 i=1 
converges for z=21, 22, 23, Where these values are such that the determinant 
|N(A.z;) | does not vanish. Using the asymptotic representation developed 
for B;,, we get 


3 3 
DE Binz) = — DE in| [N(2a,) /(CAP"*) ] 
© i=1 . 1 
™ + 0[(| da] — )-*]} = ee, 9), 
and conclude that ¢(z, 2) approaches zero for z = 2;, 22, 23 as m becomes infinite. 
Regarding the three equations thus obtained as linear equations in E;,,/d,°", 
we find that the coefficients of these quantities approach the terms of the 
matrix — N(z;A;)/(CiA,) as m becomes infinite. For sufficiently large n we may 
therefore solve for E;,,/" from these equations, and conclude that these 
quantities approach zero as m becomes infinite, and are therefore bounded in 
n. Hence when the asymptotic representations (57) are substituted in (56), 
part of the resulting series consisting of the O-terms converges for all z. 
Therefore the remaining part of the series (54), namely, 


 . | DE aV(ad/(cas |, 


n=0 i=1 


converges for 2=2:, 22, 23. Finally, multiplying these last three convergent 
series by the terms of the various columns of the matrix which is reciprocal 
to N(z,,)/(CA,) and changing signs, we obtain for the left hand members the 
series (53). These series consequently must converge. 

Conversely, let the series (53) converge. By applying a proof similar to 
that of Theorem 4, and the above asymptotic representations for 8;,,(z) one 
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region. The generating function of ;,,(z), 


3 ) 
D8 ;,.:0°G(z, s;)/ds?} = = DOB. n(z)a*, 


j=1 s=a; n=0 


is a solution of 
(41) a )/ds* = v*(_), 


analytic in the \*-plane for |A*|< |\,?| with the exception of a pole of first 
order at A*=,;' with residue N(z\;)/C;. Likewise the latter function satisfies 
the equation (41) with \* replaced by \# and the partial derivative by a total 
derivative. These facts are established in the same manner as the initial 
equations (41), and from the above asymptotic formulas for 8;,,. By utilizing 
them and proceeding as in Theorem 4, one may express the finite series in 
(54), >-* oF: .»8i,n(2), first as a contour integral around the origin, then 
around a circle between |A*|= |A;*| and |A?|= |A,|, and prove that the 
limit of (54) is a function f;(z) of exponential type at most equal to |A;|. 

Finally, the proof of (55) may be carried out by showing that (55) is satis- 
fied by each term of (54). This follows in a direct manner by differentiation 
and substitution provided it is recalled that B;,.°”(a,) =0 except for m=n 
and i=k, in which case the value of the derivative is unity, and use is made 
of the relation )>}_,Dx.,;5;,:=0 for i¥k. 

By applying this theorem to the case where C;,, are chosen as f®")(a;) 
one may obtain necessary conditions in order that P;,,(z) converge to f(z), 
and in this way formulate a theorem which is analogous to Theorem 7. Thus 
far we have not succeeded in proving what may be suspected to be the ana- 
logue of Theorem 8 to the effect that when the necessary conditions just men- 
tioned are satisfied, f(z) will differ from lim, ...P3,,(z) by a linear combination 
of N(Aiz), N(Aoz), N(A32). 

18. The polynomials P,,,,(z) for m=1 and for m>3. Sufficient conditions 
for the convergence of P,,,.(z) to f(z) as m becomes infinite, for the general 
case m>2, have been outlined in §3. The proof of the sufficiency of these 
conditions for an arbitrary m>3 may be carried out along the lines of Theo- 
rem 10 by means of Green’s functions defined by a system of equations whose 
formation is obvious from (8), (9;); (36), (37;); it consists of the differential 
equation 








=( =) 


and of proper boundary conditions. The solution of this system can readily 
be expressed in terms of the function 


shows that the series (54) will converge for all z, and uniformly in any finite 
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amt xem-l gim-t 
+ + +-+-. 
(m—1)! (2m—1)! (3m — 1)! 


Likewise, by making proper assumptions concerning the m+1 poles of the 
Green’s functions, that are nearest the origin of the \”-plane, we may prove 
results analogous to those of §§16, 17. 

In their severest form these assumptions are that these poles are simple 
(that is, of order 1), that no two of them are equally distant from the origin, 
and that none of the constants analogous to the constants D; in equation 
(48) vanish. 

As stated in §4, the nature of the convergence of the polynomials P,.,,(z) 
is radically different from the convergence of P,,,.(z) for m>1, since the 
polynomial P;,,(z) agrees with the first » terms of the Taylor expansion of 
f(z) about z =a. It is of interest therefore to see what becomes of the Green’s 
function and of the method of proof employed for m>1. 

The solution of 





Sa(x) = 


(37) du(2)/dz — du(z) = — v(2) 
satisfying 

(41) ;, u(a;) = 0 

is given by 


(61) u(z) = J ecrasas, 


so that the Green’s function is now given by 
G(z, 2; 4) = &@-*), 
and it could therefore be defined after the manner of (8), (9;); (36), (37;) by 


means of the system 


OG(z, 5; 
=e i NG(:z, 5; r), 
Os 


G(z,2;) = 1. 


Successive application of the formula 


(7) [owed + woo Jas = (069 | 

to the derivatives of u(s) and the coefficients resulting from the expansion of 
G in powers of \ and between the limits z and a; leads to the familiar form for 
Taylor’s series with a remainder: 
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u(z) = Yw'(a)( — a;)‘/i! — xc — s)"u("t)(s)ds/n!; 


it is generally obtained by successive integrations by parts of [?u’(s)ds. 

As stated in the introduction (§4), “the reason” for the difference in the 
convergence of P;,,(z), and of P»,,(z) for m>1, is due to the fact that the 
Green’s function in the former case is integral in the parameter (rather than 
meromorphic) ; hence the coefficients resulting from its expansion in powers of 
d possess a different asymptotic behavior that now allows the remainder to 
approach 0 for a much wider class of functions. 

It is easy to give examples of a system consisting of a non-homogeneous 
differential equation of arbitrary order and of proper boundary conditions, 
and for which the Green’s functions are integral in the parameter. Thus, the 
differential equation (3), combined with the boundary conditions 


u(a) = u'(a) = --- = u’™V(a) = 0 


has the solution 


u(z) = J = [x(z — s) ]o(s)ds, 


where S,, is the integral function above defined. This system leads essentially 
to Taylor’s expansion with the terms grouped in bunches of m each. Hence 
the special features displayed by the polynomials P,,,, are not due entirely 
to the fact that they are connected with a differential system of the first order. 
It will also be shown in §21 that differential systems of the first order may 
lead to polynomial approximations whose behavior is analogous to that of 
Pn n(z) for m>1. 


Part IV. DIVERS EXPANSIONS 


19. Expansions suggested by the Taylor expansion of the Green’s func- 
tions of Part II about an arbitrary value of the parameter. We saw in Part II 
that the approximations by means of P»,,,(z) were intimately connected with 
the expansions of the Green’s functions A(z, s; A), B(z, s; \) in powers of \”. 
We shall now consider the expansions of these Green’s functions in powers of 
d\?—Xo’, where Ay is an arbitrary constant, not a pole of A, B, and different 
from zero: 


A(z, s;) = Py ie s)(A? — Ag’) *, 
(58) - 
B(z, s;) = DOByy.n(z, s)(A2 — Ao’). 


n=0 
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It will be found that these Taylor series suggest approximations to an ana- 
lytic function by means of solutions of 

(59) (D? — rf)" = (m = 1,2,---), 
satisfying the same boundary conditions at a and 6 as were satisfied by 
P;,,(z); in (59) D? stands for the second derivative, while (D?—),°)" stands 
for m successive applications of the operator (D?—},”). 

The expansions (58) are obviously valid in the \?-plane inside a circle with 
center at Ao” and passing through the nearest pole (or poles) of A, B, that is, 
for 

|aA27— Az | <| aA? —Ae|, 
where ),” denotes that nearest pole (or either of the two nearest poles in case 
there are two of them). Substituting (58) in (8) written in the form 


Be dhtn-sithamos 


as well as in (9;), and equating coefficients of like powers of (A7—A,”) on both 
sides of the resulting equations, we find that A,,,.(2, s), By,.»(z, s) satisfy 
the differential equations 


0? 0 form = 0, 
(- 7) Anal s) = { 


Os A),,n—-1(2, $) for nm > 0, 
(60) novel, 8) 


0 0 for nm = 0, 
(S . at) —— { 


ds? By, n-1(2, 8) for n > 0, 


as well as the same boundary conditions (13;) as were satisfied by An, Bn. 
Next consider the expansions of 


0A(z,5;d)/ds| , AB(z, s; d)/ds in powers of A? — A¢?; 


s=a s=a 


8A(z, 5; d) sinh (z — 6) o 

eS => Sh alZ x2 —_ Xr 2 oat 
ds sinh \(a — 5) Daa, ()( ‘) 

dB(z, s; ) sinh M(z — a 


) ; 2 2\n 
es te ween Dra .n(3)(M* — det)”. 


(61) 


The coefficients a,,n(Z), 8,,,.(2) are obviously related to the coefficients of 
the expansions in (58) as follows: 


a,,n(Z) = OAy, n(z, 5)/OS| , Brg n(2) = OB, (2, 8) /ds 


s=a s=b 





1932] APPROXIMATIONS TO ANALYTIC FUNCTIONS 319 


and reduce to a2,n(Z), Bz,.(2) for \o=0. Now the generating functions in (61) 
satisfy (in z) the differential equation 


[D? — r*](_ ) = [(D? - a?) — QQ? — oe?) ]( ) = 0 


and take on at z=a, z=), the values 1, 0; 0, 1, respectively. Hence, 


(Dt = Adan, a6) = 4 


0 for n = 0, 
@,,n-1 form > 0, 
1 for n = 0, 
0 for x > 0, 


cara(s) = 4 
@,,(b) = 0, 


and similar relations hold for 8,,,.. From these facts it follows that a,,,.»(2), 
By,.n(z) are solutions of (D?—),”)"#( )=0 and that their derivatives of 
order 0, 2,---,2n at z=a, z=b, agree with the corresponding derivatives 
of a,(z), 8,(z) at these points. 

We may now generalize formula (16) by establishing 


n 


fe) — L[O-ra)4O)| asl) + (Dra) V9 | A. | 


(62) i s=a ; s= 
“ f An, n(2, )(D? — rf) **14(s)ds + f Basn(2, s)(D? — r¢)**44(s)ds. 


This is done through successive applications of 


f "[u(s)(D? — do) o(s) — v(s)(D? — A?) u(s) ]ds = u(s)o’(s) — w(do(9) | ; 
to the pairs of functions Ay, .0(z, s), f(s); Ax,a(z, s), f(s); ---, andina 
manner quite analogous to the way in which (16) was deduced. From the 
properties of a,,,:, 8x,,; it is possible to show that the finite sum on the left of 
(62)—it might conveniently be denoted by P),,.2,n4:1(z)—is a solution of 
(D?—,.?)"*(__) =0 and that its derivatives of order 0, 2, - - - , 2m at z=a, 
z=b, agree with those of f(z). The function P,,.2,.(z) we shall consider as an 
approximation to f(z); it is of the form e(Q,(z) +e Q(z), where Qi, Q2 are 
polynomials in z of at most the (7 —1)th degree. 

As an analogue of Theorem 1, one might seek for sufficient conditions 
in order that P),.2,, approach f(z) as m becomes infinite, conditions of the 
form f(z) =O(e*!+!), where & is a properly restricted constant. For such func- 
tions the inequality 


(24) | f(z) | < Cn¥2ke 





Se a 


j 
: 
a 
5 
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holds. Hence 
| f(z) | < CK", K <k, 
with a possibly different C, and 
| (D? — xP) *f(z) | < C(K* + | do|?)". 


Now the functions A(z, s;), B(z, s; ) are analytic in the \*-plane in a circle 
of radius: |Ao?—X.°| (A;? is the pole, or either of the two poles, of these func- 
tions which is nearest to Xo”). Hence, 


Ay, .n(2, 8), By,.n(z, 8) = O[(| A® — AZ| + 0)]-*,€ > 0. 


Combining this with the preceding inequality, we infer that the right-hand 
member of (62) approaches zero as » becomes infinite if 


(K? + | do|?)/(| do? — AF | +6) <1. 


From this it appears that a sufficient condition in order that P,,»,,(z) ap- 
proach f(z) is that 


f(z) = Oferl#!), ke < | APF —AF| —[ AP]. 


The last inequality for k is non-vacuous only if its right-hand member is 
positive, that is, if the origin is nearer to \o” than any of the poles of A, B. 
(When such is the case, \,’ is necessarily the pole \* = — 7”/(a—6)*.) However, 
even when it is non-vacuous, the sufficient condition just found is quite 
inadequate to characterize the functions that may be approximated to an 
arbitrary degree by means of P), »,,(z). This may be seen by considering the 
example f(z) =sinh k(z—b), where & is a constant. It may be shown directly 
that now the sequence P,, »,,(z) converges to f(z) when and only when 


|k2-AP| <| aA? —AP]. 


The last example shows that conditions of the type f(z) =O(e*!?!) are not 
properly suited for the problem at hand. More effective conditions may be 
given in form of inequalities involving (D? —\*)"f(z). 
Let now the poles of A, B, arranged in order of non-decreasing distance 
from Ao’, be 
AP, Ad, > °°, 


and suppose that |Ao?—A:2| < |Ao?—As? | < |Ac?—As?|. Each of the poles \, is 
equal to —k,?x/(a—b)*, where k; is a proper integer; the above inequalities 
could readily be shown to restrict \o” from lying on certain parallel straight 
lines. One may prove that a sufficient as well as essentially necessary condi- 
tion for the convergence of 
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Y[Cun, n(Z) + DpBr,.n(2)] 


n=0 


is that the two series 


Die. + (— 1), ]/O? — 02)", 


wo 


DICn + (— 1)*Dal/(ae — v2)" 


n=0 
be convergent; here f; is given by 
k? = — r2(a — b)?/n?. 


In the convergent case, the limit function may be shown to be of exponential 
type at most equal to k21/ |a—b|. 

By replacing C,, D, above by (D?—).?)"f(z) |z-a, (D?—)c?)"f(z) |-», one 
may obtain necessary and sufficient conditions for P,,2,,(z) to converge. 
When these are satisfied, one may show that f(z) differs from the limit ap- 
proached by P),,.2,,(z) by a linear combination of sin [kr(z—a)/(a—))]; 
k=1,2,---,he. 

For \)=0, the above results reduce to those of Theorems 6-8. 

20. Expansions of the Green’s functions about a pole and the approxima- 
tions they suggest. To illustrate the new features that occur when the Green’s 
functions are expanded in a Laurent series in the parameter in the neighbor- 
hood of a pole, we shall consider in this section the Green’s functions A(z, s;d), 
B(z, s; \) defined by means of (8), (93), (94), and the two further boundary 
conditions 





0A(z, s; A) . dB(z, s; d) ‘ 


Os s=a . Os s=b 


These functions are not to be confused with the Green’s functions A, B of 
Part II. We find 
h A(z — b hv(s — 
A(z, s; d) = _ = ( ) cos (s a) 
sinh A(a — 8) 
cosh \(z — a) cosh A(s — 5) 
d sinh A(a — 8) 





(63) 





B(z, s;) = 


These functions are connected with the system (32’), u’(a) =u’(b) =0, in the 
same way that the functions defined by (8), (9;) are connected with the 
system (3’), (42). It will be observed, however, that now \ =0 is a pole of the 
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second order for the functions A, B; this is connected with the fact that a 
non-trivial solution of the above system exists for \=0, namely, u(z) =con- 
stant. 

We shall now denote by F(z) any iterated integral of f(z) (for example, 
Jc(z—s)f(s)ds), expand A, B in powers of d?: 


oc 


A(z, s: d) = >-A,(z, s)d2", B(z, s; d) = > B,(s, s)d2", 


n=—1 n=—1 


and apply the formula (72) to the pairs of functions 


between the limits z and b, and add the resulting equations. On making use 
of the various differential and boundary-value properties of A ;(z, s), Bi(z, s) 
we get 


f(2) = A_s(s,a)F"(a) + B_a(z, B)F'(8) + DUAAs, a) f(a) 


t=0 


+ Biz, b) f+0(b) | + f R f2"+2)(s)A,(z, s)ds 


> 
+ f 2) BG, s)ds. 


The nature of the above summation is understood from the formulas 
A,(z, a) = On41(Z), B,(z, b) - On41(2) (n = 1, 0, i, ial ), 


where a,,(z), 8n(z) are the polynomials of Part II. These equations are imme- 
diately deduced from (63) and (17;). The summation in (64) may now be 
easily shown to be a polynomial of degree at most 2n+2 whose derivatives of 
order 2i+1,7=0,1,---+,, at z=a,z=b are equal to corresponding deriva- 
tives of f(z) at those points. The term preceding the summation in (64) is 


(0) - F)/0- 4) = fF as/6- 4), 


and may be ascribed to the pole of the Green’s functions at the origin. 

A treatment of the approximations suggested in this fashion may, of 
course, be given along the lines of Part II. The problem could, however, be 
shown to be equivalent to the approximations by means of P2_,,(z) as follows. 
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Suppose that the function f’(z) can be uniformly approximated by 
means of the polynomials P»_,,(z) so that 


re) - DLpen(a)au(e) + ser40(8)B(2)]| <e 


in an arbitrary region enclosing a and ), for large enough. Integrating the 
“remainder” and making use of 


f an(2)dz = any1(z) + C,* 


we infer that for proper constants C, 


n 


lim f(2) — LUPO a)ariea(s) + SO%P(O)Bix2)] — Cn = 0 


uniformly in an arbitrary given region. Integrating the left hand member 
from a to b we get 


lim *W(a)ds — C,(b — a) = 0. 


no 


Hence C, above could be replaced by the constant f° f(z)dz/(b—a). 

21. Expansions connected with a first-order differential equation and a 
two-point boundary condition. We shall be concerned in this section with 
approximations to f(z) by means of polynomials P,,(z) of degree at most n—1, 
such that 


(65) Py’(a) + RP. (0) = f(a) + kf (8) (i= 0,1, - + -,n— 130 =1,2, +++), 


where a and 0 are two given fixed points, and & is a given constant which we 
suppose different from 0 or —1. 
To prove the existence and uniqueness of the polynomials P,(z), consider 


the function 
C(z, d+) = ed@->) /(ed(a-d) 4 ), 
Since k#0, —1, the denominator above vanishes for an infinite number of 


values of A, none of which is equal to 0; these roots of the denominator are 
simple. We may therefore expand C(z, d) in powers of ): 


(66) C(z,) = Sa*an(2), 


n=0 


* See footnote in connection with equations (17;). 
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where the expansion converges for |\ | < |A; |, \: being the pole or either of the 
two poles of C(z, \) nearest the origin of the \-plane. Now C(z, A) satisfies the 


equations 
aC(z, 4) /dz = dC(z, 2), 


C(a, s) + kC(b, d) = 1. 
Hence a,,(z) satisfies the conditions 


a,/(2) = ‘ 


0 fornx=0, 
a,-1forn > 0, 
1 forn=0, 
0 forn>d. 


an(a) + kan(b) = { 


From this we conclude that a,(z) is a polynomial of degree m, and that 
(i) (i) (Ofori #n, 


an (a) + kam (b) = { 


1 fori=n. 


It is now obvious that the polynomial 


YS [f(a + £f(8) Jeu(2) 


i=0 

satisfies the conditions (65) postulated for P,(z). The existence of a poly- 
nomial satisfying these conditions is thus proved. The uniqueness of P,(z) 
now follows from the fact that a polynomial satisfying conditions (65) exists 
for arbitrary values of the right-hand members of (65). 

To discuss the convergence of P,(z) to f(z), we introduce two Green’s 
functions A(z, s;d), B(z, s;A): 

A(z, 5; d) as er (eed) /( edd + ke), 


67 

(67) B(z, s;) = hed») /(e> + ke), 

These functions obviously satisfy the equations 

(68) A(z, s;d)/ds = — AA(z,5;A), AB(z, 5; A)/ds = — AB(z, 5; 2), 
A(z, 2; 4) + B(z, 2; 4) = 1, 

69 

(69) — kA(z, a; r) + B(z, b; ) = 0, 


and possess the same poles as the function C(z, A). In fact 
C(z, 4) = A(z, a; 4) = B(z, b; d)/k. 
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The expansions of A, B in powers of i, 


A(z, s;d) = Taide, s)d*, 
(70) ne 
B(z, s;4) = >OB,(z, s)d" 


n=0 
are valid within the same circle in the \-plane as (66). 
We next apply 


(7,) [wv + wad) las = u(s)o(s) | 


to the pairs of functions A o(z, s), f(s); Ai(z,s), f’(s); -- - ; An(z,s), f(s), 
between the limits z and a; then to the pairs of functions Bo(z, s), f(s); - - - ; 
B,(z, s), f(s), between the limits z and 6. Adding the resulting equations, 
and making use of the various properties of A;, B;, that result when the series 
(70) are substituted in (68) and (69), and the coefficients of like powers of 
equated on both sides, we obtain in a familiar manner the formula 


$3 
81 


f(2) = D(a) + kf(8) JA, a) 


a 6 
~ fA, s)u(™*)(s)ds + f B,(z, s)u\™*))(s)ds, 


or the “remainder” formula 
a b 
f(z) — Payil(z) = f A,(z, s)u("*(s)ds + f B,(z, s)u("*)(s)ds. 


Using the last form of the remainder, there is no difficulty in showing that 
a sufficient condition for the convergence of P,(z) to f(z) is that, in addition 
to its being an integral function, f(z) be of exponential type less than |), |. 

As regards necessary conditions for the convergence of P,(z), the results 
are even simpler than for the polynomials discussed in Part II. We shall first 
suppose that & is not a real positive number. There will then exist one pole of 
A, B, C, namely 1, which is nearest the origin. Equation (66) now leads to 
the asymptotic representation 


an(z) = const. e#/AT + O[( | re | —«)-"], e>0, 
where ); is the pole next nearest to the origin. 


By means of this asymptotic representation one may study the conver- 
gence of the series }-C,a,(z), and prove that this series either converges for 








326 HILLEL PORITSKY [April 


all z, or diverges for all z, depending upon whether the series }>C,/d." con- 
verges or not. In the former case, the sum of }°C,,a,(z) is a function of expo- 
nential type at most equal to |A, |. 

Applying these results to the case where C, =f‘ (a) +f™(b) one obtains 
necessary conditions in order that P,(z) converge to f(z). When these condi- 
tions are satisfied, the limit function of P,,(z), /(z), has the property that 


f(a) + Rf (B) = 1(@) + HO) (m= 0,1, ---). 
Hence f(z) —/(z) is a solution of the difference equation 
g(z) + ke(z +b — a) = 0. 
Now any solution of this difference equation is of the form e*p(z), where 
p(z) is periodic of period )—a. Combining this fact with the fact that f(z), 
l(c) are of exponential type at most equal to |A:|, one may prove that the 
difference /(z) —f(z) is representable by a finite Fourier series. 


Suppose next that & is real and positive, so that there are two roots of 

e(e—») + that are nearest the origin, namely, 
(log k + ri)/(a — b), log k real; 

denote them by \:, dz respectively (|A: |= |A2|). We now have two poles on 
the circle of convergence of the expansions of the various generating func- 
tions in powers of the parameter, a situation which either has not presented 
itself hitherto or has been artificially excluded. The previous asymptotic 
representation of a,,(z) now has to be replaced by 


@di(e—b) ehs(2—b) 


ki(b — a)dy" i ki(b — a)d2 





a,(z) = 


-+ O[(| As| +6)-*],€ > 0. 


By using it, it is possible to show that in order that }>C,a,(z) converge for 
two arbitrary values of z it is necessary that both series 


>C./M", >Ca/d2” 


involving the same constants C,, converge. Conversely, when both of these 
series converge, >.Cna,(z) converge for all z. In other respects this case does 
not differ from the preceding case with a single pole on the circle of conver- 
gence. 

22. Certain boundary value expansions of functions of several variables. 
As stated in §4, the expansions which we shall consider in this section formed 
the starting point of the investigation that resulted in the present paper. 

Let R be an arbitrary finite region, for definiteness in real euclidean space 
of three dimensions, S its bounding surface, and let f(x, y, z) be a function 
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analytic within and on S. We shall suppose that S is sufficiently regular so 
that the Dirichlet problem for its interior, R, has a unique solution. We shall 
consider the question of approximating to f by means of the sequence of func- 


tions p,(x, y, 2), m=1, 2,---, where p, is determined by means of the 
equations 

(71) vp, = 0, 

(72) Pn = fy V2bn = Vf, - + - V2"? pn = V2"-*f over S. 


To prove the existence of the approximations in question and to obtain a 
formula for the remainder f—>,, we shall introduce a sequence of functions 
Go, Gi, - ++ defined as follows: the first member of the sequence, Go= 
G.(P, P’), is the Green’s function of potential theory for the region R, that is, 
it is a function harmonic in the coérdinates of P inside R, except for P at P’, 
where G» plus the reciprocal of the distance from P’ is harmonic, and it 
vanishes on S, the boundary of R; the succeeding members of the sequence, 
G;=G;(P, P’) for i>0, are defined by means of 


(73) VPG; _ Gi-1, 
(74) GP, P’) = 0 for PonS. 


The solution G; of (73), (74) may be expressed in terms of Gp and G;_; by 
means of a familiar integral form. These integrals are improper but conver- 
gent, and represent functions analytic for both point arguments P, P’ inside 
S except for P and P’ coincident. Thus, the integrand leading to G, becomes 
infinite when the point of integration approaches P or P’ like the negative 
reciprocal of the distance from that point, and therefore the integral is con- 
vergent. The singularities of G;(P, P’) for coincident P, P’ get successively 
milder (as judged from the point of view of functions of a real variable) with 
increasing 7. For, any solution u of the equation 


V’u=an analytic function 


is also analytic. Therefore, and since Gy+r~ is analytic without exception for 
P inside R, it follows by induction that for any 7, G;+r°*"/(22) ! is analytic for 
P inside R; hence the singularity of G; at P = P’ (that is, for P coincident with 
P’) is precisely the same as that of —7**1/(2i) !. From this we conclude that 
while G; is non-analytic for P at P’, it is of class C°*”) there. 

From the integral expression of G;, i>0, in terms of G» it follows that the 
functions G, form the iterated kernels of the kernel G, of the integral equation 


(75) u(P) = o(P) +»? f Go(P, P’)u(P’)dP’, 
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where the integration extends over R; this integral equation is equivalent to 
the differential equation 


V7u — \*u = Vv 
and to the boundary condition 


u=0OonS. 


The kernel of the integral equation (75) becomes infinite for P = P’, but it is 
well known that, except for a countable set of real “characteristic” values of 
?, (75) possesses a unique solution for an arbitrary v, while for each charac- 
teristic value of \? the homogeneous integral equation obtained by putting 
v=0 possesses a non-trivial solution (representing a mode of free vibration 
of the cavity inside S). The theory of the solutions of the equivalent differen- 
tial system, in fact, antedates the Fredholm theory, and served as one of the 
landmarks in the development of the latter. With proper modifications, the 
Fredholm theory may be applied, and the solution of (74) expressed by means 
of a resolvent, whose poles are the above characteristic parameter values,* 
and the Schmidt theory invoked to prove the existence and the reality of the 
characteristic values. The functions G, are the coefficients which result when 
the resolvent is expanded in powers of )?. 

One way of applying the Fredholm theory to (75), due to Fredholm him- 
self, is to replace u(P’) in the integrand by the value obtained from the right- 
hand member; thereupon the integral equation is changed into one with the 
finite kernel G,; the resolvent of the original integral equation may be simply 
expressed in terms of the resolvent of the resulting equation. { From this it is 
seen that for m >0, the G, satisfy an inequality of the form 


(76) |G.(P, P’) | < C(o? + €-)-*", € > 0, 


where p’ is the smallest characteristic value of the parameter \? of (75), and 
C isa constant independent of P and P’.f 
We now apply Green’s theorem 


fowr- VV?2U)dP = fivcev san) — V(dU/dn) |ds 


* For references to the literature, see Hellinger-Toeplitz, Encyklopidie der Mathematischen 
Wissenschaften, II C 13, 12, 13 (a). 

+ Hellinger-Toeplitz, loc. cit., 13 (b). 

t An inequality of this type follows for n>2 without the use of the theory of integral equations 
from the fact that G:, G2 are bounded, and by the use of G,, = /G; Gn_2dP for n>2. More precise asymp- 
totic estimates may be developed for G,, of a nature similar to (20) in the one-dimensional case. 
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to the functions f(P), Gi(P, P’) (for a fixed P’) over the region inside S and 
outside a small sphere whose center is at P’; also to each pair of functions 
V*f(P), Gi(P, P’); Vif(P), GAP, P’); - - - ; V"f(P), G.(P, P’) over the same 
region. Adding the resulting equations, and making use of (73), we find that 
the sum of the volume integrands reduces to 


— G(P, P!)v?"**f(P). 


If we now let the small sphere shrink down to the point P’, we see from the 
analyticity of the functions G;+[r?*"/ (22) !], that all the surface integrals over 
the sphere approach zero with the exception of {(@Go/dn)fdS, which (as is 
well known) approaches 47f(P’). As regards the surface integrals over S, 
one-half of them reduce to zero on account of (74). We thus get the formula 


4nf(P’) = : v4(P,) (IGA Pa P*)/an)as 


(77) 
+ f G,(P, P’)v2"*2f(P)dP. 


As is known, if S is sufficiently regular, so that the Dirichlet problem for 
its interior R has a solution, there exists a function u(P’) of class C’’ inside 
S, continuous with its first derivatives at S, vanishing on S, and satisfying in 
R the differential equation 

v'u(P’) = o( P’), 
where 7 is an arbitrary continuous function. For S so restricted one may prove 
by induction the existence and uniqueness of a function u,(P’) of class C@*+») 
in R, C°"*» at S, and such that 
(78) v2"+2u,(P’) = o(P’) in R, 
(79) un(P’) = V2u»(P’) = --- = V?"u(P’) = OonS. 
Suppose then that we put this function ~,(P’) in place of f(P’) in (77); all 
the surface integrals vanish, and we get 


4ru,(P’) = f G,(P, P’)v2"*2f(P)dP 


e f G,(P, P’)o(P)dP. 


Hence we conclude that the volume integral in (77) represents the function 
that is determined by means of (78), (79) when 2 is replaced by A?"*+?f. Con- 
sequently the sum of the surface integrals in (77) represents a function p, sa- 
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tisfying the conditions (71), (72). The uniqueness of , also follows from 
(77), provided that the uniqueness of the solution of (78), (79) is kept in 
mind. 

If in (77) we let m become infinite, we are led to consider the infinite series 
representation (80) below; with regard to the validity of this representation, 
we state 


THEOREM 13. In order that 
(80) 4nf(P’)= >) | v2"f(P.)(0G,(P., P’)/an)dS 
n=0 Ss 


hold for P inside R, it is sufficient that the analytic function f be dominated by a 


function 
Cetizteautesz 


where C, c; are (positive) constants, and 

ce +c? + ce < p*, 
p” being the smallest value of \* for which there exists in R a function u#0, 
vanishing on the boundary S, and satisfying 


V2u — rX2*u = 0 
in R. 


The proof of this theorem follows readily by applying (76) as well as the 
inequality 


| v2"u | < C’p* 


to the volume integral in (77) (the latter of the above inequalities holds for a 
proper constant C’ for (x, y, z) in R). The volume integral is thus seen to 
converge to zero uniformly over R. Moreover, under the conditions stated, it 
may be shown that if the order of summation and integration in (80) be inter- 
changed, the resulting summation in the integrand converges uniformly for 
P’ in R and P, over S; hence the integration may be carried out after the 
summation. 

A boundary value expression analogous to (80) may be established for an 
arbitrary number of dimensions n. The singularity of the Green’s functions 
has to be properly modified, and the constant 47 in the left hand member of 
(80) has to be replaced by the (n—1)-content of a unit (7—1)-sphere. It is 
found that an increasingly large number of members of the sequence Go, 
Gi, - - - fail to remain bounded.* As a result it is found that the details of 

* The functions taking the place of r?*~!/(2z)! in displaying the nature of the singularity of G, 


at coincident P and P’ are discussed in the author’s paper On certain integrals over spheres, reported 
to the Society in December, 1928. 
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applying the Fredholm theory have to be modified with m. In the treatment of 
the latter polynomials, it will be recalled that the independent variable was 
allowed to range over the complex plane. Now a similar boundary value ex- 
pression to the one considered could probably be given for the region outside 
a surface S, but it would be of decided interest to generalize the formulas in 
question to the complex domain, where, even for a real surface S, the distinc- 
tion between the inside and the outside of S would dissolve, after the same 
manner that the inside and outside of an interval get connected when the 
interval is immersed in the complex plane. 

For n=1 the region R reduces to an interval (a, 6), and the approxima- 
tions p, become the polynomials P; ,, of Part II.* 


* It has been pointed out to the author that the results concerning the existence of roots of 
certain exponential sums which have been above attributed to Pélya (see footnote, p. 303) had 
been obtained at an earlier date by J. D. Tamarkin. For reference to the latter’s treatment, as well 
as for more complete discussion of zeros of exponential sums, see R. E. Langer, Bulletin of the 
American Mathematical Society, April, 1931, pp. 213-239. 
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THE CONDITION FOR AN ORTHONOMIC 
DIFFERENTIAL SYSTEM* 


BY 
JOSEPH MILLER THOMAS 


This paper develops a method of testing whether a given finite set of 
partial derivatives can be placed in a specified order by assigning integral 
cotes to the independent variables and functions in Riquier’s manner.f The 
method gives a test for determining whether a system of partial differential 
equations is orthonomic, as far as the ordering of derivatives is concerned. 

1. Consider r functions u, of m independent variables x;. The partial de- 


rivative 
(1.1) Ditta 


gut ee ting, 


Oxi cee Oxin 


is conveniently represented by a matrix whose elements are integers and 
which has one row and ”++7 columns, namely, by 

(1.2) T = |lisig--- i,0---1--- Ol, 

the element 1 being in the (1+a)th column. 

Riquier’s method of placing the partial derivatives of the functions win a 
definite order can be described as follows. Let there be given a fixed matrix M 
whose elements are integers and whose rows are +r in number. The ele- 
ments on the ath column are called the ath cotes of the variables u, x. Let J 
be the matrix associated with another derivative, say with 


git ii "tinns 


1.2 Dug = —————_- 
(1.3) sa Oxit- + + Axin 


By definition the derivative J follows or precedes J according as the first non- 
zero element in the matrix (of one row) 
(1.4) (I-—J)M 
is positive or negative. This statement may be abbreviated symbolically by 
saying that J follows or precedes J according as 

(I-—J)M>0 or (I-—J)M <0. 


* Presented to the Society, October 31, 1931; received by the editors in September, 1931. 
+ Riquier, C., Les Systémes d’ Equations aux Dérivées Partielles, Paris, 1910, p. 195. 
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Suppose there are given certain order relations among a finite set of de- 
rivatives of the u’s. Each of these order relations can be given the form “J 
follows J.” The problem of determining a matrix M which establishes a given 
set of order relations among the derivatives can accordingly be phrased as 
follows: find a matrix of integers M which satisfies the inequalities 


(1.5) KM > 0, 


where K(=J—J) assumes a finite set of given values. 
The conditions on the elements \, of the first column of M are 


nt+r 


(1.6) dark, = 0, 


p=1 
where 


ky = tp — Jp (p = 1,2,---,n), 
Rata = 1, kiss = —1 (a ¥ 8), 


and all the other k’s are zero. If a=8, then Rayi= -- - =p 4, =0. 

The discussion of system (1.6) is most readily accomplished, it seems, by 
adopting the geometric point of view employed by Miss Stokes.* To each of 
the given relations there corresponds a point in (w+7)-dimensional euclidean 
space, whose coérdinates are (hi, ke, - - - , kn+r). We shall speak of the set of 
points corresponding to the given order relations as the “set of representative 
points S,,,.” A solution of (1.6) is an oriented (n+r—1)-flat passing through 
the origin and separating no pair of representative points k. 

There is a sub-set of S,,,, called its inconsistent set, contained by every 
solution of (1.6). An important property of the inconsistent set is given by 


THEOREM 1. The system of inequalities 


n+r 


(1.7) dark, = 0 

p=1 
whose coefficients are the codrdinates of the points in any inconsistent set has only 
equality solutions, that is, solutions making all its left members zero. 


To prove the above, we remark that the general solution of the system in 
question is given byt 


* Stokes, R. W., A geometric theory of solution of linear inequalities, these Transactions, vol. 33 
(1931), pp. 782-805. 

f Stokes, loc. cit., p. 794. When we use the unqualified term “inconsistent set,” we mean the 
case /=0, that is, the solution is not required a priori to contain any points of the original set. From 
(3.3) of that paper it is moreover clear that Theorem 9 is true whatever the rank of the system. 

t Stokes, loc. cit., p. 786, formula (3.3). 
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n+r 


(1.8) ot D> au, 
i=q+1 

where g is the dimensionality of the flat space determined by the inconsistent 
set and the origin, the u’s are expressions whose vanishing defines that flat 
space, and g is the general solution of the system determined by the point set 
in g dimensions. From the definition of an inconsistent set,* however, ¢ =0. 
Hence the (n+r—1)-flat (1.8) passes through all the points of the inconsist- 
ent set because the codrdinates of those points make the u’s zero. Conse- 
quently the only solutions of (1.7) are equality solutions, and the theorem is 
demonstrated. 

In passing, it is perhaps worth while to mention the following corollary: 


THEOREM 2. The inconsistent set of an inconsistent set of points is the set 
itself. 

Returning to the discussion of the determination of a matrix satisfying 
(1.5), we see that the second cotes \% must satisfy 


n+r 


(1.9) LAr ky = 0, 
p=1 


where (k:, - - - , kny,) ranges over the inconsistent set of S,,,. This is true 
because any solution of (1.6) passes through the inconsistent set of Sn+-, 
that is, the left members of (1.6) which correspond to the inconsistent set are 
zero for every solution of (1.6). The first elements in the corresponding KM’s 
being zero, it is necessary that the second elements be non-negative. 

Theorem 1 shows that (1.9) has only equality solutions. The third cotes 
must therefore satisfy the same system as the second. This statement is true 
of all succeeding cotes. Consequently we have 

KM = 0, 
where K ranges over the inconsistent set, no matter how many columns of M 
are determined to satisfy (1.6) and the analogous succeeding conditions. 

If the inconsistent set actually contains one or more points, it is therefore 
impossible to determine an M placing the derivatives in the specified order. 

If the inconsistent set is vacuous, the associated system 


n+r 
(1.10) DdY“arvrk,p > 0, 
p=1 
obtained from (1.6) by replacing the sign = by >, has a solution.t 


* Stokes, loc. cit., p. 794, for 1=0. 
t Stokes, loc. cit., p. 794, Theorem 10 for /=0. 
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When the rank of (1.10) is +r, its general solution is a linear homo- 
geneous combination of the complete system of fundamental solutions of (1.6), 
the coefficients being arbitrary positive constants.* A fundamental solution 
is obtained from the given numbers k by rational operations, and is therefore 
composed of rational numbers, when the &’s are integral, as they are here. 
The arbitrary constant, which multiplies any fundamental solution of (1.6) 
as it appears in the general solution of (1.10), can be chosen so as to remove 
the denominator occurring in the fundamental solution. Hence, if (1.10) has 
a solution, it has a solution in integers. 

The case where the rank of (1.10) is less than »+r can be reduced to the 
case already treated.{ The result just established therefore holds in general. 

We have accordingly shown that if a matrix establishing the given order 
relations exists, system (1.10) has a solution in integers \;. A matrix with a 
single column composed of these \’s will effect the given ordering. Hence we 
have 


THEOREM 3. If a finite set of order relations can be established by a matrix 
of integers, it can be established by a matrix of integers having a single column.t 


Asa consequence of this and of the geometric condition§ that (1.10) have 
a solution we get 


THEOREM 4. A given finite set of order relations can be effected by a matrix 
of integers if and only if the origin is exterior to the convex figure determined by 
the representative points. 


Analytic methods for testing data and for finding the \’s when they exist 
are to be found in Miss Stokes’ paper. 

2. Riquier|| finds it desirable to make the first cotes of the independent 
variables unity, i.e., to make the first » elements on the first column of M 
equal to unity. If we let 


kites tin jim e + — im 


the remaining first cotes u**, - - - , "+" must satisfy 


* Stokes, loc. cit., p. 793, Theorem 8. 

Tt Stokes, loc. cit., p. 786. If the a’s in (3.3) are made zero, it is clear that the general solution 
in the subspace is a particular solution of the original system. 

t The theorem is not true in general if the set of order relations is infinite. For example, a matrix 
M ordering all derivatives must contain at least m columns, where m is the number of independent 
variables. Cf. a paper by the author, Matrices of integers ordering derivatives, these Transactions, 
vol. 33 (1931), p. 393. 

§ Stokes, loc. cit., p. 804, Theorem 16. 

|| Loc. cit., p. 207, footnote 2. 
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nt+r 


(2.1) k+ D> wrk, 20. 


p=n+l1 
This system has a solution if and only if the homogeneous system 


n+r 


(2.2) uk+ > wrk, >0,n>0, 


p=n+1 
has a solution.* 

The points (k, kn4i, - - - , Rn4r) plus the point (1, 0, - - - , 0) will be re- 
ferred to as the “set § ,4: of representative points in r+1 dimensions” just 
as the set previously described is the “set S,,, of representative points in 
n+r dimensions.” System (2.2) has a solution if and only if 


n+r 


(2.3) uk+ DQ) rk, 20, wz 0, 


p=n+l1 


has a solution not containing the point (1,0, - - - , 0). Since the general solu- 
tion of (2.3) contains the inconsistent set of S,4:, it is necessary that 
(1, 0,---, 0) be not in that inconsistent set. We suppose this condition 
fulfilled. 

The only points of § -¢: which are in all the fundamental solutions of (2.3) 


are those of its inconsistent set.t Hence by giving positive values to the arbi- 
trary constants in the general solution of (2.3) we get a solution of (2.2) which 
contains no point of § ,41 except those in its inconsistent set. 

Let the points of S,,, which correspond to points in the inconsistent set 
of S -41 be called the derived set of S,,, and denoted by S,’,,. When the first 
cotes have the values whose determination was indicated above, in (1.6) the 
sign = holds for points of S,’,, and the sign > for all other points. Hence 
the only conditions to be satisfied by the second cotes are (1.9) in which k 
ranges over the set S,’,,. The discussion concerning the existence of \,’s satis- 
fying (1.6) in the proof of Theorem 3 applies verbatim. 

As before, the operations in solving are rational. The elements of M can 
be rendered integral by multiplying them by a properly chosen positive in- 
teger. Hence we have the following results. 


THEOREM 5. If a given finite set of order relations among derivatives can be 
established by means of a matrix of integers, the first cote of each independent 
variable being unity, it can be established by a matrix of two columns. 


* Stokes, loc. cit., §13. 
+ This result follows readily from Theorem 11 of Miss Stokes’ paper. 
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THEOREM 6. A given finite set of order relations can be effected by a matrix 
of integers having unity as the first cote of each independent variable if and only 
if the point (1,0, - - - , 0) is not in the inconsistent set for r+-1 dimensions and 
the origin is exterior to the convex figure determined by the derived set of points 
in n+r dimensions. 


The above method can be employed to obtain a necessary and sufficient 
condition for the existence of a matrix which establishes a given set of order 
relations and which has any set of its elements given. 

3. In applying the foregoing results, the dimensionality of the spaces con- 
sidered can be diminished by unity in the following manner. The elements of 
M corresponding to any function u, that is, the elements on any one of the 
last r rows, can be made zero by a transformation of M which preserves order* 
Hence, in particular, the elements in the last row of M can be assumed as 
zero, and consequently the last codrdinate of the points in S,,, and§ ,4: ig- 
nored. 

4. The chief application of the above is in determining whether a given 
system of partial differential equations is orthonomic.f{ To do this, it is neces- 
sary to determine whether there is a matrix of integers placing the derivatives 
in such an order that all the derivatives appearing in any given right member 
precede the derivative which constitutes the corresponding left member. . 

This application will now be illustrated by two examples. First consider 
the single equationt 


07u Ou = 0*u 
(4.1) = r(—, —). 
Oxdy Ox? dy? 
In order that the system be orthonomic, it is necessary that 
O7u O*u O7u O7u 
> ———- een > 2 
Oxdy Ox? adAxdy dy? 
the sign > being read “follows.” These conditions are represented geometri- 
cally by the points 
S3:(- 1, 1, 0), (1, — 1, 0); 
S2: (0, 0), (0, 0), (1, 0). 


The inconsistent set of §2 is thus (0, 0), and Sj coincides with S;. The convex 
figure determined by S; is a line segment containing the origin. Hence (4.1) 


* Thomas, loc. cit., p. 391. 
t Riquier, loc. cit., p. 201. 
t Riquier, loc. cit., p. xx. 
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is not orthonomic. It will become orthonomic if either derivative is removed 
from its right member. 
As a second example consider the system 


Ou if 2y ) 
— = fi—, »), 
Ox ay?” 


03 Ou =u 
axtay i. > 
The representative points are 
S,: (1, — 2,1, — 1), (1, 0, 1, — 1), (2, — 1, — 1, 1), (4, 0, — 1, 1); 
S3:(- 1,1, — 1), (1, 1, — 1), (1, — 1, 1), (1, — 1, 1), (1, 0, 0). 


Ignoring the last coérdinate, we find the inconsistent set of §; to be (—1, 1) 
and (1, —1). Since (1, 0) is not in the inconsistent set, the first condition of 
Theorem 6 is satisfied. Furthermore, the derived set S/ is seen to be 


Si :(1, — 2, 1), (2, — 1, — 1), (1, 0, — 1). 


(4.2) 


The origin is exterior to the convex figure determined by these three points. 
Hence system (4.2) is orthonomic, as far as ordering of derivatives is con- 
cerned. A matrix putting the derivatives in the desired order is 


1 


Duke UNIVERSITY, 
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NON-SEPARABLE AND PLANAR GRAPHS* 


BY 
HASSLER WHITNEY 


Introduction. In this paper the structure of graphs is studied by purely 
combinatorial methods. The concepts of rank and nullity are fundamental. 
The first part is devoted to a general study of non-separable graphs. Condi- 
tions that a graph be non-separable are given; the decomposition of a sepa- 
rable graph into its non-separable parts is studied; by means of theorems on 
circuits of graphs, a method for the construction of non-separable graphs is 
found, which is useful in proving theorems on such graphs by mathematical 
induction. In the second part, a dual of a graph is defined by combinatorial 
means, and the paper ends with the theorem that a necessary and sufficient 
condition that a graph be planar is that it have a dual. 

The results of this paper are fundamental in papers by the author on 
Congruent graphs and the connectivity of graphs} and on The coloring of graphs.t 


I. NON-SEPARABLE GRAPHS 


1. Definitions.§ A graph G consists of two sets of symbols, finite in num- 
ber: vertices, a, b,c, - - - , f, and arcs, a(ab), B(ac), - - - , 6(cf). If an arc a(ab) 
is present in a graph, its end vertices a, b are also present. We may write an 
arc a(ab) or a(ba) at will; we may write it also ad or ba if no confusion arises, — 
if there is but a single arc joining a and b in G. We say the vertices a and b 
are on the arc a(ab), and the arc a(ab) is on the vertices a and b. The null 
graph is the graph containing no arcs or vertices. 

The obvious geometrical interpretation of such a graph, or abstract graph, 
is a topological graph, let us say. Corresponding to each vertex of the abstract 
graph, we select a point in 3-space, a vertex of the topological graph. Corre- 
sponding to each arc a(ab) of the abstract graph, we select an arc joining the 
corresponding vertices of the topological graph. An arc is here a set of points 
in (1, 1) correspondence with the unit interval, its end vertices corresponding 

* Presented to the Society, October 25, 1930; received by the editors February 2, 1931. An out- 
line of this paper will be found in the Proceedings of the National Academy of Sciences, vol. 17 
(1931), pp. 125-127. 

¢ American Journal of Mathematics, vol. 54 (1932), pp. 150-168. 

t An outline will be found in the Proceedings of the National Academy of Sciences, vol. 17 
(1931), pp. 122-125. 


§ Compare Ste. Lagué, Les Réseaux, Mémorial des Sciences Mathématiques, fascicule 18, Paris, 
1926. 
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with the ends of the interval. Moreover, we let no arc pass through other 
vertices or intersect other arcs. We shall consider topological graphs no fur- 
ther till we come to the section on planar graphs. 

An isolated vertex is a vertex which is not on any arc. A chain is a set of one 
or more distinct arcs which can be ordered thus: ab, bc, cd, - - - , ef, where 
vertices in different positions are distinct, i.e. the chain may not intersect 
itself. A suspended chain is a chain containing two or more arcs such that no 
vertex of the chain other than the first and last is on other arcs, and these 
two vertices are each on at least two other arcs. A circuit is a set of one or 
more distinct arcs which can be put in cyclic order, ab, bc, - - - , ef, fa, vertices 
being distinct as in the case of the chain. A k-circuit is a circuit containing k 
arcs. Thus, the arc a(aa) is a 1-circuit; the two arcs a(ab), B(ab) form a 
2-circuit. 

A graph is connected if any two of its vertices are joined by a chain. Ob- 
viously, if a and } are joined by a chain, and b and ¢ are joined by a chain, then 
a and ¢ are joined by a chain. Any graph consists of a certain number of con- 
nected pieces (one, if the graph is connected). In particular, an isolated vertex 
is one of the connected pieces of a graph. A graph is called cyclicly connected 
if any two of its vertices are contained in a circuit. If Gi, Ge, ---,Gmarea 
set of graphs, no two of which have a common vertex (or arc, therefore), we 
say the graph G, formed of the arcs and vertices of all these graphs, is the 
sum of these graphs. Thus, a graph is the sum of its connected pieces. A forest 
is a graph containing no circuit. A tree is a connected forest. A subgraph H 
of G is a graph containing a subset (in particular, all or none), of the arcs of G, 
and those vertices of G which are on these arcs. 

2. Rank and nullity.* Given a graph G which contains V vertices, E arcs, 
and P connected pieces, we define its rank R, and its nullity (or cyclomatic 
number or first Betti number) N, by the equations 


R=V-P, 
N=E-R=E-V+P. 


If G contains the single arc ab, it is of rank 1, nullity 0, while if it contains 
the single arc aa, it is of rank 0, nullity 1. 

The first two theorems follow immediately from the definitions of rank 
and nullity: 


THEOREM 1. [f isolated vertices be added to or subtracted from a graph, the 
rank and nullity remain unchanged. 


* These are just the rank and nullity of the matrix H, of Poincaré. See Veblen’s Colloquium 
Lectures, Analysis Situs. 
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THEOREM 2. Let the graph G’ be formed from the graph G by adding the arc 
ab. Then 
(1) if a and b are in the same connected piece in G, then 


R’=R, N’'=N+1; 
(2) if a and b are in different connected pieces in G, then 
R=R+1, N=N. 
THEOREM 3. In any graph G, 
R>0, N20. 


For let G; be the graph containing the vertices of G but no arcs. Then if 
R, and N, are its rank and nullity, 


R, = Ni, =0. 


We build up G from G, by adding the arcs one at a time. The theorem now 
follows from Theorem 2. 


THEOREM 4. A forest G is a graph of nullity 0, and conversely. 


Suppose first G contained a circuit P. We shall show that the nullity of G 
is >0. We build up G arc by arc, adding first the arcs of the circuit P. In 
adding the last arc of the circuit, the nullity is increased by 1, as this arc 
joins two vertices already connected. (This argument holds even if the circuit 
is a 1-circuit.) But in adding the rest of the arcs, the nullity is never decreased, 
by Theorem 2. Thus the nullity of Gis >0. 

Now suppose G is a forest, and therefore contains no circuit. Build up G 
arc by arc. Each arc we add joins two vertices formerly not connected. For 
otherwise, this arc, together with the arcs of a chain connecting the two ver- 
tices, would form a circuit. Therefore, by Theorem 2, the nullity remains al- 
ways the same, and is thus 0. 

3. Theorems on non-separable graphs. We introduce the following 

Definitions. Let H,, which contains the vertex a;, and H2, which contains 
the vertex a2, be two graphs without common vertices. Let us rename a; a, 
and rename the arcs of H; on a; accordingly; that is, if a,b is an arc on a, we 
rename it ab. Rename also a, a, and rename the arcs of H2 accordingly. H, and 
H, have now the vertex a in common; they form the graph G, say. We say G 
is formed by letting the vertex a, of H; coalesce with the vertex a2 of Hz, or, 
by joining H, and H; at a vertex. Geometrically, we pull the vertices a; and a2 
together to form the single vertex a. 

Let G be a connected graph such that there exist no two graphs H, and 
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H,, each containing at least one arc, which form G if they are joined at a 
vertex. Then G is called non-separable. Geometrically, a connected graph is 
non-separable if we cannot break it at a single vertex into two graphs, each 
containing an arc. For example, the graph consisting of the two arcs ab, be 
is separable, as is the graph consisting of the two arcs a(aa), 8(aa). A graph 
containing but a single arc is non-separable, as is the graph containing only 
the arcs a(ab), B(ab). 

If G is not non-separable, we say G is separable. Thus, a graph that is not 
connected is separable. Suppose some connected piece G; of Gis separable. 
If H, and H; joined at the vertex a form Gi, we say a is a cut vertex of G. We 
have consequently 


THEOREM 5. A necessary and sufficient condition that a connected graph be 
non-se parable is that it have no cut vertex. 


THEOREM 6. Let G be a connected graph containing no 1-circuit. A neces- 
sary and sufficient condition that the vertex a be a cut vertex of G is that there exist 
two vertices b, c in G, each distinct from a, such that every chain from b to c passes 
through a. 


First suppose a is a cut vertex of G. Then, by definition, H, and H2, each 
containing at least one arc which is not a 1-circuit, form G if they are joined 
at a. Let b be a vertex of H, and c a vertex of H2, each distinct from a. As a 
is the only vertex in both H, and H:, every chain from b to c in G passes 
through a. 

Suppose now every chain from 6 to c in G passes through a. Remove the 
vertex a and all the arcs on a. The resulting graph G’ is not connected, b and c 
being in different connected pieces. Let H/ be that connected piece of G’ con- 
taining 6, and let H/ be the rest of G’. Replace a by the two vertices a; and dz. 
Now put back the arcs we removed, letting them touch a; if their other end 
vertices are in H/, and letting them touch a2 otherwise. Let H, and Hz be 
the resulting graphs. Then H, and H; each contain at least one arc, and they 
form G if the two vertices a;, a2 are made to coalesce. Hence, by definition, 
a is a cut vertex of G. 


THEOREM 7. Let G be a graph containing no 1-circuit and containing at 
least two arcs. A necessary and sufficient condition that G be non-separable is 


that it be cyclicly connected.* 


If G is not connected, the theorem is obvious. Assume therefore G is con- 
nected. 


* A similar theorem has been proved for more general continuous curves by G. T. Whyburn, 
Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 429-433. 
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Suppose first G is separable. Then, by Theorem 5, G has a cut vertex a, 
and by Theorem 6, there are two vertices 5, c in G such that every chain from 
b to c passes through a. Hence there is no circuit in G containing b and c. 

Suppose now there exist two vertices b, c in G which are contained in no 
circuit. Let bd, de, - - - , gc be some chain from b to c. 

Case 1. There exists a circuit containing b and d. In this case, let a be the 
last vertex of the chain which is contained in a circuit passing also through b. 
Let f be the next vertex of the chain. Then every chain from f to b passes 
through a. For suppose the contrary. Let C be a chain from f to } not passing 
through a. Let P be a circuit containing b and a. Follow C from f till we first 
reach a vertex of P. Follow the circuit P now as far as b if b was not the vertex 
we reached, and continue along P till we reach a. Passing from a to f along 
the arc af completes a circuit containing both 6 and f, contrary to hypothesis. 
Hence, by Theorem 6, a is a cut vertex of G, and therefore G is separable. 

Case 2. There exists no circuit containing b and d. Then there is but a 
single arc joining b and d, and they are joined by no other chain. As G is con- 
nected and contains at least two arcs, there is either another arc on 0 or an- 
other arc on d, say the first. The other case is exactly similar. If we add a vertex 
b’ and replace the arc bd by the arc b’d, b and d are no longer joined by a chain, 
and hence the resulting graph G’ is not connected. Let H; be that part of G’ 
containing the arc b’d, and let H2 be the rest of G’. As there is still an arc on 
b, H contains at least one arc. Letting the vertices } and b’ coalesce forms G, 
and hence G is separable. The proof is now complete. 


THEOREM 8. A non-separable graph G containing at least two arcs contains 
no 1-circuit and is of nullity >0. Each vertex is on at least two arcs. 


Suppose G contained a 1-circuit. Call it H:. Let H. be the rest of the graph. 
Then H, and H; have but a single vertex in common, and thus G is separable. 

Next, by Theorem 7, G is cyclicly connected. As G contains no 1-circuit, G 
contains at least two vertices. Containing these there is a circuit. Therefore, 
by Theorem 4, the nullity of Gis >0. 

Finally, if there were a vertex on no arcs, G would not be connected. If 
there were a vertex a on the single arc ab, 6 would be a cut vertex of G. 


THEOREM 9. Let G be a graph of nullity 1 containing no isolated vertices, 
such that the removal of any arc reduces the nullity to 0. Then G is a circuit. 


By Theorem 4, G contains a circuit. Suppose G contained other arcs be- 
sides. Removing one of these, the nullity remains 1, as the circuit is still pres- 
ent, contrary to hypothesis. There are no other vertices in G, as G contains 
no isolated vertices. Hence G is just this circuit. 
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THEOREM 10. A non-separable graph G of nullity 1 is a circuit. 


If G contains but a single arc, it is a 1-circuit, being of nullity 1. Suppose G 
contains at least two arcs. By Theorem 8, it contains no 1-circuit. By Theorem 
7, it is cyclicly connected. Remove any arc ab from G; a and 6 are still con- 
nected, and therefore, by Theorem 2, the nullity of G is reduced to 0. Hence, 
by Theorem 9, G is a circuit. 

The converses of the last two theorems are obviously true. 

4. Decomposition of separable graphs. If the graph G contains a con- 
nected piece which is separable, we may separate that piece into two graphs, 
these graphs having formerly but a single vertex in common. We may con- 
tinue in this manner until every resulting piece of G is non-separable. We say 
G is separated into its components. 


Lema. Let the connected separable graph G be decomposed into the two 
pieces H, and H, which had only the vertex a in common in G. Then every non- 
separable subgraph of G is contained wholly in either H, or Ho. 


Suppose the contrary. Then some non-separable subgraph J of G is not 
contained wholly in either H, or H2. Let J; be that part of J in H,, and J, that 
part in H.; J, and J; have at most the vertex a in common. J, and J; each con- 
tain at least one arc. Forotherwise, if /:, say, contained no arc, as it contains 
a vertex distinct from a, it would not be connected. Thus J is separable into 
the pieces J, and J2, a contradiction again. 


THEOREM 11. Every non-separable subgraph of G is contained wholly in one 
of the components of G. 


This follows upon repeated application of the above lemma. 


THEOREM 12. A graph G may be decomposed into its components in a unique 
manner. 


Suppose we could decompose G into the components Hi, H2,---, Hm, 
and also into the components H/, Hi, -- - , H,’. We shall show that these 
sets are identical. Take any H;. It is a non-separable subgraph of G, and thus 
is contained in some component H/, by Theorem 11. Similarly, H/ is con- 
tained in some component H,. Thus H; is contained in H,, and they are there- 
fore identical. Hence H; and H} are identical. In this manner we show that 
each H;,, is identical with some H/, and each H is identical with some H,, 
proving the theorem. 


THEOREM 13. Let Hi, Ho, ---, Hm be the components of G. Let 
Ri, Ro, + + + , Rm, and Ny, No, - ++, Nm be their ranks and nullities. Then 
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R= Ri t+ Ro+--->+ Ra, 
N=Ni+N2+---+WNa. 


Let G’ be G separated into its components, and let R’ be the rank of G’. 
G is formed from G’ by letting vertices of different components coalesce. Each 
time we join two pieces, the number of vertices and the number of connected 
pieces are each reduced by 1, so that the rank remains the same. Thus 


R = R’. 
Now 
Vi =VitVet+---+Vn, 
P= P,+ P2t+---+Pa 
(where each P; =1). Subtracting, 
R= Fk Rit Rot---+ Rn. 
As also 
E=E£,+ F.+---+ En, 
it follows that 
N=Nit+ Not---+Nn. 


For a converse of this theorem, see Theorem 17. 


THEOREM 14. Divide the arcs of the non-separable graph G into two groups, 
each containing at least one arc, forming the subgraphs H, and Hz, of ranks R, 
and R2. Then 

Ri + R2>R. 


Let the connected pieces of Hi be Hu, - - - , Him (there may be but one 
piece, Hy), and let those of H: be Hu, - - + , Hen. Then obviously 


Ri = Ri +--+ + Rim, 


Re = Ru + +++ + Ran, 


whence 
Rit Re = Rut-++ + Rim + Ra +++ + + Ron. 


Let G’ be the sum of the graphs Hu, ---, Hon. Then G’ is of rank 
Rut ---+Ren. We form G from G’ by letting vertices of the graphs 
Hu, ---, Hen coalesce. Each time we let vertices of different connected 
pieces coalesce, the rank is unaltered. Each time we let vertices in the same 
connected piece coalesce, the rank is reduced by 1. This latter operation hap- 
pens at least once. For otherwise, let a; and az be the last two vertices we let 
coalesce. Then a, and a, were formerly in two different pieces, J, and J;. Thus 
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I, and J, joined at a vertex form G, and G is separable, contrary to hypothesis. 
Thus the rank of G is less than the rank of G’, that is, 


R< Ru t:+++ Ran. 


Hence 
Ri + Re > z.* 


Theorems 13 and 14 give 


THEOREM 15. A necessary and sufficient condition that a graph be non-sepa- 
rable is that there exist no division of its arcs into two groups H, and H2, each con- 
taining at least one arc, so that 

R= Ri + Ro. 

5. Circuits of graphs. We shall say two non-separable graphs, each con- 
taining at least one arc, form a circuit of graphs, if they have at least two 
common vertices. (They may also have common arcs.) Thus the two graphs 
G: a(ab) and G.: a(ab) (which are the same graph) form a circuit of graphs. 
However, the two graphs G;: a(aa) and G,: B(aa), having but one common 
vertex, do not form a circuit of graphs. We shall say three or more non- 
separable graphs form a circuit of graphs if we can name them Gi, G2, - - - , Gn 
in such a way that G; and G, have just the vertex a; in common, G, and G; 
have just the vertex a2 in common, - - - , G,, and G, have just the vertex a, 
in common, these vertices are all distinct, and no other two of these graphs 
have a common vertex. Thus the three graphs G,:ab, G2: bc, G3:ca form a cir- 
cuit of graphs. 

We note that there can be no 1-circuit in a circuit of graphs; also, no sub- 
set of the graphs in a circuit of graphs form a circuit of graphs. We may think 
of a circuit of graphs as forming a single graph. 


THEOREM 16. A circuit of graphs G is a non-se parable graph. 


First suppose there are but two graphs, G, and G2, present. Suppose G 
were separable. Then it is separable into at least two components 
H,, He, ---, Hy. By Theorem 11, G, and G, are each contained wholly in 
one of these components. As G; and G, together form G, there are just two 
components, and they are G; and G:. These, when joined at a vertex, form G. 
But this is contrary to the hypothesis that G, and G, have at least two ver- 
tices in common. 

Next suppose there are more than two graphs present. Let C, be a chain 
in G, joining a,, and a, let C; be a chain in G2 joining a; and a, - - - , let Cn 
be a chain in G,, joining @,,_; and @,. These chains taken together form a cir- 


* This theorem may also be proved easily from Theorem 17. 
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cuit P passing through all the graphs. Now separate G into its components. 
By Theorem 11 (see the converse of Theorem 10), P is contained in one of 
these components. The same is true of each of the graphs Gi, G2, - - - , Gn, 
and hence these graphs are all contained in the same component. Thus G is 
itself this component, that is, G is non-separable. 


THEOREM 17. Let Gi, - - - , Gm be a set of non-separable graphs, each con- 
taining at least one arc, and let G be formed by letting vertices and arcs of differ- 
ent graphs coalesce. Then the following four statements are all equivalent: 

(1) Gi, - - - , Gm are the components of G. 

(2) No two of the graphs Gi, - - - , Gm have an arc in common, and there is 
no circuit in G containing arcs of more than one of these graphs. 

(3) No subset of these graphs form a circuit of graphs. 

(4) If R, Ri, - --, Rm are the ranks of G, Gi, - - - , Gm respectively, then 


R=R,+---+Rn. 

We note that we cannot replace the word rank by the word nullity in (4). 
For let G be the graph containing the arcs a(ab), B(ab), y(ab). Let G; contain 
a and 8, and Gp, 8 and y. Then the nullity of G is the sum of the nullities of 
G, and G2, but G; and G, are not the components of G. We shall prove 

(a) if (1) holds, (2) holds, 

(b) if (2) holds, (3) holds, 

(c) if (3) holds, (1) holds, establishing the equivalence of (1), (2) and (3); 

(d) if (1) holds, (4) holds, and finally 

(e) if (4) holds, (3) holds, establishing the equivalence of (4) and the other 
statements. 

(a) If (1) holds, (2) holds. For first, in forming G from its components 
Gi, - - -, Gm, we let vertices alone coalesce, and thus no two of the graphs 
have an arc in common. Also, there is no circuit in G containing arcs of more 
than one of the graphs; for each circuit, being a non-separable graph, is con- 
tained entirely in one of the components of G, by Theorem 11. 

(b) If (2) holds, (3) holds. For suppose the contrary. If, first, some two 
graphs, say G, and Go, form a circuit of graphs, they have at least two ver- 
tices in common, say a and b. Join a and b by a chain C in G, and by a chain D 
in G2. By hypothesis, G, and G2 have no arcs in common, and thus the arcs 
of C and D are distinct. From a follow along C till we first reach a vertex d of 
D. From d follow along D till we get back to a. We have formed thus a cir- 
cuit containing arcs of both G; and G», contrary to hypothesis. 

Now suppose the graphs Gi, - - - , Gi, k>2, formed a circuit of graphs. 
In the proof of Theorem 16 we found a circuit passing through all the graphs 
of such a circuit of graphs, again contrary to hypothesis. 
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(c) If (3) holds, (1) holds. Assuming that no subset of the graphs Gi, - - - ,Gnm 
forms a circuit of graphs, we will show first that some one of these graphs 
has at most a single vertex in common with other of the graphs. For suppose 
each graph had at least two vertices in common with other graphs. Then G, 
has a vertex a; in common with some graph, say G2. As G2 has at least two 
vertices in common with other graphs, it has a vertex de, distinct from ai, in 
common with another graph, say Gs. If we continue in this manner, we must 
at some point get back to a graph we have already considered. 

Now starting with G;, consider the graphs in order, and let G; be the first 
one which has a vertex in common with one of the preceding graphs other 
than the vertex a;1, which we know already it has in common with G;-1. 
Now of the graphs Gj, Gi-s, - - - , Gi, let G; be the first with which G; has a 
common vertex, other than the vertex a;_,. First suppose G; is G;_1. Then G; 
and G,_; have at least two vertices in common, and they form therefore a 
circuit of graphs, contrary to hypothesis. Next suppose G; is not G;_:.Then 
on account of the choice of G; and G;, G; and Gj; have just one common 
vertex a;, Gj,, and Gj,2 have just one common vertex @;4:, - - - , Gj and G; 
have just one common vertex a; (for otherwise G;:and G; would form a cir- 
cuit of graphs), and no other two of these graphs have a vertex in common. 
These vertices a;, @j4:, > - - , a; are all distinct. For, on account of the con- 
struction of the chain of graphs, two succeeding vertices a; and a4: are dis- 
tinct. a; and a; are distinct, for otherwise G; and G;,: would have a common 
vertex, etc. These graphs G;, Gj4:, - - - , G; form therefore a circuit of graphs, 
contrary to hypothesis. 

Some graph therefore, say Gi, has at most a single vertex in common with 
the other graphs. Thus either it is separated from them, or we can separate 
it at a single vertex. Now among the graphs Go, - - - , Gn, there is also no 
circuit of graphs, so again we can separate one of them, say G2. Continuing, 
we have finally separated G into its components Gi, G2, - - - , Gm. 

(d) If (1) holds, (4) holds. This is just Theorem 13. 

(e) If (4) holds, (3) holds. Let G’ be the sum of the graphs Gi, - - - , Gn. 
We form G from G’ by letting vertices and arcs of different graphs coalesce. 
Each time we let two vertices coalesce, either (a) the two vertices were form- 
erly in different connected pieces, in which case the rank is unchanged, or 
(8) the two vertices were in the same connected piece, in which case the rank 
is reduced by 1. Letting arcs alone coalesce (their end vertices having already 
coalesced) does not alter the rank. Thus in any case, the rank is never in- 
creased. To begin with, the rank of G’ is Gi+ - - - +G,,, and by hypothesis, 
the rank of G is G,+ - - - +G,,. Thus the rank is never altered, and (8) never 
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occurs. Hence, obviously, no circuit of graphs is formed in forming G from 
G’. This completes the proof of the theorem. 

6. Construction of non-separable graphs. We prove the following theo- 
rem: 


THEOREM 18. Jf G is a non-separable graph of nullity N>1, we can remove 
an arc or suspended chain from G, leaving a non-separable graph G’ of nullity 
N-1. 


Assume the theorem is true for all graphs of nullity 2, 3,---,N—1. We 
shall prove it for any graph of nullity N (including the case where N =2). 
This will establish the theorem in general. 

Take any non-separable graph G of nullity N >1. It contains at least two 
arcs, and therefore, by Theorem 8, it contains no 1-circuit. Remove from G 
any arc ab, forming the graph Gy. If G, is non-separable, we are through. Sup- 
pose therefore G; is separable, and let its components be Hi, Ho, - - - , Hm-i. 
G,; is connected, for between any two vertices c, d there exists a circuit in G 
by Theorem 7, and therefore there is a chain joining them in G. 

Let H,, consist of the arc ab. By Theorem 17, no subset of the graphs 
H,,---, Hm-1 form a circuit of graphs, while some subset of the graphs 
H,,---, H» form a circuit of graphs. We shall show that the whole set of 
graphs H,,--- ,H,, formacircuit of graphs. Otherwise, some proper subset, 
which includes H,,, form a circuit of graphs. 

Let H be the graph formed from this circuit of graphs by dropping out 
H,,. By Theorem 16, the circuit of graphs is a non-separable graph; hence H 
is connected. All the arcs in G, not in the circuit of graphs, form a graph J. 
Let J, be a connected piece of J. Then J, has at most a single vertex in com- 
mon with the rest of G. For suppose J, had the two vertices c and d in common 
with H. From c follow along some chain towards d in H till we first reach a 
vertex ¢ in J;. From e follow back along some chain in J, to c. We have formed 
thus a circuit containing arcs of both H and J;. But as H consists of a certain 
subset of the components of Gi, this circuit contains arcs of at least two com- 
ponents of Gi, contrary to Theorem 17. Thus J; has at most a single vertex 
in common with the rest of G, and hence G is separable, contrary to hypoth- 
esis. Thus H,,---, H» form a circuit of graphs, that is, G is formed of a 
circuit of graphs. 

As we assumed G, was separable, m= 3. Therefore we can order the graphs 
so that H, and H; have just the vertex a, in common, - -: - , H»_,; and H», have 
just the vertex a,_1=) in common, and H,, and H;, have just the vertex 
a =a in common. Moreover, these vertices are all distinct, and no other two 
of the graphs H;, - - - , H, have a common vertex. 
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As the nullity of G was >1, the nullity of G; is >0. By Theorem 13, this 
is the sum of the nullities of Hi, ---, Hn1. Therefore the nullity of some 
one of these graphs, say H;, is >0. 

Suppose first the nullity of H; is 1. Then, by Theorem 10, H; is a circuit, 
consisting of two chains joining a;_: and a;. Remove one of these chains from 
G. This leaves a graph G’, which again is a circuit of graphs. For the graph 
H; we replace by an ordered set of non-separable graphs, each consisting of 
one of the arcs of the chain we have left in H;. 

Suppose next the nullity of H; is >1. It is less than N, as H; is contained 
in G,, whose nullity is VW —1. Therefore, by induction, we can remove an arc 
or a suspended chain, leaving a non-separable graph H/ of nullity one less. If 
neither a;_; nor a; has thus been removed, we again have a circuit of graphs. 
Suppose a; but not a;_1 was removed. Replace that part of the chain we re- 
moved joining a; and a vertex of H; distinct from a;_;. Here again we have a 
circuit of graphs, H; being replaced by H/ and a set of arcs. The case is the 
same if a;_; but not a; was removed. If finally, both a; and a;_; were in the 
chain we removed, we put back all of the chain but that part between these 
two vertices. Here again, the resulting graph G’ is a circuit of graphs. 

Thus in all cases we can drop out from G an arc or suspended chain, leav- 
ing a circuit of graphs.~By Theorem 16, the resulting graph G’ is non-sepa- 
rable. As also the nullity of G’ is one less than the nullity of G, the theorem 
is now proved. 

As a consequence of this theorem, Theorem 8, and Theorem 10, we have 


THEOREM 19. We can build up any non-separable graph containing at 
at least two arcs by taking first a circuit, then adding successively arcs or sus- 
pended chains, so that at any stage of the construction we have a non-separable 
graph. 

It is easily seen that, conversely, any graph built up in this manner is 
non-separable. For each time we add an arc or suspended chain, these arcs, 
each considered as a graph, together with the non-separable graph already 
present, form a circuit of graphs. 


II. DUALS, PLANAR GRAPHS 


7. Congruent graphs. We introduce the following 

Definitions. Given two graphs G and G’, if we can rename the vertices 
and arcs of one, giving distinct vertices and distinct arcs different names, so 
that it becomes identical with the other, we say the two graphs are con- 
gruent.* (We used formerly the word “homeomorphic.”) 


* See the author’s American Journal paper, cited in the introduction. 
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The geometrical interpretation is that we can bring the two graphs into 
complete coincidence by a (1, 1) continuous transformation. 

Two graphs are called equivalent if, upon being decomposed into their 
components, they become congruent, except possibly for isolated vertices. 

8. Duals. Given a graph G, if H; is a subgraph of G, and H; is that sub- 
graph of G containing those arcs not in H,, we say H:2 is the complement of 
H 1 in G. 

Throughout this section, R, R’, r, r’, etc., will stand for the ranks of G, 
G’, H, H’, etc., respectively, with similar definitions for V, E, P, N. 

Definition. Suppose there is a (1, 1) correspondence between the arcs of 
the graphs G and G’, such that if H is any subgraph of G and H’ is the comple- 
ment of the corresponding subgraph of G’, then 


r’ = R'’—n. 


We say then that G’ is a dual of G.* 
Thus, if the nullity of H is m, then H’ (including all the vertices of G’) 
is in m more connected pieces than G’. 


THEOREM 20. Let G’ be a dual of G. Then 
R'=N, 
N’ = R. 
For let H be that subgraph of G consisting of G itself. Then 
n=WN. 
If H’ is the complement of the corresponding subgraph of G’, H’ contains no 
arcs, and is the null graph. Thus 
But as G’ is a dual of G, 


These equations give 


The other equation follows when we note that E’ = E. 


THEOREM 21. Jf G’ is a dual of G, then G is a dual of G’. 


Let H’ be any subgraph of G’, and let H be the complement of the cor- 
responding subgraph of G. Then, as G’ is a dual of G, 


* While this definition agrees with the ordinary one for graphs lying on a plane or sphere, a 
graph on a surface of higher connectivity, such as the torus, has in general no dual. (See Theorems 
29 and 30.) 
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r' = R' —n. 
By Theorem 20, 
R’ = N. 
We note also, 
ete’=E., 
These equations give 
r=e—n=e—(R’—-?r)=e— V+ (e—n’) 
=E-—-N-n=R-n'. 


Thus G is a dual of G’. 
Whenever we have shown that one graph is a dual of another graph, we 
may now call the graphs “dual graphs.” 


Lemma. If a graph G is decomposed into its components, the rank and nullity 
of any subgraph H is left unchanged. 


For each time we separate G at a vertex, H is either unchanged or is 
separated at a vertex. Hence neither its rank nor its nullity is altered. (See 
the proof of Theorem 13.) 


THEOREM 22. If G’ and G”’ are equivalent and G’ is a dual of G, then G"’ is a 
dual of G. 


Let H be any subgraph of G, and let H’ be the complement of the cor- 
responding subgraph of G’. Let G,’ and Gj’ be G’ and G’’ decomposed into 
their components. Then G/ and G/’ are congruent. H’ turns into a subgraph 
H{ of G’. Let Hi’ be the corresponding subgraph of Gj’, and H’’ the same 
subgraph in G’’. Then jf 
7 =r". 
But by the above lemma, 


, 
Par, rr =r’. 


Hence 


r’ = r’’. 


As a special case of this equation, letting H’ be the whole of G’, we have 
R’ = R". 
As G’ is a dual of G, 


r’ = R' — n. 


Therefore 
r’’ = R” —n, 


and G”’ is a dual of G. 
The converse of this theorem is not true. For define the three graphs 


G: a(ab), B(ab), y(ac), 5(cb), e(ad), ¢(db); 
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G’: a’(a’b’), B'(c'd’), y'(a’d’), 8'(a’d’), e'(b’c’), ¢’(b’c’); 

G”’: a’’(a’’b’’), B''(b’'c"’), y"'(a’’d"’), 5’’(a’'d’’), €(c’'d’’), "Ge" F"}. 

G’ and G” are both duals of G, but they are not congruent.* 

THEOREM 23. Let Gi,---,Gmand Gi,---,Gm be the components of G 
and G’ respectively, and let G/ be a dual of G:,i=1,--- ,m. Then G’ is a dual 
of G. 

Let H be any subgraph of G, and let the parts of-H in G,,---, Gm be 
H,,---, Hm. Let Hi be the complement of the subgraph corresponding to. 
H;in G!,i=1,---,m, and let H’ be the union of Hi, --- , H,’ inG’. Then 
H’ is the complement of the subgraph in G’ corresponding to H in G. Using 
the proof of Theorem 13, we find that 

P=ri ter term, 
and 

N=nN+---+ Mm. 
As also 

R’= Ri +---+Rn 
and 

ri = Ri — 0; 


adding these last equations gives 


and hence G’ is a dual of G. 


THEOREM 24. Let Gi,--- , Gm and G{,---,Gm be the components of the 
dual graphs G and G’, and let the correspondence between these two graphs be 
such that arcs in G; correspond to arcs in G/,i=1,---, m. Then G; and G} 
are duals, i=1,---,m. 


Let H, be any subgraph of G,, let H’ be the complement of the correspond- 
ing subgraph in G’, and let Hi be the complement in G’. Then H/, Gi, --- , 
G,! form H’. By Theorem 13, we find 


R'=Rit+Ri +---+Re 
and 

r=ritRi +---+R,. 
Now 

r’ = R’ — m, 


hence . ' 
rn = Ri - Ni, 


and Gj is a dual of G;. Similarly for G/,---,G,z. 


* See the author’s American Journal paper, however. 
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THEOREM 25. Let G and G’ be dual graphs, and let H,, - - - , Hm be the com- 
ponents of G. Let Hi,---, Hm be the corresponding subgraphs of G’. Then 
H{,---,H,! are the components of G’, and H! is a dual of H;,i=1,--- , m. 


H, is the subgraph of G corresponding to H/ in G’. Its complement is J,, 
the graph formed of the arcs of Ho, - - - , Hm. Obviously He, --- , Hm are the 
components of J;. Hence, by Theorem 13, the nullity of J; is m2+3+ - - - 
+n». Thus, as G’ is a dual of G, 


ri = R' —(me+n3+---+n,).* 
Similarly, 
rg = R’' — (m+ 03+---+ mn), 


) = R! — (my + mg +--+ + mn). 


be, | 
3 
II 


Adding these equations gives 
rites +--+ +4 = mR’ — (m — 1)(m + me +--+ + mn). 
As H,, He, - - - , H, are the components of G, 
N= m+ me+--++ Mn. 
Also, as G and G’ are duals, by Theorem 20, 


Hence 
rh tri +---+7)) = mR’ — (m — 1)R’ 
= R’. 


Let now Hii, -- - , Hix, be the components of H/ (there may be but one) 
and similarly for H/,---,H,/. Then, by Theorem 13, 


Adding these equations gives 
Doris = rites tre = R’. 
ii 


As the graphs Ai/,--- , H,%,, are non-separable, Theorem 17 tells us that 
they are the components of G’. Hence G’ has at least as many components as 


* Which equals m. 
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G. Similarly, G has at least as many components as G’. They have therefore 
the same number, m, of components. 

There are therefore m graphs in the set Hi’, --- , Hm,,. But there is at 
least one such graph in each graph H/,---, H», and there is therefore 
exactly one in each. Hence each graph H;j fills out the graph H/ , and the two 
sets of graphs Mij,---, Haz, and Hj,---, H,, are identical, that is, 
H{,---,H,! are the components of G’. 

The rest of the theorem follows from Theorem 24. 

As a special case of this theorem, we have 


THEOREM 26. A dual of a non-separable graph is non-separable. 


9. Planar graphs. Up till now, we have been considering abstract graphs 
alone. However, the definition of a planar graph is topological in character. 
This section may be considered as an application of the theory of abstract 
graphs to the theory of topological graphs. 

Definitions. A topological graph is called planar if it can be mapped in a 
(1, 1) continuous manner on a sphere (or a plane). For the present, we shall 
say that an abstract graph is planar if the corresponding topological graph is 
planar. Having proved Theorem 29, we shall be justified in using the follow- 
ing purely combinatorial definition: A graphis planar if it has a dual. 

We shall henceforth talk about “graphs” simply, the terms applying 
equally well to either abstract or topological graphs. 


Lemma. If a graph can be mapped on a sphere, it can be mapped on a plane, 
and conversely. 


Suppose we have a graph mapped on a sphere. We let the sphere lie on the 
plane, and rotate it so that the new north pole is not a point of the graph. By 
stereographic projection from this pole, the graph is mapped on the plane. 
The inverse of this projection maps any graph on the plane onto the sphere. 

By the regions of a graph lying on a sphere or in a plane is meant the re- 
gions into which the sphere or plane is thereby divided. A given region of the 
graph is characterized by those arcs of the graph which form its boundary. 
If the graph is in a plane, the outside region is the unbounded region. 


Lemma. A planar graph may be mapped on a plane so that any desired region 
is the outside region. 


We map the graph on a sphere, and rotate it so that the north pole lies 
inside the given region. By stereographic projection, the graph is mapped 
onto the plane so that the given region is the outside region. 

We return now to the work in hand. 
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THEOREM 27. If the components of a graph G are planar, G is planar. 


Suppose the graphs G; and G; are planar, and G’ is formed by letting the 
vertices a; and a of G, and G; coalesce. We shall show that G’ is planar. Map 
G, on a sphere, and map G; on a plane so that one of the regions adjacent to 
the vertex a2 is the outside region. Shrink the portion of the plane containing 
G; so it will fit into one of the regions of G, adjacent to a,. Drawing a; and az 
together, we have mapped G’ on the sphere.* The theorem follows as a re- 
peated application of this process. 


THEOREM 28. Let G and G’ be dual graphs, and let a(ab), a'(a’b’) be two 
corresponding arcs. Form G, from G by dropping out the arc a(ab), and form G{ 
from G’ by dropping out the arc a'(a'b’), and letting the vertices a’ and b’ 
coalesce if they are not already the same vertex. Then G, and G,' are duals, pre- 
serving the correspondence between their arcs. 


Let H, be any subgraph of G, and let Hj be the complement of the cor- 
responding subgraph of G/. 

Case 1. Suppose the vertices a’ and b’ were distinct in G’. Let H be the 
subgraph of G identical with H;. Then 


n= N,. 
Let H’ be the complement in G’ of the subgraph corresponding to H. Then 
r’ = RK’ —n. 


Now H’ is the subgraph in G’ corresponding to H/ in G/, except that H’ 
contains the arc a’(a’b’), which is not in Hj. Thus if we drop out a’(a’b’) 
from H’ and let a’ and b’ coalesce, we form H/ . In this operation, the number 
of connected pieces is unchanged, while the number of vertices is decreased 


by 1. Hence 
ri =r’ — 1. 


As a special case of this equation, if H’ contains all the arcs of G’, we find 
Ri = R’—-1. 

These equations give 
ri = Ri — nm. 
Thus Gj is a dual of G;. 

Case 2. Suppose a’ and b’ are the same vertex in G’. In this case, defining 
H and H’ as before, we form Hj from H’ by dropping out the arc a’(a’a’). 
This leaves the number of vertices and the number of connected pieces un- 


* Here and in a few other places we are using point-set theorems which, however, are geo- 
metrical'y evident. 
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changed. Thus two of the equations in Case 1 are replaced by the equations 


, Ul 
7, = Py, Ri = Ri. 


The other equations are as before, so we find again that G/ is a dual of Gi. 
The theorem is now proved. 


THEOREM 29. A necessary and sufficient condition that a graph be planar 
is that it have a dual. 


We shall prove first the necessity of the condition. Given any planar 
graph G, we map it onto the surface of a sphere. If the nullity of G is N, it 
divides the sphere into N +1 regions. For let us construct G arc by arc. Each 
time we add an arc joining two separate pieces, the nullity and the number of 
regions remain the same. Each time we add an arc joining two vertices in the 
same connected pieces, the nullity and the number of regions are each in- 
creased by 1. To begin with, the nullity was 0 and the number of regions was 
1. Therefore, at the end, the number of regions is V +1. 

We construct G’ as follows: In each region of the graph G we place a 
point, a vertex of G’. Therefore G’ contains V’ = N +1 vertices. Crossing each 
arc of G we place an arc, joining the vertices of G’ lying in the two regions the 
arc of G separates (which may in particular be the same region, in which case 
this arc of G’ is a 1-circuit). The arcs of G and G’ are now in (1, 1) correspond- 
ence. 

G’ is the dual of G in the ordinary sense of the word. We must show it is 
the dual as we have defined the term. 

Let us build up G arc by arc, removing the corresponding arc of G’ each 
time we add an arc to G. To begin with, G contains no arcs and G’ contains 
all its arcs, and at the end of the process, G contains all its arcs and G’ con- 
tains no arcs. We shall show 

(1) each time the nullity of G is increased by 1 upon adding an arc, the 
number of connected pieces in G’ is reduced by 1 in removing the correspond- 
ing arc, and 

(2) each time the nullity of G remains the same, the number of connected 
pieces in G’ remains the same. 

To prove (1) we note that the nullity of G is increased by 1 only when the 
arc we add joins two vertices in the same connected piece. Let ab be such an 
arc. As a and b were already connected by a chain, this chain together with 
ab forms a circuit P. Let a’b’ be the arc of G’ corresponding to ab. Before we 
removed it, a’ and b’ were connected. Removing it, however, disconnects 
them. For suppose there were still a chain C’ joining them. As a’ and b’ are 
on opposite sides of the circuit P, C’ must cross P, by the Jordan Theorem, 
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that is, an arc of C’ must cross an arc of P. But we removed this arc of C’ 
when we put in the arc of P it crosses. (1) is now proved. 

The total increase in the nullity of G during the process is of course just NV. 
Therefore the increase in the number of connected pieces in G’ must be at least 
N. But G’ was originally in at least one connected piece, and is at the end 
of the process in V = N +1 connected pieces. Thus the increase in the number 
of connected pieces in G’ is just N (hence, in particular, G’ itself is connected) 
and therefore this number increases only when the nullity of G increases, 
which proves (2). 

Let now H be any subgraph of G, let H’ be the complement of the cor- 
responding subgraph of G’, and let H’ include all the vertices of G’. We build 
up H arc by arc, at the same time removing the corresponding arcs of G’. 
Thus when H is formed, H’ also is formed. By (1) and (2), the increase in the 
number of connected pieces in forming H’ from G’ equals the nullity of H, 
that is, 

?’—-P =n. 
But 
Pr =V'-»7', R =V'—P, 
as G’ and H’ contain the same vertices. Therefore 


r' = R’ — 4, 
that is, G’ is a dual of G. 

To prove the sufficiency of the condition, we must show that if a graph 
has a dual, it is planar. It is enough to show this for non-separable graphs. For 
if the separable graph G has a dual, its components have duals, by Theorem 
25, hence its components are planar, and hence G is planar, by Theorem 27. 
This part of the theorem is therefore a consequence of the following theorem: 


THEOREM 30. Let the non-separable graph G have a dual G’. Then we can 
map G and G’ together on the surface of a sphere so that 

(1) corresponding arcs in G and G’ cross each other, and no other pair of arcs 
cross each other, and 

(2) inside each region of one graph there is just one vertex of the other graph. 


The theorem is obviously true if G contains a single arc. (The dual of an 
arc ab is an arc a’a’, and the dual of an arc aa is an arc a’b’.) We shall assume 
it to be true if G contains fewer than E arcs, and shall prove it for any graph 
G containing E arcs. By Theorem 8, each vertex of G is on at least two arcs. 

Case 1. G contains a vertex 6 on but two arcs, ab and bc. As 
G is non-separable, there is a circuit containing these arcs. Thus dropping 
out one of them will not alter the rank, while dropping out both reduces the 
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rank by 1. As G’ is a dual of G, the arcs corresponding to these two arcs are 
each of nullity 0, while the two arcs taken together are of nullity 1. They are 
thus of the form a’(a’b’), B’(a’b’), the first corresponding to ab, and the 
second, to be. 

Form G;, from G by dropping out the arc bc and letting the vertices b and c 
coalesce, and form Gj from G’ by dropping out the arc 6’(a’b’). By Theorem 
28, G, and Gj are duals, preserving the correspondence between the arcs. As 
these graphs contain fewer than E arcs,* we can, by hypothesis, map them to- 
gether on a sphere so that (1) and (2) hold; in particular, a’(a’b’) crosses ac. 
Mark a point on the arc ac of G, lying between the vertex c and the point 
where the arc a’(a’b’) of G’ crosses it. Let this be the vertex b, dividing the arc 
ac into the two arcs ab and bc. Draw the arc B’(a’b’) crossing the arc bc. We 
have now reconstructed G and G’, and they are mapped on a sphere so that 
(1) and (2) hold. 

Case 2. Each vertex of G is on at least three arcs. As then G contains 
no suspended chain, and G is not a circuit and therefore is of nullity 
N>1, we can, by Theorem 18, drop out an arc ab so that the resulting graph 
G; is non-separable. G’ is non-separable, by Theorem 26, and hence the arc 
a’b’ corresponding to ab in G is not a 1-circuit. Drop it out and let the vertices 
a’, b’ coalesce into the vertex aj, forming the graph G/. By Theorem 28, 
G, and G/ are duals, and thus G/ also is non-separable. 

Consider the arcs of G’ on a’. If we drop them out, the resulting graph G’’ 
has a rank one less than that of G’. For if its rank were still less, G’’ would be 
in at least three connected pieces, one of them being the vertex a’. Let c and 
d be vertices in two other connected pieces of G’’. They are joined by no chain 
in G’’, and hence every chain joining them in G’ must pass through a’, which 
contradicts Theorem 6. If we put back any arc, the rank is brought back to 
its original value, as a’ is then joined to the rest of the graph. Hence, G’ being 
a dual of G, the arcs of G corresponding to these arcs are together of nullity 1, 
while dropping out one of them reduces the nullity to 0. Therefore, by 
Theorem 9, these arcs form a circuit P. One of these arcs is the arc ab. The 
remaining arcs form a chain C. Similarly, the arcs of G corresponding to the 
arcs of G’ on b’ form a circuit Q, and this circuit minus the arc ab forms a chain 
D.C and D have the vertices a and 6 as end vertices. Also, the arcs of G; 
corresponding to the arcs of Gj on aj form a circuit R. These arcs of Gj are 
the arcs of G’ on either a’ or b’, except for the arc a’b’ we dropped out. Thus 
the arcs of G, forming the circuit R are the arcs of the chains C and D. 

As G, and G/ contain fewer than E arcs, we can map them together on a 


* Obviously G; is non-separable. 
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sphere so that properties (1) and (2) hold. a/ lies on one side of the circuit R, 
which we call the inside. Each arc of R is crossed by an arc on aj, and thus 
there are no other arcs of Gj crossing R. There is no part of G/ lying in- 
side R other than a, for it could have only this vertex in common with the 
rest of G/, and G/ would be separable. Also, there is no part of G, lying in- 
side R, for any arc would have to be crossed by an arc of Gj, and any vertex 
would have to be joined to the rest of G; by an arc, as G; is non-separable. 

Let us now replace a/ by the two vertices a’ and b’, and let those arcs 
abutting on aj that were formerly on a’ be now on a’, and those formerly on 
b’, now on b’. As the first set of arcs all cross the chain C, and the second set 
all cross the chain D, we can do this in such a way that no two of the arcs 
cross each other. We may now join a and b by the arc ab, crossing none of 
these arcs. This divides the inside of R into two parts, in one of which a’ 
lies, and in the other of which db’ lies. We may therefore join a’ and b’ by the 
arc a’b’, crossing the arc ab. G and G’ are now reconstructed, and are mapped 
on the sphere as required. This completes the proof of the theorem, and there- 
fore of Theorem 29. 


THEOREM 31. A necessary and sufficient condition that a graph be planar 
is that it contain neither of the two following graphs as subgraphs: 

G. This graph is formed by taking five vertices a, b, c, d, e, and joining each 
pair by an arc or suspended chain. 

G,. This graph is formed by taking two sets of three vertices, a, b,c, and d, e, f, 
and joining each vertex in one set to each vertex in the other set by an arc or 
sus pended chain. 


This theorem has been proved by Kuratowski.* It would be of interest to 
show the equivalence of the conditions of the theorem and Theorem 29 
directly, by combinatorial methods. We shall do part of this here, in the fol- 
lowing theorem:+ 


THEOREM 32. Neither of the graphs G, and G, has a dual. 


Suppose the graph G, had a dual. By Theorem 28, if G; contains a sus- 
pended chain, we can drop out one of its arcs and let the two end vertices 
coalesce, and the resulting graph will have a dual. Continuing, we see that the 
graph G;, in which each pair of vertices of the set a, b, c, d, e are joined by an 
arc, must have a dual. Similarly, if G. has a dual, then the graph Gi, in which 
each vertex of the set a, b, c is joined to each vertex of the set d, e, f by an arc, 
must have a dual. Both of these are impossible. 


* Fundamenta Mathematicae, vol. 15 (1930), pp. 271-283. 
+ The other half has recently been proved by the author. See Bulletin of the American Math- 
ematical Society, abstract (38-1-39). (Note added in proof.) 
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(a) The graph G;. To avoid subscripts, let us call it G. Suppose it had a 
dual, G’. Then 
R=N' =4, 
‘ N = R' =6, 
E = E’ = 10. 


If G’ has isolated vertices, we drop them out, which does not alter its 
relation to G. 

(1) There are no 1-circuits, 2-circuits or triangles in G’. For if there were, 
dropping out the corresponding arcs of G would have to reduce the rank of G. 
But we cannot reduce its rank without dropping out at least four arcs. 

(2) G’ contains at least five quadrilaterals. For if we drop out the four 
arcs on any vertex of G, the rank is reduced by 1, and if we put back any of 
these arcs, the rank is brought back to its original value; Theorem 9 now 
applies. 

(3) At least two of these quadrilaterals have an arc in common, as there 
are but ten arcs in G’. 

There are just two ways of forming two quadrilaterals out of fewer than 
eight arcs without forming any 2-circuits or triangles. One of these graphs, 
I{ , contains the arcs a’b’, b’e’, a’c’, c’e’, a'd’, d’e’. The other, J? , contains the 
arcs a’e’, e’f’, f’b’, b’a’, e’c’, c’d’, d’f’. But there is no subgraph of the type 
I{ in G’, for this subgraph is of rank 4 and nullity 2, and there would have to 
be a subgraph of G of rank 2 and nullity 2, and such a graph contains a 1- 
or a 2-circuit, of which there are none in G. Hence G’ contains a subgraph J? . 

(4) Each vertex of G’ is on at least three arcs, as there are no 1- or 2-cir- 
cuits in G. 

Each of the vertices a’, b’, c’, d’ of Ii is on but two arcs. Hence there 
must be another arc on each of these vertices. As J7 contains seven arcs, and 
G’ contains but ten, one of the three arcs left must join two of these vertices. 
But if we add an arc a’b’ or c’d’, we would form a 2-circuit; if we add an arc 
a’c’ or b’d’, we would form a triangle; if we add an arc a’d’ or b’c’, we would 
form a graph of the type J/. As G’ contains none of these graphs, we have a 
contradiction. 

(b) The graph G,. Let us call it G. If it has a dual G’, then 


R=N'=5, 
N=R =4, 
E=E'=9. 


We proceed exactly as for the graph G;. In outline: 
(1) G’ contains no 1- or 2-circuits. 
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(2) There is no subgraph of G’ containing four vertices, each pair being 
joined by an arc. For this graph is of rank 3 and nullity 3, and G would have 
to contain a subgraph of rank 2 and nullity 1, that is, a 2-circuit. 

(3) There are at least nine subgraphs of G’ of rank 3 and nullity 2, and 
hence of the form a’b’, a’c’, b’c’, b’d’, c’d’, as there are nine quadrilaterals in G. 

(4) As G’ contains but nine arcs, two of these subgraphs have an arc in 
common. There is therefore a subgraph of one of the forms J/ : a’e’, a’b’, b’e’, 
a’c’,c’e’, a'd’, d’e’, or Id : a’e’, a'b’, b’e’, b'c', c'e’, c'd', d’e’. 

(5) Each vertex of G’ is on at least four arcs. 

Now each of the graphs J/, J/ contains seven arcs. We have but two 
arcs left which we must place so that each vertex of J{ or J? is on at least 
four arcs. This cannot be done. The theorem is now proved. 

Theorem 31 together with this theorem gives an alternative proof of the 
second part of Theorem 29. For suppose a graph G had a dual. Then it con- 
tains neither the graph G; nor G». For if it did, dropping out all the arcs of G 
but those forming one of these graphs, Theorem 28 tells us that this graph 
has a dual. But we have just seen that this is not so. Hence, by Theorem 
31, G is planar. 

Euler’s formula. Map any connected planar graph G on a sphere, and con- 
struct its connected dual G’ as described in the proof of Theorem 29. Then 
in each region of G there is a vertex of G’. Let F be the number of regions 
(or faces) in G. Then 

R' =N, 
R=V-1, 
R’'=V'—-1, 
V’ =F, 
and hence 
V-—-E+F=R+1-E+N+1 
= 2, 
which is Euler’s formula. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MAss. 





NORMAL DIVISION ALGEBRAS OF DEGREE FOUR 
OVER AN ALGEBRAIC FIELD* 


BY 
A. ADRIAN ALBERT 


1. Introduction. The most important algebras for their applications are 
normal division algebras of degree m (order n?) over an algebraic field R(6), 
where R is the field of all rational numbers and @ is a root of an equation with 
rational coefficients and irreducible in R. All normal division algebras of 
degree two and three have been shown to be cyclic (Dickson) algebras. 
In the following sections the author will prove that all normal division 
algebras of degree four (order sixteen) over R(@) are cyclic (Dickson) algebras. 

2. On crossed products. We shall assume the following known theory of 
normal simple algebras of degree m (order n?) over any non-modular field F. 


THeEoREM{ 1. Let the minimum equation (w) =0 of x in A have degree n 
and be irreducible in F. Then the only quantities of A commutative with x are the 
quantities of the algebraic field F(x). Moreover, if y in A has the same minimum 
equation as x, then y=2x2— where zis in A. 


Let ¢(w) =0 have degree n, coefficients in F and a regular group for F. Let 
x be a quantity with ¢(w) =0 as its minimum equation so that there exist 
polynomials 6,;(x) in F(«) such that 


(1) $(w) = [w — 6,(x)]-[w — O,-1(x)] -- + [wo — 0:(x)] 


where 6,(x) =x. It is then true that there exist a set of integers ¢;,; determined 
by the group of ¢(w) =0 such that 


(2) 6;(6;(x) ] sad 61, ;(x) (i,j = 3. sk n). 
An associative algebra A is called a crossed product§ if A has a basis 


(3) xirly ; (i,j =1,---,n) 

* Presented to the Society, October 31, 1931; received by the editors September 29, 1931. 

{ For algebras of degree two by L. E. Dickson, Algebren und ihre Zahlentheorie, Zurich, 1927, 
p- 45; for algebras of degree three by J. H. M. Wedderburn, these Transactions, vol. 22 (1921), p. 132. 

t This is an immediate consequence of the corresponding theorems on n-rowed square matrices 
and the fact that it is possible to extend F by a scalar of finite degree so that A’ over the extension 
F’ is a total matric algebra. Cf. the author’s On the construction of cyclic algebras with a given exponent, 
to be published in the American Journal of Mathematics. 

§ See Hasse, Theory of cyclic algebras over an algebraic field, these Transactions, January, 1932, 
for an exposition of the theory of crossed products and the results given in the remainder of this 
section. 
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where y;=1, and a multiplication table 
(4) (x) = 0, yx =O(x)¥, ViVi = BLAM) IG,,» 


with the g;,;(x) in F(x) and all not zero. A necessary and sufficient condition 
that a norma] simple algebra be a crossed product is that it contain a quantity 
x whose minimum equation has degree equal to the degree of the algebra and 
regular group. Conversely every crossed product is a normal simple algebra. 
With Noether and Hasse we give the crossed product the notation 


where Z = F(x) and g is the set of quantities 
(6) g = (8i,;). 


Let B be another crossed product with the same Z but a new set of gi,; 
so that B=(v, Z), where 


(7) ¥ = (v.35). 
Then we have the known result 
THEOREM 2. Algebra A XB has the expression 
(8) ' AXB=MXC, 
where M is a total matric algebra of degree n over F and C is the crossed product 
(9) C = (g7,Z), gy = (8i,3°7i.1)- 


For the particular case where all the g;,; are unity we write g=1. We then 
have the known result 


THEOREM 3. A crossed product (1, Z) is a total matric algebra. 


3. An abelian group with two generators. We shall consider crossed pro- 
ducts in which the group of ¢(w) =0 in (1) is an abelian group with two 
generators so that m = pq, and the polynomials 6,(x) are given by the pg quan- 
tities 
or oe 
j@w@i,---,¢~t 


(10) 08 [05 (x)] = 62 [67 (x)] { 
such that 

(11) 6? (x) = Of(x) = x. 
But then if Z = F(x) 

(12) Z=PxXQ 
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where P is a cyclic field of order p over F and Q is a cyclic field of order g over 
F. This corresponds to the fact that the group of ¢(w) =0 in this case is a 
direct product of two cyclic groups. In fact P is the field of all quantities of Z 
symmetric in ¢2(x) and its iteratives, Q is the field of all quantities in Z 
symmetric in ¢:(x) and its iteratives. If a(x) is any quantity in Z we define 
three types of norms for a. First 


(13) N(a)= [I af [or(x)]} 


is a quantity of F. Then 
(14) Ni(a) = II = a[os(x)] 
1 


im0,1,+++,p— 
is in Q, and 


(15) NAa)= [I — alo.i(x)] 


pili cinedl 
is in P. Obviously 

(16) N(a) = N,[N.(a)] = N2[Ni(a)]. 

The crossed product A has a basis 

(17) atlystyf-! (gm i,---,8; f=i,---,p; k=1,---, 9) 
and a multiplication table given as before but with now 


(18) yix = O(x)y1, you = O2(x)y2, Yor = a(x) yi¥2, 


(19) 7? = Ge 9 @ & 

where a, g;, and gz are in F(x). L. E. Dickson has proved* that A is associative 
if and only if 

(20) giisinQ, geisin P, 

(21) Ni(a)g: = g:[62(x)], 

(22) N2(a)ge[0:(x)] = ge. 


Consider the algebra A? = M?-! XB, where, by Theorem 2, M is a total 
matric algebra of degree n and B is a crossed product with a basis (17) and a 
multiplication table as before with 


(23) yix = O1(x) V1, Yox = O2(x) yo, 
but now, by Theorem 2, 


(24) yP = BP, Yo = BP, Ye = aPyiys. 
* Algebren, p. 62, Theorem 17. 
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We shall consider in detail the structure of algebra B. We replace y; in the 
basis of B by a new quantity 
25) ji = 8i'N1, 
where then 
(26) HP = 1, yofr = {gr [02(x)]}argijrye. 
Let P = F(u). Then obviously 
(27) jiu = O,(u)ji, O1(u) = ulO,(x)]. 
The algebra 
M, = (u'j) (i,j = 0,1,---,p—1) 


is a cyclic algebra of degree p over F with a multiplication table (27):, (26). 
By Theorem 3 algebra M, is a total matric algebra. It follows from the well 
known Wedderburn Theorem that 


(28) B=M,xXC 
where C contains Q = F(v) and is a cyclic algebra with a basis 
(29) : (v‘j2’) (i, j = 0,1,--- »q—- 1), 


and a multiplication table 


(30) jv = 02(v) jo, jet = é, 0.(v) = v[62(x) J, 


where 6 is in F. We shall actually obtain the quantity 72 and hence its gth 


power 6. 
Using (21) we have 


(31) a? gigi(02)-! = a?N,(a)-!. 

But evidently 

(32) a?Ni(a)-' = aa[6,(x)}-', 

where 

(33) a = a?—!-@[0,(x) ]?-? - - - @[0,2-2(x) ]. 
Hence if we let b=a~' we have 

(34) yofr = b[01(x) Jo-Yiye = bY 1(by2). 
Let 

(35) j2 = a "y2 = bys. 
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Then (34) is really 
(36) Joh = jijr- 


Since also y2u=wuy2, we have j2u=«uj2 and j2 is commutative with all of the 
quantities of M, and is in C. Also 


(37) yw = O2(v)y2, Ox(v) = v[82(x)], 
so that 
(38) jov = O2(v) je. 
Now 
(39) jot =N2 (b)y2t = N2(a)~'g,?, 
by (24). Also, by (22), 

N2(a) = goge[6(x)}-'. 


Hence 


N2(a) = N2(a)?-"N2[a(0:)]?-? - - - N2[a(0?-')] 
ol gt g2(0:)?-? oe g2[0?-*] A 
g2(9:)?-! go(0?)?-? g2[0.?—*] Ni(g2) 








(40) 


It follows that 
(41) dg = Ni(ge). 


The quantity g.~0 of P has a non-zero norm so that 72 has an inverse in C and 
is the desired quantity of (29). We have proved 


THEOREM 4. Let A be a normal simple algebra of degree n= pq over F such 
that A is a crossed product defined by a basis (17) and a multiplication table (18), 
(19); the case where Z=F(x) is defined by an equation with a regular abelian 
group with two generators of orders p and q respectively. Then Z is the direct 
product Z=P XQ of a cyclic field of order p and a cyclic field of order q re- 
spectively, the quantity g2 of (19) is in P and has a norm 


(42) 5 = Ni(g2), 
and 
(43) AP=HXC, 


where H is a total matric algebra and C is a cyclic algebra of degree q over F 
with a basis (29), and a multiplication table (30) so that C is a crossed product 
defined by Q and 6. 











368 A. A. ALBERT [April 


4. Algebras of order sixteen. The author has proved that every normal 
division algebra of degree four (order sixteen) has a basis 
(44) uipiy! yor (i, j, k, r = 0, 1), 
and a multiplication table 
uv = Vu, Yu=— Ui, Yok = UV, YViV = VV, Yo = — Vo, 
Ya = My, WP = V1 + Vote, WP = ys + yD, YP? = ¥5 + YoU, 


ue =p, 7 =o, YoV1 = ayiye, 


ye = £1, YF = gx, VF = 83, 
_ §3(— ue) 
g2gi(— 2) 


(48) 


with p,¢, ¥1,- °°, Y¥ein F and such that 
(49) 1° — yeop = (y? — v?p)(v? — v#e), 


the associativity condition.* But then Ni(g2)=y?—y2p, and we have 
proved, by Theorem 4, 


THEOREM 5. Let A be any normal division algebra of order sixteen over a 
non-modular field F so that A can be given the notation of (44)—(49). Then 


(50) A*’=H XC, 


where H is a total matric algebra of degree eight over F and C is a generalized 
quaternion algebra 


(51) C= (1, v, ¥; vy), yr, F = &, y? - x? 


- 


As is well known? algebra C is a division algebra if and only if y? —y?p 
#h? —A?o for any \,; and dz in F. The exponent of A is defined to be the 
least integer p such that A? is a total matric algebra, and when A is a normal 
division algebra of order sixteen its exponent is either two or four.t Suppose 
first that there exist A; and A, in F such that y? —y?p=A? —A#eo so that Q is 
not a division algebra. Then if we write yo=(Ai+A.v)~y we have y? =(A? 
—d?a)-'(y? —y?p) =1, and C is a crossed product with g=1, and is a total 


* See the author’s papers in these Transactions, vol. 31 (1929), pp. 253-260, and vol. 32 (1930), 
pp. 171-195. 

+ Cf. L. E. Dickson, Algebren, p. 47. 

t Cf. the author’s paper On direct produts, these Transactions, July, 1931, for the properties 
of the exponent of an algebra which give this result. 
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matric algebra by Theorem 3. Hence A has exponent two. Conversely if A 
has exponent two then A? is a total matric algebra, so that, by Theorem 5, 
H XC and hence C is a total matric algebra. But then there exist \, and A, in 
F such that y:?—~y2?p =A? — doo. 


Lema 1. The exponent of A is two if and only if there exist d, and dz in F 
such that 


(52) vt — vip =A’ — Avo. 


The author has given* a rational proof holding for any non-modular field 
F of 


Lema 2. If there exist \; and dz in F such that (52) holds, then A is the direct 
product of two generalized quaternion algebras. 


Hence A has exponent two if and only if A is the direct product of two 
generalized quaternion algebras. For when A has exponent two, Lemma 1 
and Lemma 2 imply that A is the direct product of two generalized quater- 
nion algebras. Conversely, since, as is well known, the square of any general- 
ized quaternion algebra is a total matric algebra, if A has an expression as a 
direct product of generalized quaternion algebras, A has exponent two. 

If A is not expressible as a direct product of two generalized quaternion 


algebras so that C is a division algebra, then A* =H? XC? is a total matric 
algebra and A has exponent four. The converse is obvious as we have shown 
above and we have proved 


THEOREM 6. A normal division algebra A of degree four (order sixteen) over 
any non-modular field F has exponent two or four according as A is or is not ex- 
pressible as a direct product of two generalized quaternion algebras over F. A 
necessary and sufficient condition that A be so expressible is that there exist \. 
and dz in F such that 


vy? — y?p = AP — Avo 
where p, 0, Y1, Y2 are given by the constants in (44)—(49) for A. 


We shall consider finally a property of the generalized quaternion algebra 
C assuming that it is a division algebra, that is, that A has exponent four. We 
have 
v8 — véop = (v2 — v2)(v? — v2o), 
so that 
ve — ve (7? — vee) = plyéo — v2 (7? — vée)]. 


— 


* These Transactions, vol. 32 (1930), pp. 171-195; p. 180. 
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Then 
(vy? — vPe) [veo — v2 (ve — vee)] = (ri¥6)*o — (r278)’, 

and 

(v2? — yFp)[o(ve + vex?) — (vevs)*] = (vrv6)*o — (v2). 
Multiplying by o(y? —y? )-! and transposing we have 

(yavae)? + (yoo)? = (yovs)? + [(vrveo)? — (vevs)?e (v2? — v2? )7?. 
But then if 
£1 = yovs, 2 = vrveo(v? — vPp)"', &3 = vevs(vP — y2?p)7! 

we obtain 
(53)  (yevae)? + (veo)? = Ero + (&? — EPo)(y? — y?p). 


Suppose first that £;=£=£=0. If then A has the generalized quaternion 
sub-algebra y.=0, 


(1, u, V3, Uys), ue = Pp; ye = 75, V3t = — Uys, 


over F, and, by the Wedderburn direct product theorem, A is the direct 
product of two generalized quaternion algebras, a contradiction of our hy- 
pothesis that A has exponent four. Hence oy.~0 and 


— 1 = (y210767)’. 


Similarly y2+0, so that, since £;=0, y? —y?p0, we have y;=0. But then 
y? =~yeuv, ys'=yéap. The field F(y;) is a cyclic quartic field over F which 
contains a quantity whose square is —1, and A isa cyclic algebra. 

Let next £1, £2, £; be not all zero. Then the quantity 


(54) = £0 + (& + f30)y 

is not in F and has the property that 

(55) ? = tfo + (&? — tPo)(y? — y?p) = AP + AY, 
where A; = y2y:0 and A,= eo are in F. We have proved 


THEOREM 7. Let A be a normal division algebra of degree four over F and let 
A have exponent four. Then either —1 is the square of a quantity of F and A is a 
cyclic algebra or 


A*=H XC, 
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where H is a total matric algebra and C is a generalized quaternion division 
algebra over F which contains a quantity t not in F and such that 
2 =A? + A? 
for A; and A; in F. 
5. Algebras over an algebraic field. Let R be the field of all rational num- 
bers, and let 
(56) F = R(@) 


where @ is a root of an equation with rational coefficients and irreducible in R. 
The quantity 6 may be any abstract quantity, a matrix, or a number, but in 
any case the field F is simply isomorphic with a field of algebraic numbers. 
We shall assume the following known* results: 


Lemma 1. The direct product of two generalized quaternion algebras over 
R(6) is not a division algebra. 


Lemma 2. Let A be a normal simple algebra of degree n over F and let Z be 
an algebraic field over F. Then A XZ is a normal simple algebra with the same 
basis and multiplication table as A over Z. 


Lema 3. Let A be a normal division algebra over F and let Z=F(é) be an 


algebraic field of prime order over F. Then A'=A XZ is not a division algebra if 
and only if A contains a sub-field F(u) simply isomorphic with Z. 


Lemma 4. Let A be a normal division algebra of degree n over F and let & be a 
scalar root of the minimum equation of degree n of a quantity x in A. Then 
A XF(é) is a total matric algebra over F(é). 


Lema 5. A normal division algebra of degree four over a field F = R(@) is a 

cyclic (Dickson) algebra if A contains a quantity u not in F such that 
u2 = A? + A? (A; and Az inF). 

We shall now apply our lemmas. First the application of Lemma 1 to 
Theorem 6 gives immediately 

THEOREM 8. The exponent of any normal division algebra of order sixteen 
over F = R(6) is four. 

Next we use Theorem 5 and have A?=H XC. By Theorem 7 either A is a 
cyclic algebra or C contains a quantity ¢ not in F but such that @=A?+A? 

* For Lemmas 1 and 5 see the author’s Division algebras over an algebraic field which has been 


offered for publication to the Bulletin of the American Mathematical Society. For the remaining 
lemmas see the author’s On direct products, loc. cit. 
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with A, and A; in F. In the latter case let £ be a scalar such that #=A?+A/. 
The field F(~)=R(6, ) is an algebraic field over R. Consider the algebra 
A’'=A XF(é), a normal simple algebra of order sixteen over F(¢), by Lemma 
2. Evidently 


(A)? = H XC’, C'=C X Fé), 


is a total matric algebra by Lemma 4. Hence the exponent of A’ is not four, 
and by Theorem 8, algebra A’ is not a division algebra. But F(é) is a qua- 
dratic field over F, two is a prime, and Lemma 3 implies that there exists a 
quantity win A and not in F such that w7=A? +A? with A, and A, in F. By 
Lemma 5 algebra A is a cyclic algebra. Hence A is a cyclic algebra in all 
cases. 


THEOREM 9. Every normal division algebra of order sixteen over an algebraic 
field R(0) is a cyclic (Dickson) algebra.* 


* (Note added to proof, February 1, 1932.) Since this paper was written, Theorem 9 has been 
proved by other methods for any order n*. A proof by A. A. Albert and H. Hasse has been offered 
for publication to these Transactions. This does not, of course, affect the priority of the result in 
Theorem 9. Also the theory in the sections preceding §5 still represents results which have not 
been extended to the general case (order n?) for algebras over any non-modular field F. 
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THEORY OF MEASURE AND INVARIANT INTEGRALS} 


BY 
EBERHARD HOPFt 


1. Introduction. Let M be an analytic manifold of any number of dimen- 
sions, and let the volume measure on M be denoted generally by m. Let T be 
an analytic one-to-one transformation of M into itself. Such a transformation 
may have a positive invariant integral, 


m*(a) = f 12am 


where {(P) >0 for almost all points P of M. The invariance property means 
that 
m*(a1) = m*(a) 

holds for any measurable subset a of M, a, being the image of a under T. 
Such transformations are known to play an important réle in dynamics. The 
motions of a dynamical system, considered in the manifold of states of 
motion, are equivalent to a one-parameter group of one-to-one transforma- 
tions. In the case of a conservative system these transformations always pos- 
sess a positive invariant integral; for instance in the case of a Hamiltonian 
system the phase volume itself is invariant. 

The integral m*(a) may be regarded as another measure on M; thus a 
transformation of that kind is measure-preserving for a suitably chosen 
measure. The following paper deals with such transformations, for which the 
invariant measure m*(M) of the whole manifold M is finite, and is devoted to 
the characterization of these transformations by their intrinsic properties. 

Necessary conditions for the existence of a finite invariant measure can 
be easily derived. For instance no point set a of positive measure can be trans- 
formed into a “proper” part of itself, i.e. 


a, C a, m(a1) < m(a), 


for this would imply m*(a,) <m*(a) in contradiction to the invariance. This 
intrinsic property of those transformations plays an important réle in Poin- 
caré’s and Birkhofi’s work on the motions of dynamical systems. However, 
this is not the only intrinsic property of those transformations. It is equally 


+ Presented to the Society, September 11, 1931; received by the editors September 11, 1931. 
t International Research Fellow. 
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easy to give a still stronger necessary condition for the existence of a finite 
invariant m* by introducing the concept of the “image by division.” 

Definition. Two measurable point sets A and A’ are images by division of 
each other, if it is possible to subdivide A as well as A’ into finitely or de- 
numerably many measurable parts, 


A=ait+a@?+at-:---,A*-=aM4+q%+4+qG4.--.-, 


in such a way that a is an image of a” under a suitable power of T. 

If T possesses a finite invariant m*, obviously every image by division M’ 
of M must coincide with M in the sense of the theory of measure, i.e., m(M 
—M’)=0. We have, indeed, M =>a’, M’=)oa™, 

m*(M') = Dim*(a®) = Dim*(a”) = m(M), 
i.e., m*(M —M’) =0, thus yielding m(M — M’) =0. 

The main purpose of this paper is to show that the latter necessary condi- 
tion for the existence of a finite invariant m* is also sufficient: 

A positive invariant integral m*(a), m*(M) being finite, can always be 
found, if m(M —M’‘) =0 holds for every image by division M’ of M. 

Naturally this characterization is not fit for immediate applications, but 
nevertheless it throws a certain light on the intrinsic nature of those trans- 
formations. It characterizes them by an intrinsic incompressibility-property. 
It may be remarked that the invariant measure can be constructed by an 
explicit process, by introducing the concept of the “compressibility measure,” 
of a point set with respect to another set, in generalization of a process intro- 
duced by G. D. Birkhoff and P. Smith. f 

Since we adopt the theory of Lebesgue measure as a general basis of our 
considerations, f the assumptions of analyticity of manifold and transforma- 
tion are inessential and may be replaced by much more general assumptions§. 

2. The compressibility measure. Preliminary theorems on invariant meas- 
ures. Let M be an abstract point set. A measure m in the sense of Lebesgue 
may be defined on M and on certain subsets of M called measurable sets. 
Only measurable sets will be considered in this paper. These sets are supposed 
to satisfy the following well known conditions: 

(I) The sum of finitely or denumerably many measurable sets is measura- 
ble. 


+ G. D. Birkhoff and P. Smith, Structure analysis of surface transformations, Journal de Mathé- 
matiques pures et appliquées, (9), vol. 7 (1928), p. 345. 

t This is a natural basis in connection with dynamics. Invariant measures occurring in this field 
are always absolutely additive measures. Under the weaker condition of ordinary additivity an in- 
variant measure exists without any condition; see I. von Neumann, Zur allgemeinen Theorie des 
Masses, Fundamenta Mathematicae, vol. 12 (1928), p. 73. 

§ I wish to express my gratitude to Professor Birkhoff for suggesting to me work in this field. 
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(II) If a and } are measurable and a c b, then b—a is measurable. 

As a well known consequence of (I) and (II) the set ad of all points com- 
mon to a and d is measurable, for it is a =b—((a+6)—a). The measure m 
is supposed to have the following properties: 

(i) m=0. 

(ii) m is absolutely additive, 


ma+b+c+---) = ma) + mb) +m +--- 


for finitely or denumerably many sets a, b, c, - - - excluding each other. 

(iii) Each set a of positive measure contains a set } with 

0<m(b) <m(a). 

(iv) m(M) is positive and finite. 
The condition (iii) merely excludes triviality. The following considerations 
are based on this measure as a standard measure. 

For our purposes we have to take into account different measures m* 
being comparable with m in the following sense: 

1. m* is defined for the same sets as m, i.e., for all measurable sets intro- 
duced above. 

2. m*=0. 

3. m* is absolutely additive. 

4. The relations m =0 and m* =0 imply each other. 

5. m*(M) is finite. 

It was proved by J. Radon} that the totality of these measures coincides 
with the totality of the measures representable by indefinite Lebesgue inte- 
grals, 


(1) m*(a) = J f(P)dm, 


where the point function f(P) is positive on M apart from a set of zero meas- 
ure, and summable over M. 

Now let T be a one-to-one transformation of M into itself, which trans- 
forms, as well as T_;, measurable sets into measurable sets and sets of zero 
measure into sets of zeromeasure. The question to be investigated inthis paper 
is the following: what intrinsic properties of T involve the existence of a 
measure m* invariant under T ? 

Let us denote by a, the successive images of a point set a= a, obtained by 
successive application of T or T_1, 


+ J. Radon, Theorie und Anwendungen der absolut additiven Mengenfunktionen, Wiener Sitzungs- 
berichte, vol. 122 (1913), p. 1299. 
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a, = T,(a) (v=0,+1,+2,---). 


A set is called invariant (under 7) if a; =a. In the case of an arbitrary point 
set b, let us denote by {5} the smallest invariant point set containing 6. Ob- 


viously we have 


{5} = Dh. 


The following rules are equally obvious: 


(a+b+ct+---)=ath+64--- 
(ab), = a,b,, 
(2) fa+b+cet+---} = fa} t+ fo} t+ {ej+---. 


Now we take a fixed point set } and divide the invariant set {5} into fi- 
nitely or denumerably many different parts, 


fo} =P+e+ec4+---, 
in such a way that d contains at least one image of each of these parts, 


M=ac cb (v = 0, 1, 2,--- 


Such a subdivision is always possible. For instance, we may set 


c® = bb = 3b, 

c! = (bo + bi) — be, 

ec= (bo + b+ b_1) aon (bo + bi), 

c8 = (bo + by + b-1 + be) — (bo + 61 + 0-1), 


In this case } contains the images 


0) — ,? O a2 » a ee ht eee 
cCOmc, Cre, cHaxGg, c® = cs, ; 


Instead of throwing {b} into b by means of subdivision and transformation 
of the parts we may throw any measurable subset a of {b} into b, 

(3) ac {b}h,a=O+ 424+ ---;0e% =O,v Ary, 

(3’) c= cb (v = 0, 1, 2,- 


We set 


(4) d= Lm), 
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(5) u(a), = lower bound > ol 


for all possible ways of throwing a into b according to (3) and (3’). wis defined 
for all subsets a of {b} and nowhere negative. We may call u(a), the “com- 
pressibility measure” of a with respect to 6. t The compressibility measure has 
two important properties. It is absolutely additive and invariant under T, that 
is, 


(6) uwata’+a"’+---),=nla)o tule), +u(e"),+---, 


a, a’,a’’, - - - being any denumerable set of point sets excluding each other, 
and 


(7) u(ai)5 = w(a)». 
The inequality 
(6) = w(a+a’t+a"+---)o< ula)otu(a’)o+ule”),+--- 
for any sequence of sets is a well known consequence of the absolute addi- 
tivity. 

First we prove (7). From (3) and (3’) we have 

ai=c+c+ct+::-:, 
(cf).,1 =e © b (v = 0,1, 2,---). 

Thus each sum >>} is a sum }-3?. Conversely, by an analogous consideration, 
each sum )-' is a sum ) 5. Therefore their lower bounds coincide. 

In order to prove (6) we set 

A=ata'+a"+---, Ae {bd}, 


and throw a into ), a’ into b, a’’ into 6 and so on. These processes may be 
obviously combined into a single process of throwing the whole of A into b. 
Thus each sum of sums >-$+)-3+>-3 +--- represents a sum )-f. 
Conversely, let us throw A into }, 
A=C4+C14C?4+---;CC=0,0¥ u, 
Coes (v = 0,1, 2,---), 


r= Lm(c), 


t Similarly we could define a “measure of expansion” by taking the upper bound instead of the 
lower bound of our sums. Probably our considerations can be simplified by using the measure of ex- 


pansion. 


(8) 








Lag Gee Lt INN AA PION NS OSE “oH ar Roe paneer tome 








378 EBERHARD HOPF [April 


C™ being an image of C’ under a power n, of T. We may represent this process 
as a sequence of processes, by setting 
(aC’)», = ¢%, (a’C’),, =cl.-- (v = 0, 1, 2,- 


and 
a= >a’, c” cb (v = 0, 1, 2,- 


q’ = Ya, cheb 
’ 


Ly = Km), Ly = Lmle), «= 


According to C’ ¢ A we obtain 
m(c”) + m(c”) + m(c?”) +--+ = m(C), 
thus by (8) 


A a a’ a’’ 
da, “2a tha tke, ****: 


Therefore the totality of the sums) coincides with the totality of the sums 


of sums >-4+>-7+>-3'+ - --, whence (6) immediately follows. 
A further simple property of the compressibility measure is 


(9) u(a)y S u(a)s,b¢ b’,ac {bd}. 


Indeed, the totality of the sums )-{, contains the totality of the sums } 3. Let 
us put 


(10) d(d) = u({0})o. 
For later purposes the following inequality may be derived: 
(11) (QUb) S Do’), 
bi, b?, - - - being any sequence of point sets. Indeed, setting b=) 0’, we get 
by (2) 
r(b) = w({d})o = w( Dole}. 

and by (6’) and (9) 

wD for} )e Ss Dew lo})e Ss Du({or}) ow = DA). 


Now we prove the following theorem: 
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THEOREM 1. A necessary and sufficient condition for the existence of a finite 
and invariant measure m* over M is that each invariant point set of positive 
measure contain a set b with 


0<r(b) <<. 


The condition is necessary. Let m* be a finite invariant measure over M 
given by (1) and let A be any invariant point set of positive measure. Fur- 
thermore let M* be the (measurable) set of all points, for which 


1/n < f(P) <n. 
Now the set of points with f=0 and f= has the measure zero, so that 
m(M*) — m(M), m(AM*) = m(A), 


n tending to infinity. Hence m(A M”) - for a suitable integer m. On setting 
b=AM" we conclude 


(12) 1/n < m*(c)/m(c) <n, c ¢ b, m(c) > 0. 
Throwing {5} into b we obtain by (12) 


~ Dmt(c) < Dm(c) = Dy < 2 Dome). 


On the other hand we have, since c” is an image of c’ under a power of T, 


Lim*(c) = Lim*(cr) = m*( ic) = m*({d}). 


Hence, according to (10), 


0 < = m({0}) < r(b) < nm*({b}) < o. 


The condition is sufficient. A given invariant set of positive measure is 
supposed to contain a set b with 


(13) 0< rAd <om. 


Let us designate a point set a as a null set, if u(a@),=0, and let us denote by 
m’ the upper bound of the measures of all null sets. Furthermore let a',a?, - 
be a sequence of null sets with m(a”)—>m’, vy . Now the invariant point set 


- Ele} = Eel 


is again a null set according to the properties of the compressibility measure, 
for we have 


co lahpiiagpe etn = ee ee Se eee ee eee ee 
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u(a’)s = u( lar)» S Dow(ar), = 0. 


According to the definition of the number m’ we have m(a’) =m’. Further- 
more we have m({b}—a’)>0, for {6} cannot be a null set because of (10) 
and (13). Now a’ is the largest null set, for according to the definition of m’ 
the set {5} —a’ cannot contain a further null set of positive measure. Thus 


u(a) », ac {d} ~ a’, 
defines a finite invariant measure m* over the invariant set {b} —a’. We have 
also 

u({b} — a’)y = r(0). 


We have to continue the formation of an invariant measure over larger 
and larger point sets, finally over the whole of M. For this purpose we denote 
by m the upper bound of the measures m of all invariant point sets, over 
which a finite invariant measure m* can be defined. Let VM, M®,--+bea 
corresponding sequence of invariant sets with 


lim m(M®) = m. 


The finite invariant measure already found on M“ may be denoted by m,*. 
Then we are able to define an invariant measure m* over the whole of 


M’ = mM” 
1 
by setting 
m* = am" over M, 
n n—1 
m* a,m* over >. M” — SM, n> 1, 
1 


1 


Qi, @, - : - being a sequence of positive numbers. Clearly the total invariant 
measure 


me(ar) = mt) + Some] Sam — Tao] 


n=2 


becomes finite by suitable choice of the numbers a,. Thus a finite invariant 
m* may be defined over the whole of the invariant set M’. Now the invariant 
point set M—M’ must have the measure zero, because otherwise we could 
continue the formation of an invariant m* over M —M’. Hence the finite in- 
variant m* constructed above applies to the whole of M. 

Simpler conditions may be obtained for particular types of invariant 
measures. Let us call a measure m* a measure of the order of m, if 
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m*(a) /m(a) 


lies between positive bounds for all sets a ¢ M of positive measure. The fol- 
lowing theorem was proved by Birkhoff and Smith: 


THEOREM 2. A necessary and sufficient condition for the existence of an in- 
variant measure m* of the order of m is that 


m(a,)/m(a) = const. > 0;» = 0, + 1, + 2,---, 
the constant being independent not only of v but also of the set a. 
The condition is necessary, for 
1/x < m*(a)/m(a) S x, ac M, 


implies 


t/a? = m*(a,)/x*m*(a) < m(a,)/m(a) S x*m*(a,)/m*(a) = x?. 


The condition is sufficient. We choose 
m*(a) = u(a)m. 
If the inequalities 
1/y < m(a,)/m(a) < y 

are satisfied for any set a and any number », we obtain, by a subdivision of a, 

a= de; ce =0,vF uy, 

Lim(c) < y Lim(c) = ym(a), 
c” being an image of c’ under a power of T. Similarly we get 
Lim(c) 2 Lim(c’)/y = m(a)/y, 
whence 
1/y = u(a)u/m(a) S 9, 


for any set ac M of positive measure. 

3. Further preliminary considerations. If no finite and invariant measure 
m* exists over M, we infer from Theorem 1 the existence of an invariant point 
set A, m(A)>0, such that the symbol \(}) does not take values except 


Mb) = 0, Ab) =m, 


b being any subset of A. This behavior of \ in the case of non-existence of a 
finite invariant m* may be illustrated by a simple example. 


t G. D. Birkhoff and P. Smith, loc. cit., §4. The special sums )_ $, were first introduced in this 
Paper. 
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Let M be the linear interval 0<x<1 and let m be the ordinary measure 
on M in the sense of Lebesgue. Let T be a transformation which leaves 
x=0, 1 invariant and shifts all inner points to the left. The images x, of a 
point « =» clearly satisfy the conditions 


%, > X41, lim x = 0, lim x, = 1; 


p=+o initial 
in other words, the intervals 
I,t me > SB Sos 


exclude each other and fill up the whole of M, also {Zo} =M. A finite in- 
variant m* cannot exist, for m*(I,) would be independent of v, and m*(M) 
=>°m*(I,). It can be shown that \ = © holds for each interval the end points 
of which are inner points of MW. On the other hand \ =0 holds for any interval 
having an end point at 0 or 1. Consider for instance the two intervals J» and 
I'=>0¢/,. We may throw M = {Jo} into I by 


+00 
M = JDl., (I)-» = Io. 


—2 


The corresponding sum }-/) is infinite, and it is readily seen that this sum 
is not altered by throwing M into J» differently. Hence A(J,) = ©. On the 
other hand let us throw M into the interval J’ =}°9/, by 


+2 
M= 31, (1).¢1',¥ 20; (I)n-v-1 ¢ I',v <0, 


—e@ 


n being a positive integer. In this case we have 


Lr = Sm Tos) + Sm(F.-r) = 2m( Es). 


which can be made arbitrarily small by a suitable choice of m. Hence A(J’) =0. 
It may be remarked that an infinite measure, invariant under T, may be con- 
structed. m* may be arbitrarily chosen on J) and automatically continued on 
the images J, by T. 

The fact that \ = © holds for each closed interval ¢ M in our example is a 
particular case of a general fact concerning the values of X, if no finite in- 
variant m* exists. We prove 


THEOREM 3. There are only the following two possibilities, in case no finite 
invariant m* exists: 
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(a) an invariant point set A of positive measure exists such that \(b) =0 for 
any bc A; 

(8) an invariant point set A of positive measure and an infinite sequence of 
increasing sets filling A, 


A'ec A*?cAtc ---, SA =A, 
exist such that \(b) = «©, whenever m(b)>0 and bc A” for a sufficiently large v. 


We observe that (a) and (8) do not necessarily exclude each other (in this 
case the A of (a) is of course different from the A of (8)). We know already 
the existence of an invariant set A of positive measure such that either 
d(b) =0 or A(b) = © for any bc A. Excluding (a) we assume A(b) = fora 
suitable bc A. Any set acd satisfies either the equation \(a) =0 or A(a) = &. 
Let us denote by m the upper bound of the measures of all sets acd with 
d(a) =0, and let us select a sequence of such sets contained in }, 


bt, b?,---,a(b*) = 0, lim m(b’) = mi. 
According to (11) the point set 


Y= dy 
1 


satisfies again the equation \(b’) =0, and we conclude m(b’) = m according to 
the definition of the upper bound m. The set b—b’ has a positive measure, for 
otherwise we would have A(b) =A(b’) =0 in contradiction to our assumption 
d(b) = ©. Now, b’ is the largest set with \(b’) =0 according to the definition 
of m and according to (11), and each subset a of b—b’, m(a)>0, satisfies 
X(a) = 0. 

We have hereby constructed a point set c of positive measure such that 
(a) = © holds for any subset a of c, m(a) >0. 

In order to construct a sequence of sets indicated in the condition (8) of 
Theorem 3, we may start with the following preliminary considerations. Ac- 
cording to the properties of the transformation T the point set function m(a,), 
regarded as a function of the set a, v being a given integer, has precisely all 
properties of a measure m*(a). Thus we may represent it as an indefinite 
integral in the sense of Radon, 


(14) m(a,) = f 6.()am, 


¢, being positive almost everywhere and summable over M. Under well 
known restrictions for M and T, 9, is the Jacobian of 7,. For a given integer 
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v a positive number e, can always be found so that the measure of the set of 
all points P with ¢,(P) <e, is less than m(c)2-’-', c being the set constructed 
above. The sum of these point sets (v= +1, +2, - - -) has a measure less than 


m(c) a = m(c)/2. 


Thus the complementary set e of this sum with respect to the set c has a 
measure m(e) >m(c)/2>0. The set ¢ is precisely the set of all points P of c, for 


which the inequalities ¢,(P) >«, hold simultaneously, y= +1, +2,---.Now 
we are able to prove that the point sets 
(15) A = {e}; A!, A’, A3,---, 
where 
(16) A™= Ye,n>0;A*1= Sie, n=, 
l—n —n 


satisfy the condition (8) of Theorem 3. For this purpose we write 
(17) E! = Al=e, Et! = A’t!— A”, » > 0. 


Any two of the sets E” have no points in common, and it is evident that 


oo 


EF =A. 
(16) and (17) imply 
(18) Ex” ce, 
where h= —(k+1)/2 for k odd, h=k/2 for k even. According to (14) and to 
the definition of the point set e the inequalities 
(19) m(a_») = exm(a),a ce (cn > 0), 


are satisfied by any subset a of e. 

Now we know already that \= holds for any subset a of A'=e with 
positive measure. We may then prove (8) by complete induction, assuming 
that \(a) = © holds for any subset a c A*, m(a) >0. 

We throw A into A**', 


(20) A= Die, o ¢ A, 


where c” is the image of c’ under the n,th power of 7, and we set 


(21) yt = Lim(c) ; 
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According to (17) we have 


(22) Att] = At 4 Ett, 4tEt+1 = QO, 
We subdivide the parts c’ of A by setting 

(23) cv=a+)’, 

where a’, 6” are defined by the equations 

(23’) a® = ¢™Ak 9) = cE, 


a”), b® being the images of a’, b” under the u,th power of T, respectively. By 
(21) we get 


(24) ri = Lor) + Limo). 


From (23’), 
(25) a”) c Ab; 
on the other hand, from (18) and (23’), 


(25’) by ce=Alc At, 


Thus A =)°a’+)_” together with (25) and (25’) represents a way of throw- 
ing A into A*. Since, by hypothesis, \(A*) = ©, we have 


(26) L'= Cm(a”) + L(x”) = @ . 
Applying (19) to a=b?” (see (25’)) we obtain 
Lim(o”) = en Dm lon”); 


thus, by comparison with (24) and (26), 


: 27 _ 7= min (1, en), 


and t+! = 0, \(A*#) =o. An analogous consideration yields \(a) = © for 
any ac A*+!, m(a)>0, which completes the proof of Theorem 3. 

4. Images by division and invariant measures. Concerning the notion of 
the image by division we shall only require that the different parts exclude 
each other in the sense of measure theory, i.e., that they have at most sets 
of zero measure in common. However, the greater generality of this notion is 
readily seen to be apparent. Let us call a set A a “proper part” of a set B, if 
A cB and m(A) <m(B). We note the following simple results. 
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Lemna 1. If each image by division of the whole of M has the measure m(M), 
no set A possesses an image by division forming a proper part of A. 


This simply means, that the intrinsic incompressibility of the whole of M 
implies the incompressibility of the subsets. Let A’ be an image by division of 
A, and let A’c A, m(A’)<m(A). We put 


M = (M — A) +A, M’ =(M — A) +A’. 
Obviously M’ is an image by division of M with 
m(M’) = m(M — A) + m(A’) < m(M — A) + m(A) = m(M). 


Lema 2. The compressibility measure of a set A with respect to an image by 
division A’ of A is always finite. 


The corresponding divisions of A and of A’, 
A= de’, A'= Yo, 
yield a particular sum 
Li = Lema) = m(A/). 
Hence 
u(A)ar S m(4'). 

The following lemma will be useful for later discussions: 

Lemna 3. Let B’ be an image by division of B and let A > B’. If 
(27) m(A — B’) > 0, {A — B’} c B, 
the second inequality holding apart from a set of zero measure, then M possesses 
an image by division that is a proper part of M. 
Let 
(28) B= Div, B= Yb; bb = bY =0, v¥u; DM =dF. 













We set 

(29) E = {A — B’}, E’ = B'{A — B’}. 

Now £’ is an image by division of £, for (27), (28) and (29) yield 
E=BE= SWE; EF =BE= DME= Dv), 


the first of these equations holding apart from a set of zero measure. From 
(29) we conclude that 









E'c E, E—E'>(A—B){A—B}2A-B’. 
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Hence according to (27), m(E—£’) >0, i.e. E’ is a proper part of Z. Lemma 1 
completes the proof. 
We need two further simple results. 


Lemna 4. If m(a)>0, m(b)>0, u(a),=0, @ point set a’ and an integer n 
can always be found to satisfy the conditions 
a’ ca, a cb, 
30 
(30) 0 < m(a,) < m(a’)/2. 


We can always throw a into d in such a way that 


> om(c) < 4m(a) = 3 dYm(c); = de, c®) = c c b. 


Thus the inequality m(c”)<m/(c’)/2 must hold for some v. a’ =c’, n=n, 
satisfy (30). 


Lemna 4’. If m(a)>0, m(b)>0, uw(a),= ©, a set a’ and an integer n can 
always be found to satisfy the conditions 


(31) 


a, ca,a’'cb, 
0 < m(a,) < m(a’)/2. 


By any way of throwing a into b we get 
Dmc) = 0 ;a¢= Sie, c= cc 8. 


The inequality m(c”) >2m(c’) must therefore hold for some v. Then, a’ =c, 
n= —n, satisfy (31). 
We are now prepared to prove the main 


THEOREM 4..A necessary and sufficient condition for the existence of a finite 
invariant measure m* over the whole of M is that m(M —M"')=0 holds for each 
image by division M’ of M. 


It remains to prove that the condition is sufficient. Under the assumption 
that no finite invariant m* exists over M, we shall construct an image by 
division of M forming a proper part of M. With regard to Theorem 3, we 
have to treat separately the two cases (a) and (8). 

(a) An invariant set A exists such that \(b) =0 holds for any subset 6 of 
A. From p(a)s<u({b}),=X(b) we conclude that 


(32) u(a), = 0 


holds for any set b¢ A and any set ac {b}. 
We may arrange point sets in certain groups Go, Gi, Go, - - - . A set a be- 
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longs to Gn, if 2-"m(A)>m/(a)=2-"—'m(A). The group G, cannot contain 
more than 2**! sets belonging to a sequence of sets which exclude each other. 
According to Lemma 4 (with a=) =A) we can find a set a'c A and an image 
a™ under a suitable power of T such that 

m(a) < m(a)/2. 


a' belongs to a group G.. We choose a', a“ so that a@ is as small as possible. 
Now we select, if possible, a second set a? and an image a” under a suitable 
power of T which satisfy the conditions 
a? c A a'a? = aq) = 0 

(33) ’ ’ 

m(a®) < m(a*)/2. 
We require again the index 6 of the group Gs to which a? belongs to be as 
small as possible, provided that (33) is satisfied. By continuing this process 
as far as possible we obtain a finite or infinite sequence of sets a', a’, - - - and 
an associated set of images a, a®, - - - satisfying the conditions 

avcA, va =aq =0, »¥ yp, 

(34) , , 

m(a”) < m(a’)/2, 
where in succession the index a, of the group G, to which a" belongs, is chosen 
as small as possible. We have 


If the sequence is infinite, we necessarily have a,— © , whence follows that the 
process cannot be continued further. In any case, we assume the process to be 
continued as far as possible. 

The point sets 


B= a, B’ = oa” 
are images by division of each other. From (34) we have 
m(B’) < m(B)/2 < m(A). 
On setting 
(35) b=A— B’, a=(A — B) {bd}, 
we therefore have 
m(b) > 0. 


Now we show that necessarily m(a) =0, the case m(a) >0 leading to a con- 
tradiction with our assumption that the process cannot be carried further. 
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According to Lemma 4 we may indeed find a set a* and a suitable image a 
so that 


a? c a, a © b, m(a™) < m(a*)/2. 


According to (35) the first and the second inequality are obviously equiva- 
lent to 


awcA,a@av’=a%a™=0,1Sr<s, 


so that (34) is satisfied for the former sets a” together with a*. Thus we must 
have m(a) =0, i.e., {A —B’} ¢ B holds apart from a set of measure zero. In 
this case Lemma 3 finishes the proof. In conclusion, the process can either be 
continued till the sets a” fill up the whole of A, or it stops before. The latter 
case is by no means unfavorable, as Lemma 3 automatically provides for it. 

(8) An invariant set A, m(A)>0, exists having the following property. 
For any given number e>0 a set A CA can be found such that 


(36) m(A — A) <e, 
while for any bc A, m(b) >0, we have 
(36’) (bd) =o. 


The treatment of this case follows much the same line as in the case (a), the 
only complication being due to the fact that the equation u(a),= © is not 
satisfied by each bc A, ac {b}, m(a) >0. 

We start by fixing a set A such that (36’) holds for any b¢ A, m(b)>0. 
According to Lemma 4’ with b=, a= {b}, u(a),=A(A) = ©, we may select 
a first set a! and a suitable image a™ so that 


ac A, 


m(a®) < m(a')/2. 


We proceed exactly as in the case (@) by constructing a sequence of sets a’ 
and of associated images which satisfy the conditions 


av ¢ A, va = aq =0, vu, 
m(a”)) < m(a’)/2. 


We assume again the process to be carried on as far as possible. We set now 
B= Do, B= Yo’, 


these sets being images by division of each other, and 


(37) b=A— B’,a=(A—B){d}. 
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The assumption m(a) >0 is again in contradiction with the assumption that 
our process cannot be continued. In order to show this, we note first that 


(38) u(a)» es 


an equation which will be proved below. Supposing (38) to be proved we may 
apply Lemma 4 and accordingly find a set a* and an image a such that 


acA—B,a) cacA-—B, 
m(a“*)) < m(a*)/2. 


Thus a continuation would be possible. We conclude therefore that m(a) =0, 
i.e., that {4—B’} ¢ B holds apart from a point set of measure zero. If now 
m(b) =m(A —B’)>0, we may apply Lemma 3, replacing the A occurring 
there by our present A. If, on the other hand, m(b) =0, the point set A is 
filled by the sets a’. We may then continue our process by choosing a larger 
A and by filling, if possible, the remainder of this new A with respect to the 
former A. Either the remainder can be filled up by new sets a’, or the process 
stops before. The latter case is settled by Lemma 3. On setting A =A}, A?®, 
A’, - - » (see Theorem 3) in succession we finally infer that M possesses an 
image by division which is a proper part of M. 
It remains to prove (38). For this purpose let us set 


(39) C=B{b}, Cc’ =B'{b}. 


As {6} is an invariant point set, C and C’ must be images by division of each 
other. (37) and (39) yield 


(40) {b} =a+C, aC =0. 

Since b= A—B’ and C’ c B’, the set 

(41) E=6+C'’ 

must be part of A. With regard to the definition of the set A we have 
ME) = u({E})2 = @. 


From (39) we obtain 
(C’} < {bd}, {b+C'} = {b} + {c’} = {9}; 
thus according to (40) and (41), 
w({E})e = w({d})e = wae + u(Cz =. 
By (9) and (41) we finally obtain 
u(a)e S wla)s, wC)e S u(Ce’, 


where u(C)¢- is a finite number according to Lemma 2. Hence u(a),= ©. 
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5. Some remarks on images by finite division. It is an outstanding ques- 
tion, whether the weaker supposition, that no set goes into a proper part of 
itself under T, guarantees the existence of a finite invariant m*. According to 
Theorem 4 this would be equivalent to the question whether a set going into a 
proper part of itself under T can be found, if a suitable image by division of M 
forms a proper part of M. It is rather doubtful whether the anwer to this 
question is in the affirmative. However, it may be remarked that the main 
difficulty lies in the use of infinitely many parts in the concept of the image 
by division, for in case of divisions into a finite number of parts our question 
is affirmed by 


THEOREM 5. If a point set A possesses an image by finite division which is a 
proper part of A, a point set can always be constructed, which goes into a proper 
part of itself under T. 


The proof of Lemma 1 shows that the whole of M possesses an image by 
finite division M’, 


k k 
(42) M = Ls”: M’ = Yo, ao = a” ? 
1 1 , 


ava =aq) =0, vA wp, 
so that 
(43) M’' ¢ M, m(M — M’) > 0. 
We may assume that 
(44) nm > 1 


for otherwise we might use the set M,’ instead of M’, n being sufficiently 
large. Now let us consider the array, k21, 


1 1 q) (1) 
ao Q1°°*°* @3 ao 


2 2 (2) (2) 
ao we * ** Gas ao 


(45) 


k k (k) (k) 
Qo | @°*** Gy, ao 








where the numbers of elements in the different rows are m,+1, m2.+1,-- - 
successively. We denote by £‘ the set of all points contained in 7 or more point 
sets standing between the two vertical lines, and we put E°= M. These sets 
decrease, 7 increasing, 


(46) M=E 2 E'> E*>.--- > E', Et! =0, 
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where s<)-i(n”—1). Now we set 


(47) Ai = Em, Bi= E'+ M’E (i =1,2,---,541). 


As a; ¢ M and)>.a’=M, each point of E* belongs to a suitable a’. Thus each 
point of E*- belongs to 7 or more point sets on the left of the right vertical 
lines in (45). Conversely, each point with the latter property belongs to i—1 
or more sets between the vertical lines, because it cannot belong to two differ- 
ent sets af according to (42). A‘ is therefore the set of all points contained in 
or more sets on the left of the right vertical line in (45). 

It is equally obvious that each point of B‘ belongs to 7 or more sets on the 
right of the left line in (45). Conversely, each point with the latter property 
either belongs to E‘ or it belongs to some af”) . But in this case it must be con- 
tained in Z*", because the sets af”) exclude each other. Thus B‘ is exactly the 
set of all points contained in 7 or more sets on the right of the left vertical line. 
By this consideration we clearly obtain 


(48) 1 (i= 1,2,---,s+1). 
(46), (47) and (48) yield 


A; ¢ A’. 


Now we prove that A‘ must be a proper part of A‘ for a suitable 7. From 
(46), (47) and (48) we easily get 


A‘'—Aji=(M —M’)/(E-— E)) (i =1,2,---,5+1), 


these point sets excluding each other. Hence follows 


s+1 


>im(A’ — Af) = m[(M — M’)(E° — E**)] = m(M — M’) > 0 


according to (43), thus yielding m(A”— A‘) >0 for some v. 

Generalisations. So far we have considered only the case of a single trans- 
formation of M into itself. Apart from §5, however, all notions and results 
may easily be extended to very general groups of transformations. This 
may be briefly outlined in the case of a linear one-parameter group 7,, 
—2x<i<+, 

T.T, - T 41; 


of transformations of M into itself (steady flow on M). Every transformation 
of the group is supposed to have the properties stated in §2. Concerning the 
dependence upon ¢ we suppose that 








MEASURE AND INVARIANT INTEGRALS 


lim m(AT,(B)) = m(AB) 


holds for any two measurable sets A, B. This general supposition is certainly 
fulfilled if M is an analytic manifold and if T,(P) is analytic in P and t. 

A measurable point set A is called invariant under the group if, for every 
t, T(A) coincides with A apart from a point set of measure zero. The 
smallest invariant set {A} containing a set A is defined by 


{4} = D7,(4) 


where r runs through the sequence of the rational numbers. {A} is obviously 
invariant under all 7, with a rational index; in other words, the equations 


m({A}T.{A}) = m({A}) = m(T.{A}) 


hold for all rational values of ¢. From the above continuity supposition we 
infer that they hold for any #, i.e., that {A} is invariant under the group. 
Notions such as the compressibility measure and the image by division ad- 
mit of an obvious extension. As all our considerations remain the same, 
Theorem 4 indicates also in the case of our group the necessary and suf- 
ficient condition for the existence of a measure m, invariant under the 
group 7;. 
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CONTINUOUS TRANSFORMATIONS 
OF ABSTRACT SPACES* 


BY 
ROTHWELL STEPHENS 


INTRODUCTION 


In the study of continuous transformations of abstract sets it is customary 
to restrict both the set itself and its transforms to a particular type of space. 
This has been done by Fréchet,} Hausdorff,f and Alexandroff.§ 

It is apparent that properties of continuous transformations are in reality 
properties of the range of the function and the functional values. For this 
reason we propose to study transformations on general ranges, namely, the 
topological space. The fundamental theory of topological spaces has been 
given by Chittenden{ and Sierpinski.|| Chittenden also considered the rela- 
tionship between the properties of the class of all continuous real-valued func- 
tions on a topological space and the properties of the space. 

The first chapter of this paper is a discussion of the definition of a con- 
tinuous transformation and the difficulties involved. A theorem of Hausdorff 
is extended to a more general type of space, and a necessary condition for a 
transformation to be continuous is obtained. 

The second chapter is devoted to the invariants of topological spaces, that 
is, those properties of a space which are properties of every continuous trans- 
form. They are not invariants in the strict meaning of the word, but as 
Sierpinski** remarks, they are invariants in a sense. Invariants under biuni- 
vocal and under bicontinuous transformations are also considered. Invariants 
under biunivocal bicontinuous transformations are not discussed since in- 
variants under such transformations have been extensively studied. 


* Presented to the Society, December 28, 1931; received by the editors October 19, 1931. 

+ Fréchet, (I) Esquisse d’une théorie des ensembles abstraits, Sir Asutosh Mookerjee Silver Jubilee 
Volumes, vol. II, p. 363, Calcutta, Baptist Mission Press, 1922, (II) Les Espaces Abstraits, Paris, 
Gauthier-Villars, 1928. 

t Hausdorff, Grundsiige der Mengenlehre, pp. 358-369, Leipzig, Veit, 1914. 

§ Alexandroff, Uber stetige Abbildungen kompakter Riume, Mathematische Annalen, vol. 96 
(1926), pp. 555-571. 

] Chittenden, On general topology and the relation of the properties of the class of all continuous 
functions to the properties of space, these Trarisactions, vol. 31, No. 2. 

|| Sierpinski, La notion de dérivée comme base d’une théorie des ensembles abstraits, Mathematische 
Annalen, vol. 97 (1926), pp. 321-337. 

** Sierpinski, loc. cit., p. 330. 
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The last chapter may be regarded as a discussion of the following prob- 
lem: Characterize the most general space such that there exists a non-constant 
continuous transformation to a given type of space. Necessary and sufficient 
conditions are found for the existence of continuous transformations of a 
space to neighborhood, accessible, and L-spaces. The case for a non-constant 
continuous real function has been solved by Chittenden.* 

The following notation will be used.t The term space or topological space 
denotes a system (P, K) composed of an abstract set P and a relation E’K E 
between subsets E, E’ of P. The set E’ is unique and determined for each 
set of P. Thus the relation E’ = K(E) defines a single-valued, set-valued set 
function, whose range is the class of all subsets of P, and whose values are 
also subsets of P. The points of E’ are called K-points of E. Different set 
functions K(E), J(E), relative to the same set P determine different spaces. 
By L(E) we denote those points of P which are K-points of some subset of E£. 
When no ambiguity arises we shall use E’ for K(Z). The complement of a 
set E with respect to the space is denoted by C(E). The symbol ¢ means “is 
included in.” 


I. DEFINITION OF A CONTINUOUS TRANSFORMATION 
1. Univocal continuous transformations. Fréchet{ defines a continuous 
transformation in a neighborhood space as follows: A transformation of the 
space P to the space Q is continuous at the point a if, whatever be the sub- 


set G of P having a for a point of accumulation, the transform 6 of a is a point 
of accumulation of the transform H of G or belongs to H. A transformation 
is a continuous transformation of P to Q if it is continuous at each point of P. 

Sierpinski§ defines a continuous transformation for a topological space 
as follows: Let P and Q be two sets for whose subsets the derived sets are 
defined. Suppose that the function f determines an application of the set 
G, ¢ P on the set Hy <Q. The function f is continuous in Gp for the element a 
of this set if for every subset G ¢ Gp such that a ¢G’ one has the formula 


f(a ¢ {fG — 2) + [(@J'}. 


This definition is seen to be a modification of the Fréchet definition. In 
neighborhood spaces the two definitions are equivalent. 

There are several properties of continuous real functions which we think 
should hold for continuous transformations of abstract spaces. They are as 
follows: (1) A constant function is continuous if the functional value has a 

* Chittenden, loc. cit., p. 310. 

7 Chittenden, loc. cit. 


t Fréchet II, p. 177. 
§ Sierpinski, loc. cit., p. 325. 
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null derived set; (2) If Gis a connected set, then f(G’) ¢ [f(G) ]’ unless [f(G) ]’ 
is null, in which case f(G’) ¢ f(G); (3) If there is a continuous transformation 
of the set, it is also a continuous transformation of every subset; (4) If there 
is a one-to-one correspondence between two sets and a transformation which 
is continuous both ways, then the sets are abstractly identical. 

The Sierpinski definition does not have the first property if the space P 
has a point a such that aca’, for then f(a) ¢f(a—a)+ [f(a) |’ = [f(a)]’ and 
the constant transformation f(P) =Q, where Q =q, a single point whose de- 
rived set is null, is not continuous. We call a point a such that aca’ a singu- 
lar point. 

Neither does the Sierpinski definition always have the second property, 
as is shown by the following example: P=a,+a2+a4;, Q=),+02. Non-null 
derived sets are given by a/ =d2, b{ =b:. The transformation is f(ai+ 42) =), 
f(a) = be. 

The third and fourth conditions always hold under the Sierpinski defini- 
tion.* The following theorem is easily proved. 


THEOREM 1. Under the Sierpinski definition, every continuous transforma- 
tion of P to Q possesses the four properties if P has no singular points and if Q 
has the first and third Riesz} properties. 


Definitions other than the Sierpinski definition may be made, but neither 
do they agree with all of our intuitive notions. Since the Sierpinski definition 
seems to be the more fruitful and since objections to it disappear except in 
unusual spaces, we shall recognize it as the definition of a continuous trans- 
formation in a topological space. 

2. Other types of transformations. A transformation is called biunivocal 
if it establishes a one-to-one correspondence between the elements of the two 
ranges. If a transformation is biunivocal the Sierpinski condition that it be 
continuous reduces to the condition that for every set G such that acG’, 
f(a) ¢ [f(G)]’. This condition may be stated f(G’) ¢ [f(G) ]’. 

If we have a continuous transformation f(P) =Q we shall denote by g(d) 
the set of all points of P to which 6 corresponds under f, and call g the inverse 
of f. The inverse transformation g will be called continuous at db if for every 
set H of which b ¢c H’, g(b) ¢g(H —b) + [g(H) ]’. This reduces to the condition 
g(b) ¢ [g(H)]’. A univocal continuous transformation whose inverse g is con- 
tinuous is called univocal bicontinuous. 


* Sierpinski, loc. cit., p. 325. 
t Riesz, F., Stetigkeitsbegriff und abstrakte Mengenlehre, Atti del 40 Congresso Internazionale dei 
Matematici, Roma, vol. 2, 1910, p. 18. 
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A biunivocal bicontinuous transformation is one which is both biunivocal 
and bicontinuous. A necessary and sufficient condition that a biunivocal 
transformation be bicontinuous is that for every set E, 


HE) = [(2))’. 


This is easily derived from the Sierpinski definition. If a bicontinuous biuni- 
vocal transformation exists between two spaces, they are said to be homeo- 
morphic, or topologically equivalent. 

3. Immediate consequences of definitions. These definitions take interest- 
ing forms in certain spaces, and lead to theorems which later prove useful. 
For these reasons we prove the following theorems. 


THEOREM 2. If f is a continuous transformation such that f(P)=Q, and b 
is a point interior to B <Q, then g(b) is interior to g(B). 


The proof is by contradiction. Assume g(b) is not interior to g(B). Then 
there exists a point a of g(b) such that a¢G’ where G is a subset of C[g(B) J. 


Since f is continuous, 
f(a) ¢ f@) + [/@Y, 
bc [f@]’, 


f@ < C(B) 


and 6 is not interior to B as given by hypothesis. 
Theorem 2 is restated more strikingly in Theorems 3 and 4. 


but 


THEOREM 3. A necessary condition that a transformation be continuous is 
that for each point a and its transform b, the inverse image of every neighborhood 
of b is a neighborhood of a, i.e. 

g(Vs) = Va. 

THEOREM 4. A necessary condition that a transformation be continuous is 
that for every neighborhood of b, the transform of a, there exists a neighborhood 
of a whose transform is contained in the neighborhood of b. 


In the transformations between two neighborhood spaces the condition 
of Theorem 3 is seen to be sufficient by the Fréchet definition, so we have 


THEOREM 5. In neighborhood spaces a necessary and sufficient condition that 
a transformation be continuous is that for each point a and its transform b, the 
inverse image of every neighborhood of b is a neighborhood of a. 


A necessary and sufficient condition* in a V-space that neighborhoods 


* Fréchet II, p. 188. 
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may be considered as open sets is that E=E+E’ be closed. If we add this 
condition the previous theorem becomes 


THEOREM 6.* A necessary and sufficient condition that a transformation be- 
tween two V-spaces in which E is closed, be continuous is that the inverse image 
of every open (closed) set be an open (closed) set. 


That the words “open” may be replaced by “closed” is shown as follows. 
For any open set O its complement is closed, so we have 


Q=O0+F, 

P = gQ) = gO + F) = g(0) + g(F). 
Hence if the inverse of an open (closed) set is open (closed) then the inverse 
of a closed (open) set is closed (open). 


THEOREM 7. A necessary condition that a transformation be continuous is 
that the inverse of every open (closed) set be an open (closed) set. 


That the theorem is true in the case of open sets is seen immediately from 
Theorem 2. Since open and completely{ closed sets are complementary it is 
obvious the theorem holds in the case of completely closed sets. For K closed 
we prove the theorem by contradiction. 

Let f(P) =Q be a continuous transformation. Consider B a closed set of 


Q. Assume g(B) not closed. Then there exists a point p ¢ [g(B) ]’—g(B). By 
the definition of continuity 
f(p) © flg(B) — p] — {sle(B)]}’ 
c f[g(B)] + {B}’ 
cB+B’ cB. 


Hence ? is a point of g(B) contrary to assumption. 

The fact that this condition is not sufficient is shown by the following ex- 
ample: P =a,+a2+4; with the single non-null derived set a{ = a2, 0=), +0, 
+6; with non-null derived sets b/ =};, bf =b,+0,. The transformation is 
f(a:) =i, f(a2) =e, f(as) = ds. 

The following theorem is a direct consequence of the definition of a con- 
tinuous transformation. 


TueEorEM 8. If f(P) =Q is a continuous transformation, then the addition 
of points of Q to the derived sets of Q leaves the transformation continuous. 


* This is a generalization of a theorem of Hausdorff, loc. cit., p. 361. 
t A completely closed set is one which contains the K-points of all its subsets. 
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II. CONDITIONS IMPOSED ON TRANSFORMS BY THE ORIGINAL SPACE 

4. Invariants of univocal transformations. If we have a given space P 
and a property of P, we wish to determine whether or not the property is 
true for every possible continuous transform of P. By considering various 
properties the following theorems are obtained. 

THEOREM 9. If a space P has the property that for every monotonic sequence 
of closed (completely closed) sets F,> Fz> --->F,> - - - there exists at least 
one point common to the sets of this sequence, then every continuous transform Q 
of P possesses the same property. 

Let Fi > F.> --- 3F,> --- be any monotonic decreasing sequence of 
closed (completely closed) sets contained in Q. Then g(Fi) >g(F:)> --- > 
g(F,) > - - - isa monotonic sequence of such sets in P. Then there is a point 
a common to all g(F,,) and its transform f(a) is common to all F,. 

THEOREM 10. Every continuous transform of a self-nuclear* set is self-nu- 
clear. 

Let {(P) =Q be a continuous transformation and E be a self-nuclear sub- 
set of P. If f(£) is finite it is self-nuclear. If it is not finite, choose an infinite 
subset >°b. of f(E). Let a. be a point of [g(b.)]-E. Since }-aa is an infinite 
subset of £, there is a point a such that every neighborhood of a contains an 
infinite subset of >a. of order |>-a.|. By Theorem 4, every neighborhood of 
f(a) contains a subset of }°b, of order |° bz |. 


THEOREM 11. The continuous transform of a separable space is separable.{ 
Let P=N+WN’ where N is enumerable: 
f(P) = f(N +N’) = f(N) + f(N), 
f(N') ¢ f(N) + [f(N)J’, 
f(P) = f(N) + [f(n)\’. 
Since f(N) is enumerable, the theorem is true. 


THEOREM 12. If a space P has the property that every covering of P by open 
sets is reducible, then every continuous transform Q of P has the same property. 


Let O=>°O. be a covering of Q by open sets. Since by Theorem 7, g(O.) 


is an open set, then 
g(O) = g( 2102) = Dig(Oz) 


is a covering of P by open sets and hence is reducible. This reduced set may 


* Chittenden, loc. cit., p. 297. 
7 A related theorem is stated for homeomorphic transformations in Fréchet II, p. 241. 
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be denoted by >>¢(O,). Since this covers P, f[}-g(Ox) ] =>—O; is a reduced 
covering of Q by open sets. 

Furthermore if Q is restricted to be a space in which, for every set H, 
H+L(H) is completely closed, then Q is bicompact. 


THEOREM 13. The continuous transform of a singular point is a singular 
point. 


The following theorem is a consequence of Theorem 8. 


THEOREM 14. No property of a space which can be destroyed by the addition 
of points of the space to derived sets of the space 1s an invariant. 


THEOREM 15. The following are not invariants: 

(1) the property of the space being compact;* 

(2) the property of the space being perfect; 

(3) open and closed sets; 

(4) the four Riesz properties,} the second Hausdorff property,t closure of de- 
rived sets, non-compactness, and the properties of a space being accessible, Haus- 
dor ff, regular, normal, L, or S. 


The proof consists of an example in which the property is not invariant. 
The proof for part & is given by example k. 

Example 1. P=)-{da+).; ba. Derived sets are given by the following: 
every infinite set which contains a, or b, contains b, or a, in its derived set 
respectively. The transformation is f(a.+b.) =Ca where >.c2=(Q. Every de- 
rived set in Q is null. 

Example 2. P=a,+a2 with the derived set relations a{ =da2, a7 =a, 
(a,:+a2)’=0. Q=b with b’ =0. The transformation is f(a:+ a2) =b. 

Example 3. P=a,+a, with ai =0, af =0, (a:+a2)’=0. Q=),+0, with 
bi =be, bf =0, (b: +02)’ =0. The continuous transformation f(a:) = bi, f(a2) =be 
carries the open set a2 into the non-open set 5, and the closed set a; into the 
non-closed set ),. 

Example 4. P consists of all the rational points greater than or equal to 
zero. Derived sets are given by the ordinary metric relationships. Q is like- 
wise composed of the rational numbers greater than or equal to zero. Derived 
sets are given by the following: 

(1) If a is an element of a derived set of E under the metric derived set 
relationship, a ¢ K(E£). 


* A space is compact if every infinite set of points has a non-null derived set. 
+ Riesz, loc. cit. 
¢ Hausdorff, loc. cit. This is the axiom that neighborhoods are enumerable. 
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(2) The point 1 is in the derived set of every set having an irrational num- 
ber in its derived set. 

(3) The point 2 is added to the derived set of any infinite subset Y of the 
set Z=(1/2, 1/4, 1/8, - - - ,0) but not to (Y+£) where E(Q—Z) +0. 

(4) If E contains the set [3, 5, 7] then K(E£) contains the point 3. 

(5) Let 9 be a K-point of every set containing an infinite subset of the 
positive even integers. 

(6) If EZ contains the point 11 then K(£) contains the point 11. 

(7) If 15 ¢ K(EB), then 13 is also. 

(8) Let 10 be a K-point of every set containing an infinite sequence whose 
derived set is null. 

The transformation f(P) =Q, given by f(x) =x as x ranges over the ra- 
tional points greater than or equal to zero, is a continuous transformation 
carrying P into Q where P possesses all the properties listed in the fourth 
part of the above theorem. 

The following theorem gives a sufficient condition for every continuous 
transform of a compact space to be compact. 


THEOREM 16. The continuous transform of a compact space possessing the 
first three Riesz properties is compact. 


Let P be compact and possess the first three properties of Riesz. Let 


f(P) =Q under a continuous transformation. In Q let B =)>6, be any infinite 
set of points. Let a, be a point chosen from each g(b.). Call} >a.=A. Since A’ 
is not null it contains at least one point, say c. Now 


f9 ¢fA-A+U@)!=fA- +B. 


If f(c) ¢ f(A —c) then there is one point d of A such that f(d) =f(c). Now 
cc(A—d+c)’. Hence f(c) ¢ f(A —d) +f(A —d+c)’. Since f(c) is not included 
in f(A —d), f(c) ¢ [f(A —d—c) ]’=B’ and the theorem is proved. 

5. Invariants of biunivocal transformations. We here wish to consider 
what properties of a topological space remain properties of every transform 
of the space under biunivocal continuous transformations. 

Consider two topological spaces (P, K) and (Q, J) and let f(P, K) =(Q, J) 
be a biunivocal continuous transformation. There is then a one-to-one corre- 
spondence between the elements of P and Q. Let G be any set of P and let H 
be the corresponding set in 0. Then 


{@ = 4, 
S(K@] ¢ J(A). 
To each set H of Q there corresponds a unique set g(H) =G in P. But toG 
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there is a unique set K(G), and for K(G) there corresponds a unique set 
f{|K(G)]¢Q. Hence for each set H we can make correspond another set 
f[K(G)] of Q. Denote f[K(G)] by K.(H). Then the derived set function J 
may be expressed as 


J(H) = K\(A) + (JJ — Ki) = K\(A) + Ji(4) 
if we denote the function (J — K;) by Ji. 


THEOREM 17. If a biunivocal continuous transformation exists between two 
topological spaces (P, K) and (Q, J) such that f(P, K) =(Q, J), then the derived 
set function J may be expressed as the sum K,+J, where the space (Q, K;) is 
homeomor phic to (P, K). 


Since invariants under univocal transformations remain invariants under 
biunivocal transformations, Theorems 9, 10, 11, 12, 13 and 14 hold for biuni- 
vocal transformations, and the corresponding properties are invariant. Also 
since the examples given to prove parts 3 and 4 of Theorem 15 are biunivocal, 
these theorems hold for biunivocal transformations. 


THEOREM 18. The biunivocal continuous transform of a set dense in itself 
is dense in itself.* 


If G is a subset of P which is dense in itself, i.e., G¢G’, then f(G) ¢f(G’) 


c [f(G) ]’ and the theorem is proved. 
As a corollary we have 
THEOREM 19. The biunivocal continuous transform of a perfect space is per- 
fect. 
THEOREM 20. The biunivocal continuous transform of a compact space is 
com pact. 


Let >}. be any infinite set of points in Q. Then g(>>b.) =>. g(b.) is an 
infinite set of points in P. Since P is compact there is at least one point, say 


a, in [>°g(b.) |’. Then f(a) ¢ {f[g(>->b.) ]}’ ¢ (55).)’ and every infinite set of 
points in Q has a non-null derived set. 

6. Invariants of bicontinuous transformations. Invariants under univocal 
continuous transformations are obviously invariants under bicontinuous 
transformations. 

For any set G ¢ P we have from the continuity of f that 


f(G) ¢ fG), 
and for any set H ¢ Q, we have from the continuity of g that 


* This theorem is stated for homeomorphic transformations in Fréchet II, p. 241. 
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g(H) ¢ g(H). 


Applying the first formula to the set g(H) gives f[ g(H) ] ¢f|g(H) ]=H. Tak- 
ing the inverse of these sets gives g(f[ g(H)]) ¢g(H). But g(H) ¢g(f[g(H)]) 
and g(H) ¢g(H). Hence g(H) ¢g(H) <g(f[g(H)]) <g(H), and g(H) =g(H) 
=g(f[g(H)]). Furthermore H =f[ g(H) J. 

THEOREM 21. The bicontinuous transform of the interior of a set is contained 
in the interior of the transform of the set. 

Denote by J(A) the interior of a set A ¢ P. Let a be a point of I(A). As- 
sume f(a) is not an element of J[f(A)]. Then f(a) ¢ H’ where H’ ¢ C[f(A) ] 
and acg[f(a)]¢ [g(H) ]’. But g(H) ¢C(A) and a is not interior to A con- 
trary to hypothesis. 

As a corollary we have 


THEOREM 22. The bicontinuous transform of an open set is an open set. 


THEOREM 23. Every bicontinuous transform of a bicompact space is bicom- 
pact. 
Let P be a bicompact space and f(P) =Q be a bicontinuous transforma- 


tion. If R=)°R. is any proper covering of Q, g(R) =g(>_R.) =>. g(Ra) is a 
proper covering of P by Theorem 2. Since P is bicompact, g(R) is reducible. 


Denote the sets of the reduced covering by g(>_Rx). Each element of P is 
interior to a set of g(>_R,) and by Theorem 20 each element of ( is interior 
to some set of )-R,. Hence >-R; is a proper covering of Q, Ris reducible, and 
Q is bicompact. 


THEOREM 24. None of the four Riesz properties are invariant under bicon- 
tinuous transformations. 


The proof consists of examples in which the properties are not invariant. 
The non-invariance of property k is shown by example k. 

Example 1.* P=a,+a2+a;3 with non-null derived sets a/ =a, (a:+a2)’ 
=;+d2, (d2+a3)’=a1, (ai: +a2+a3)’=ai:+a2. Q=b:+b, with the non-null 
derived set b{ =b;. The transformation is f(a:+-@2) = bi, f(a3) = be. 

Example 2. P=a,+a2.+a; with non-null derived sets a{ =a, a/ =a, 
(d2+4s) ‘= a, (a,+<4s) ‘= a2, (a: +42) ‘= a1+42, (a: +a2+4s) ‘=at+a. Q=)b,+h 
with the non-null derived set (61+ 2)’ =. The transformation is f(a: +4.) =b,, 
f (as) = be. 


Example 3. P=a,:+a.+a; with non-null derived sets (a:+a2)’=as. 


* Examples may be constructed without the use of singular points. 
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Q=b,+ 2 with non-null derived sets bf = }.. The transformation is given by 
f(a:— 42) =bi, f(as) =r. 

Example 4. P=a,+a2+a;. Non-null derived sets are af =a, a/ =a, 
(a,+ a2)’ =a: +a,+43. 0 =b:+6, with the non-null derived set bf =b,+5:. The 
transformation is f(a: +42) =), f(as) = be. 


THEOREM 25. The closure of derived sets is not an invariant of bicontinuous 
transformations. 

Example. P =a:+a,+43;+4, with non-null derived sets (a:+ 4s)’ =a2+44, 
a; =d;. Q=b,+b.+5; with non-null derived sets bf =b2, b/ =b;. The trans- 
formation is f(ai+4,4) =b;, f(a2) = be, f(as) = ds. 

However, properties corresponding to the first two Riesz properties and 
the closure of derived sets are invariant. These are the corresponding state- 
ments in terms of the closure* of a set. 


THEOREM 26. If P has the property that for every set A and B such that 
AcB,AcB, then every bicontinuous transform Q of P has the same property. 


Let RcS be sets of Q. Then 
g(R) ¢ g(S), a(R) € a(S), 
~ R= flg(R)] © flg(S)] = S. 

THEOREM 27. If a space has the property that for every set E such that 
E=A+B, EcA+B, then every bicontinuous transform of the space has the 
same property. 

Let H be any set in Q and let H=A+B, A¥+0, B¥0. Then 

g(H) = g(A) + g(B), 
g(H) © g(A) + g(B), 
S\g(H)] © flg(A)] + flg()], 
HcA+B. 

THEOREM 28. If a space P has the property that for every set E, E ¢ E, then 
every bicontinuous transform Q of P has the same property. 

Let H be any set of Q. Then 

gH) = gH), 
g(H) = gH) = g(H) ¢ g(4), 
fls(A)] ¢ fig(4)], 
Hc fi. 

* Closure of sets as a basis for abstract spaces has been studied by Kuratowski, Fundamenta 

Mathematicae, vol. 3, p. 182. 
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III. TRANSFORMATIONS TO GIVEN SPACES 


7. Transformations to V-spaces. We wish to find a necessary and suffi- 
cient condition that for a topological space P there exist a neighborhood* 
space Q such that Q is the continuous transform of P. 

From Theorem 13 it is necessary that no point of P be a singular point. 
This condition is also sufficient, for if P has no singular point, we can define 
a V-space Q which is a biunivocal continuous transform of P in the following 
manner. Let (P, K) be the given space. We define Q on the same class P as a 
space (P, J). The derived set function J is defined as follows: If a¢ K(A), 
then a c J(E) where E is any set containing (A —a), (P, J) is a neighborhood 
space and the transformation f(a) =a between (P, K) and (P, J) is continu- 
ous. We have then 

THEOREM 29. A necessary and sufficient condition that for a topological 


space P there exist a neighborhood space Q, such that Q is the univocal (biuni- 
vocal) continuous transform of P, is that P does not contain a singular point. 


8. Transformations to other spaces. We assume in the following discus- 
sion that the transform space Q is connected and consists of more than one 
element, for otherwise the problem is trivial. 

Let f(P) =Q be a continuous transformation of a topological space P into 
a space Q possessing the first three Riesz properties. Since such a space (Q is 


a V-space, it is necessary that P does not contain a singular point. Q consists 
of an infinite number of disjoined completely closed sets such that the sum 
of any finite number of them is completely closed, i.e., the points g. of 0. By 
Theorem 7, P is the sum of such a family, namely, the g(q.). It is apparent 
that if the following conditions hold in (P, K): 


acg(qa), ac K(E), and [g(q.)—a]-E=0, 


then E has points in common with an infinite number of g(g.). We can then 
derive from (P, K) a space (W, J) satisfying the following conditions: 

(1) The elements W, of W are the disjoined completely closed sets g(q.) 
of P. 

(2) If in P,a¢ K(E) and (W,—a)-E=0, then in W, w.¢J(>_we) where 
Wa is the set w, containing a, and ) we is the sum of the sets w, containing 
points of E. 

(3) In (W, J) every finite set has a null derived set. 

Furthermore if from a space P we can derive a space (W, J) satisfying 
these three conditions, then there exists a continuous transform of P which 


* Fréchet II, p. 192. 
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possesses the three Riesz properties, for instance, the space on the class W 
such that the derived set of every finite set is null, and the derived set of every 
infinite set is the entire space. Since this space is also accessible we have 


THEOREM 30. A necessary and sufficient condition that for a space P there 
exist a space Q possessing the first three Riesz properties* which is the continuous 
transform of P is 

(A) no point of P is a singular point; 

(B) a space (W, J) satisfying the three conditions stated above may be de- 
rived from P. 


Next we consider transformations to L-spaces. Let f(P) =Q where Q is an 
L-space. P then satisfies conditions (A) and (B) above. In the derived space 
(W, J) consider an element w.¢ J(>>wz). Then 


f(wa) ¢ [f(Lwe) |’. 


Since Q is an L-space, there exists an infinite sequence B ¢ [f(>- we) |’ such 
that f(w,) is its unique limit point. Then g(B) is an infinite set of w.¢) we. 
Call g(B) =A. J(A) =w, or 0. It follows that if w.¢J(G), there is an enu- 
merably infinite subset H. ¢G such that H,’ =w, or 0. Furthermore for any 
point ws, any corresponding Hg is such that H,- Hg is finite. 

To show the above conditions are sufficient assume P satisfies them and 
construct Q as follows: Q consists of a set of points in one-to-one correspond- 
ence T with the elements w, of W. Denote the point corresponding to w. by 
Ya. Derived sets are given by the following rule: If T(w.) =ga, where wa ¢ J(G), 
then g.¢ B, any set containing an infinite subset of T(H.). The set T(H.) 
is enumerably infinite and g. = [T(H.) |’. The space Q is an L-space and the 
transformation of P given by {(w.) =q. is continuous. 


THEOREM 31. Conditions A and B of Theorem 30 and the following condition 
C, form a necessary and sufficient condition that for a space P there exist an 
L-space Q which is the continuous transform of P: 

(C) If, in (W, J), wa¢J(G) then there is an enumerably infinite subset 
H,.¢G such that H! =w, or 0, and such that for the corresponding set Hs of any 
point ws, H.- Hg is finite. 


Next consider a compact topological space P, and a biunivocal continuous 
transform Q which is an L-space. If in P, a ¢G’, then f(a) ¢ [f(G) ]’ and f(a) 
is the limit element of a converging sequence in f(G), say [b, ]. Now g(0,) isan 


* It may be noted that the theorem also holds if the accessible property is added to the three 
Riesz properties. 
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infinite sequence in G and has (since P is compact) at least one point of ac- 
cumulation d. Since dc [g(b,) |’, f(d) ¢ (b,)’. But (,) has only one point of 
accumulation, and a and b must coincide. For every point a and every sub- 
set G of P such that a ¢G’, there exists a subset of G which is compact and 
has no other point of accumulation than a. P is then an L-space. 

Consider any point of accumulation g of Q. There is an infinite sequence 
converging to g which is the only limit element of the sequence. Call the 
sequence [q,]. Then g(g,) has a limit point since P is a compact L-space. 
Call the limit point p. Then f(p) =g. We have then that for every point q 
and set H such that gc H’, 


g(q) ¢ [g(H) |’. 


Hence g is a continuous transformation and f is a biunivocal bicontinuous 
transformation. 


THEOREM 32. If there exists a biunivocal continuous transformation of a 
compact space P to an L-space, then the transformation is biunivocal and bicon- 
tinuous, and the spaces are homeomor phic. 


The theorem is not true in case Q is a space with only the first three Riesz 
properties. This is shown by an example. Let Q consist of an enumerable 
infinite set of points [b, ]. Let b,+02 be the derived set of every infinite subset 


of Q. All other derived sets are null. If P is a compact enumerable infinite set 
of points with a single limit point p, then a transformation which carries p 
into b,, and establishes a one-to-one correspondence between the remaining 
points of P and Q, is a biunivocal continuous transformation, but is not bicon- 
tinuous. 

Let f(P) =Q where Q is a Hausdorff space. If a and 6 are two points of Q, 
there are two disjoined open sets O, and O, to which a and 6b belong respec- 
tively. Then g(O,) and g(O,) are disjoined open sets containing g(a) and g(b) 
respectively. From the above argument and the fact that Q is accessible, we 
see that it is necessary that P consist of the sum of an infinite number of 
disjoined closed sets such that the sum of a finite number is closed, and any 
two of them are separated by open sets. 

If Q is regular,* then for any point a and any open set O, containing a, 
there is a closed set F, to which a is interior. But the interior of F, is an open 
set, say O. We thus obtain an infinite number of distinct decreasing open sets 
and closed sets to which a is interior. In P we have a corresponding family 
for each of the closed sets. 


* Fréchet II, p. 206. 
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If Q is normal,* there exists a normal family of open sets; such a family 
also exists in P. Hence a necessary condition is that P contain a normal family 
of open sets. It is also sufficient, for if P contains such a family we can define 
a non-constant continuous function on P, which is a continuous transforma- 


tion to a normal space.f 


* Fréchet II, p. 206. 
t Chittenden, loc. cit., p. 310. 


UNIVERSITY OF IowA, 
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GENERAL THEOREMS ON THE CONVERGENCE OF 
SEQUENCES OF PADE APPROXIMANTS* 


BY 
H. S. WALL 


1. Introduction. In this article we shall prove four theorems concerning 
the convergence of sequences of Padé approximants. They are, in substance, 
as follows. 

(i) If P(z)=>°%o ci(—z)‘ is a positive definite power series having a 
radius of convergence ~0, then in the associated Padé table all the diagonal 
files of approximants{ 


Sx: [n,n +k] (n =0,1,2,---;k =0,1,2,---), 
and 

S.: [n+k,n] (n =0,1,2,---;% =1,2,3,---), 
converge to P(z) uniformly over an arbitrary closed region, K, exterior to the 
real axis. 

(ii) If P(z) is a Stieltjes power series with radius of convergence R>0O, 
then an arbitrary infinite sequence of distinct approximants converges to 
P(z) uniformly over the circle |z |= R—6, 5>0. 

(iii) If P(z) is a positive definite power series which is summable (Borel) 
to F(z), then S,(k = —1) converges to F(z) uniformly over K. If the reciprocal 
of P(z) is summable (Borel) the same holds for k < —1. 

(iv) If P(z) is a Stieltjes series possessing minimal extensionst 
> 2_., ci(—2)‘ for every n, and if the series > .0(—1)c_;_1z-*' is summable 
(Borel) to F(z), then in the Padé table for P(z), S_; converges to F(z) uni- 
formly over an arbitrary closed region exterior to the negative half of the real 
axis. 

As a corollary to (iii) we find that when P(z) is summable (Borel) and has 
a corresponding continued fraction, the latter is necessarily convergent to the 
Borel sum. The converse is not true. That is, the corresponding continued 
fraction may converge when P(z) is not summable (Borel). 

2. The convergence of the diagonal files in the Padé table for a convergent 
positive definite power series. We recall that P(z) is a positive definite series 
if all the quadratic forms Dij-0 Ci4;X:X;, n=0, 1, 2,---, are positive de- 


* Presented to the Society, April 3, 1931; received by the editors April 9, 1931. 
t Wall (1), these Transactions, vol. 33 (1931), pp. 511-532. 
t Wall (2), these Transactions, vol. 31 (1929), pp. 771-781. 
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finite, and is a series of Stieltjes if, in addition, the quadratic forms 
Dii-o Ci+j41.Xi:X;, n=0, 1, 2,---, are positive definite. Our first theorem 
applies to the more general of these two classes of series, and is as follows.* 


THEOREM 1. If P(z) is a positive definite power series which is convergent 
for |z|<R, R>O, then all the diagonal files of the associated Padé table converge 
to P(z) uniformly over an arbitrary closed region K exterior to the real axis. The 
files Sox-1, R=0, +1, +2,-++, converge uniformly over an arbitrary closed 
region K’ containing no part of the real segments (— ©, —R), (+, +R). 


For the proof of this, and a later theorem, we shall need the following 
lemma. f 


Lemma 1. If P(z) is positive definite, and the diagonal files Sox-1, Son. 
(k=0, +1, +2,-- +) converge uniformly over K to a common limit, then Sx 
also converges uniformly over K to the same limit. 


Accordingly, we shall prove that, for every k, S2,-1 converges uniformly 
over K’, and hence over K, to P(z), and our theorem will then be established. 
When k=0,f 


(1) [n,n t+k—-1]= Pp +(- t)'Az/ Bon, 


n=1, 2, 3,---, where P; denotes the sum of the first & terms of P(z) if 
k>0O, while P, =0. The A%,,, BS, are polynomials, and A}/B: is the nth con- 
vergent of the continued fraction “associated” with the positive definite 
series P?*(z) =>> 0 coxsi(—z)*. Since the radius of convergence of P?*(z) is 
R, it follows from a theorem of Grommer§ that the sequence A34/B34, n=1, 


2,3, +--+, converges to P?*(z) uniformly over K’. Hence, by (1), 


Sox. = lim [n, n + 2k — 1] = P(2), 


uniformly over K’. 
When &<0, we shall need the following lemma, which we believe is of 
some interest in itself. 


Lemma 2. If P(z) is positive definite and has a radius of convergence R>0O, 
then the reciprocal series E(z) =). 7.0 d:(—z)* has a radius of convergence =R. 


* It should be recalled that there are continued fractions (S; is in general equivalent to a con- 
tinued fraction) which diverge at points where the series converges. Cf. Perron, Die Lehre von den 
Kettenbriichen, pp. 354-361. 

t Wall (1), loc. cit., Theorem 4, p. 518; Theorem 7, p. 522; and §6, p. 526. 

t Wall (1), loc. cit, p. 515. 

§ Grommer, Ganze tranzendente Funktionen mit lauter reellen Nullstellen, Journal fiir die reine 
und angewandte Mathematik, vol. 144, p. 114-166. 
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In fact, if r, s; r’, s’ denote the positive and negative zeros of Bz, and of 
An, respectively, which lie nearest the origin, then* 


svs<s<O0<r<r’. 


But sincef the expansion of A2,/B2, in ascending powers of z converges for 
|z|<R, it follows that 


(2) si -R<KO<K+R <r. 


Now we have the identity{ 
2 


Bon ae 
(3) : = dy— ds +8 ' 


2n qn—2 


where —C},-2/D3,-2 is the (n—1)th convergent of the continued fraction 
associated with the positive definite§ series —)~%od2,;(—z)'= —E*(z) ob- 
tained by removing the first two terms and the factor — 2? from }> 2.od.(—z)', 
the reciprocal of P(z). On account of the positive definite character of — E*(z), 
(3) may be written|| in the form 


Bon n—! M; 
4 = dg — diz — 2? 
@) no 2 Ta, 
where M;>0 and }>M;=—d. By (2), (4) there must exist a constant B 


such that 


(A; real), 


[==|<s (nm = 1,2,3,---) 
ee S, eo a 
Aon : 


if zisin K’. But ina closed part K”’ of K’ exterior to the real axis, 


ee 
lim — = P(z), 


n 2n 
where §] P(z) #0 over K”’, and hence 


_ Bon 1 
(5) aon io. P@ = f(z) 


for a set of points having a limit point within K”. It then follows by a familiar 


* Van Vleck, these Transactions, vol. 4, pp. 297-332; p. 302. The zeros of these polynomials 
are all real. 

+t Grommer, loc. cit., p. 132. 

t Wall (1), loc. cit., §4, pp. 515-516. 

§ Wall (1), loc. cit., p. 523. 

|| Van Vleck, loc. cit., p. 311. 

“| Grommer. loc. cit., p. 147. 








412 H. S. WALL [April 


theorem of Vitali that (5) holds uniformly over K’. Hence f(z) is analytic over 
the circle |z|=R—, 5>0, so that the power series, E(z), for f(z) converges 
for |z|<R. 

Now since — E*(z) is positive definite and convergent for |z|<R, we may 
apply the earlier discussion to the files S;, = —1, in the Padé table for this 
series, to show that these files converge uniformly over K (K’ when k is odd) 
to —E*(z). But if [m, n] is a Padé approximant for —E*(z), then 
1/(do—d\z—2?|m, n]), n=m, is the Padé approximant [n+2, m] for P(z). 
From this we conclude that our theorem holds also for the files S,, k< —1. 

3. The convergence of sequences of Padé approximants for a convergent 
Stieltjes series. In 1899 Padé proved that every infinite sequence of distinct 
approximants for e* converges for all z to e?. We shall prove the corresponding 
theorem for convergent Stieltjes series. 


THEOREM 2. Let P(z) be a series of Stieltjes with radius of convergence 
R>0. Then 


lim [m,n] = P(z), 


m+n= 20 


uniformly over the circle |z|=R—5, 5>0. 


We first determine a constant B>0 such that over the circle K: |z|=R—6, 
(6) | P(z)| < B. 


Now we have shown* that [m, n] may be expressed in one or the other of the 
following forms: 


wo [n —1, m+ k—1] = Pet (— 2) Arm-1/Bon-, 
[n + k— ‘, iad 1] _ 1/[Ex + (- Gutta, 


n,k=1,2,3,---, where P,, E, denote the sums of the first k terms of P(z), 
and of its reciprocal E(z), respectively. These formulas hold also for k=0 
provided we agree to write Py) =E,)=0. We shall take for [n—1, n—1] the 
value given by the first formula (7) with =0. The fractions A*,/B*, C*/D*, 
are the mth convergents of the continued fractions which “correspond” to 
the series P*(z) and E*(z), respectively, obtained from P(z) and E(z) by re- 
moving the first & terms and the factor (—z)*. 
We have the following equations: 


k k 
Am—1/ Boni = Ck — CepiB + ++ + Cm-12™"! — Cm e™+-- 


k k 
Con—1/Dan—a = de — digit +++ + dmiz™! —daz™+--- 


(8) 


* Wall (1), loc. cit., §4. 
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where m = 2n+k—1; and, according to Stieltjes,* 
(9) | cm’ | < | Cm | ’ | dn. | < | dm | (i = 0,1,2,-- -). 


It follows from (9) and Lemma 2, §2, that the series (8) converge uniformly 


over K. 
Let 0<e¢<2B. Then there exists a constant M such that 


co] 


(10) Thema] <<) Didar] <<, 
if m>M, for all z in K. Combining (7), (8), (9) we then have the inequalities 
(11) | P(s) — [n-1,n+k—-1]| <«, 
(12) | {1/P(2)} — 1/[n + k — 1," —1]| </(4B%). 
Now by (6), (10), (12) we may write 
(13) | P(z) — [n+ k-—1,n—1]| <e. 
Combining (11), (13) we then have 
| P(z) — [m, n]| <«, 
provided m+n>M"’,zin K. 


4. The convergence of the diagonal files for summable (Borel) positive 


definite power series. Following Hamburger,} we start with the expression 
n M; 

Aon/ Ban - > ne ei 
j=1 1 + ran i 


and put 1/(1+2A,;) equal to the absolutely and uniformly convergent integral 


1 800 
dane f em tet dp 
2/0 


where s = +i or —i according as y26, yS —6 (6>0, z=x+7y), ands=+1 
when x2 6 and P(z) is a series of Stieltjes (so that the \; are >0). We then 
have 


An(2)/Bu(2) = + f “e-tls0,(i) dt, 


* Stieltjes, Recherches sur les fractions continues, Oeuvres, vol. II. The series — E*(z), k21, are 
Stieltjes series, as we showed in these Transactions, vol. 31, p. 107. 

+ Hamburger, Uber die Konvergenz eines mit einer Potenzreihe assozierten Kettenbruchs, Mathe- 
matische-Annalen, vol. 81, pp. 31-45. The discussion which we briefly give here for completeness is 
essentially the same as that given by Hamburger. The particular result which applies to Stieltjes 
series is not given explicitly by him. The reader is referred also to an article by F. Bernstein, Jahres- 
bericht der Deutschen Mathematiker Vereinigung, 1919. 
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where 


v,(¢) os DM je. 
j=1 


Setting 


ot) = Sic(— d)#/j!,t = 0 + ti, 
7=0 ‘ 


Hamburger showed that if 2(¢) converges for l¢ | <p, p>0, then 
lim v,(¢) = o(t), 


uniformly over an arbitrary finite closed region interior to the region K, de- 
fined as follows: 


K a ee. 
. the entire half-planeo > — p+déifs = 1. 


Furthermore, there is a constant B such that for all 
lo(t)|,  |o(t)| < B,tin Ky. 
Using these results it then follows that 


_ Aen(z) 1 Oe i = 

Hien Bala) = * J é v(t) dt = F(z), 
uniformly over a closed region G, for which y= 6 if s=i, < —6 if s= —i, and 
x26 if s=+1. These integrals, together with those obtained by replacing 
v(t) by d’v/dt’, converge absolutely. Hence the series P(z) is absolutely sum- 
mable (Borel) and the sequence A2,/Ben, m=1, 2, 3, - - - , converges uni- 
formly to the Borel integrals, or their analytic continuations, over every 
finite closed region exterior to the real axis (negative half of the real axis in 
case P(z) is a series of Stieltjes). 

By means of formula (1) and the fundamental property of absolutely 

summable series that if P(z) is absolutely summable to F(z), then P*(z) is 
absolutely summable to F';(z) and 


F(z) = P,{2) +(- 2) 'F (zs), 


we may now conclude that S2,_; (k=0, 1, 2, - - - ) converges to F(z). Again 
using Lemma 1, §2, we may conclude that S.,, k>0, has the same limit. 

If E(z), the reciprocal of P(z), is summable, we may extend this to the 
files S;, k << —1, by an argument similar to that used to prove a corresponding 
result in §2. We now state 
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THEOREM 3. If P(z) is a positive definite series which is summable (Borel) 
to F(z) over a region G, then all the diagonal files, S;, k => —1, converge uniformly 
over an arbitrary closed region exterior to the real axis (negative half of the real 
axis in case P(z) is a series of Stieltjes), and the common limit of the files is 
F(z), or its analytic continuation. If the reciprocal series E(z) =1/P(z) is sum- 
mable, the same holds for k< —1. 


If we remember that the files So, S_; are made up of the convergents of the 
corresponding continued fraction of P(z), when it exists, we have the follow- 
ing corollary* to Theorem 3: 


Coro tary 1. If P(z) is a positive definite series which is summable (Borel) 
to F(z), and if P(z) has a corresponding continued fraction 
t z z 


(14) —- —- — 

€:+ d2e+as+---, 
then the latter converges uniformly over an arbitrary closed region exterior to the 
real axis (negative half of the real axis when P(z) is a series of Stieltjes), and its 
limit is F(z). 


Now we have shown that So and S_; may converge to a common limit, so 
that (14) converges to this limit, while other files S$, may converge to dif- 
ferent limits, or even diverge. It is therefore evident that the continued frac- 
tion (14) may converge when P(z) is not summable (Borel). 

5. Stieltjes series possessing a minimal extension of infinite order. If there 
exist T numbers ¢_i, ¢_2, - - - , c_, such that the series c_,—c_xyiazt - +> + 
(—z)*P(z) is a series of Stieltjes, then P(z) is said to admit of a kth extension 
or an extension of order k. When every c_, has its minimum value the exten- 
sion is said to be minimal. Let P(z) admit a minimal kth extension for all 
values of k, and consider the series 

C1 C_2 C_3 
15 coat ee meas ie roe att 
(15) z s 23 
We shall prove the following theorem. 

TuHeoreEM 4. If (15) is summable (Borel) to F(z), then in the Padé table for 

P(z), 


S_1 = lim [n + 1, n] = F(z), 


uniformly over every closed region exterior to the negative real axis. 


* This result supplements that of Hamburger, and proves the theorem, for a;>0, given by Bern- 
stein, and first stated without proof by Le Roy. 
{ Wall (2), loc. cit. 
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In fact, if (15) is summable to F(z), then the continued fraction which 
corresponds to (15) converges to F(z) by Corollary 1, §4, and we may write 


na [2. 


since, as is well known, the limit of a convergent Stieltjes continued fraction 
may be put in the form of the integral on the right. It follows that (15) is 
determinate, i.e., if 


coum f “utay*(u) o&4,%+--) 


then 
dy*(u) = dy(u). 
But if As,/Be, denote the 2th convergent of the continued fraction cor- 
responding to P(z), then 


° do(u) 
S_1 = lim |Aon/Bon -f —— 
: im | 20/ Bs o l+au 


and, since (15) is defined by a minimal extension of P(z), 


asf (k = 1, 2,3,---). 


u*® 
If now we set 


v*(u) = - J wao(ays) (¥*(0) = 0, ¥*(%) = c), 


then dy*(u) =dy(u) and hence 


vy. (7 We) _ 6? —udo(t/u) — 6* do(u) | 
re) = f ——=f s+u -f o-_ 


NORTHWESTERN UNIVERSITY, 
Evanston, ILL. 





A THIRD-ORDER IRREGULAR BOUNDARY VALUE 
PROBLEM AND THE ASSOCIATED SERIES* 


BY 
LEWIS E. WARD 


INTRODUCTION 


Published accounts of properties of characteristic functions of third-order, 
irregular boundary value problems and of expansions in infinite series of such 
functions have been given by D. Jackson and Hopkinsf and by the author.{ 
In these papers were considered only cases which may be regarded as ele- 
mentary in the sense that the characteristic functions were elementary func- 
tions. The present paper deals with the characteristic functions and the asso- 
ciated series of the differential system 
(1) du/dx* + [p? + r(x)]u=0, u(0) = u’(0) = u(x) = 0. 
We shall suppose throughout that r(x) is a convergent power series in x*, and 
that, when the radius of the circle of convergence of this series is less than 7, 
r(x) is continuous in the interval 0Sx<7. Many of the methods and results 
obtained in this paper (but not all of them) can be carried over immediately 
to the case in which the differential equation is the same as the present one 
but the boundary conditions are of the type in Part I of the 1927 paper. 

The first part of this paper is devoted to a study of the characteristic func- 
tions, the second part to necessary conditions for the convergence of a formal 
series of these functions arising from a given function f(x), and the third part 
to a statement of conditions sufficient to ensure the convergence to f(x) of 
the formal series for f(x), and to the proof of such convergence. 


Part I 
We first obtain an integral equation equivalent to the differential equation 
(1) and the boundary conditions u(0)=w’(0)=0. Let wi=—1, w.=e**, 
w3 =e-**®, and define 
5i(t) = est + eva 4 emst, 
ba(t) = ett — wae*t — cnet, 
53(t) = E81! — woes! — west, § 
* Presented to the Society, October 31, 1931; received by the editors July 28, 1931. 
t These Transactions, vol. 20 (1919), p. 245, et seq. 
¢ These Transactions, vol. 29 (1927), p. 716, et seq., and vol. 32 (1930), p. 544, et seq. We shall 


refer to these papers by the year of their publication. 
§ See the 1927 paper, p. 720. 
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THEOREM I. A necessary and sufficient condition that u(x, p) satisfy 
u’’’ + [p?+r(x) ]u=0, u(0) =u’(0) =0, is that 
1 


u(x, p) = kb3(px) — J rdoslo( -_ t) |u(t, p)dt, 


3p? 
where k is independent of x. 


To prove the sufficiency of the condition we differentiate both sides of the 
integral equation: 


ee = f * H()ba[o(a — 4) ]u(t, p)at, 


w(x, 6) = bo*ii(ox) — — fr(Dailo(= — D]ult, ar, 


0 


ind = ~ ede ~ dada +2 J “r(i)bs[o(x — 4) Ju(t, pdt 


— pu(x, p) — r(x)u(x, p). 
To prove the necessity we will show that if u(x, p) satisfies the differential 
equation and if 


(2) u(0, p) = u’(0, p) = 0, (0, p) = 1, 


then a value of k, independent of x, exists such that u(x, p) satisfies the in- 
tegral equation. If we take k =//(3p*), then the unique solution of the in- 
tegral equation is seen to satisfy the differential equation as well as the boun- 
dary conditions (2). Hence this unique solution must be identical with the 
unique solution of the differential equation and equations (2), and this com- 
pletes the proof. 

Without loss of generality we may take k = 1, and we shall do this. Instead 
of considering the resulting integral equation we shall take the more general 


one 
1 


(3) u(x, &, p) = d3[o(x — &)] — 3p? 


J, rsstols — Dm, & oat, 


as the function defined by the latter enters in Part III. This function reduces 
to u(x, p) upon putting §=0. Concerning equation (3) we first prove 
TueoreM II. If |p| is large, and 0<t<x<rz, then the solution of (3) is 


given by 
u(x, &, p) = ere [— ws — weeerenol2-) + p-7E(x, £, p)]* 


providing p remains in the sector 0 Sarg pS7/3. 


* Throughout this paper we shall use the notation E to denote any function of the appropriate 
variables which is bounded when |p| is large. 
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In (3) let us put 
u(x, &, p) = er(=-8[— ws — woer0(z-8) + 2(x, E, p)]. 


Then 2(x, €, p) will satisfy the integral equation 


1 z 
CAI FETS f r(1)d3[o(« — 2) Jer [og + woe rno(t-® |dt 
p°wJ¢ 


1 z 
3p" J réalo(x — A) Jenera(t, &, o)dt. 


Since |z(x, , p) | is continuous in x and in £ it will attain its maximum M on 
the range to which x and £ are restricted at some point on this range, and at 
this point we shall have 


Ms | e(r-es)o(z—8) | 


1 z 
+ [Zo] [Veal sole — Deve || on + eseereneere | a 
p~ g 


? ul J (2) | | bs[o(x — A) Jere | de. 


If we require p to be in the sector OS arg p<7/3, we obtain further 
M <A/\p?|+MB/ |p?|, where A and B are independent of x, &, and p. 
Hence M<A/(|p?|—B) and 2(x, §, p) =p~E(x, £, p). This gives the form 
stated in the theorem. 

We shall call the sectors 0< arg p<a7/3 and —7/3< arg pO, Si and S; 
respectively. The u(x, £, p) of Theorem II is, of course, one analytic function 
of p in both sectors. In fact, since u(x, £, p) is analytic in p for every finite p, 
and real when p is real, the Maclaurin’s series for u(x, £, p) in p has real 
coefficients. Hence u(x, ~, p) takes on in S2 values conjugate to those it takes 
on in S}. 

The characteristic equation. The characteristic equation is obtained from 
the third boundary condition (1) and is u(x, p) =0. Its form in S; can be 
obtained by making use of the asymptotic form of u(x, £, p) given in Theorem 
II, and is —w3—wre'?-*3)e*+9—"E(p)=0, where we have discarded an 
obvious, non-vanishing factor. The function $(p) = —w;—ae““?-)°* has 
zeros at the points (1/3+2k)/31/*, where & is any integer. If we mark these 
points, draw small circles all of the same radius about them as centers, and 
call S{ that part of S, which is not interior to these circles, then |¢(p) | has 
a positive minimum 6 in S/. In the part of SY where |p~?E(p) | <6/2 we 
have |¢(p)+p-*E(p) | >6/2, and hence large characteristic numbers in S; 
can occur only in the circles. 
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That there is just one characteristic number in each circle, at least for 
sufficiently large values of |p|, is seen as follows. Let K be one such circle, 
K;, the part of K in S; and K; the part in S:. As p travels around Ki, arg ¢(p) 
increases by approximately 7. In fact, arg [e*s**¢(p)] increases by exactly 
m, since e*°"p(p) is real when p is real. Also, during this half circuit, 
|e~2°™h(p) | = 5e’*/2-)*, where r is the radius of K. At the same time 


2E(p) | < ' (ox /2—r) 
8? PF p el eri 
| 2(p. — 1)? 


Since this is a small fraction of |e**(p) |, it follows that arg u(z, p) in- 
creases by m exactly when p travels over Ki. But when p travels over Ko, 
u(m, p) takes on values conjugate to those it had on K,. Hence arg u(r, p) in- 
creases by 7 more, i.e., when p travels around K, arg u(7, p) increases by 27, 
and hence u(7, p) has just one zero inside K. This zero is real because of the 
conjugate values of u(7, p) in S; and S:. We are assured, therefore, of an in- 
finite set of characteristic numbers which can be numbered pi, pz, - - - , and 
which, at least for large values of k, are real and given asymptotically by 


(1/3+2k)/3%/?. 

The characteristic functions. The characteristic functions are now ob- 
tained by replacing p in-the solution of equation (3) by p, and & by zero, and 
are denoted by u;(x) so that u,(x) = u(x, 0, px). 


THEOREM III. Jf 6 is a positive constant, an integer K, independent of x, 
can be determined so that 


u(x) = — 2e°k*/2[cos (x/3 + 3'/2p,x/2) + 5:(x) |, 
where |5x(x) | <6 if k>K, and x is in the interval OS xr. 
From Theorem II we have 


Ux( x) = — woe%2k® — wyesPk? + eMsrk=p,—2 E(x, px) 
= evra /2[ — 2 cos (x/3 + 3"? o,.x/2) + e~ 18? pkz/25,—2 F(x, px) |, 


and the equation of the present theorem follows immediately from this. 


Part II 


THEOREM IV. If the infinite series 


(4) Sos() 


k=1 


converges uniformly in the interval OSaSxSxo, where a<x, and x is any 
number less than xo, then |a,|<he->*"!?, where h is independent of k. 
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If & is sufficiently large, we can find a number x in (%, %) such 
that cos (1/3+3'/2p,x%/ /2)=1. Hence uz(x/) = —2ee**’/2[1+5.(x¢)], and 
\wx(a ) | >ereze’/?>e%, But |axux(x)|<h, where h is independent of x 
and of k. Hence |a; | <he-***/?, This inequality can be extended to include all 
values of k by choosing a different / if necessary. 

We must now investigate the convergence of (4) for complex values of x, 
and for this purpose we need the asymptotic forms of u,(x) for large k and 
for x in certain regions to be defined presently. These forms we shall obtain 
from equation (3), where x is a complex variable, £ a complex parameter, and 
p a positive constant. The /-integration is to be taken along any simple curve 
connecting £ with x, and unless the contrary is stated, we shall always take 
the curve as a single straight line. 

We first assure ourselves of the existence of a unique solution of equation 
(3) analytic in x and also in £. Define 


Ki(x, t) = — r(t)6s[o(x — #)]/(3p%), 
K (x, t) = f Ki(x, y)Kj-(y, t)dy 
t 
and consider the infinite series 


(5) — Ki(x, i) — K2x(x,t) —---. 


Each term of this series is analytic in x and also in ¢, at least if we restrict 
these variables to the circle of convergence of the Maclaurin’s series for r(é). 
We have |K;(x, #) |<M in this circle. Hence 


| Kx(x,)| <a fay] = ue] 2-2]. 
t 


Assume 
| Kj-1(x, ) | < MP | x —2|7*/(j — 2). 


This is known to be true if 7 = 3. Then 


[Ke D1 <7 “TiS lee lal=7 aap! He. 


Hence |K,(x, ?) he (j-1)!, where L is a constant. Hence series (5) con- 
verges uniformly with respect to both x and #, and defines a function k(x, #) 
analytic in x and also in ¢. 

Now consider the function 


(6) u(x, & 0) = dalole — 9) — f "He, Doble lat. 
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We will show that w(x, £, p), which is clearly analytic in x and also in &, 
satisfies equation (3) by substituting (6) into (3). After cancelling an obvious 
term we obtain 


> ic t)ds[o(¢ — £) dt = = J ro sslols — t) ]6s[o(¢ — &) |de 


1 ¢ ) 
-= f r(i)5s[0(x — )] J H(t, »)ds[o(y — £) ]dyat. 


If x and é are real, equation (7) can be shown to be true by interchanging the 
order of integration in the iterated integral and making use of the definition 
of k(x, t). But both sides of (7) are analytic functions of x and of £. Hence (7) 
is true when x and é are complex.* This shows that w(x, £, p) is a solution of 
(3). That it is the only analytic solution can be shown in the usual way. 

We now take £=0 in (3). Let p be large and positive, and x complex. 
Write u(x, p) = 6;(px) +e%"72(x, p). Then 2(x, p) will satisfy the integral equa- 
tion 


dade m cares f * (islo(x — 4) Jas(of)at 


3p? 


1 z 
div i f r(t)ba[o(x — i) Jeo a(t, p) dt. 
3p? Jo 


If we restrict x, and consequently # also, to the sector 0 Sarg x < 27/3, we see 
that all terms arising from the first integral on the right will contain expo- 
nentials the real parts of whose exponents are not positive. Also, the terms 
of the integrand in the second integral, omitting the factor z(t, p), will con- 
tain similar exponentials. Let us draw a straight line across this sector so as 
to cut off a finite part 7; of the sector such that r(#) has no singularity in or 
on the boundary of 7;. We know that |z(x, p) | is continuous in 73; let it at- 
tain its maximum M for x =x, in T;. Then M < p-*E,(p) ++p-*M E.(p), whence 
M <E,(p)/|p?—E2(p) |, where E:(p) and E,(p) are bounded. Hence 2z(x, p) 
=p~*E(x, p), and we have 


THEOREM V. [f T; is the finite part of the sector OSarg x S21/3 cut off by 
a straight line drawn so that T; includes no singularity of r(t), then in T; we 
have u(x, p) = 53(px) +e%°*p~*E(x, p), where E(x, p) is analytic in x and bounded 
for p large and positive. If T, and T, are regions similarly constructed in the 
sectors 4n/3<Sarg x<2m and 2n/3Sarg x<4n/3 respectively, then u(x, p) 
= 6;(px) +e%"*p-°E(x, p) in To, and u(x, p) = 53(px) +e%"*p—*E(x, p) in T3. 


* Osgood, Lehrbuch der Funktionentheorie, vol. 2, Part I, p. 24. 
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The forms thus given for T; and 7; are obtained in a manner similar to 
that in which the form for 7; was obtained. 

We may now handle satisfactorily the question of the convergence of (4) 
for complex values of x. Let T;, T2, and 7; be such that they form an equilat- 
eral triangle T,, whose center is at x =0 and one vertex of which is at a point 
x =x, on the positive axis of reals.* Let x.<2:. The above forms for u(x, p) 
give us |\u(x, p) | <ce*!?, where c is independent of x and of p, and this is 
valid throughout 7,,. Consequently, under the hypotheses of Theorem IV, 


we have 
| ayuy( x) | < hcerk(41-21)!2, 


Since this last expression is the general term of a convergent series of positive 
constants, we may state 


THEOREM VI. Under the hypotheses of Theorem IV, the series (4) converges 
uniformly in the interior and on the boundary of an equilateral triangle T,, cen- 
tered at x =0 and having one vertex x2 on the axis of reals between x =0 and x =X», 
providing r(x) has no singularity in or on the boundary of T... 


We make a slight digression from the main course of our argument to 
prove 


THEOREM VII. If X is the upper limit of all possible choices of the xo of 
Theorem IV, the series (4) cannot converge for any values of x outside of Tx 
except possibly values on the rays arg x =0, 20/3, or 40/3. 


We shall suppose in this connection that r(x) is analytic in such regions 
as we ray desire to use. 

Let series (4) converge for x=x, outside of Tx and such that 0<arg 
af <2n/3. Then |axux(x/) |<g, where g is independent of k. Also, from the 
first form in Theorem V, 


| wx(ad) | = | evsenre’| - | e-werres’6s(onxd) + pe2E( xd , on) | 
> A’| eo sper, | , 


where A’ is independent of k. Hence |a,| <A |e~“s**’ |, where A is independ- 
ent of k. 

Let X’ be the point where a line through x/ of slope —3-1/? cuts the axis 
of reals, X’>X, and choose a point x3 between X’ and X. Then in the inter- 
val OS” <x; we have |a,uz(x) | <B |es*(e-=") |, where B is independent of x 
and of k. But |e*s=|<e*s? and |e-wsee’ | =e-X'/2, Hence |axux(x) | 


* We shall consistently mean by the notation T with a literal subscript an equilateral triangle 
whose center is at x=0 and one vertex of which is at the point on the positive axis of reals given by 
the subscript. 
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< Be»t(=-X")!2, Hence series (4) converges uniformly in the interval 0 <x <x;, 
and this is a contradiction to our supposition about X. Consequently series 
(4) cannot converge at x =x. 

Similar discussions are valid in the sectors T; and 7;. 

THeoreM VIII. If u(x, &, p) satisfies (3), then u(—wex, —art, p)= 
—w3u(x, g, p). 

From the definition of 53(¢), we have 53(— wet) = —w35;(t). Hence, writing 
— wx and —w.é in (3) in place of x and é respectively, 

u(— wer, — wee, p) oe w33 [p(x — é)] 


— fH talo(— wae — 1) u(t, — wnt, odat. 


3p wet 


Changing the integration variable by the substitution t= — wt’, and remem- 
bering that r(¢) is a power series in #, we have 


u( @2X, wee, p) wad3 [o(x t)] 
; J, Orlol« t) |u( — wet, — wet, p)dt. 


But this is what (3) would become if we wrote —w363[p(x—£)] in place of 
53[o(x—£)]. Hence u(—w.x, —wnrt, p) = —wsu(x, &, p). 


We are now ready to state the final theorem of this part, which gives 
conditions on a function that must be satisfied if the function is to be capable 
of development into a uniformly convergent series of form (4). 


THEOREM IX. Under the hypotheses of Theorem 1V, series (4) converges to a 
function analytic at x=0 and of the form x(x), where o(x*) is a convergent 
power series in x*. 

Let f(x) be the function to which series (4) converges. Since every term of 
(4) is analytic in x in T,,, and the convergence is uniform in this triangle, 
f(x) must be analytic in this triangle. 

From Theorem VIII we see that u,°(0)=0 and u,“+)(0) =O for all 
values of k, m being any positive integer or zero. Hence f®) (0) =f“+)(0) =0, 
where is any positive integer or zero, and this is equivalent to the special 
form stated in the theorem. 

Part III 

By the formal series for f(x) we mean a series of type (4) in which the a’s 
are determined by certain orthogonality relations involving the adjoint char- 
acteristic functions.* It is known that the sum of the first 7 terms of the 


* For the definition of the adjoint characteristic functions see the fundamental paper by Birk- 
hoff, these Transactions, vol. 9 (1908), p. 373, et seq. 
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formal series for f(x) is given by the contour integral 
1 T 
pa f f 3p*f(E)G(x, g, p)dédp,* 
2r1 n 0 


where G(x, £, p) is the Green’s function of the differential system (1), and 
yn is the arc of a circle centered at p=0, extending from arg p= —7/3 to 
arg p=7/3 and of a radius between p, and pn4i. 

A formula for G(x, &, p) applicable in the present case is given on page 
723 of the 1927 paper. The function g(x, &, p) there defined is given by 


3 
g(x, tp) = + 4 diu,(x)0,(t), + if x > &, — if x <é, 
j=1 
where the u’s are any three independent solutions of the differential equation 
(1) and 2,(€) is the cofactor of u/’ (£) in the determinant 


ui’(é) ud (&) uf*(é) 
W =| ur(e) us(s) us (8) 
mi(é) ma(€) aE) 
divided by W. The function ¢(x) =)>}-:u;(x)0,(£) satisfies the following con- 
ditions: 
(a) ¢(x) is a solution of the differential equation (1) for every xin 0<x<z, 
(b) (€) =¢’(é) =0, $’’(£)=1, and these conditions determine ¢(x) 
uniquely. But the integral equation 


(8s) (x,8 9) = 55 lols «@}~ = f " ()balo(x — y(t, & edt, 


where £ and p are parameters, has a unique solution, and it can be verified 

immediately that this solution satisfies conditions (a) and (b) above. Hence 

$(x) =y(x, &, p). Consequently g(x, &, p) = +(x, &, )/2, + ifx>é, — ifa<é. 
The formula for G(x, —, p) becomes in the present case 

u(x) a(x) s(x) g(x, &, p) 

ui(0) 2(0) ms(0) (0, &, p) 

ui (Oy uz(0) us(0) g2(0, &, 0) 

ui(m) u(r) ua(m) g(x, &, p) 

u(0) (0) a(0) 

ui(0) uz(0) us (0) 

ui(m) ua(m) —ua(m) 


* Birkhoff, these Transactions, vol. 9 (1908), p. 379. 


G(x, g, p) - 
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This denominator is recognized as — W(0)(z, 0, p). If the first three columns 
of the determinant in the numerator are multiplied by 2;(£)/2, v2.(£)/2, and 
v3(£)/2 respectively, added to the fourth column, and the resulting determi- 
nant expanded according to the elements of the fourth column, the determi- 
nant in the numerator is seen to equal 


[e(x,£,0:) + »(«,£,0)/2]W(0)y(x,0,0) — W(0)y(x,£,0)¥(x,0,p). 
Hence 
G(x, &, p) = g(a, &, p) + y(x, &, p)/2 — y(x, E, p) (x, 0, p)/y(x, 0, p), 


y(x, g, p) aa yr, é, p)y(x, 0, p)/y(x, 0, p) if «> g, 
— y(x, & p) (x, 0, p)/y(m, 0, p) ifx <é. 


G(x, §, p) = { 


Denoting by J,,(x) the sum of the first ” terms of the formal series for f(x), 
we now have 


160) = 55 f ae[ JO oles8, dae —2EOE f” s@ylas 8 at fo 


But a comparison of equations (8) and (3) shows that 3p?y(x, &, p) = u(x, &, p). 
Hence 


(9) 10) = 2 ff [falas ae — 20% fea 8 af 


u(x, 0, p) 
Let us write 
o(s,3) = f seals, & dat. 
Then 
J Hous, & dat = os, 9), 


and 


J Hours oat =f nOulx, dae + f pe)u(m, &, odat 
= ofx,2) + f seudn, &, ot. 


Inserting these in (9), we have 


nih a f . [ox >. make... *)| % 


u(r, 0, p) 
(10) . 
~~ jf: u(x, 0, ») J S(é) u(x, &, p)dédp. 


, Ux, 0, p) 
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We proceed to a study of o(x, s), in which we are interested for x<s<r. 


THEOREM X. The function o(x, s) satisfies the integral equation 


Ax, = f “f(8)ba[o(s — 8) Jae — = f “Hiss[o(s — Jolt, dat 


7 = f r(t)53[p(s — 2) Jo(x, Ade. 


By using (3) we have 
z 1 z 8 
o(s, 3) = f s@islols — Ole — = [MO f rdaslols — Dut, & odata. 
0 0 gE 
On changing the order of integration in the iterated integral, we obtain 


ds.) © J “(()ba[o(s — 2) ld — — J “r(i)bs[0(s — )] J “s(@)ult, & p)déde 


3p? 


7“ i f r(t)5s[o(s — 2)] J som, t, p)dédt, 


and by the definition of o(x, s) this is seen to be equivalent to the integral 
equation in the statement of the theorem. 

If we put s= x in the integral equation of Theorem X, we obtain the in- 
tegral equation 


(11) o(x) = J #(2)ba[0(« — &)]dg — 


1 z 
- f dbslolx — Doar, 
3p? Jo 
where we have put o(x, x) =o(x). Since (11) is of the same form as (3) for 
£=0, we know that (11) has a unique solution analytic in x. In fact, we will 
now prove 


THEOREM XI. [f C is a circle of radius a centered at x =0 and f(x) and r(x) 
are both analytic inside C and continuous on C, r(x) being a convergent power 
series in x® and f(x) being x? times such a series, then equation (11) has a 
solution analytic in x which can be written in the form 


o(x) = u(x, 0, p)¥ilp) + ¥2(x, p), 
where 
vo(x, p) = 3f(x)/p + E(x, p)/p?. 


We shall replace o(x) in (11) by u(x, 0, p)yi(p) +W2(x, p) and show that 
¥i(p) and ¥2(x, p) can be defined so that the latter has the stated property. 
We have 
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u(x, 0, p)¥a(p) + ¥2(x, p) = J “(25s [o(x — &) ]dé 


3p* 0 


ia = J dastole — Dive dav 


'r(és[o(x — i) Ju(t, 0, p)at 


Making use of (3) with £=0, and subtracting the term u(x, 0, p)¥:(p) from 
both sides of our equation, leaves 


¥2(x, p) = J “(88s [o(x — &) ]dt — Yr(p)ds(px) 


(12) 1 sf 
-= J r(i)s[o(« — a) Walt, p)dt. 


On integrating by parts twice we have 


J * (06. [o(x — £)]dé = 3f(x)/p + p? J “S"(@b: [o(x — &) ]dé. 


We now put into this last integral the value of 5.[p(x—£) ] and break the in- 
tegral into the sum of three integrals, and then change the variable of integra- 
tion in the last two integrals, as we may do because of the analytic character 


of the integrands. We have 


f “1"(@)bal0(a — §)]dt = eve f * f"(Rerovtdg — w3e*#? f “p"(Qerovtde 
_ wrerws f f"(Qewwtat 


= ewe f f’(Sertdé — weer f “f'(Qertdg 
0 0 


— w3e" : f''(&)ertdé 


iuloa) f'p"@erta + Ly"Dertae, 


where y is a complex number yet to be defined, and 


LF(t)dt = ev? f "F(a! — weet f "(dat — w3e%2 f "(i dt. 
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It is necessary for f(x) to have the special form mentioned in the theorem in 
order to obtain this result. 

The last integral in (12) is now changed in a manner similar to that in 
which the first was, except that we do not integrate by parts. This results in 


J * 1(i)8s[o(x — d) Walt, o)at = 83(02) J “r(ertbalt, pdt + Lrlderba(t, oat, 


where we have made use of Theorem VIII and of the special form of r(?). 
Putting these results back into (12) gives 


Ya(x, 6) = 3f(2)/0 — b:(p2) Ee se = f "p"(ertdt + = f Healt, pat] 


1 1 
+ — Lf"(Sertdt — — Lrlier*p(t, p)dt. 
p 3p? 
This will certainly be satisfied if 
1 1 
(13) ¥2(x, p) = 3f(x)/p + Lf" (é)ertdé _ Spe Sr Wervals p)dt 
and 
1 u 1 y 
(14) vile) = — f f' (Serta — — f r(terpo(t, p)dt 
p? Jo 3p? Jo 


are both satisfied. 
We will now show that equation (13) has a solution with the desired prop- 


erties. Let 
Six) = 3f(x)/p + pL f"(Herdt, 
and 


fila) = — = Lerfa(a 
p 


and consider the infinite series 


(15) fila) + frolx) +---. 


Let » be the maximum of |f’’(#) | inside and on C. Then 


Lr" erat| su] | eve] fle || ar 
y 
thew] fo elfarl +] eee] fo Lert ae| |. 
y y 


We now take y=—ae-‘*ee, Then in each of these integrals the integrand 
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takes on its largest value at the upper limit. Hence 


|Ls'(iertdt| < af fi dt| + i | dt| + fr dt | | < Gay. 


Hence, |p| being large, |f:(x) |<M, and M can be taken so as to be inde- 
pendent of x and of p. 
Now 


ine)! |] [level feos || ae 
+ Jeo] fem fetd || at| + Levee i erp) || at] 
sy [ flllal+ fo in@llal+ fis Lael} 


|3p?| 
where R means the maximum of |r(#)| in C. Consequently | f2(x)|<2MRa/ |p|, 
and, as can be shown immediately by induction, |f;(x) | <2*1?MRia‘/ 
|p? |. For sufficiently large values of |p|, therefore, series (15) converges 
uniformly in x and also in p. 

Let F(x) be the function to which series (15) converges. Then F(x) is 
analytic in x and continuous in p. That it is a solution of (13) is seen im- 
mediately by putting it into (13) in place of Yo(x, p). We take p(x, p) = F(x), 
thus defining ¥2(x, p) uniquely. 

We need also the asymptotic form of y2(x, p). Write y2(x, p) =3f(x)/p 
+v(x, p). Then v(x, p) satisfies the integral equation 


a(x, p) = “Lye - = Lr(ther*[3f(d)/p + v(t, p) |dt. 


Let M be the maximum of |2(t, p) | in and on C. Then MS (uit+p2M)/ |p?|, 
where yp; and ue are independent of x and of p. Hence M <y/( |p?|—s) and 
v(x, p) =p~*E(x, p). Consequently y2(x, p) =3f(x)/p+p-*E(x, p). Insertion of 
this result into (14) gives ¥:(p), and completes the proof. 

We must now go back to the integral equation in Theorem X for a(x, s). 
Inserting the expression found in Theorem XI for a(t, ¢), we get 


a(x, 3) = fs@éslols — lat — = fi rdaslols — Dox, Da 


(16) a 
— 55 ff sslols — dul, 0, aCe) + vale, o) le 


This is an equation for o(x, s) as a function of s, and, since o(¢) is analytic 
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in ¢ so long as ¢ remains in the circle C, we are assured of a unique solution 
analytic in C. However, we are interested in a solution for x<s<7, and if 
a<r, then s will be outside of C. We wish, then, a solution continuous in s 
for xSs<7. We prove 


THEOREM XII. If the conditions in Theorem XI are satisfied and if in ad- 
dition r(x) is continuous for 0Sx<7, then equation (16) has a solution con- 
tinuous in s for x <s <1, which can be written in the form 


a(x, s) = u(s, 0, p)¥ilp) + Ya(x, 5, p), 
where 
Walx, s, p) = [eres + exw(-2)] f(x)/p + eve) p*E(x, 5, p) 


in the sector 0 Sarg pS7/3. 


On putting the form for a(x, s) as given in the statement of this theorem 
into (16) and combining the two terms in ¥:(p) on the right hand side, we get 


u(s, 0, p)va(e) + vax, 5, 0) = J “#(2)bs[0(s — 8) Jae 


- a f “r(iaslo(s — 1) Walt, oat 


in we J "r(0)8s [o(s — #) u(t, 0, p)de 


3 
‘a =r f "r(balo(s — 2) Wal, t, p)adt. 


If we make use of (3) with £=0 and x=s, we see that we can subtract a com- 
mon term in ¥:(p) from both sides of our present equation, which then be- 
comes 


vale, 5,0) = f s(@éalols — Jae - 
(17) 


1 z 

; f rdaslo(s — ) Walt, oat 

3p 0 
1 8 
— aalosboulo) — 5 J rdslols — Wale, 4 aa. 

The first integral on the right hand side is treated in a manner similar to that 
in which the corresponding integral in the proof of Theorem XI was treated. 
This gives 
J f(8)bs[o(s — £) ]dé = f(x)d:[0(s — x) ]/o — f'(x)b2[0(s — x) ]/o° 

0 


1 y 1 
+ —49(09) f fr(@erag + — 9" Dera, 
0 
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where 
QF(t)dt = ews f “F(idt — wee? f *"R(i)dt — w3e%? f *"R( dt. 
Similarly : ; 
f r(t)6s[o(s — @) Wot, p)dt = 53(ps) f r(i)erpo(t, p)dt + Lr(t)erPo(t, p)dt. 
0 0 


On putting these results into (17) and making use of (14) we find that all 
terms in 63(ps) cancel out, leaving 


v(x, 5; p) = f(x)6:[o(s = x) \/e 


(18) — 7'(2)8a[o(s — 2) ]/o* + = "Dera 


. or @r(A)erpalt, p)dt — = f ‘(i)bslo(s — 4) Wal x, t, pdt. 


The cancellation of the terms in 5;(ps) allows us to get from (18) the asymp- 
totic form given for ¥;(x, s, p) in the statement of the theorem. 
Writing 
vs(x, 5, p) = [evr (2—2) + eve (e—s) lf(x)/e + e282) 9-29 x, 5, p), 
we have for v(x, s, p) the integral equation 
o(x, 5, p) = pelrese(s-2) f(x) — e~e(s-25o[p(s — x) ]f'(x) 
+ emer R "(A ertdt — e~ew(s-2Rr( terol t, p)dt 


= = friable — Dewwero| fewrvortnn + 14460) 
+ Koha) dt. 


p 


From this equation we see that if x <s <7, and if p is restricted to the sector 
0<arg pX<7/3, then x(x, s, p) is bounded when |p| is large. 
Concerning the é-integral in equation (10) we prove 


THEOREM XIII. If the hypotheses of Theorem XII are satisfied, and in ad- 
dition f(x) has a continuous second derivative and 0 <x <7, then 


f sue, t,0)ae = 3f()/p — [ees(*-2) 4 ees(*-2) | f(x) /p + e2(*-*)p-2 E(x, p). 


Using equation (3) with x =z we obtain 
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fOuGx, 8, dat = f1Qaslole - Dae 
- = f “é) i) “r(i)dslo(e — 1) Ju(t, &, o)dtde. 


On integrating by parts twice we find 


fo slol= — 9 1de = 34(e) /o — dilolw — 2)(=)/p 


+> talole — IPs) + fs” @sslole — ee. 
p p z 
Hence 
f "leule, & p)dé = 3f(n)/p — [erwe2) + enwte2)]f(2) /p 
-— pf(x)elrmendo(ra) + e-wel™2)§5[p(r — x) ]f'(x) 7 


1 . 
+ —evwle=)| + e~ #2) f f'(&)b2[0(m — £) |dé 
p z 








ae f “1 J "(baLo(w — d) Ju(t, &, patie 


Taking account of the asymptotic form of u(t, £, p) given in Theorem II we 
see that the quantity in the large brackets is bounded for |p| large and p in 
the sector 0 Sarg p<7/3, and thus the theorem is seen to be true. 

We are now ready to put our results into equation (10). We shall con- 
sider first the p-integration over the part y, of y, in the sector S,. Let J; (x) 
be the part of 7,(x) due to integrating over y,. We find that several terms 
cancel one another. In fact, we arranged our several asymptotic forms so as 
to be able to see that these very cancellations actually occur. There is left 


1é(2) = fl 13/0 + o*B(x, olép 


1 u(x, 0, p) 
2nt oad ulm, 0, p) 


[3f()/p + e%'*-2)p-2E( x, p) |dp. 


Taking account now of the asymptotic form of u(x, 0, p) given in Theorem 
II, and remembering that in u(z, 0, p) =e***E(p), E(p) is not only bounded 
but has a positive minimum in S{, as we saw in the discussion of the charac- 
teristic numbers, we have u(x, 0, p)/u(z, 0, p) =e*""*-") E(x, p), where E(x, p) 
is bounded for |p| large and p in S/. Hence 
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1 
Ii (x) = Ori f [3f(x)/p — e~*#(-=) E(x, p)/p + p~*E(x, p) |dp. 


From this formula it is clear that J,/ (x) =f(x)/2+e,(x), where €,(x)—0 uni- 
formly as to x when n—~. 

As we saw in the discussion following Theorem II, u(x, £, p) takes on in 
S2 values conjugate to those which it takes on in S,, provided x and & are 
real. Hence, from (9), the part of 7,,(x) arising from the p-integration in the 
sector S, equals J,’ (x). Therefore we have as a culminating theorem 


THEOREM XIV. /f 

(1) f(x) =x?o(x*), where o(x*) is a power series in x* uniformly convergent 
if |x|<a<z, 

(2) r(x) is a power series in x* uniformly convergent if |x| <a, 

(3) f(x) has a continuous second derivative in 0S x <r, 

(4) r(x) is continuous in OSx <7, then if a<r, the formal series for f(x) 
converges uniformly to f(x) in the interval 0 <x Sa; and if a=7, the formal series 
for f(x) converges uniformly to f(x) in every interval of the type OS xSb<r. 
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ON LACUNARY TRIGONOMETRIC SERIES 


BY 
ANTONI ZYGMUND* 


1. Fundamental theorem. In a recent paper? I have proved the theorem 
that if a lacunary trigonometric series 


(1) Y(ax cos 2,0 + by sin m9) — (Mey1/me > g > 1,0 S$ O S 22) 
k=1 

has its partial sums uniformly bounded on a set of 6 of positive measure, then 

the series 


(2) Vlad + bz) 


k=1 
converges. The proof was based on the following lemma (which was not 
stated explicitly but is contained in the paper referred to, pp. 91-94). 


Lemma 1. Let E be an arbitrary measurable set of points of the interval 
(0, 2x), m(E)>0. Then there exists a number No=N (gq, E) such that, for 
N>WNo, we have 


N 
(3) f | sw — sv, |2d0 = 4m(E) > (02 + 02), 
b zB 


k=N ot1 


where sy denotes the Nth partial sum of the series (1), i.e. 


N 
sy = >o(ax cos x0 + by sin 28). 


k=1 
Now we shall prove a somewhat more general theorem. 


THEOREM 1. If the partial sums of the series (1) are uniformly bounded 
below on a set E of positive measure, then series (2) converges. 


If A is a positive constant, sufficiently large, we have sy +A 20 on E, and 
so 


f | sw| ao < fa sy + A| + A)d0 = 2Am(E) + ff swao 
(4) Ez £E : E 
2Am(E) + Do(ante + dine), 


* Presented to the Society, March 25, 1932; received by the editors January 4, 1932; §§4 and 5 
received February 11, 1932. 
t On the convergence of lacunary trigonometric series, Fundamenta Mathematicae, vol. 16 (1930), 
pp. 90-107. 
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Em = f cos mod0, 1m = fsin mode. 
E E 


By Schwarz’s inequality the absolute value of the last sum in (4) does not 
exceed 


N 2 2 N 2 2 1/2 N 2 2 
Daz + b2)*/?(En, + Nn,) 1? < { > (ax + sik { Di (Enz + ma} 
k=1 k=1 k=1 


1/2 


N 2 2 1/2 
ww dD (Ens + md} 


k=1 
where py’ denotes the Vth partial sum of the series (2). The series 


Di (Er? + Nn?) 


being convergent, it is not difficult to see that, if we suppose that uy, 
then 


(5) fi sy | d@ = o(uy). 
Ez 


It is familiar that; if f is (say) bounded, then the logarithm of the integral 
of |f|* (extended over a set E) is a convex function of a.* Consequently, we 


have 
2/3 1/3 
f | sw pao < ( [| |a) ( | swiss) ; 
E E E 


But, if we use C as a generic notation for a positive constant independent of 
N, we have by Lemma 1 for N sufficiently large, 


fl sy |? d0 = Cuy?. 
E 
On the other hand, it is known} that 


fi sy |4d0 < Cun‘. 
E 


(6) f | sy | d6 = Cun, 
E 


* See, e.g., Hausdorff, Mathematische Zeitschrift, vol. 16 (1923), p. 165. 
{ Zygmund, Fundamenta Mathematicae, loc. cit., Theorem F. See also R.E.A.C. Paley, Pro- 
ceedings of the London Mathematical Society, vol. 31 (1930), pp. 301-328, Theorem 4. 
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contradicting (5). Consequently wy =O(1); and the theorem is proved. 
Let 


sy* = max(sy, 0), sy~ = min (sy, 0). 
The following proposition is stated for the sake of completeness and is not 
used in the sequel. 


Lema 2. If uy ©, then the relations 
(7) Syt = o(uy), Sx” = o(un) 
may be true only on a set of measure zero. 


Otherwise, there would exist a set E of points of positive measure and a 
sequence of numbers 1, 72, - - - , nv, « - - tending to zero, such that we have, 


say, 


| sv-| S mvuw, 0 ¢ E. 


Putting A = nyu we get again the inequality (5) contradictory to (6). 
Theorem 1 may be stated also in the following completely equivalent 
form: 


THEOREM 1’. If the series (2) diverges, then, for almost all 0, we have simul- 
taneously 
(8) lim sy = — ©, lim sy = +, 
N-ow N-o 
Theorem 1 remains true if, instead of ordinary partial sums, we consider 
Toeplitz’s sums. We only state the theorem since the proof is not essentially 
different from that of Theorem 1 and may be left to the reader. 


THEOREM 2. If the Toeplitz (T*)} sums oy of the series (1) are uniformly 
bounded below on a set E of positive measure, the series (2) converges. 


The condition of gy being bounded below may be replaced by a less 
stringent one, analogous to (7). 

We might observe finally that, if the series (2) converges, and ty and 
px? are remainders of (1) and (2), then the relations ty” =0(pw), ty~ =0(py) 
are false almost everywhere. 

2. Infinite trigonometric products. Using Theorem 1 we can prove 
some theorems concerning the infinite products f 


co) 


(9) (1 + a, cos mx), 
1 


k= 


+ Zygmund, Fundamenta Mathematicae, loc. cit., p. 96. 
¢ Considered for the first time by F. Riesz, Mathematische Zeitschrift, vol. 2 (1918), pp. 312-315. 
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where the integers , satisfy the condition 
Ni+i/M > g > 3, 


and the constants a; do not exceed 1 in absolute value. Only for the sake 
of simplicity we do not replace in (9) cos m,x by cos (m.x+&,), where £1, 
&, - - - are arbitrary real constants. For such more general products the ar- 
guments would be exactly the same. 

Multiplying formally, and taking into account that no two or more terms 
cancel each other, we represent the product (9) in the form of a trigonometric 
series 
(10) 1+ oc, cos vx, 

vel 
where c,=0 if v is not of the form m,+ e:m,-1+ - - - +€4-1m with e;=0, —1, 
+1. Let 


Me = Mini — M—-++— Mh, we = m+ Mit: - +m. 


Since #i4:/mz>q=3+e we see that w4:/ur>1+6¢. Thus, the series (10), 
although not lacunary, contains infinitely many gaps. If }\a? <0 then 
dic? < and the series (10) belongs to L?. In what follows we shall always 
suppose that }>a2 =. Denoting by 


N 
sy = 1+ Doc, cos 


v= 1 


the Nth partial sum of the series (10) and by py the Nth partial product of 
(9), we see that s,,= py. It is well known that if, for a trigonometric series 
with the partial sums s,, the sequence 


2 
(11) f | s,| 49, 
i) 


or even a subsequence of (11), is bounded, the series, without its constant 
term, is the differentiated Fourier series of a function G of bounded variation, 
and, in particular is summable (C, 1) almost everywhere. In our case 


Qn Qn Qn 
f | Say d0= fi pudo = f (+--+ do = 2n. 
0 0 0 


It is easy to see that )- |c, |/v is convergent since the group of terms of this 
series with y=n,+€) Meat ~~~ +ex1m (€;,=0, +1) is O(2*/n,). Hence the 
function G(x) is everywhere continuous. Let us put F(x) =G(x)+2(0<x 
<2). Then 
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1 2r 1 2r 
1=— dF, og=— f cos vxdF, 
© Jo 


Qn Jo 


i.e. the series (10) is the Fourier-Stieltjes series of F. As py 20, and 
F(x) — F(0) = lim bv, (6)d8, 
Ny? 0 


we see that F(x) is an increasing function. 
In view of Lemma 3 below, 


(6) = lim py(6) = lim s,y(6) 
N-@ N-o 


exists almost everywhere. We shall prove that (0) =0, almost everywhere. 
In fact, if 


lima,>0O or lima <0, 


kaw lnogs 
and if p(@o) <0, then 
1 + a; cos 2.09 = Px(Oo)/Pr—1(O0) — 1. 


Consequently a; cos 2;.89—0 which may be true only on a set of 5 of measure 
0. If 2,0, then, except at a finite number of points, we have 


N 
pw = exp | > log (1 + a cos mé) | 


k=l 


N N N 
= exp | Yaz cos 2,0 — } Dra? cos? n,9 + > | a )| 
k=1 


k=1 k=1 


N 


N N N 
exp | Dax cos 2.0 — } Dra? cos 2n,8 — 3 az + } & | ay | ‘)]. 
k=1 k= k=l 


k=1 1 


The sum of the series 


Ya cos 2,0, — 4} dia? cos 27,6 
k=1 k=1 

is itself a lacunary series 

(13) dia cos d49, 


k=1 


and, as 
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N N 
D| a:|* = o( D/ alt) 
1 1 
we may write the expression (12) in the form 
2N N 
(14) exp| doa cos AO — 3(1 + dy) Dae |, 


k=1 k=1 


where 5y—0. As >a;,’2= © , the partial sums of the series (13) are, by Theorem 
1, unbounded below for almost all 6, and so, as the limit of the expression (14) 
exists almost everywhere, it must be equal to zero for almost all 0. 

Thus we have obtained the following theorem. 


THEOREM 3. If 
| ax| S 1, mes/m >q > 3, Da? = @, 


the infinite product (9), written in the form of the trigonometric series (10), is the 
Fourier-Stieltjes series of a function F(x), continuous, monotonically increasing, 
with almost everywhere vanishing derivative F’. The partial sums s,,, Ur=Mx 
+--+ +m, of the series (10) converge almost everywhere to 0. 


The conclusion above, that lim py(6) =lims, ,(6) exists almost everywhere, 
is easily derived from the following lemma which is well known, although 
it is difficult to make any reference. 


Lemma 3. If the series >.> a, is summable (C, 1) to a sum s, and possesses 
infinitely many gaps (vx, vi) with vé/v.>1+e, then the sequence of partial 
sums S,, of the series converges to the same limit s. 


Let 


Sn = Go tait:+++ an, 5a = Sy When y Suv, 
On = (Sot Si t-+>+ 5n)/(n + 1), 
and assume for simplicity, without any loss of generality, that 
s = limo, = 0. 
Then _ 


Suy(vE — ve +1) = (vf + Io — vicr,-1 = o(ve), 


whence 
lim s,,- = 0. 


3. A case of convergence of series (10). When a,—0 we can prove more 
than has been stated in Theorem 3. 
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THEOREM 4. If 
lim a, = 0, 1x41/m >g > 3, Diaz = &, 


the trigonometric series (10) obtained from the product (9) converges to zero al- 
most everywhere. 


Thus we get a simple example of a trigonometric series converging almost 
everywhere, but of course not everywhere, to zero. The first example of such 
series was constructed (by a quite different method) by Menchoff.* We as- 
sume for simplicity that |a,|<1, &=1, 2, ---, and prove 


Lema 4. Not only the partial sums sy,, we=Net «+ + +1, but also the 
partial sums 5,, of the series conjugate to (10) converge almost everywhere. 


For the sake of completeness we give the proof, although the result is 
contained in a paper by R.E.A.C. Paley and myself. { Let sn, on, Sn, Gn denote 
respectively the mth partial sum and the mth Cesaro means of the series (10) 
and of its conjugate. 

Denoting by K,, Fejér’s kernel, we have f 


Sn(0) — Gn(0) = — sn (0)/(m + 1) 


1 Qn 
- — et | Sn (0+) [sin u+2sin2u+---+msin nu |du 


2 2r 
=— —f Sn(9 + u) sin (n + 1)uK,(u)du. 
T Jo 


This is readily shown by writing sin(#+1)uXK,(u) in the form of a trigono- 
metric polynomial and rejecting the terms of order exceeding n. If s, 20, the 
last expression does not exceed in absolute value 


2 Qn 
=f S(O + u)K,(u)du = 20,(6). 


In the case of the series (10) we have s,,20, ¢,->0. Consequently the 
convergence of ¢,, implies that of S,,. 

It is known, however, that ¢, converges almost everywhere, since the 
conjugate of a Fourier-Stieltjes series is (C, 1) summable almost everywhere. § 
Hence ¢,,, and therefore 5,,, converges almost everywhere. 


* Comptes Rendus, vol. 163 (1916), p. 433. See also Nina Bary, Fundamenta Mathematicae, 
vol. 9 (1927), pp. 62-115, and A. Rajchman, Mathematische Annalen, vol. 101 (1929), pp. 686-700. 

+ Studia Mathematica, vol. 2 (1930), pp. 221-227. 

t The formula is due to F, Riesz, Comptes Rendus, vol. 158 (1914), pp. 1657-1661. 

§ The summability (C, 1) (almost everywhere) of the series conjugate to Fourier-Stieltjes series 
has been proved by A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen, Mitteilungen 
des Mathematischen Seminars der Universitat Giessen, vol. 10 (1923), pp. 1-36. 
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We pass on now to the proof of Theorem 4. Let M be the greater of the 
two numbers 1.u.b. |s,, | and l.u.b. | §,, |; M@ =M(6)is finite almost everywhere. 
Consider an arbitrary point @ where M is finite and let A=A(zk, 0) be a num- 
ber satisfying the inequalities 
| Bk-1 | Bk-1 


dic, cos 0} SA, | Doe sin | 54 (152 S wer), 


v=) v=) 


(15;—1) 


Bi Mi 
(16,-1) | dic, cos 0] S A—2M, | Die, sin vo| <A — 2M 


v= v= 


(wit <¥ Sm, i= 1,2,---,& — 1; wo = 0). 


As regards the partial sums of the series (10) it is obvious that 


Mk-1 
Su, = (1 + ec, cos we) + a, cos 1,6) 


v=1 
Hk-1 
= Sy,_, + de COS MO + Fay > c,[cos (nz — v)0 + cos (mz + v0]. 
v=1 
Let us consider separately the following two cases: (1) min<A<m;; 
(2) mx S Sux. In the-first case 


Mk-1 
(17) Sy = Sup, + 30k > «cos (m, — v)0, sy = Sins 9 


v=np—r 


according as \X>m,—pu-1 Or A<m,—px-1. The last sum, being equal to 


Mk-1 
FaR e7inkd p> ce"? 


v=ng—r 
does not exceed in absolute value 


He-1 
4| a, | > ce”? < 4|a,|A-2"?. 


v=ng—r 


In the second case we have 


Mk-1 
Ss = Sy, — Fae >, co cos(m+v)0, ifX > m, 


v=A—Np 


(18) 


Sny = Snyti — Ay COS 2,8. 


Argueing as in the first case, we see that now |s,—s,,| does not exceed 


| ax | +3|a,| 4-212, 
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Consequently, for any \ on the range (ux-1+1, wx) we have one of the in- 
equalities 

| Sous] + | ax | 4/2"? 

| Suz| + | ax] (1 + 4/2") S M+| ax| (1 +.4/2"). 


(19) lal s 4 


The same inequalities hold for the conjugate partial sums, which we obtain 
by replacing in (17) and (18) cosines by sines. We may, of course, take A ar- 
bitrarily large. In particular we may take A so large that 


2M + (1+ A/2'2) < A — 2M. 


Then, from (19) we see that, if uit<ASux, we have 


Uk 
Ye, cos | <|s,|/+|941| $s M@+M+(1+ 4/2") < A — 2M; 
v=) 
consequently, as the argument with the conjugate series is exactly the same, 
the inequalities (15,1) and (16-1) involve (16;). If wj1<A Sy;,7<k, then 

Hk 


Uk Bj 
Yc cos w| 5 > | +! dX} |s$A-2M+4+2M =A. 
r 


v=) ujt+l 


Hence (15,) and (16;) follow from (15,1) and (16x_-:), which shows that 
they are true for every value of k. In particular (even if a, does not tend to 
zero) Ss, and §, are bounded. If a,—0 the sequences {s,} and {5,} are con- 
vergent, as follows, e.g. for the former, from the inequalities (19). 

4. Approximately differentiable lacunary series. In my paper re- 
ferred to, I have proved that, if a lacunary trigonometric series (1) is the 
Fourier series of a function F(6) differentiable on a set E of points of positive 
measure, or even if only 


F(0 + h) — F@ — h) 
m 


20 
ed oe 2h 





exists, and is finite on E, then the series 


(21) dY(aez + b2)n2 


converges, that is, F(@) is the integral of a function f(@) of the class L?.* 
The theorem and the proof hold if in the expression (20) the variable 4 tends 
to zero through an arbitrary, but fixed, sequence of positive values, /, 
he, -- + ,h,, - - - «Hence, if the series (1) converges absolutely and the series 
(21) diverges, the ratio 


* Zygmund, Fundamenta Mathematicae, loc. cit., Theorem C, p. 95. 
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FO + hi) — FO — hi) 


2h; 





does not tend to any finite limit for almost every 9. Essentially the same proof 
shows that the expressions 
F@+h) —F@) FO) —FO@- hk) 

h; h; 





(23) 


may have a limit only in a set of points of measure zero.* It may be asked if 
the theorem remains true, supposing that F(@) possesses on a set E of positive 
measure an approximate derivative F"! (0), defined as 

. F@+h) — FO) 

lim ; 





where / tends to +0 remaining on a set H=H(6) having 0 as its point of 
density. We have in fact the following 


THEOREM 5. If series (1) is the Fourier series of a function F(0) approxi- 
mately differentiable on a set E of positive measure, the series (21) converges. 


In view of the preceding remarks the proof follows immediately from the 
following lemma of Khintchine: 


Lemna 5. If a function F(0),0<0<2r, is approximately differentiable on a 
set E of positive measure, there exists a sequence of positive numbers hy, he, - - - , 
h;, - - - such that almost everywhere on E both expressions (23), and, conse- 
quently, the ratio (22) converge to F") (0). 


In the special case where 
(24) (a2 + 62)? = O(1/nx) 


(e.g. if m,.=2*, a,=2-*, b,=0) Theorem 5 may be proved without using 
Khintchine’s lemma. In fact, it is not difficult to prove that, under condition 
(24), the difference 


F(@+h) —F@—hk 
( » ( a > (bi cos 149 — ay sin 2,9) my 


2h 0<n, Sih 





is uniformly bounded when h-0.f{ Let @> be an arbitrary point of E. Since 
H(@o) has 0 as a point of density, any interval (, gh) contains at least one 


* The first example of continuous functions possessing the above property was given by 
A. Khintchine, Fundamenta Mathematicae, vol. 9 (1927), pp. 212-279, especially p. 266. 

7 Khintchine, loc. cit., pp. 259 and 269. 

t Zygmund, Fundamenta Mathematicae, loc. cit., p. 102. 
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point of H(6) provided that h is sufficiently small. At the same time in the 
interval (1/(gh), 1/h) we find at most one integer m;. Consequently, the par- 
tial sums of the series 


c} 


(25) do (db: cos 2,8 — ay sin m,0)nx 

k=1 
are bounded for @=6. As E is of positive measure, the convergence of series 
(21) follows. 

From Theorem 5 we deduce, in particular, that the well known Weier- 
strass non-differentiable function may have an approximate derivative only 
on a set of measure zero. 

5. Uniqueness theorem for lacunary series. The following Theorem is 
proved. 


THEOREM 6. If series (1) converges to zero on a set E of positive measure, 
then the sum of this series vanishes identically. 


It follows from the hypothesis, that the series (1) is the Fourier series of a 
function F(6) possessing a vanishing approximate derivative almost every- 
where on E. Consequently, F(6) is the integral of a function f(@), whose 
Fourier series is the series (25). Since f(@) vanishes almost everywhere on E, 
the series (25) is summable (C, 1), and even, being a lacunary series, converges 
to zero almost everywhere on E (Lemma 3). Repeating the same argument 
we find that F(6) is differentiable infinitely many times, and that all its deriv- 
atives vanish everywhere on a subset D of E, of the same measure. In partic- 
ular, we have 


(26) din2*(ax cos 2,0 + b, sin 2,9) = 0 (@¢ D; »=1,2,---). 
kel 


From Lemma 1 we see that there exists a number ko, independent of v, such 
that fory=1,2,---, 


c) 2 cE -) 
(27) f { > (ax cos 2,0 + b, sin msyner) d0 = 4m(D) Doné*(az + 2). 
D 


kekgt1 kakg+1 


By (26) the left hand member of (27) reduces to 
ko . 
f { Di(ax cos 4.8 + b, sin m)nee do = O(n,4”). 
D k=1 


Hence (27) is possible if and only if a4, =b,=0, for k>k»o. This will hold then 
for all k>0. 
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From Theorem 6 we deduce that if two integrable functions f,(0) and f2(0) 
are equal on a Set of positive measure, and if the Fourier coefficients of f, and fz 
coincide, except perhaps for those of ranks my, m2,- ~~ ; Msr/Ne2q>1, then 
fi(0) =f2(0) almost everywhere. 

Theorem 6 shows also that the sum of series (1) cannot have the same value 
on a set of positive measure, i.e. any value which is assumed by the sum of such 
a series, is assumed only on a set of points of measure zero. On the other 
hand, it has been shown that if 


(| a| +| be!) = © but a, — 0, b. — 0, 


and if s is an arbitrary real number, the series (1) converges to s on a set of 
points which is everywhere dense.* This is striking because it is known that 
series (1) diverges almost everywhere when). (a2 +b2) =. 


* Zygmund, Studia Mathematica, vol. 3 (1931), pp. 77-91, especially p. 82. 
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ON THE ASYMPTOTIC SOLUTIONS OF DIFFERENTIAL 
EQUATIONS, WITH AN APPLICATION TO THE BESSEL 
FUNCTIONS OF LARGE COMPLEX ORDER* 


BY 
RUDOLPH E. LANGER 


1. Introduction. The theory of asymptotic formulas for the solutions of 
an ordinary differential equation 


y"(x) + p(x)y’(x) + {026*(x) + g(x) } y(x) = 0, 


for large complex values of the parameter p”, may be regarded as classical in 
the presence of certain customary hypotheses which may be enunciated as 
follows:t 

(a) that the variable ~x is real; 

(b) that on the interval considered the coefficient $7(x) is continuous and 
bounded from zero; and 

(c) that $?(x) is essentially real (i.e., except possibly for a constant com- 
plex factor). 

The author has sought in an earlier paper, which will be referred to 
throughout the present discussion by the designation [L],§ to extend the 
theory to the case in which the function ¢?(x) vanishes in the manner of 
some power of the variable at a point of the interval given. The discussion 
was restricted to the case of a real variable, and the hypothesis (c) above was 
retained in an appropriately modified form, namely, in an assumption of the 
essential reality of the quotient of ¢?(x) by the power of the variable involved 
in it as a factor. 


* Presented to the Society, September 9, 1931; received by the editors December 27, 1931. 

t Cf. e.g. Birkhoff, On the asymptotic character of the solutions, etc., these Transactions, vol. 9 
(1908), p. 219; 

Tamarkin, Some General Problems of the Theory of Ordinary Linear Differential Equations, etc., 
Petrograd, 1917, and Mathematische Zeitschrift, vol. 27 (1927), p. 1; 

Birkhoff and Langer, The boundary problems and developments associated with a system of ordinary 
linear differential equations, etc., Proceedings of the American Academy of Arts and Sciences, vol. 58 
(1923), p. 51. 

t In the absence of hypothesis (c) the asymptotic forms have been given only for certain regions 
of the p plane. 

§ These Transactions, vol. 33 (1931), p. 23. 
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The present paper engages to derive the asymptotic forms in the ab- 
sence of all three of the hypotheses at issue. The variable is taken to be com- 
plex, ranging over a region (finite or infinite) of the complex plane, and no re- 
striction upon the value of arg ¢” is imposed. It is assumed that at some point 
of the given region the coefficient ¢* vanishes to the order v, though the case 
of a coefficient which is bounded from zero is included through the admission 
of y=0 as a permitted value. The discussion applies, of course, by specializa- 
tion to the cases of a real variable or parameter. 

As in the case of the more restricted considerations of paper [L] the dis- 
cussion centers about the phenomenon which is associated in the theory of 
the Bessel functions with the name of Stokes, and under which a specific solu- 
tion of the differential equation is represented asymptotically by one and the 
same analytic expression only so long as the variable and parameter are 
suitably confined in their variation. For a general asymptotic representation 
of the solutions the combinations of forms employed must be abruptly 
changed as variable or parameter pass certain specifiable frontiers in their 
respective complex planes. The law governing this phenomenon depends upon 
the degree to which the coefficient ¢? vanishes, and is quantitatively de- 
scribed by the formulas to be derived. 

Of the two parts of the paper the first is concerned with the general the- 
oretical discussion culminating in the derivation of the ultimate asymptotic 
formulas and their presentation in forms suitable for applications. It is per- 
haps hardly necessary to remark upon the field of such applications which is 
presented by the Schrédinger equations for simple physical systems as they 
arise in the theory of wave mechanics.* These equations for particular in- 
dividual systems have been discussed at some length by divers investigators 
and by a diversity of methods. Not infrequently the focal point of interest 
lies in the phenomenon referred to above, and a precise analysis of it is often 
essential to a determination of the wave function and of the possible energy 
levels for the given system. The formulas of Part I are generally directly 
applicable. 

The second or final part of the paper is given to a discussion and deriva- 
tion of formulas for the Bessel functions of large complex order and complex 
variable. The deductions of the respective forms from the results of Part I 
is followed by a determination of the regions of their validity successively for 
the cases in which (1) the parameter is of fixed argument; (2) the variable is 
of fixed argument; (3) both variable and parameter vary unrestrictedly and 
independently. Such asymptotic formulas have, of course, been previously 
known. The method by which they have been obtained is, however, totally 


* The author hopes in a later paper to give a general discussion of these applications. 
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different from that of the present paper and is neither elementary nor of any 
wide applicability to other functions. 

Unfortunately the application of the asymptotic formulas to specific cases 
is never entirely simple, being complicated both by the fact that the regions 
of validity are not easily describable, and by the fact that the formulas in- 
volve multiple-valued functions which must be suitably determined. It seems 
to the author that the formulations obtained naturally by an approach 
through the present method and given in Part II have some advantages of 
simplicity. It is shown briefly that they agree with the formulas in their fa- 
miliar form as given by Debye. The formulas obtained for application when 
the variable and parameter are nearly equal are formally those already given 
in the paper [L] where the question of their advantages was raised. 

In its formal aspects and in the method used the present paper closely re- 
sembles the paper [L]. Considerable reference to the latter will therefore be 
possible and will be made when developments of a purely formal character 
are concerned. 


Part I 


THE ASYMPTOTIC SOLUTIONS OF THE GENERAL DIFFERENTIAL EQUATION 





2. The given equation. A change of variables may be made to reduce the 
differential equation as given above to the normal form 


(1) u'(z) + {p2$%(z) — x(z)}u(z) = 0, 






and simultaneously to transfer to the origin the point at which the coefficient 
¢ vanishes. This preliminary reduction will be assumed to have been made, 
and the form (1) will be adopted as basic in the discussion to follow. The pre- 
cise specifications upon the equation are to be formulated below as hypotheses 
with enumeration from (i) to (v). The designation R, which occurs in these 
statements is to be thought of as applied to any simply connected region of 
the complex z plane which contains the origin and in which the several hy- 
potheses are simultaneously fulfilled. The existence of some such region is 
to be assumed for the equation given. The hypotheses (i) and (ii) may be 
stated immediately as follows; the remaining ones (iii) to (v) are conveniently 
left for enunciation at appropriate points as the discussion develops. 

(i) Within the region R, the coefficient o*(z) is of the form $>(z) =2"h;(z), with 
v a real non-negative constant, and $;(z) a single-valued analytic function which 
is bounded from zero. 
(ii) Within the region R, the coefficient x(z) is analytic. 
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The parameter p is to be thought of as complex and as subject numerically 
to some lower bound but to no upper bound. No restriction upon its argu- 
ment will be assumed in the course of the general discussion, the results being 
therefore applicable irrespective of special restrictions which may exist in 
the case of particular equations. Such values of z and p as fulfill the various 
specifications will be referred to inclusively as admitted values. 

A transfer of constant factors from the function ¢?(z) to the parameter p? 
is evidently without significance for the given equation. It may be assumed, 
therefore, without loss of generality that arg ¢,7(0) =0. This convention, to- 
gether with the continuity of the function concerned, determines arg ¢;(z) 
for all values of z, and the formula 


$(z) = 2°/?h,(2) 
is unambiguous if the notation is interpreted in accordance with the rule 
fe =| fleeinres* (c real). 


In general (i.e., except in the case that v is an even integer or zero) the 
function ¢(z) is multiple-valued in R,. It is convenient, therefore, to consider 
this region as covered by a Riemann surface appropriate to a single-valued 
representation of the function in question. This surface (to be designated the 
surface R, in distinction to its single-sheeted projection the region R.) has 
under the hypothesis (i) a single branch point located at the origin. Its order 
depends upon the character of the constant v, and is finite or infinite accord- 
ing as v is rational or not. In particular, if v is an even integer the surface con- 
sists of a single sheet. 

3. The related equation. On the surface R, the integral 


(2) = ff e@as 


is independent of the path, and the function defined by it is evidently of the 
form 


@ = 27/2+16,(z), 
with #,(z) single-valued and analytic in R, and (0) 0. It is essential to 


* This interpretation will be understood throughout the paper. 
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the discussion to impose upon this function #;,(z) the following hypothesis: 
(iii) Within the region R, the function ®,(z) is bounded from zero.* 
With the constant yu defined by the relation 
1 
en Ped 
it is seen directly that the function 


V(z) = { (z) } 1/2» / { ¢(z) } 1/2 


is single-valued and analytic in R,. Moreover, in any finite portion of R, it 
is bounded from zero, i.e., with some choice of the constant M, |¥(z) |-!<M. 
Let the complex variable & be defined by the formula 


(3) E = p®(z), 


and let Cs, represent any cylinder function of the order +y. It is a matter of 
direct computation then [L §3] to show that the function 


(4) y(2) = ¥(z)&Cx,(E) 
satisfies a differential equation 
(5) y"(2) + {0°6%(2) — w(z)} y(e) = 0, 


with a coefficient w(z) which is analytic and single-valued in R,. The equation 
(5) which closely resembles the given equation (1) is to be referred to as the 
related equation. 

4, The variables ® and £. The relation (2) defines a map of the surface 
R. upon a corresponding Riemann surface Rg, which projects in the plane of 
the complex variable ® upon a region also to be denoted by Rg. The origin 
#=0 corresponds to the point z=0 and marks the single branch point of the 
surface. At this point corresponding angles in the two surfaces are of magni- 
tudes in the ratio 1/(2u):1, and otherwise the map is conformal. 

The surface and region Rg are in turn mapped by the relation (3) upon a 
surface and a region R; in the domain of the variable ¢. This map is conformal 
without exception since the surface R; is evidently obtainable from Ry by a 
magnification with the factor |p| coupled with a rotation about the origin 
through the angle arg p. 


* This hypothesis is automatically fulfilled in the case treated in paper [L]. Simple examples 
show that this is not so in general. Thus if ¢(z) =z exp z*, then 
(2) = (e* —1)/(2:*), 
and hypothesis (iii) requires that the region R, exclude fixed neighborhoods of the pointsz = (+ 2n7i)/2, 
n#0. 
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The relations between the several variables determine for any configura- 
tion (region or curve) on one of the Riemann surfaces concerned, correspond- 
ing configurations on the other two. It will be convenient to use a single des- 
ignating symbol for such corresponding figures, and to indicate by explicit 
statement, when necessary, the surface upon which the figure is contem- 
plated. Corresponding points will be indicated by use of the same subscript 
or other index. 

The axes of reals and imaginaries on the surface R;, and the corresponding 
curves on Ry and R,, divide these surfaces into regions to be designated by 
the symbols 2;,,,/=1, 2; k=0, +1, +2, -- +. The enumeration is made as 
follows: 

Eni: (k — 3)e S argé S ke, 


Eno: kw S argé S (k+ 3)z. 


(6) 


If the constant v is rational the Riemann surfaces will be of finite order, and in 
this event only a finite number of the regions %;,; will be distinct. If v is 
irrational no repetition occurs and the set is infinite. It may be remarked that 
on the surfaces Ry and R, the boundaries of the regions =;,, are dependent 
upon the parameter p. 

It is of advantage for subsequent use to agree at this point to the reserva- 
tion of the special symbols T' and r, for the designation of configurations re- 


spectively characterized as follows: 

The symbol T is to designate an ordinary curve upon which, as seen on the 
surface R:, the ordinate varies monotonically* with the arc length. 

The symbol r is to designate a region (finite or infinite) which, as seen on 
the surface R:, has the properties 

(a) that it lies entirely on some one of the regions Zx.,1; 

(b) that its boundary contains the origin and consists of ordinary curves; 

(c) that at most a single segment of any line 3(€) =a constant is included in 
the interior of the region. 

With the regions of the type 7 thus defined certain facts as follows may be 
noted for future reference. Firstly, any point of such a region may be con- 
nected with the origin by a curve of the type I which lies entirely in the re- 
gion. Secondly, if the boundary of the region r contains a point P,, at which 
| 5() | is a maximum, then every point of the region may be connected with 
P,, by a curve I which lies in the region. In the alternative, i.e., if there exists 
no point P,,, the region r is necessarily infinite, and in this case there exists 
through each point of the region a curve I which extends to infinity, remain- 


* In the sense of non-decreasing or non-increasing. 
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ing in the region, and upon which |3(€) | is non-decreasing as £ recedes from 
the origin. 

5. The related solutions y;, ;(z). The general solution of the related equa- 
tion (5) is given by the formula (4) if the cylinder function involved is not 
specified. On the other hand, particular solutions result from particular 
choices of C,, and this fact will be applied to associate with any region (6) 
a pair of related solutions y;.:(z), yx,2(z) as follows. The Bessel functions 
H‘(é), H (é),* or any linear combinations of them, are admissible in the 
roles of the cylinder functions Cs, and hence the following formulas define 
for each region =,,, according as the integer k is even or odd an associated 
pair of solutions, i.e., 


V(z j —kri 
YO) ry (4, ' ), if & is even, 
t*A; 


Ve.) = 
Vv = —kri 
@) fa? ac"), # & is odd, 


As; 


2\1/2 
A; (=) eF Ut1/2) wi/2 | F 


Tv 


The peculiar choice of the constant factors in these formulas is due to the 
purpose of obtaining solutions with simple asymptotic forms. 

Let the definition of a function 5(z) in terms of the corresponding function 
v(z), whatever the latter may be, be fixed by the relation 


HOS, HG) 
(8) H3) = 2 Jv) - Swe } 


Then it may be shown [L § 4] that the formulas for the functions + x, ;(z) 
are obtainable from the relations (7) by the mere formal substitution of 
(1—y) in place of yu. Since the pair of functions »(z), 5(z) is equivalent to the 
pair v(z), v’(z), in the sense that either is easily deducible from the other, the 
definition (8) serves as the medium for a discussion of the derivatives yj ;(z) 
which avoids unnecessary repetition. 

Familiar formulas [L(13)] may be drawn upon to supply on the basis of 
formulas (7) the asymptotic forms 


* The Bessel functions of the third kind, cf. Watson, G. N., A Treatise on the Theory of Bessel 
Functions, Cambridge University Press, 1922, p. 73. 

T In this as in all subsequent formulas a double sign is to indicate the amalgamation of two 
formulas into one. It will be understood that the upper signs are associated with the index value 
j=1and the lower signs with j =2. 
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kj 


etit 
Vr, i(2) ~ att + ~s. = } for & in Ek,1 or =k,2, 


p'/2-#g!/2(z) i. 
kj 
p/2-#gl—2u(z) etié { c} é | 
+ y +7 2)~ 1+ ’ 
Fx i(2) $1/2(z) a En 


in which the coefficients c*? and ¢*’ are known constants. Moreover, it may 
also be deduced from the formulas (7) [L(21)] that 


(9) 





(10) | ye.s(2)| <M, | 5x.2)| < M, when |€| < N.* 
6. The formal solutions. If the function 6(z) is defined by the formula 
0(z) = x(z) — o(2), 
the equation (1) may be written in the form 
u!'(2) + {p*6?(z) — w(z)} (2) = O(z)u(z). 
Hence it possesses [L §5], for any indices k, j and any choice of a path of 
integration on the surface “ a solution u,, ;(z) satisfying the equation 


(11) ux, ;(z) = ye.2(2) Ye,1(21) } O(21) ue, i(21)d21. 


The abbreviations 


kiN) i(z ) Uk, Mil) 
(12) Y (2) = Ye) &, U,(z) = Yo. 


give to this equation the form 


1 2 
Use) = Vie) +> f Kile, tu 0) Ueda, 
p ‘ 


namely, that of an integral equation with the kernel 
6(21)¥?(z1) 


(13) K,(z, 21, p) ” eee Tal ol (2) V3_ (21) - V3_,(2)V (21eF2#e-& } 


It follows that the equation is satisfied wan by the infinite series 


7; 
(14) veetwe+ T= @), 


n=1 p”’ 


of which the terms are obtainable from the recursion formulas 


* Here, as in the following, the letters M and WN are used as generic symbols to indicate merely 
some positive constant. 
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(0) 


(15) ¥;@) =p f  Ehs, 2, OF? "Gdn, FQ) @ ¥ 40). 


In so far as these formal considerations are concerned, the value assigned to 
the constant o in formulas (14) and (15) is of no significance. 

7. Lemmas. It is to be shown subsequently that with suitable adjustment 
of the unspecified elements in the formulas (14) and (15) the infinite series in 
the former converges and represents a true solution of the given equation. 
Preparatory to this deduction it is of advantage to formulate at this point 
certain considerations in the form of lemmas. 

Let the indices k, / be chosen, and upon the region %;,,; let r be any sub- 
region of the type described in §4. Through each point é of this region two 
curves I' may be drawn, the one connecting £ with the origin and the other 
extending either to a point £,, at which |3(é) | is a maximum or to infinity ac- 
cording as the character of the region r may determine. Let the subscripts 
be assigned so that I’, denotes the curve of this pair upon which 3(£) is alge- 
braically a minimum at the point &, while [, denotes the one upon which 
3(é) has at £ its maximum. It is proposed to consider integrals of the form 


(16) 1(0}) = [£0 K (e, 21, 6) Ber pdt 
Tj 


in which (a), I'/ is an arc of a curve I';; (b), the number s is interpreted thus: 
0, when | é| < N, 
a * when | é| > N; 
and (c), the function B(z, p) is analytic in the region r and such that 
(17) | E°1/2-»)*B(z, p)| < M. 


Lemna 1. If the arc T'/ lies in the portion of the region r in which |t|<N, 


then 
| 7(0})| < M| p|-*. 


The formulas (9), (10) and (12) show that 
(18) | EA/2-wsV (2)| < M. 
When |é,|<N, therefore, formula (13) yields the relation 
| E4/2-»)*K (sz, 21, p) | < M, 
and the integrand of (16) is accordingly bounded. Since 
_ W7(21) dé, 


24> r : ’ 
pe §,'-% 
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it follows that 
M dé 
| 7rs)| <—— | ,|—— I, 
lo | Jrj| &-™ 
and from this the assertion of the lemma is clear. 
Lema 2. If the arc T'/ lies in a portion of the region r in which |¢|=N, 
and |z|< Ni, then 
|7r/)| < M| p|**, 
where 
(’ ,ifu> i, 
o1 = <1 —€«, with e > 0 but arbitrarily small, if uw = 3, 
4u, if p <j 4° 


For £, on the arc I'j/, the value +i(—&)* has a negative real part and 
the function exp{ #i(€—£&)} is accordingly bounded. Formula (13) shows 
then that 


(19) | E(1/2-w)sE1/2-#K (zs, 21, p)| < M | O(z1)¥2(21) | , 


and since the right member of this is bounded when |z|<N,, it follows that 


P M dé, 
| 7rj)| << f ng 
r; i 


| p | si 


Since for the values considered £, may be of at most the order of |p|, the con- 
clusion of the lemma is readily deduced. 

Lemmas 1 and 2 are sufficient for the discussion of all integrals (16) if 
the region r in question is finite. On the other hand, the case of an infinite 
region r requires the further lemma which follows. 


f, ae a oD a| <M 
rj $(z1). 


is satisfied uniformly with respect to all arcs T/ on which \z,|=Ni (Ni being 
some specific constant) then 


Lemna 3. If a relation 


| 1(r{)| < M| p|*-, 
uniformly with respect to those arcs. 


* See second note on p. 453. 
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The inequality (19) yields directly the relation 


|7rs)| “ uf, 6(21) ¥? (21) ¥*(21) a |, 


£,)-2# 


However, 
W(21) (21) 


= , 
é - Qu p 1—2y 





and hence 


M 6(21) 
rr} <r f —— ds 
ep < Te Jil oe ™ 


The conclusion is at hand. 

8. The solutions wu; ;(z). It is essential to the argument at hand that the 
lemmas established in the foregoing section be applicable for all admitted 
values of the variables. To assure this the list of hypotheses will be completed 
by the following additions: 


(iv) The region R, is such that for any admitted value of p every point of 
the Riemann surface R. may be included in some region of the type r. 
(v) The region R, is such that with some constant M the relation 


fl es <M 
o(@) ” 


is valid uniformly with respect to integrations over all arcs on the surface R. which 
for some admitted value of p are of the type T, and upon which |\z|=N,, with 
some positive value Ny. 


It is clear that for any finite region R. the hypothesis (v) is vacuous. On 
the other hand, if the region is to be infinite it implies an assumption upon 
the given differential equation. 

The relation 


(1/ 2—)s th 


(20) IE: Y;"@)|<M"™ 


is valid when »=0 by (18) over the entire region R.. Dependent upon a 
suitable choice of the constant o it may be proved for an arbitrary m by the 
method of induction as follows. Let the inequality be assumed valid when 
n =m. The function Y ;“(z)M-™ is then of the form postulated for the func- 
tion B(z, p) in formula (17), and it follows that when the relation (15) is 
written 
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(15a) EL/2—we VY (ny+1) = Mert f EOmOK fe, Z1, p)Y i") (2:1) M-"1dz,, 
rj 


the integral involved is of the type (16) and therefore subject to the assertions 
of the lemmas. 

Consider first the case in which z is confined to the portion |¢ |< of the 
region =,,:. This region is of the type r (when |p| is sufficiently large) and 
the integrals on the right of (15a) are, therefore, evaluated in their entirety 
by Lemma 1. It follows that if M is chosen sufficiently large then 


| £(U2—wsV (m+) (z) | < M*+1| p| o—4u 


whereby the relation (20) is proved if ¢=4y and |¢|<N. 

If z varies over a general region r the path of integration in either of the 
formulas (15a) consists of at most three arcs each of which yields an integral 
of the kind discussed by one of the three lemmas. Thus the relation (15a) 
yields the inequalities 


| E(L/2-weV (ny) (g) | < M| p| ou { uf | p| -% 4M | p| Quo, M | p| 21} 


< Mn+! p| or, 


and with the choice ¢ =o; the relation (20) follows for all z of the chosen 
region. 

With the formula (20) established it is clear that the series involved in the 
relations (14) converge when |p| is sufficiently large, and that the functions 
thereby represented remain bounded after multiplication by &/*-»)*. Agree- 
ing to the use of the letter E as a generic symbol to designate a function which 
remains bounded uniformly in z and p when |p| is sufficiently large, the re- 
sults of resubstituting the values (12) into (14) may be formulated as in the 
theorems below. The derivation of formulas for the functions #;,,;(z) differs 
from that above for the functions u,, ;(z) in but slight formal details, and the 
resulting formulas are as indicated in the respective statements which follow. 


THEOREM 1. Corresponding to any region Z,.,. there exists a pair of solutions 


Uxs(Z), Ux2(2) of the given differential equation which, when |p| is sufficiently 
large, satisfy the relations 


ahd = ne + b> See, 


E,(s, 
z,s(8) = 9n.s(2) + y= C e, 


for values of & in the region for which \E|<N. 
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The functions E, would be computable from the formulas (15). 


THEOREM 2. Corresponding to any region of the type r in Zx.1, there exists 
a pair of solutions uz 1(2), Ux,2(2), which for values z of the region and |p| suffi- 
ciently large satisfy the relations 
E, (2, p) 
pr 
E,(z, e) 


go" 


Ux, (2) = Ye,i(2) + . Sa 


n=1 


tie, i(2) = Fx,i(z) + D2 
n=1 
when \&|<N, and 
E 
UK, (2) = Yu,j(z) + V(s)e- let 5 Hire n(2, p) rant ll 


n=1 p™1 
E, 
tk i(2) = Fx, i(z) + W(z)E1/2 Het tf - Sauk (z, p) nen 5s A 


mak p™ 


when \&|>N, and which are therefore asymptotically described by the formulas 


etit 
Ux, i(Z) ~ pilenptle(gy ess p); 
. dle tes OO 
thr, s(2) ~ +) et €S; , i(2, p), 


(21) 


for éinr, with 


ki 
ss E, ’ n 
Sx, i(2, p) =1+ >» {P+ 
n=1 


p77 


2 
si@,0) =1+ ¥ {4 =e 2}. 
n=1 \ 1 , 

It should be observed that the solutions described in Theorem 1 are not 
those described in Theorem 2, although no distinction has been indicated by 
the notation used. The difference is involved in the choice of paths of inte- 
gration in the formulas (11). On the same ground the solutions described in 
Theorem 2 are in general different for different sub-regions r on the same 
region 2x... 

9. The solutions for general values of § such that |t|<N. The theorems 
of §8 describe certain pairs of solutions u,, ;(z) of the given differential equa- 
tion when the variable is confined to specifically associated regions r. From 
these results the form of an arbitrary solution for all admitted values of z 
and p may be deduced. 
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The formulas 
y i(2) = W(z)&Jz,(€), j = 1, 2, 
in which the symbols J ;, denote the familiar Bessel functions of the first kind, 
define a pair of solutions of the related equation. An associated pair of solu- 
tions ,(z), #2(z) of the given differential equation is thereupon determined 
by the relations 


(22) uj(0) = y,(0), #,(0) = §,(0), 


inasmuch as the origin is an ordinary point for both equations. Specifically 
the initial values of these solutions as computed from (22) are 
@) =”, 4,0) =0 
u =-——, @ = 0, 
P=) 
(23) 
2!“ (0) 


iT (u) 


With any sub-region r of a given region =,,; a pair of solutions us, ;(z) is 
determined, and corresponding identities 


u2(0) = 0, i2(0) = 


(24a) un, (2) = at,jr(2) + ag-yua(2), J = 1, 2, 


subsist, with the inverse relations 


(24b) uj(2) = a}.1tn,1(2) + as 2ttn,2(2). 


The corresponding identities for the related solutions may similarly be 
written in the form 


(h) (h) 
(25a) yn, (2) = ¥1,591(2) + ¥2,;92(2), 


(25b) yi(2) = Chryaa(z) + Chayn.o(2). 


Since the relations (25) involve only standard Bessel functions, familiar 
theory may be drawn upon for the values of the coefficients, which are ac- 
cordingly found to be the following: 


(2p) (2p+1) 
cj, 


(26a) ¢j,1 = (24)—V2%e(@Pp-1/2) 1 /2Fu) xi, 1 = (Qu) M2%e(2pt8/2) (1/2F 4) xi, 


(2p+1) 
Cj,2 


(2p 


) :; 
Cj,2 = (2e)~N%e(2pt1/2) (1/2F 4) xi, = (Qq)-M2%e@(2p+1/2) (1/2F u) wi 


a  (—)DP™® wy : 
Yim * —————— 6-j,2-m, J, = 1, 2. 
isin pr 
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By virtue of the relations (22) the formulas (24a) yield upon substituting 
z=0 the forms 
(0) (h) cay Mn, ;(0) 

27 qt ees oft nee, 
™ ae 
from which the coefficients on the left may be evaluated as is done in the 
following. 

Let the functions w,,;(z) involved in the relations (27) be thought of in 
the first case as a pair of solutions described by Theorem 1. The formulas 
then reduce to the form 


eo) E, 
ies - yai{t + =. ot, Ss m= 1, 2, 


n=1 p*™ 


and from these corresponding values 


h h 2. E,(p) 
dim = cing + eh 
n=1 P . 


are easily found. The explicit result which becomes available upon substitut- 
ing these values into the identities (24) may be stated as follows: 


THEOREM 3. The solutions u;(z), u2(z) of the given differential equation which 
are determined by the initial values (23) are of the form 
E 2 p) 
uj(2) = V(2)es,(2) + 3 


n=1 


az) = + (s)i~*Je w(t) + > E,(2, ee, 


4n 
n=1 ” 


for all values of & such that \&|<N. 
THEOREM 4. The solutions uz, ;(z) described by Theorem 1 are of the form 


E,(z, 
ue, s(2) = V(2)& {yi —a(6) + v2, u(8)} + = = ie. 


n=1 


E al 


x i(2) = i(z)E#f yf, J1-u() — v2. J -144() } +> ys 


n=1 


for all values of & such that |\t|<N, the coefficients being given m the formulas 
(26b) and (26a). 

10. The solutions for general values of the variables. To obtain the 
formulas for the solutions u;(z) when |¢| is not restricted, the functions 
un, (2) involved in the formulas (24) and (27) may be chosen as a pair of 
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solutions described by Theorem 2. If the symbol [ ] is understood as indi- 
cating the abbreviation described thus: 


[0] = e+ d= =. 


the reasoning employed in §9 may be made to lead from the relations (27) 
to the formula 


(28a) "= ym], 


from which the equalities 


(28b) a) nm = ¢;-a[1] 


follow. The results of substituting these values into the identities (24b) and 
(24a) are the following: 


THEOREM 5. The solutions u;(z), u2(z) determined by the initial values (23) 
have for \&|=N and |p| sufficiently large the forms 


1 h) (hy), 
, ™~N - e's, » a6 tt 
(2) otl=ptl(5) {aj,1€*Sn,1(2, p) + a;,2¢~*Sa,a(z, p)}, 


pil2-e@l-(z) ay a) a) 


ti ;(2) ~ ow a;,1€"*S, 1(2, p) — a}, "oe €Sy2 (2,0)}, 


in which the index h is determined by the region =,. containing the value &, 
and the coefficients are given accordingly by the formulas (28a) and (26a). 


(29) 


THEOREM 6. Any pair of solutions ux.;(z) described by Theorem 2 are of the 
form 


(k) 


uni) = U(a)E {71 J p(t) + v2. Jal) } 
+ > E,(z, p) 


p™ 
(30) 
(k) 


fix, (2) = 10(2)8* {yt Jiu) — 72-148} 


+ r E,(2, p) | 


p™ 
n=1 3 


for general values of the variables, and are asymptotically described by the 
for-vulas 
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1 kh. kh, 
Uy, (2) ~ caging At €Sn,1(z, p) + Aj.2€-*Sp,2(z, p)}, 


pil?-u@l-2H(z) - 


: BS... 1 
tix, (2) ~ Sang) tA are8Saals, p) — Aj'2e-*S5.2(2, p) }, 


kh us (k) (h) (k) (h) 
Aim = apg C2,2C1,m — €1,2C2,m], 
1 S1n pr 
(32) 
kh — (k) (h) (k) (h) 
Ao,m = €2,1C1,m — 61,1€8,m], m= 1, y 2 
2S1In par 


the index h being determined by the region =y,.1n which the value of & is contained. 


Theorems 5 and 6 each describe a pair of solutions which, being linearly 
independent, are adequate for the representation of an arbitrary solution of 
the given differential equation. In practice the solutions of Theorem 5 will 
be called upon more naturally in the representation of a solution specified in 
terms of its values at z=0. On the other hand those of Theorem 6 are more 
directly adapted for the representation of a solution which is specified in 
terms of asymptotic characteristics which are to maintain for certain ranges 
of the variables. This latter is illustrated in the application of Part II. 

In concluding it should be observed that when é passes from the regions 
(6) for any & to an adjacent region, each of the formulas (29) and (30) changes 
to the extent of a replacement of one of its coefficients. The coefficient in 
question, however, is in every case that attached to the exponential term 
which in the existing configuration of values is sub-dominant, i.e., is asymp- 
totically negligible. The affected term does not in fact attain to asymptotic 
significance until the subsequent change in arg £ reaches numerically the 
amount 7/2. It will be clear from this that the coefficients prescribed for any 
given region by Theorems 5 and 6 do actually yield formulas which are valid 
over a considerably extended domain. Since the formulas are in any event 
the same for the pair of regions given by (6) for a specific index k, the follow- 
ing theorem may be readily verified. 


THEOREM 7. The asymptotic formulas given by (29) and (30) for any region 
=n, are valid for all & in the larger region =” defined by the formula 


(33) =”: (h—1)w +e Sargt < (h+1)4—-«, 


with ¢ denoting an arbitrary positive fixed constant which is sufficiently small 
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The regions = for consecutive values of obviously overlap. In their 
common parts either of the associated sets of formulas may be used, inas- 
much as they are asymptotically equivalent. 

Part II 


AN APPLICATION TO THE THEORY OF THE BESSEL FUNCTIONS OF COMPLEX 
ARGUMENT AND LARGE COMPLEX ORDER 


11. Introduction. The general cylinder function C,(¢) of complex order 
and argument may be shown readily by direct substitution to be a solution 
of the differential equation 


(34) u'"(2) + p?{e* — 1}u(z) = 0, 
in which the independent variable z is defined by the relation 
o = pe’. 
The equation (34) is of the form (1) for values of z on the strip 
(35) —xr S32) <7, |stril ze>0, 
the specialization being given by the formulas 
~ (2) = e* — 1, x(z) = 0. 

Moreover, for the equation in question the values 

v=1, n=}, 0=1 


obtain, consequent upon the fact that ¢?(z) vanishes to the order 1. The gen- 
eral formulas of Part I may therefore be drawn upon in particular for a de- 
termination of the asymptotic forms of the Bessel functions J,(¢), AMO), 
H(s), when |p| is large. This deduction is the subject of the discussion 
which follows. 

Inasmuch as the function J,(¢) is expressible in terms of the functions 
H°(¢) whereas the latter familiarly satisfy the relations 


tapri__ (i) 


(36) Hye(g) =e?" (¢)* (gq an integer), 


no loss of generality is involved in a restriction of the considerations to par- 
ameter values on the range 


(37) —-a/2 S argp < 72/2. 


Likewise the formulas 


* Nielsen, Handbuch der Theorie der Zylinderfunktionen, Leipzig, 1904, p. 18. 
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F : si 1 j 
a, (gerry = = {RETO 9 


sin pr 
(38) 
+ ee DEE yo 


sin pr 
may be invoked to permit restriction of the variable to values for which 
(39) —a+argp S argé Sm + argp, 


namely, to values for which z lies in the strip (35). 

12. The surfaces R., Re and R;. As defined in Part I, the Riemann surface 
R. over the strip (35) consists of two sheets. However, in the present case the 
variable of immediate interest is ¢, and since this is a single-valued function 
of z it is sufficient to confine the attention to the values of z upon a single 
sheet. The choice specified by the relation 


—ma<arzsr 


is a convenient one, and in accordance with this convention R, will henceforth 
be understood to signify the strip (35) thought of as cut open along the nega- 
tive axis of reals. 

The relation 


(40) o = (e — 1)" 


maps the strip R, in an obvious manner upon the plane of the complex quan- 
tity ¢, the resulting ¢-plane being cut along the negative axis of reals and also 
along the axis of imaginaries from the points —7 to i. This plane is in turn 
mapped upon the surface Ry by the relations 


¢ — tan™ 9, 


(41) ow _— 
it 
le+> ei+e 


’ 


which are obtained by explicit integration from the formula (2). The resulting 
map of the upper half of the strip R, upon the surface Rg is described with 
sufficient detail by the following tabulation of corresponding intervals, the 
lettering referring to the Figs. 1 and 2. 
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i—@¢ i—@® 
Line Z ¢ arg (- ) . | ® 
i+¢ i+®¢ 
OA 0 to « 0 to 2 mr to 0 1 0 to « 
OB 0to — 0 0 toz 0 1 to 0 O0Oto—is# 
BC |\ri— “to7zi itoO 2r 0 tol —r-—into-—@aT 
CD \|ritori+ ~|0to— « 2n tor 1 —rto—o 
Cc 
= =—— D> 
I 52) =e II 
<B 
+£ O A 
lV 3(s) =—2/2 III 
<E lax C-> 
F 
Fig. 1. R, 
bia 
IV 
<=D \ A>» ’) . 
i -1/2 | G ; CT - 
HH I> 
I III 
B B 
U vi 
Fig. 2. Rp 


The lower half of the strip R, is similarly mapped as is also shown in the 
figures. The two parts of Fig. 2 are to be thought of as joined along the line 
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OA to comprise a Riemann surface which consists of one entire sheet and of 
two infinite strips of width z located in two further sheets respectively. The 
Roman numerals are used to indicate corresponding regions. The map is, of 
course, conformal except at the origin, where angles in R, must be increased 
in the ratio 3:2 to obtain the corresponding angles upon Ro. 

The formulas (40) and (41) yield readily the analytic evaluations 


(a) @ = e + O(e*), 


@ =e — 3 + O(e-*), when R(z) > 0; 


@ = i+ Ofe*), 
(42) (b) 


© ifs + log = + O(e*), when R(z) < 0, 3(z) = 0; 


ae O(e**), 
«) ° aia 


@= — ifs - log — + O(e), when R(z) < 0, 3(z) < 0. 


From these it is found that any line 3(z)=c(c a real constant, |c|<z) is 
mapped on the surface Re upon a curve having as asymptotes the following 
lines, namely, in the regions II or ITI, the line through the point 6 = — 7/2 with 
inclination c, and in the regions I or IV the line R(®) = — |c |. Whenc = + 7/2 
these asymptotes and the curve itself coincide, the latter being a straight line. 

Finally, the surface R; may be obtained from Re by a similarity trans- 
formation, consisting of a counter-clockwise rotation about the origin through 
the angle arg p, and a change of scale by the factor |p |. 

13. The hypotheses. An application of the formulas of Part I to the equa- 
tion at hand is, of course, contingent upon the fulfillment of the various hy- 
potheses (i) to (v) upon which the general theory was constructed. For the 
hypothesis (i) referred to the strip (35) this has been assured by the exclusion 
of some neighborhoods of the points z= +77. The fulfillment of the hy- 
pothesis (ii), moreover, is obvious since for the equation in question x(z) =0. 

The hypothesis (iii) requires the region R, to exclude all zeros of the func- 
tion other than that at the origin. This is easily shown as follows to be so for 
the region of Fig. 1. By (41) the relation & =0 implies tan ¢ —¢ =0. However, 
after multiplication by the quantity ¢ cos ¢ cos ¢/3(¢”) (@ signifying the 
complex conjugate of ¢), the imaginary component of this equation is 


sinh 23(¢) sin 2R(¢) _ 


23($) 2R(¢) 
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Hence it can be satisfied only by ¢=0, for otherwise the first term on the left 
is greater than, and the second term less than, unity. In the strip of Fig. 1 
this result specifies the origin, and the hypothesis in question is consequently 
fulfilled. 

Fig. 2 obtains by an arbitrary rotation about its origin the character rep- 
resentative of the surface R; for an arbitrary value of p. It is at once seen 
from this that the part of R; contained in any specific quadrant is either itself 
a region of type r as defined in §4, or else is easily divisible into such regions. 
This is the requirement of hypothesis (iv) which is therefore met. 

Lastly, a simple computation [L §11] based upon the formula [L (12) ] 
for the coefficient w(z) of the related equation may be made to show that 


6(z) of a when f(z) > 0, 
¢(z) 7 O(z-?), when R(z) < 0. 


It follows from this, together with the formulas (42), that 


xen * Ce) 


and since, in any region |®|2N, a relation 


d® 
f\lsl<™ 
2 


is uniformly valid for all arcs of the type I’, the concluding hypothesis (v) 
is fulfilled, and the general formulas of Part I are accordingly shown to be 
applicable to the equation (34) in the region R, of Fig. 1. 

14. The identification of the solutions J,(¢) and H® (¢). The linear inter- 
dependence of any three solutions of the given differential equation assures 
the existence of an identity 


(43) J (5) = Ce rte .1(z) + Cr,2x,2(2), 


for any choice of the index k. The coefficients may be functions of p but do not 
depend upon z. For their determination, therefore, it is permissible to substi- 
tute into the identity any admissible values of the variable. In application 
of this principle the formula 


_ (ev p? [1] 
44 1 a Ma = = *K 
— oa =) @) eT(p +1) (2mp)'/? 


will be used as a basis for the identification of the function J,(¢). 





* Cf. Watson, loc. cit., p. 40. The gamma function is evaluated by Stirling’s formula; cf. Nielsen, 
Handbuch der Theorie der Gammafunktion, Leipzig, 1906, p. 96. 
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As §-0, z—>— © remaining either in the region I or in the region IV of 
Fig. 1. However, for z in the region I formulas (42) show that 


(=) oil, sbnok, 


and the corresponding value of & lies in those parts of the regions =™ or 
= in which exp {it} approaches no limit as |t |. Similarly, for z in the 


region IV, 
—?Pp 
(S)"~e%, «@~- 3, 
2p 


and in this case exp { —i¢} approaches no limit as |¢|>0. The substitution 
of the identity (43) into (44) yields in these cases respectively 


[1] _ nga + Cy ,2¢*tu,,2(z), for z in region I, 
(2mp)¥? hg +00 


C1,1¢~* 1 ,1(2) + Cr,2e~‘€u,2(z), for z in region IV, 
and the use of the formulas (21) leads to the conclusion that 


erii[1] | 
Ch = 0, Ch,2 GF sseaeesens 9 when his 1 or 2, 
(2m) 1/2p1/8 
e~*i/4[1] 


————;, C1, = 0,when/ is — 2 or —1. 
(2ar)1/2p1/3 


C1 = 


These results serve to identify the function J,(¢) which may accordingly be 
described by either of the formulas 


eril4 [1 ] 
(22) ¥/2p1/8 
e~*i/4[1] 
(27) !/2p1/8 


Un ,2(2), h = 
(45) J,(5) = 
uii(z), 1 


In the identities 
(i) 


(46) He?) = Cee als) + Cr ame a(2), 


the coefficients may be determined in a manner similar to that above upon 
the basis of the relations 
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1/2 
(47) lim ¢1/2eF *G—er/2) FT i(¢) = (=) eF ils * 
If | +20 7 


when |f|-+2%, z-+< remaining in the regions II or III, while the formulas 
(42) show that for such values 


£ — pxr/2~é, § ~ pd(z). 
Hence the substitution of (46) into (47) results in the relations 
2 1/2 “ ‘ 
(48) (=) eFril4 = lim {Cx ef tp'/2p1!2() aug 1(z) + Ce 2eF tpl2g1!2(2) ty os 7 
T Sse 


Now z may be chosen so that £ remains in those parts of the regions = 
and = in which exp{ —i¢} approaches no limit. With the upper signs in 
(48) it must accordingly be concluded that 


ay 2e-*#/4[1] a) 


pi (2m) 1/2p1/3 : 


C>,2 = 0, with pf either 0 or 1. 


On the other hand, z may be chosen so that £ lies in those parts of the regions 
=» or Z in which exp{ié} approaches no limit, and in that case formula 
(48) with the lower signs implies that 


QerilAl4 
oe = 0, cc = -—, with g either — 1 or 0. 
(2m)i%p3 


The relations (46) thus reduce to the formulas 


2e-*i/4[1 | 
H, (¢) = (am) tapira WP 1@)> p= 0,1, 
2) QerilA [1 | 
H, (§) = (Cm) impurs “222s q=- 1,0, 
and with the identifications of J,(¢) and H? (9) thus accomplished, the 
asymptotic forms of these functions are easily computed from the formulas 


(31) and (32). With the use of the abbreviation 


2 1/2 
™ fort 


the results of this computation for the various regions =‘ are shown in the 
following tabulation: 


(49) 


* These relations are evident, for instance, from the integral representations for the functions 
H'? (5). Cf. Watson, p. 168. 
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J,(8) H,™ (5) H,($) 
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The sections which follow are devoted to the geometric determination of the 
regions in the strip of Fig. 1. 

15. The regions =” for arg p fixed. When the value arg p is constant the 
relative orientation of the surfaces R: and Rg is fixed, and since the regions 
= are bounded on R; by radial straight lines they are also bounded by such 
lines on the surface Ro. From the formulas (41) these lines are found to be 
given by the equation 


‘ arg @ = (h — 1)4 + € — argp, 
(51) BO ; 
arg ® = (h+ 1)m9 —€ — argp. 

The lines (51) are in turn to be mapped upon the plane of the variable z. 
The construction of the resulting curves is facilitated if the following simple 
facts are first observed. The curve on R, which corresponds to the general 
radial line arg ®=a (a a constant) issues from the origin at the inclination 
2a/3. If, on the one hand, the line extends into the regions II or III of Fig. 2, 
the curve approaches the line 3(z)=a as an asymptote, when R(z)—>~. 
This may be seen readily from the fact that formula (42a) gives z~ 
log (@+72/2), whereas on the line in question arg (®+7/2) approaches a. If, 
on the other hand, the line extends into the region I (or IV) it meets each of 
the two lines R(®)=—7/2, and R(*)=—7 at the angle a—7x/2 (or 
a+7/2), and due to the conformality of the map the curve in R. meets each 
of the two corresponding lines, 3(z)=7/2, and 3(z)=7, at the same angle 
a—/2 (or the lines 3(z) = —7/2, 3(z)=—7, at the angle a+7/2). These 
facts apply directly to the various lines (51) and the configuration of regions 
=) in R, is thus easily determined. The sub-division of R, for a case in which 
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arg p>0 is shown in Fig. 3. The configuration for a case in which arg p<0 
is obtainable from Fig. 3 by reflecting it in the axis of reals and changing the 
indices of the several regions =” to their negatives. 

The functions J,(¢) and H,‘*(¢) are represented asymptotically for a value 
in any one of the regions by the formulas associated with that region by the 
table (50). If z lies in a region designated as belonging to two regions 2°” 
either associated set of formulas may be used, and the transition from one 
set to the other may be made at pleasure, inasmuch as the formulas in ques- 
tion are asymptotically equivalent in the region concerned. 

The general asymptotic forms of Part I were deduced upon the assump- 
tion that |p| and |£| were sufficiently large. This condition interpreted for 
the case in hand by means of the formulas (40) and (41) is found to impose 
the same requirement upon the quantities |p| and |zp?*|. The forms of 
table (50) are, therefore, not valid in the immediate vicinity of the origin of 
Fig. 3, the linear dimensions of the excluded neighborhood depending upon 
\o | and being of the order of O( |p |-*/*). 











= or = 


-s , = 
= of Em mw—arg p—€ 











2(arg p— 73 
=(0) 





=) or Et-b 


Eb or = 





Fig. 3. R. (arg p>0O) 


For the functions under consideration the immediate variables are ¢ and p, 
and it is evident that most ready application of the results may be made if 
they are formulated directly in terms of these variables and their ratio. Let 
w={/p. The map of R, upon the w plane is of elementary form. It is facili- 
tated, moreover, by the relation w—72/2~®, which follows from (42a) and 
shows that the remote part of the w plane is obtainable asymptotically by a 
translation of the regions II and III of the surface R». Fig. 4 corresponds in 
this way to Fig. 3, and in conjunction with it the asymptotic forms are found 
to be applicable except in a neighborhood of the point w=1 whose linear di- 
mensions are of the order O( |p |-**). 
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=" or 2 
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= 


® or Z'-) 


= or 2 


Fig. 4. w=¢/p (arg p>0) 


In this latter connection it may also be observed that the quantities in- 
volved in the formulas of table (50) are expressible in terms of £ and p pre- 
cisely by the formulas 

= (72 — p2)1/2 — 1 
(52) & = (5? — p’) p sec™* (/p), 
o = (C — p/p, 


and asymptotically by the relations 


=~ ¢— px/2, 6 ~¢/p, when| ¢/p| is large, 
(53) & ~ ip log (ef/(2p)), ¢ ~ i, when | ¢/p| is small and arg ({/p) > 0, 
t ~ — ip log (ef/(2p)), 6~ — i, when | ¢/p| is small and arg ({/p) < 0. 


16. The regions =” for arg ¢ fixed. When arg ¢ is fixed and arg p is ac- 
cordingly variable the relative orientation of the surfaces R; and Re varies 
with the value of arg p. The boundaries of the regions = as seen upon Ro 
are, therefore, curvilinear. Their equations as deduced from (33) are found 


to be expressible with the use of 3(z) as a parameter in the form 
arg ® = (hk — 1)m9 + € — argé + 12), 
(54) ZO ; 
arg ® = (h+ 1)m9 —e€ — argé + Uz). 


The loci upon Re along which 3(z) has a given constant value are known, 
having been discussed in §12. With their use any curve of the type (54), i.e., 
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arg = 6B + 32), 
with 8 a constant, is readily plotted. It issues from the origin ®=0 at the 
inclination 8, and if O0<8<7/2 it meets the lines R(®) = —z/2 and R(®) 
= —7, at the points for which arg @=8+7/2 and arg 6=6+7, respectively. 
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Fig. 5. Rp (arg ¢>0) 


If /2<8<32/2 the curve approaches the line R(®) = —(37/2—8) as an 
asymptote in the region I of Fig. 2. Finally, if 8<0 the curve is obtainable 
by reflecting that for the corresponding positive value in the axis of reals. 
The resulting sub-division of the surface R» is shown for a typical case in 
which arg ¢>0 in Fig. 5 and the corresponding division of the strip R, is 
indicated in Fig. 6. As in the earlier case the asymptotic forms are applicable 
except in the neighborhood of z =0. 
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Fig. 6. R. (arg ¢>0) 
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17. A comparison with existing formulas. The asymptotic forms of the 
various Bessel functions for configurations of values such as are admitted in 
§16 were derived by Debye* by use of the method of steepest descent applied 
to the integral representations of the functions concerned. The great effective- 
ness of that method for this purpose is, of course, well known. Unfortunately 
it is not applicable when suitable integral representations of the functions to 
be discussed do not exist. In view of the total dissimilarity of the derivations 
a brief comparison of the results of §16 and those of Debye’s memoir might 
be of interest. 

The formula 


(55) p/f§ = cost, OS 7’ <7, 


defines the complex variable r( =r’+ir’’), and through the consequent rela- 
tion 


cost = e%, 


maps the strip R, of Figs. 1 and 6 upon a strip of the 7 plane. This is shown in 
Fig. 7a with the configurations corresponding to those of Fig. 6, and is to be 























(a) Fig. 7 


* Debye, P., Semikonvergente Entwickelungen fiir die Zylinderfunktionen, etc., Miinchener Be- 
richte, 1910, No. 5. The discussion is elaborated in Watson, loc. cit., p. 262. 
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compared with the Fig. 7b which occurs in the paper of Debye. It will be 
found that the evident difference in the modes of sub-division of the strip is 
due to two causes: first, to the fact that the one figure, but not the other, 
gives regions in which the associated forms are uniformly valid, and, second, 
to the fact that different determinations of multiple-valued functions are 
to some extent involved. 

The curves (a) and (0) of the Fig. 7b are described as given by the 
equation 


(56) R(ix{sinr -<, }) =@ 


in which 
Qa 


(57) — = cos7, 
x 


and the curves (c) and (d) are respectively the reflections of (a) and (6) in 
the point r=7/2. For the region A the formula 


(2) iT (3) 


Ha (x) ~ ez (sinr—rcosr) 


(58a) : — ix. \" 
v 3 sin 7 





is given, and for the regions B, C, D, 


(58b) -_ (x) ~ P(ayerti* e7 iz (sinr—reosr) 3 


« 1/2 
{= sin } 
2 


The roots involved are specified as those which are real and positive for 
arg x=0, arg r=7/2. This pair of values x, 7 is associated by (57) with arg 
a =0,and since values admitted in §16are thereby obtained, the identifications 





a=p, x=¢ 
may be made. The formulas 
& = ¢(sint — 7 cos 7), 
¢o(z) = tanr 


follow readily from formulas (52) and (55), and the curves (56) are thereby 
identified as given by the equation R(i#) =0, namely, 


arg ® = ma — arg p. 
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They may, therefore, be described as, in an obvious sense, the medians of the 
regions designated in Fig. 7a by Z® and Z@», 

The change of notation gives to the formulas (58a) and (58b) respectively 
the forms represented by the upper and lower signs in the relation 


1/2 
\ etil——4/4) | 
mpo(z) 


Except in the region which comprises the immediate neighborhood of the 
curve (a) these are the formulas given also by the table (50). For the omitted 
region =), however, the table describes the function as represented by the 
sum of the two expressions (58c), a fact to be expected in virtue of the uniform 
validity of the representations of the table. Neither of the formulas (58a), 
(58b) remains valid when the curve (a) is too closely approached. 

The verification of the formula 


(58c) H,@) = F 4 


- 1) ,2rizcosr 
He (x) al T(3)e eiz(sinr—reosr) 


(59) = ix \" 
9 sin T 


for the region E is not so direct. The root in (59) is specified as real and posi- 
tive when arg x=0 and 7 lies on the line 7’=7, r’’<0. These values corre- 
spond to arg a=7, and due to the restriction (37) the identification must be 
made through the relations 


(60) a = peti, x = fe*!, 





The change of notation gives to formula (59) the form 


1/2 
\ en2Fing—i(E—a/4) | 


(59a) H.(2) ~ | 
mpo(z) 
On the other hand, the values (60) substituted into (36) and (38) yield the 
formula 
(61) He (x) = {1 — er} 0," + HQ). 
Since Fig. 7a is drawn for a case in which arg ¢>0, whereas for the case in 
hand arg {= —r7, the figure is not adapted to show the region =” which 
contains the values 7 of the region E£. It is readily found, however, from an 
appropriate figure that these values lie in =» or = and, moreover, in 
such portions of these regions within which exp{i¢} is asymptotically neg- 
ligible. With this fact established the table (50) is found to give for the ex- 
pression (61) a form asymptotically equivalent to (59a). The agreement of 
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the results of §16 with the standard formulas for H,(¢) is thus evident. The 
formulas obtained for,“ (¢) may be verified in similar manner, but inasmuch 
as Debye’s Fig. 7b does not apply to this function the discussion above would 
essentially have to be repeated. 

18. The regions =” for argf and argp both variable. The free variation 
of arg p over the range (37) restricts the independent variation of arg ¢ under 
(39) to the values 


(62) —-n/2 Sarge <7/2. 


However, since the formulas (38) nevertheless suffice to extend the results to 
all values of arg ¢ the restriction (62), which will be assumed throughout this 
section, involves no loss of generality. The following considerations serve to 
determine a division of the strip R, into regions to which the formulas of the 
table (50) are applicable irrespective of the values of arg p and arg ¢. 

The inequalities (37) imply the relations 


—n/2+ arg ® S argt S w/2 + arg ®, 
and from these together with (33) it is evident that all values of the variable 
admitted by the inequalities 
(63) (h—}3)r+eSargds(h+4)r-—e 
assuredly lie within the region =“. On the other hand, the evaluation 

arg p = arg{é — 3(z) 
when substituted into (33) yields the restriction 
(h—1)w+eS argé + arg @ — H(z) S (h+ 1)r —€«, 


and in view of (62) it follows that the region = includes all values of the 
variable admitted by the relation 
(64) (h—})e +e+ 352) Sarg d S (h+}3)r —€ + Kz). 

The inequalities (63) and (64) permit the conclusion that in the part of 
Re shown on the left of Fig. 2, and corresponding to 3(z) 20, the curves 
(65a) arg ® = (h+ 34)r7 —€ + KX), 

arg @ = (h — 3)r +e, 


in so far as they fall upon the part of Rs in question, delimit a portion of the 
region =). Upon the part of R» corresponding to 3(z)<0 the analogous 
curves are 


(65b) arg ® = (h+4)r —€«, 


arg ® = (hk — 3)rm te + Uz). 
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The formulas (65a) and (65b) represent only curves of types already con- 
sidered in connection with the equations (51) and (54) and hence need not 
be further discussed. It is found that the sub-division of the strip R, is as 
shown in Fig. 8. 








= or B® 
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SN 





Fig. 8. R, 


For values of z in the regions designated in the figure by the usual sym- 
bols the asymptotic forms may be taken, in the manner now familiar, from 
the table (50) irrespective of the values or variations of arg p or arg ¢ subject 
to the stated restrictions. The regions designated by the symbols 5,, on the 
other hand, are peculiar. They arise from the requirement that the formulas 
be uniformly valid in the respective regions, and depend in magnitude upon 
the constant e¢, disappearing as e—0, i.e., as the requirement of uniformity is 
relinquished. Within such a region the values of z do not remain in any one 
of the regions = for all values of arg p admitted by the relation (37). It 
is easily ascertained, however, by a reference to the figures that 


>, lies in Z“-, when — 2/2 S argp S w/2 — 2«, 


>, lies in =“, when — 2/2 + 2e S argp < 2/2. 


For all intermediate ranges of arg p the values in question may, therefore, be 
considered with those of either abutting region. 

19. The formulas for intermediate and small values of |f|. The various 
asymptotic forms were observed in the course of the preceding discussion to 
be inapplicable in the regions for which | | is of moderate magnitude or small, 
namely, for such values of the variables as fulfill the relations 


| =| = OC] o|**), 


66 
= | ¢/e — 1] = O(| o|-*”). 
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If |p| is large the character of the functions in question may nevertheless be 
determined from the formulas deduced in Part I. 

The respective Bessel functions concerned were identified in terms of 
solutions u,,;(z) by the formulas (45) and (49). These solutions, on the other 
hand, are described irrespective of the magnitude of |¢| in the appropriate 
formulas of Theorem 6. The substitution of the forms (30) into the relations 
(45) and (49) is evidently all that is required, and yields in fact the resulting 
formulas 


}\!/ ’ 
JI) = (=) {J—1s(&) + Jiys()} + om 2, 


1 &\1/2 E(t, 
(67) Hi (¢) = 2(—) { e-*4/3J_4/(£) + e**/8J,)5(¢)} + (¢ p) 


pt/3 


= ef . 


(2) 


® 
H, (§) = 2o(=\" {e*/3J4,3(E) + e-*4/3J,/3(&)} + 


It may, moreover, be observed that for use in these formulas the evaluations 


(¢? _— p?)3/2 
——_ 


(- 1/2 (¢? - p?)1/2 
=) ~ 3p 


are permissible inasmuch as they are directly deducible from the relations 
(66). 

In conclusion, if the value |¢| is actually small, convenient series are ob- 
tained for the functions concerned by substituting in the relations (67) the 
familiar expansions of the functions J+1,3(€). These series as well as the 
formulas (67) are given in [L §§14, 15] where some discussion of them may 
be found. 
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THE APSIDES OF GENERAL DYNAMICAL SYSTEMS* 


BY 
J. L. SYNGE 


Part I. INTRODUCTORY 


1. Introduction. In 1897 Hadamard} developed results concerning the 
motion of a general dynamical system, based on an examination of the sign 
of}d?S /dt*, where S is a function of the coérdinates of the system. By using 
the methods of tensor calculus, it is possible to obtain the basis of Hadamard’s 
results in a very compact way; this is done in the present paper, which then 
proceeds to develop further general results by the application of the method. 

The paper consists of three Parts. In Part I, the word apse (borrowed from 
the theory of central orbits) is given a general definition and general apsidal 
properties are deduced from the equations of motion. 

Part II deals with radial-apsides, which occur when the geodesic distance 
of the system from a fixed configuration has a stationary value, the geodesic 
distance being measured in the manifold of configurations with the line- 
element defined in equation (5). The particular cases where the manifold is 
flat or radially symmetrical are discussed in §6; a flat manifold with homo- 
geneous potential energy is treated in §7. For a general manifold, radial- 
apsides near a position of instantaneous rest (§8), near a position of equi- 
librium (§9), and near a pole of the potential energy (§10) are discussed. 

Part III deals with potential-apsides. The case of a flat manifold with 
homogeneous potential energy is treated in §12. For a general manifold, po- 
tential-apsides near a surface of instantaneous rest (§13) and near a position 
of equilibrium (§14) are dealt with. The theory of potential-apsides appears 
to be less simple than that of radial-apsides. 

2. The apsides defined. Let there be a dynamical system with WN coérdi- 
nates x‘. Let S be any function of these codrdinates. We define an S-apse on a 
trajectory to be a configuration where 

1 = 0 
@) a 
The function S will generally be either a maximum or a minimum at an S-apse, 
and we may distinguish the apsides as follows: 


* Presented to the Society, December 28, 1931; received by the editors January 12, 1932. 
1 Sur certaines propriétés des trajectoires en dynamique, Journal de Mathématiques, (5), vol. 3 
(1897), pp. 331-387. 
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- a’s 
minimum S-apse : —— > 0; 
dt? 
a2S 
maximum S-apse : —— < 0. 
dt? 
Let us view the apsides geometrically, taking as our space the N-dimen- 
sional manifold of configurations or x-space. We shall refer to a sub-space of 


N —1 dimensions as a surface. The equations 
(3) S = const. 


define a family of surfaces; each surface has a positive side and a negative 
side, the positive side of the surface S=C being that for which S>C. An 
S-apse is a point at which a trajectory touches one of the surfaces (3), or 
where the system is instantaneously at rest. In the latter case the apse is a 
point of reversal on the trajectory. 

We are of course at liberty to choose the function S as we please, but there 
are two special choices which claim attention. We shall for simplicity confine 
ourselves to holonomic dynamical systems which possess a potential energy 
and have no moving constraints (conservative statonomic holonomic sys- 
tems). Let V be the potential energy and 


(4) T = 4a,;x'xi 


the kinetic energy, the usual summation convention being employed. In the 
geometry of the space, we shall employ the kinematical line-element given by 


(5) ds* = 2Tdl? = a;;dx‘dx’. 


We shall define a potential-apse or V-apse by (1) with V substituted for S. 
The potential-apsides on a trajectory are therefore those points where the 
trajectory touches an equipotential surface or where it meets the surface 
V =E (E being the constant total energy for the trajectory), since the system 
then necessarily comes to rest. 

Let O be any fixed point of the x-space, and P a variable point. Let us 
write 


(6) r= OP, F = }??, 


OP being measured along the geodesic joining these points. We shall define a 
radial-apse or F-apse by (1) with F substituted for S. The radial-apsides on a 
trajectory are therefore those points where the trajectory touches one of the 
spheres F = const. or where it meets the surface V = EZ; if the trajectory passes 
through O, we have also (in terms of the definition) a radial-apse there pro- 
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vided that dr/dt does not become infinite; such a point may be regarded as 
a point of contact with an infinitesimal sphere. 

As we have seen, the apsidal properties of a trajectory refer generally to 
the contacts of the trajectory with the surfaces (3), which, in the two special 
cases considered, are respectively the equipotential surfaces and the spheres 
having O for center. Certain familiar dynamical systems possess simple ap- 
sidal properties, notably, a particle in a central field of force depending only 
on the distance, the spherical pendulum, and the symmetrical top. In the 
classical theory of central orbits, the equipotential surfaces coincide with the 
spheres, and the two types of apse are no longer distinct. The same is true 
for the spherical pendulum, when treated geometrically with the metric (5), 
the point O being one of the two positions of equilibrium of the pendulum, the 
highest and lowest points of the sphere. The case of the symmetrical top is 
not quite so simple; here each equipotential surface may be described as a 
“circular cylinder,” being the envelope of a singly infinite family of spheres 
of constant radius having their centers on one of two certain closed geodesics 
composed of all the configurations in which the axis of the top is directed 
vertically upwards, or downwards, respectively. Every potential-apse is 
therefore a radial-apse for some suitably chosen center O on one of the closed 
geodesics. The systems in question owe their simple apsidal properties to the 
simple symmetries which they enjoy. 

3. The equations of motion. As regards notation, we shall denote covar- 
iant differentiation with respect to the fundamental tensor a,;; merely by the 
addition of a subscript. The absolute derivative of a vector X‘, defined along 
a curve x‘=x‘(u), where u is any parameter, will be written 


(7) 


6X* dx {' —dx* 
xXxi—. 


jr)” du 


If v‘ denotes the velocity (v‘=dx‘/dt), the equations of motion are* 


(8) soe 
The system possesses the integral of energy 
(9) v= 2(E—V), 
where 


(10) vy? = vi = 2T. 


* On the geometry of dynamics, Philosophical Transactions, Royal Society, (A), vol. 226 (1926), 
pp. 31-106. The notation has been altered. 
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If S is any function of position, we have 


(11) 


. as bv' 7 
(12) oe TM 
or, by (8) and (9),* 


(13) — = — $,V' + XE — VS, , 
de 


where X‘ is the unit vector tangent to the trajectory, defined by 
(14) 
4. The general apsidal properties. Let us write 
(15) s(x, d, E) = 2(E — V)S; AX — S,Vi, 
the notation indicating that it is a function of position, of direction, and of the 
total energy, calculated with respect to the function S. We shall call Ws the 


S-apsidal function. 
By (13), we have 


2 


aS 
(16) — = ¥s(k, X, E). 


dt? 


The investigations of Hadamard are based on the following elementary 
facts: 


(A) If at t=; and if for then during 
we have istsh istsh 
we have 
(i) dS/dt>0, vs>0, S increases steadily; 
(ii) dS/dt< 0, ¥s>0, there is at most one S-apse, 
and it is a minimum apse; 
(iii) dS/dt>0, s< 0, there is at most one S-apse, 
and it is a maximum apse; 
(iv) dS/dt< 0, ¥s< 0, S decreases steadily. 


(B) Between two S-apsides, there must be at least one zero of the S-apsidal 
function ws. 


(C) If at every point of a region R, Ws is positive [negative] for all directions 
d‘ tangent to the surface S=const. through the point, then the only apsides 
possible in R are minimum [maximum] apsides. 


* Cf. Hadamard, loc. cit., p. 361. 
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Hadamard* has given (without proof) geometrical interpretations of the 
part of ys which we have written S;,\‘A’. These interpretations are immediate 
when the tensor calculus is employed. If we draw a geodesic of the x-space in 
the direction \‘ at a point P, and if y‘ is the unit tangent vector of this geo- 
desic at any point, then 

dS d*S 


17 — = Sy’, — = Siuip', 
(17) 3. mn ds2 im‘u 


so that 
(18) (=) Sin 
ds 2 a — ? 
ds, being an element of the arc of the geodesic. 
Now let i‘ at P be tangent to the surface S =const. through P, so that 
(19) Sr = 
at the point. Let us draw a geodesic of S=const. having the initial direction 


indicated by X‘, and let y‘ be the unit tangent vector of this geodesic. Then, 
using the first Frenet formula, 


(20) Swi =0, Simipi + Simca) = 0, 


along the geodesic, x being its first curvature (x>0) and yi, its unit first 
normal vector. Let m‘ be the unit normal to S=const., pointing to the posi- 
tive side of the surface, so that 


(21) ni = S'/(S;S1)', 


and let e=+1 according as y/,, points to the positive or negative side of 
S=const., so that 


‘ P 
(22) Hay) = en. 


Then, taking the second of (20) at the point P (where u‘=X*) we have 
(23) Sid? = — ex(S5S*)'/?. 

We may define the curvature of S =const. for the direction d* to be 

(24) k(S,) = — «, 


so that the curvature is positive when the surface is convex on its positive side; 
then 


(25) Sidi = RS, d)(SS), 


* Loc. cit., p. 362. 





486 J. L. SYNGE . [July 


for any direction \‘ satisfying (19). We are to remember that S;,A‘X/ is posi- 
tive when S=const. is convex on its positive side and S;;\*h‘ is negative when 
S =const. is concave on its positive side. It is easy to remember the sign if we 
bear (18) in mind.* 

The interpretation of the last term in (15) is simple. If 6 denotes the angle 
between the positive normals to S=const. and V =const., then 

OS dV 
(26) S:Vt = cos 0(S;S‘ - V;V4)!/2 = cos 8 — —-, 
Ong Ony 
when dns, Ony denote respectively elements of the arcs of the normals to 
S=const., V =const., drawn from the positive sides. 

The research into the apsidal properties of a system resolves itself into a 
search for those regions of the x-space in which, for an assigned value of E, 
the apsidal function Ws(«, A, Z) has definitely a positive or negative value for 
an arbitrary unit vector \‘, or, more particularly, for a unit vector \‘ tangent 
to S=const. ws is, of course, bounded at any point, since 


(27) ajjA*d? fe 1. 


The maximum and minimum values of S;‘/ at a point for arbitrary 
directions are respectively the greatest and least of the roots of the deter- 
minantal equation 


(28) | Si; — pai;| = 0, 


which roots are all real. If we are only interested in directions tangential to S, 
we may introduce a special codrdinate system in which x” = § and the para- 
metric lines of x” are the orthogonal trajections of S=const. Then, if Greek 
suffixes have a range from 1 to N —1, we have for any direction \‘ tangential 
to S=const. | 

OV 
(29) s(x, \, E) = 2(E — V)Sask8 — aN —; 


Ox’ 


the maximum and minimum values of S.sA*\’ are respectively the greatest 
and least roots of 


(30) | Sas = pdas | _ 0, 


which roots are all real. 


* The method adopted above differs from the method usually adopted in the discussion of curva- 
ture, being more convenient for the present purposes; cf. Eisenhart, Riemannian Geometry, 1926, 
p. 150. 
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Every point of the manifold will belong to one of three regions or to the 
bounding surfaces between them. These regions are as follows: 


(i) The region Ruin, in which Ys >0 at each point for every direction tan- 
gent to S=const. Every apse in R,,in is a minimum apse. 

(ii) The critical region in which at each point ys >0 for some directions 
tangent to S=const., and ¥s< 0 for other directions tangent to S =const. 
The critical region sometimes reduces to a critical surface. When the system 
has only two degrees of freedom, and X‘ is tangential to S =const., \‘ is then 
defined (except as to sign), and ys becomes merely a function of position: 
the critical region is then a curve. We shall see later (§6) that when the man- 
ifold of configurations is flat, the critical region with respect to radial-apsides 
reduces to a surface. 

(iii) The region Rmax, in which Ys< 0 at each point for every direction tan- 
gent to S=const. Every apse in Rmax is a maximum apse.* 

It is to be remembered that the apsidal properties to be discussed apply to 
all motions which possess a certain total energy E; when £ is altered, the ap- 
sidal properties will change, in general. 


Part II. RADIAL-APSIDES 


5. Radial-apsides in general. What precedes does not constitute an ad- 
vance, as regards results, on the work of Hadamard; it consists chiefly of a 
translation into tensor notation of what is essential to the developments 
which follow. 

We shall now consider radial-apsides, defined in §2, in terms of the func- 
tion F. This function, which I have called the “characteristic function” of the 
space, is, at ordinary points of space, a regular function of the codrdinates of 
P, O being fixed, and is such that 


(31) F; = Thi, 


* When S=V, the regions Rmin and Rmax are related to, but not identical with, the attractive 
and repulsive regions of Hadamard (loc. cit., pp. 339, 360); our regions depend on the value of E£; 
Hadamard’s are independent of E. 

+ Proceedings of the London Mathematical Society, (2), vol. 32 (1931), pp. 241-258. At the time 
of writing that paper I did not know that this function had already been used by Hadamard in con- 
nection with the elementary solution of the general linear partial differential equation of the second 
order: cf. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential Equations, Yale, 
1923, p. 89. It has also been employed by H. S. Ruse, Proceedings of the London Mathematical 
Society, (2), vol. 31 (1930), pp. 225-230, vol. 32 (1931), pp. 87-92, Proceedings of the Edinburgh 
Mathematical Society, (2), vol. 2 (1931), pp. 135-139. This function has long played an important 
part in the three-body problem: it is the function which appears in Jacobi’s equation and in Sundman’s 
inequality (cf. Birkhoff, Dynamical Systems, 1927, chapter ix; Whittaker, Analytical Dynamics, 1927, 
p. 342). 
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where 
(32) r = OP = (2F)"2, 
and yp‘ is the unit tangent vector to OP at P. We have also 
(F)o = 0, Filo = 0, (Fislo = (aiso, Piso = 9, 

(Fisno = — 3(Rinn + Rajxdo, 
where the covariant derivation is carried out with respect to the codérdinates 
of P, O being fixed, and the subscript (O) indicates the limit as P tends to O: 
R;;x: is the curvature tensor with respect a;;.* We note that, if \‘, u‘ are two 
perpendicular unit vectors at O, then 
(34) (Fijxrodip*p' = — ZK(A, w), 


where K(A,) is the Gaussian curvature corresponding to the two-space of the 


vectors. 
For the discussion of radial-apsides we have (as particular cases of (16) 


and (15)) 


(33) 


a°F 
= ¥r(x, , E), 


(35) r(x, r, E) = 2(E = V)F A? etal Fivi 
= oV 

2(E — V)FiAi — r—, 
or 


where 0/dr refers to differentiation along the radial geodesic drawn from the 
point O. By (25), we may also write 


OV 
(36) Yel, d, E) = {XE ~ V)R(F, ») — —t, 


where k(F, \) is the curvature of the sphere F = const. for the direction X‘, 
counted positive when concave towards O. We shall suppose that O is an 
ordinary point in the region for which V< £. Then it is evident that, for any 
assigned value of E, yr>0O in the neighborhood of O. Since dV /dr is the in- 
ward component of force along the radial geodesic, we may state the following 
result: 

THEOREM I. For motion with total energy E, a region of minimum radial- 


apsides with respect to a point O in the region of motion (V< E), not being a pole 
of V, extends out from O, including all those points at which the curvature of the 


* The limits of the covariant derivatives of the 5th and 6th orders are also evaluated explicitly 
in the paper referred to. 
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sphere with center O (counted positive when concave towards O) is positive and 
greater than 


(36a) 


1 R 
2E-V 
where R is the component of force towards O along the radial geodesic. 


We shall now give a development in series which will be useful later. If P 
ranges along a geodesic drawn from O, and has associated with it a direction 
\‘ which is propagated parallelly along the geodesic as P changes position, 
yr is a function of r, where r=OP. Expanding y, in a series, we find, using 
(33), 


(37) Ve =ad tartar? +-:-- 


xt 


(wo 
Fig. 1 
where 


OV 
a =2E—V)o, a = — 3(=) ’ 
Or 4) 


oV 
wishin 2o(—) + (E— V)o(Fisnadn*u*)o, 
Or? oO 


n+2/aV 2 (n(n — 1) a*-°V ; 
o 





n! or” n! 2! or"? 


OV 
+ te: ky Mi ~*® pen _ (E —_ V)F ijk y---knd 7% see wrt 
rT o 


(nm = 3,4,---), 


where, as above, y‘ is the unit tangent vector to the geodesic OP, and the sub- 
script (O) indicates evaluation at O. The coefficients ao, a, are functions only 
of the direction of d* at O; a, as, - - - also involve the direction (A‘)o, which 
will be taken perpendicular to OP but otherwise arbitrary. If (u*)o are fixed, 
and (A‘)o given arbitrary values, subject to (A;A‘)o =0 and (u,A*)o =0, each of 
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these coefficients has a lower and an upper bound, which we may denote by 
a single and a double accent respectively. Thus we have 


(39) atartar+-:-S¥r Satar+az/r+---. 


As we pass out from O along a radial geodesic, we start in a region Rmin, 
which extends up to and perhaps beyond the surface whose polar equation is 


(40) atar+azr+---=0; 


we then pass into the critical region, from which we emerge into the region 
Rmmax before or when we cross the surface 


(41) at+ar+az’r+---=0. 


The surfaces (40), (41) include, but are not necessarily the bounding surfaces 
of, the critical region in which the apsides may be of either type. We observe 
that when the space is flat (so that the F’s in (38) all vanish), the surfaces 
(40) and (41) coincide and the critical region reduces to a critical surface. We 
shall discuss this in the next section. 

6. Radial-apsides for flat manifolds and for radial manifolds. Let us note 
a remarkable property of flat manifolds, for which it is known that 


(42) F;; = dij. 
We have then 
(43) Vr(x, r, E) — 2(E — V) os FV‘, 


or 


OV 
(44) vr(x,r, E) = 2E-—V)—,r r ) 
r 


dV /dr being taken along the geodesic OP. We observe that, in this case, pr 
does not depend on i‘: it is mere function of position. Flat manifolds of con- 
figurations are of considerable dynamical importance; they include the mani- 
fold corresponding to a system consisting of any number of free particles. We 
may state the following theorem: 

THEOREM II. Jf the manifold of configuration is flat, and r represents the 
geodesic distance from a fixed point O, all the points at which r can take a mini- 
mum value in the course of a motion with total energy E are situated in the region 
Rwin, for which 


aV 
(45) we Rent) <9 eh 
Tr 
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and all the points at which r can take a maximum value are situated in the region 
Rinax for which 


OV 
(46) Yr = 2(E — V) —r— <0, 
or 
the two regions being separated by a critical surface or surfaces 


OV 
(47) vp = 2(E-— V) —r— =0. 
or 


I have defined a radial manifold* as one possessing geometrical isotropy 
with respect to a point O. It is characterised by a single function f(r), which 
is the ratio of the normal distance 7 between neighboring radial geodesics at 
a distance r from O to the infinitesimal angle 5¢ between their initial direc- 
tions at O, so that 


(48) n = f(r)d¢. 


(A manifold of this type is associated with the motion of a particle on a 
smooth surface of revolution.) For such a manifold, we have 


-f” 
fo) 


(49) Vij (ai; — rj), 


and therefore, since 
(50) 2F = r?, Fy = rr, Fiz = rrig + iri, 


we have 


7 7 7 
(51) FAX = cd {1 — (rd)?} + (rad? = = + (1 _ 7) (r;d‘)2. 
f f . f 
At a point P the maximum value of (r,A‘)? is 1, corresponding to the direction 
of OP at P, and also to the reversed direction; the minimum value is zero, 
corresponding to a direction perpendicular to OP. Thus for directions at P 

tangential to F =const., we have 


(52) Yr(x, d, E) = 2(E — V) rf'/f — FiV' 
r{2(E — V)f’/f — aV/ar}. 
* Hodographs of general dynamical systems, Transactions of the Royal Society of Canada, (3), 


vol. 25, Section III (1931), p. 132; the radial manifold includes the manifold of constant curvature 
as a special case. 
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Accordingly we may state the following result: 

THEOREM III. Jf the manifold of configuration is radial with respect to O, 
and r represents the geodesic distance from O, all the points at which r can take 
a minimum value are situated in the region Rmin for which 
(53) vr = 2(E — V)f'/f — aV/ar > 0, 
and all the points for which r can take a maximum value are situated in the region 
Rinax for which 
(54) rp = UE — V)f'/f — aV/ar < 0, 
the two regions being separated by a critical surface or surfaces 
(55) 2(E — V)f'/f — aV/ar = 0. 


It should be remarked that, while dV /dr is a function of position, it is not, 
of course, a function of r only in general. 

For a flat space, f=r, and Theorem III reduces to Theorem II. 

7. Radial-apsides for flat manifolds with homogeneous potential energy. 
Supposing the manifold of configurations to be flat, let us take normal co- 
ordinates such that 


(56) F = 3{(#)? + (@*)? +--+ + J. 
Let the point O be the origin of the codrdinates. We have then 
(37) Bem Bet = BA a) + (a2)? + + (DY. 


Let us suppose that V is a homogeneous function of degree m in these 
coérdinates. (The arbitrary constant always associated additively with V is 
therefore chosen to make V vanish at infinity if » < 0 and to make V vanish 
at O if m>0.) We have then 


(58) 


and, since Fi=F;=<', 


; OV 
(59) FYVi =r—=nv. 
or 


As we proceed along a radial geodesic, we have 
(60) V = Ar* 
where A is a constant along the geodesic, but changes in general when we pass 


to a different radial geodesic. The systems under consideration might have 
been defined by the invariant relation (59), or by (60). 
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As we pass out along a radial geodesic from O, the ratios of the codrdinates 
remain fixed, and consequently, since V; are homogeneous of degree (7 —1) in 
the codrdinates, we may put 


(61) V;= Br, 
where B; is a constant vector for an assigned radial geodesic; by (59) and (60), 
(62) BF‘ = nAr. 


Thus, along an assigned radial geodesic, the direction of the intensity (— V*) 
remains parallel to a fixed direction, and the magnitude of the intensity 
(V;V*)'/2 varies as r*-!. By (59), the intensity at P makes an acute angle with 
OP if nV is negative, an obtuse angle if ”V is positive, and a right angle if nV 
is zero. 

For a system of the type considered we have, by (44) and (59), 


(63) r(x, d, E) = 2(E — V) — nV = 2E— (n+ 2)V. 


The critical surface, which separates minimum-apsides from maximum- 
apsides, is therefore, if it exists, the equipotential surface 


2E 
n-+2 


(64) V= 


The fact that the kinetic energy cannot be negative restricts the motion 
to the region for which 


(65) E-V20. 


This inequality may, of course, be satisfied throughout the whole manifold, 
in which case there is no restriction. In order that the critical surface (64) 
may lie in the region in which (65) is satisfied, it is necessary and sufficient 
that 

nE 


66 20 
(66) rarer to 


Let us suppose that £ is assigned, and that, travelling a distance rz along 
a geodesic from O, we encounter the surface V = E. If the potential energy is 
V at a point on the same geodesic at a distance r from O, we have 


(67) 


Hence the critical surface y =0 has the polar equation 


2 l/n 
8 = ‘ 
(68) r=fp (- > ;) 
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The critical surface is therefore generated from the surface V = £ by a uni- 
form expansion with respect to O in the ratio 


2 1/n 
69 » = ’ 
(69) p (—) 


of which we note the values in the two important cases m= —1 and n=2 as 
respectively 


(70) p-1 = 


1 1 


pe 


2 ’ 
Since, in the classical theory of small oscillations, the manifold is flat and 


the potential energy homogeneous of the second degree, to the order con- 
sidered, we may state the following remarkable result: 


THEOREM IV. When a system performs small oscillations about a position of 
stable equilibrium, with total energy E, there exists inside the equipotential ellip- 
soid V=E, beyond which the system cannot pass, another equipotential ellip- 
soid, similar and similarly situated, with axes reduced in the ratio 1:2'!?, such 
that all the minimum radial-apsides with respect to the position of equilibrium 
are situated inside this ellipsoid, and all the maximum radial apsides in the 
homoeoid bounded by this ellipsoid and V = E. 


Before proceeding to a classification, according to the value of the degree 
of homogeneity , we may state our general results in the following form: 


THEOREM V. When a system with a flat manifold of configurations and a po- 
tential energy V, which is homogeneous of degree n in the normal codrdinates, 
moves with a total energy E, the critical surface which divides the regions of mini- 
mum and maximum radial-apsides has the equation 


2E 
n+ 2’ 
for all directions in which geodesics from O meet the surface V =E, the critical 
surface is generated by measuring off from O along such geodesics, a distance 


equal to the distance from O to V=E, multiplied by the constant pp, given by 
(69); the polar equation for the critical surface has the form (68). 


(71) V= 


It seems best to classify the results according to the value of ”. We shall 
accordingly consider the five cases: 

(a) » <—2. Example: a particle under a central force, varying as the in- 
verse fourth power of the distance (7 = —3). 

(b) = —2. Examples: a particle under a central force, varying as the in- 
verse cube of the distance; an electrified particle moving under the attraction 
of a fixed dipole. 
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(c) —2<n<0. Examples: a particle under a central force, varying as the 
inverse square of the distance; the two-body problem; the three-body prob- 
lem (7 = —1 in each case). 

(d) »=0. Trivial examples: a free particle; a lamina moving on a smooth 
plane under no forces. Examples: a particle in a plane acted on by a force 
perpendicular to the radius vector, of magnitude (& cos @)/r, where @ is the 
polar angle; a particle in a plane under a transverse force k/r (since V is 
multiple-valued, a Riemann surface must be taken for the manifold of con- 
figurations). 

(e) 0<m. Examples: a particle under gravity on a smooth circular cone 
with axis vertical (7 =1); a particle in a plane under a central force varying 
as the distance (w=2); small oscillations about equilibrium (approximate 
theory) (7 =2); small oscillations about the lowest point of a smooth surface 
whose equation is z=x‘+-y' (approximate theory) (7 =4). 

A systematic treatment is assisted by a diagram (Fig. 2). Let us take 
rectangular codrdinates to represent E and V. To any given state of the 


V 


E-V=0 
J, -0 


\ 


O<n 














n=0 









































—2<n<0 
n=—2 


Fig. 2 


system there will correspond a point on the (£, V) plane: but, of course, to a 
point on the plane there will correspond a multiplicity of states. If we are 
told the state of a system at an instant, the points on the (EZ, V) plane cor- 
responding to its subsequent history will lie on a line E=const. These lines 
(drawn in the figure) are bounded above by the line E— V =0. The portion 
of the plane above this line is forbidden to the system, and is therefore left 
blank. Other portions may also be forbidden. For example, the potential en- 
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ergy may be negative throughout, as in the three-body problem. We would 
then have to leave blank the whole of the plane above V =0. 

As to the position of the line yr =0 or (71), we observe that it passes into 
the region E—V >0 as follows: 


into the fourth quadrant if n < —2; 
into the third quadrant if —2<n<0; 
into the first quadrant if 0<m. 


These regions are indicated in the figure. 

It follows from (63) that the region lying to the right of the ray yr =0 
(drawn into the shaded region) is Rmin (the region of minimum F-apsides) ; 
that to the left is Rmax (the region of maximum F-apsides). 

The figures which follow illustrate the five cases considered. When the 
motion may be oscillatory, the corresponding line E = const. is marked - - - ; 














(n= —3 shown.) 


when the motion can have at most one apse, the line is drawn full; whether it 
is a maximum or minimum apse will be determined by the infinite sector 
(Rmax OF Rmin) in which it is contained. A motion with at most one apse may 
be called “non-oscillatory.” 

If, when a portion of the plane has to be excluded on account of special 
knowledge (e.g. V< 0), the excluded portion contains the line yr =0, then the 
lines marked - - - in the part of the figure not left blank must be changed to 
full lines to indicate non-oscillatory motion. 
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(n=—1 shown.) 




































































(n=2 shown.) 
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An interesting feature of the foregoing diagrams is that it is possible to 
proceed so far with the classification without differentiating between attrac- 
tive and repulsive fields. But a field that can be called “attractive” or “re- 
pulsive” is of quite a special character. In the general case, the field of force 
will be attractive for some radii drawn from O in the configuration space and 
repulsive for others. Thus if 7 >0, we shall have V =0 at O, and at infinity 
one of the three values V=—2, V=0, V=+o according to direction. In 
the case of any number of bodies, attracting or repelling one another accord- 
ing to the inverse square law, we have n= —1, and V =0 at infinity in both 
cases: for attraction V <0, and for repulsion V >0. Thus the diagrams for 
these two cases are as follows: 

y 












































Fig. 8 Fig. 9 
Any number of bodies attracting one an- Any number of bodies repelling one another 
other according to the inverse square law according to the inverse square law (n= —1). 
(n=—1). 

An important class of motions consists of those for which F = const. It in- 
cludes the circular orbits under central forces and the steady motions in the 
three-body problem, the point O corresponding to coincidence of the bodies 
at their common center of mass, supposed stationary. For such motions we 
must have yr =0 permanently, and since, except in the case m = —2, the line 
vr =0 cuts E=const. at one point only, V must be constant for such a mo- 
tion. Hence we may state the following result: 


THEOREM VI. For a system with a flat manifold of configurations and a po- 
tential energy homogeneous of degree n(n —2) in the normal coordinates, any 
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motion for which the distance from O is constant (every point a radial-apse) must 
take place on the equipotential surface given by pr =0 or 


(71) —_—e.. 
42 


If n= —2, such motions must possess zero total energy (E=0). 


It is perhaps not out of place here to point out a geometrical reason why 
the problem of three bodies belongs to a class different from that of the prob- 
lem of two bodies. In each case, making O correspond to complete collision 
at the center of mass, supposed at rest, the motions take place in flat sub- 
manifolds of 9—3=6 and 6—3=3 dimensions, respectively. From the fixa- 
tion of the center of mass it is possible to express V for the two bodies as a 
function of F. Hence the equipotential surfaces V=const. are spheres 
F=const., and we are dealing with the generalised case of a particle under a 
central force depending only on the.distance. In the case of the problem of 
three bodies, the surfaces V =const. and F=const. no longer coincide: we 
have to deal with the generalisation of the motion of a particle in a plane 
under a force which is not central, but has a transverse component. 

8. Radial-apsides for motion near a position of instantaneous rest. Let us 
now return to the general case, in which the manifold of configurations is no 
longer flat, and in which there is no restriction on the form of the potential 
energy. 

A position of instantaneous rest must lie on the surface V=£. Let us 
choose such a position as the point O, from which F is measured. The F- 
apsidal function (35) is 


av 
(72) We = 2(E — VFX! — FV! = 28 — VF ah — 7 
r 


where, it will be remembered, X‘ is the unit tangent vector to the orbit, 
r=OP, and 0/dr denotes differentiation along OP. 





Fig. 10 


Let us investigate the value of pr at P. Let y‘ be the unit tangent vector 
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at P to the geodesic OP. By propagating X‘ parallelly along OP, we can assign 
to each point of OP a definite value of yr corresponding to an assigned direc- 
tion \‘ at P. We can then develop yr as a power series in r, provided that P is 
sufficiently close to O to ensure the convergence of the series. Thus we find 


(73) Wr = air + dor” i a3r oa cee, 
where the coefficients are found by putting (E—V)o=0 in (38), being there- 


fore 
av 
3(Vin'o = — 3 —) , 
or oO 


a" eV 
= — 2(V imino = — 2(|—}, 
Or? Jo 


(Fs) (—- ripe ») 
== Hwy yp NEN DG Big, Ko 
‘heh to or 


n+2 (=) 
n! Or"/Jo 


2 {x — 1) o°V 


P ijk ky hippy + + -- 





2! or"? 
av i) i,k k 
* Mo Pitas: staaX'N' o.oo (n = 4,5,--- ); 
oO 


where the subscript (O) indicates evaluation at O. We observe that the first 
two terms are independent of the curvature of the manifold, as represented 
by Fiix,x., etc. As we go out along the normal to the surface V =£ into the 
region of motion (V <£), we have 


=e (— 0 
(75) - ) < > 


Therefore a; is positive for this direction, and therefore yr >0 on the geodesic 
normal to V = £, in the vicinity of O. This is true, not only for the normal, but 
for every other geodesic drawn from O into the region V < E, provided that it 
lies on the same side of the tangent geodesic surface at O. Thus the critical 
region, if it extends up to O, must reduce at O to a surface touching V =E 
there. 
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vr>0 





Let us examine the sign of Yr on V =E near O. If P ison V=E, then 


ea ‘ = ‘ Fat = 
( “hehe Stee , 


adding this equation, multiplied by 3, to (73), we get 


: vino Eee 
mM re DN ]o. 


showing that yr has the opposite sign to (0°V/dr?)o. Three cases may arise 
as to the nature of the surface V = E at O: 

(i) The surface V = E is convex towards the region of motion (V <£), for 
every tangential direction at O (Fig. 11); then (0?V/dr?)9 <0 for every tan- 
gential direction at O, and hence yr >0 on the surface V = E near O and in the 
part of the region V<£ near O. The critical region near O in fact lies on the 
side V > E, and does not affect the motion. Hence the region V < E near O is 
a region of minimum F-apsides, and this region extends to the surface having 
the polar equation 


(78) 4+ ar+ajr+---=0, 
where aj, a/, - - - are the lower bounds of as, as, - - - for arbitrary directions 


d‘ at O, perpendicular to the direction in which the geodesic along which r is 
measured is drawn; the more distant boundary of the critical region lies not 
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further from O than the surface having the polar equation 
(79) a; + aor + az’r? +--- = 0, 


where a3’, a{’, - - - are upper bounds. 

(ii) The surface V = E is concave towards the region of motion (V< £), 
for every tangential direction at O (Fig. 12); then (0?V /dr?)o>0 for every 
tangential direction at O, and hence yr <0 on the part of the surface V=E 
near O. As we pass through the region V <E from a point on V = E to a point 
on the normal, yr changes sign from — to +. Accordingly there is a critical 
region in V < E, whose bounding surfaces (represented by the dotted lines in 
Fig. 12) both touch V =E at O, and which is contained between the surfaces 
(78), (79). The region of minimum F-apsides is that which contains the nor- 
mal to V=E at O, and the region of maximum F-apsides is the narrowing 
region adjacent to V =E. 

(iii) The surface V = E is convex towards the region of motion (V < £) for 
some tangential directions and concave for others. A critical region will exist 
in V <E in the neighborhood of O, but only approaching O in those sections 
which have their concavity towards V <E. 

The above circumstances are easily illustrated by a particle on a smooth 
sphere under gravity, or a particle in a plane attracted to a center by a force 
varying as the distance. These being two-dimensional systems, the critical 
region is a curve, which in the latter case is a circle touching the circle V=E 
internally at O, and having a diameter equal to 3/4 of the diameter of the 
circle V=E. 

9. Radial-apsides for motion near a position of equilibrium. Taking O ata 
position of equilibrium, we have 


(80) (Vio = 0, 


and therefore 


for every geodesic drawn from O. By (35), 


OV 
(82) Vr = 2EF ;;\*h? - 2VF; jr? a om . 
r 


Let us assume, without loss of generality, that V vanishes at O, so that 
(83) (V)o = 0. 


Then, expanding yw, we obtain 
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(84) Yr = E(ao + aor? + agr? +--+) + dor? + byrF +--+, 
where 
a= 2 


2 = (FijeyedDAiu*p)o, 


2 ; 
a, = Pr a cee p*n)o 


eV 
n--2(8), 

Or? oO 
5 5 (=) 
. 6 or’ . 


1 /a4V 1 /aV ‘pies 
— Ear ].~ F\an Paneer)» 


2(n+20aV  n(n—1) av 
2 orn 21 arn? 

n(n — 1) dV 
21 ar? 





P jek. dip p™ + -- - 


F ijky. + +kgghhip™ + + + phn \ (n = 5,6,---); 
oO 

where, as before, the subscript (O) indicates evaluation at O, \‘ is propagated 

parallelly along the geodesic OP, and yp‘ is the unit tangent vector to the geo- 

desic. 

Having assigned the unit vector (A‘)o, then, as we pass out along a geo- 
desic from O, yr is a function of r only. Yr starts with the value 2£. If it 
vanishes for some value of r, we shall have, for that value of r, 
be + by +--- 
do + aor? +--+: 

E can be expanded in a power series in r, which will start with the power r? 
if b20, and with the power r° if b. =0, 630. Let us assume that 


(87) b 2 (=) ~ 0 
ioe or? A ’ 





(86) -r 


for the geodesic under consideration. We have then from (86) 
(88) E = r(co + cr + cor? +--+), 


where 
(89) Co = — be/ay = (8°V/0r")o. 
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Let us first consider the case where O is a position of stable equilibrium, and 


90 oe 0 
(90) i ), . 


for all geodesics from O. We shall consider only motions which pass into the 
surrounding region, V >0; for these motions E>0. Equation (88) then gives 


E\12 1 
(91) (-) = + (1+>Sr4.--). 
Co 2 & 


This series has only one reversion which gives a positive r tending to zero as E 
tends to zero. It will be of the form 


E\12 Evw2 E 
(92) r=(-) E +a,(=) to 4. |, 
Co Co Co 


Here the coefficients d,, dz, - - - depend only on the initial direction of the geo- 
desic at O and the initial values (A*)o. Their values are most easily found by 
substitution in the equation 


(93) E(ao + ae? +--+) + be? + by? +--+ = 


We find, for the first two coefficients, remembering (34), 
P 5 4 =) 
* — 94\av/ar? Jo’ 


125 /°V/dr*\? a‘V/ art 
d= - (KO, »))o + aaa), -— ) 
1152 \@V/ or? 16 \e2V/ ar? 


(94) 


The region V< E may contain critical regions other than that which is 
yielded by consideration of (92); but they will not tend to O as E tends to 
zero, and therefore may be excluded from the region V< E by making E 
sufficiently small. To obtain these other regions, we note that, as E tends to 
zero, then for an assigned geodesic from O and assigned (A‘)o, yr tends to 
zero for those values of r which satisfy 


(95) bo + bsr + Dy? +--+ = 0. 


If r =r; is a solution of this equation, the value of r for which yr =0 will have 
an expression of the form 


(96) r=n+eE+ek?+-:-:-, 


where 71, é:, €2, - - - depend only on the direction of the geodesic at O and the 
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unit vector (A‘)o perpendicular to that direction. The corresponding critical 
region lies between the surfaces 


(97) r=riteE+edEF+---, 
(98) r=n'+e/(/E+e’E+---, 
where ri, e¢, e¢,---, 71’, ef’, ef’, - - - denote respectively minimum and 


maximum values for arbitrary choice of the unit vector (A‘)o perpendicular 
to the geodesic at O. We may state the result 


THEOREM VII. When a system performs finite oscillations about a position 
of stable equilibrium O (for which V =0 and (90) is true), the total energy E being 
sufficiently small but finite, the region V<E contains a single critical region, 
lying between the surface whose polar equation is 


E\12 E\12 E E\3/2 
(99) r= (-) E + i(=) +d{—+d} (=) +.:- |, 
Co Co Co Co 


and the surface whose polar equation is 


E\12 E\12 E E\3/2 
(100) r= (=) E + (=) + dg’— +43’ (=) 4+... | 
Co Co Co Co 


where co=(02V/dr?)o, di is given by (94) and di, dj,---,dd', dj',+ ++ are 
respectively minimum and maximum values of certain quantities d2, d3,-- - 
which depend on the initial direction of the geodesic along which r is measured 
and an arbitrary unit vector (d*)o perpendicular to this direction. All the radial 
apsides with respect to O which lie on the side of the critical region adjacent to O 
are minimum apsides, and those on the side remote from O are maximum apsides. 


For larger values of E, the region V<E may contain critical regions 
bounded by surfaces of the type (97), (98). 

We note that, as E tends to zero, the part of each geodesic from O con- 
tained in the critical region limited by (99) and (100) tends to zero as E*/?, 
The thickness of the critical region is therefore of the order of E*/?. On the 
other hand the critical regions connected with (97) and (98) may have a finite 
thickness, not tending to zero with E. 

Let us now consider briefly the case where O is a position of unstable equilib- 
rium, so that for some or all of the geodesics drawn from O 


PV 
(101) (<=) <0 
Or? oO 


We have to consider two cases (i) E>0, (ii) E< 0. 
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When E>0, we obtain, as before, for those directions at O for which 
(0*V /dr?)o>0, a critical region lying between the surfaces (99) and (100) 
respectively, and also critical regions bounded by (97) and (98), not tending 
to O as E tends to zero, and therefore excluded from V <£ when E is small 
enough. For those directions for which (0?V/dr?)9<0, and therefore co<0, 
no value of r which satisfies (88) will tend to zero as E tends to zero. For geo- 
desics drawn in such directions, the only critical regions will lie between sur- 
faces of the type (97), (98). We have still to consider geodesics for which 


(102) (=) 0 
or? o oe 


which lie on the cone defined by 
(103) (Vim'n’)o=0. 


Returning to (86) and (88), we have, connecting E and the distance 7 to a 
point at which yr =0, the equation 


(104) E = (ce, + cor + cr? +--+) 


where 


5 (—) 1 (=) 
QS wei, & eis, 
12 \dr* Jo 8 \dr* Jo 


Let us leave out of consideration directions satisfying simultaneously (102) 
and 


106 (— = 0 
(106) =x), 


If 


08V 0°V 
(107) (=) > 0, ( ) =0, E>O, 
r8 Oo Or? Oo 


then (104) can be reverted to give 7 in the form 


ROMEO BLO men 


there may also be points which do not tend to O as E tends to zero, given by 
an equation of the form 


(109) r=n+g9E+ gk?+-::-. 
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where 7; is such that 

(110) bs + buitbr? +---= 0, 

and 71, gi, gz, - - * depend only on the initial direction of the geodesic at O 
and on (A‘)o, On the other hand, if 


eV eV 
(111) (—) < 0, (=) =0, E>O, 
or’ rs) Or? ra) 


there is (since r>0) no reversion of (104) which tends to zero with E. 

We have still to consider the case where E< 0. Turning to (88), we see at 
once that if (0?V/dr?)o>0, then there is no critical region which tends to O 
as E tends to zero.* The critical region for such directions will lie between 
(97) and (98). If (02V /dr?)o< 0, then there is a critical region which tends to 
O as E tends to zero, and it lies between the surfaces (99) and (100). The 
cases where (0?V /dr?)g =0 may be dealt with in the same manner as before. 

Defining an adjacent critical region as one which tends to O as E tends to 
zero, and a remote critical region as one which does not tend to O as E tends 
to zero, we may state the following result: 


THEOREM VIII. When a system moves with total energy E in the neighbor- 
hood of a position of unstable equilibrium O (V =0), then 

(i) there exists an adjacent critical region in those directions for which 
E(0°V/dr*)o >0 and in those directions for which (8°V/dr?)o =0, E(0°V/dr*)o 
>0, but not in those directions for which E(0?V /dr*)o< 0 nor in those for which 
(82V /ar?)o =0, E(8°V /dr*)o< 0; 

(ii) in those directions for which an adjacent critical region exists, it lies be- 
tween the surfaces (99) and (100) if (0°V/dr?)o+0, and, if (0?V/dr?)o=0, 
between the surfaces 


(112) r= (=): + fi (=)" + (=) +e], 
(13) r= (=): + (=) + (=) te], 


where c, is given in (105) and fi, f2,---,fi', ft’, - + + are respectively mini- 
mum and maximum values of the coefficients f,, fo, - - - in (108); 

(iii) for directions for which (0*V /dr?)o~0, remote critical regions corre- 
spond to solutions of (95), and lie between the surfaces (97), (98). For directions 
for which (8°V /dr?)o =0, (0°V /dr*)o 0, remote critical regions correspond to 
solutions of (110), and lie between surfaces similarly obtained. 


* Since E<0 and E—V>0, V must be negative. Hence motion is impossible in the region near 
O reached by geodesics for which (@°V /dr*)o>0. 
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10. Radial-apsides for motion near a pole of the potential energy. Let us 
investigate the radial-apsides in the neighborhood of O, which is a pole of V. 
We shall assume that, in some conical region R, having its vertex at O, V may 


be written 


U 
(114) V =— (m>O0O), 
r™ 


where U can be expanded in a power series in r along each radial geodesic in 
R; U will in general be multiple-valued at O. (This will be the case in the 
problem of three bodies, for exampie, if the region R, whose vertex O is at a 
position of triple collision, excludes all displacements in which two of the 
bodies move off in coincidence; U is a constant along each radial geodesic and 
m =1 for this case.) We have 
ve = 2(E — V)F; 4X! = 
(115) ' ms amy 
IEF Da + — 
r™ 


where 
_ 0U 
(116) <a = + Faw. 
r 
Accordingly in R 
1 
(117) Wr = E(ao + aor? + agr® + ---) + —(bo + bir + dor? + - - - 
r™ 


where the values of do, d2, a3, - - - are as given in (85), and 


bo =(m — 2)(U)o, 


P 0U 
waite aait (>>), 


m— 4/2U . _ 
3 —) — (UF ijn din™p")o, 
oO 


b 
. or? 





= n! 2! orn? 


m—n— 2 /0"U 2 (n(n — 1) 0*"U _ 
| ) Sea F i jek ip yp + ‘ale the 
Oo 


n! or” 


aU as a 
+ 6 Fresno, Ae” es phea + UP sje,...% dM Aip™ - - - uh 
r 0 


(n = 3,4,---) 


where (U)o and the derivatives depend on the direction of the radial geodesic 
at O. Here, as before, the vector \‘ is propagated parallelly along the radial 
geodesic OP, and pu! is the unit tangent vector to OP. 
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At any point P the generalized force is 


Ut mUy!i 
(119) —Vi= ——+4 : 
r™ rpmtl 
The outward component of force along the geodesic is 
Uut mU 


r™ ymtl 


(120) a: V ‘ny == 


As r tends to zero, the sign of this quantity is that of (U)o. Let us confine our 
attention to attractive fields of force, for which 


(121) (U)o < 0, 


for all directions (u*)o in R. Inspection of (118) shows that m=2 is an im- 
portant critical case (as we might have suspected from the results of §7), for 
the sign of m—2 now determines the sign of do. 

For a given value of E, the sign of yr in a region sufficiently close to O 
(and, of course, belonging to R, as is always understood) is that of bo. Ac- 
cordingly we may state the following result: 


TueoreM IX. When the potential energy is of the form (114), and the force 
near O is attractive in a conical region R, then for given total energy E, all radial- 
apsides near O in R are minimum apsides if m<2 and maximum apsides if 
m> 2. 

If m=2, the apsides near O in R are minimum or maximum according as 
(8U/dr)o is negative or positive for the direction of the geodesic drawn to the 
adjacent position in question. 


If Yr =0 at a point P, then, by (117), we have 


mn 20+ Ger? + ast? +: 
bo + bir + bor? + --- 





(122) —-—-=r 


In connection with the series development, the case of principal interest is 
that in which E is negative and very large. This would arise if the system were 
to start from rest at a position adjacent to O. Since a) =2, we can revert (122) 
to obtain a value of r tending to zero as E tends to — ~ only if the first of the 
b coefficients is positive. Let us, then, assume that m<2, so that b)>0. Any 
critical regions which do not tend to O as E tends to — ~ will in the limit con- 
sist of points for which F,;,A‘/=0, and at which, therefore, the sphere with 
center O possesses asymptotic directions. Such regions will be contained be- 
tween surfaces with polar equations of the form 
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(123) aot+air+tajre+---=0, 
(124) ao + az’r? + az’? +--+ =0, 


where az, a3, +--+, az’, a3’, - - - represent respectively minimum and maxi- 
mum values for arbitrary choice of the unit vector (A‘)o, perpendicular to 
(u*)o. Such critical regions will lie outside the region of motion (V <£) if E 
is made sufficiently large and negative. 

Let us now consider the critical region which tends to O as E tends to —». 
Equation (122) gives 


(125) 


m+1/b,\? 
Sw 
bo 2m? 


_ Kd, z) m—A4 (+ =) 
oO 





~~ 3(m— 2) 2m(m — 2)\U ar? 


(m + 1)(m — “( a) 
2m?(m — 2)? U or 





oO 


Accordingly we have, for that value of r which tends to zero as E tends to 


—O, 
_ ( _@m- me, 7 ( _(m- a 
2E 2E 


(m — 2)(U)o\?!™ 
raf SBN J] 


m— 3 1 dU 
~ m(m — 2) © >); 
KQ, z) m— 4 1 #U 
" 3(m — 2) 22m(m — 2) (S 41 


ee ae 
2m?(m — 2)?\U ar ), 


(127) 


where 





= 2¢:? — Ce 





1932] THE APSIDES OF DYNAMICAL SYSTEMS 


We may state the following result: 

THEOREM X. When the potential energy is of the form (114), and the force 
near O is attractive, there will exist a critical region which tends to O as E tends 
to —2© if m<2. Such critical regions are contained between surfaces whose polar 
equations are of the form (127), the quantities dz, ds, - - - being replaced first by 
their minimum values (for arbitrary unit vectors d* at O, perpendicular to the 
direction of the geodesic along which r is measured) and then by their maximum 
values. The thickness of the critical region is of the order | E|—/™, 


If m =2, the existence of a critical region, tending to O as E tends to —~, 
demands that }, be positive, bo being zero if m=2. Instead of (125), we shall 
now have an equation of the form 


bi 


(129) —se wl tar tat ++), 

from which we obtain, instead of (127), an equation of the form 

(130) r==(=) [+n (S)+4(S(F +e]. 
2E \ dr /o 2E \ or /o 2E \ orJo 


Part III. PoTENTIAL-APSIDES 


11. Potential-apsides in general. For the consideration of potential-ap- 
sides, we have, by (16) and (15), 


131 oh (x, \, E) 
( ) dt? = Ww x, A, ’ 


(132) ¥v(x, A, EZ) = 2(E — V)Viari — VV! 


Let O be an ordinary point, with respect to V, for a motion with total 
energy E; that is, it is not a position of instantaneous rest, nor a position of 
equilibrium, nor a pole of V. Then if \‘ is tangent to V =const., we have, by 


(25), 
(133) Vidi = RV, (VV 9", 


where k(V, \) is the curvature of the equipotential surface for the direction 
i‘, positive when the surface is concave on the side from which the line of force 
(—V*) proceeds. But 


(134) (ViVi)? = X, 
the magnitude of the force; therefore 
(135) W(x, \, E) = X{2(E — V)R(V, d) — X}. 





512 J.L.SYNGE ° [July 


Accordingly we may state the following result: 


THEOREM XI. For motion with total energy E, an ordinary point belongs to 
the region of minimum potential-apsides if the curvature of the equi potential sur- 
face at the point (defined as in §4) is greater than 


X 


(136) 2E—V)’ 


for every direction in the surface, X being the magnitude of the force; and the 
point belongs to the region of maximum potential-apsides if the curvature is less 
than this quantity for every direction in the surface. Every point at which the 
equipotential surface is convex on the side from which the line of force issues be- 
longs to the region of maximum potential-apsides.* 


12. Potential-apsides for flat manifolds with homogeneous potential en- 
ergy. Let us now suppose that the manifold is flat, and that, in terms of the 
normal coérdinates for which the kinetic energy is of the form (56), the po- 
tential energy V is homogeneous of degree in the coérdinates. For these 
codrdinates covariant differentiation reduces to ordinary differentiation. 
Then V; is homogeneous of degree n—1, and V;; is homogeneous of degree 
n—2. As we proceed along a radial geodesic from O, we have therefore 


037) v= (=), Vin (=) (Vy, Ves = (=) (Vids 
Tr) Lal al 


where the subscript (1) denotes evaluation at the point where the radial 
geodesic cuts the sphere r=7;. Thus, by (132), for any point on this geodesic, 


(138) yv(«,d, £E) = (=) {26(7.0%); - ( 


1 


r n 
“) (2V + Vidini + vivosh 


Lal 


where the values of \‘ at y=7; are obtained by parallel propagation, \‘ being 
(since the manifold is flat) constants along the geodesic. Thus, as r ranges 
from 0 to ©, wy vanishes (for assigned \*) at most once, and that for r satis- 


fying 
(139) 





( r )- 2E(V ir), 

ry (2V - ViAXI+ V,V4), 

or, by (133) and (134), if \‘ is tangential to the equipotential surfaces, 
n\" (V)i (X): 

am (*) ~ "E | 2E(R(V,»))i. 


* Cf. Hadamard, loc. cit., p. 360. 
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where (X); is the intensity and (&(V,\)), the curvature of the equipotential 
surface at r =r; on the geodesic, counted positive if the surface is concave on 
the side from which the line of force issues. 

If the equipotential surface at r=r; on the geodesic has a single-signed 
curvature for all tangential directions \‘, then (140) determines a region on 
the radial geodesic belonging to the critical region; it is bounded by the two 
points corresponding to the values of r obtained from (140) when we substi- 
tute in turn for (k(V, d)): its greatest and least values. 

We may express our results in a slightly simpler form if the values of E 
are such that there exists a surface of instantaneous rest V = E. We shall then 
take r; at the intersection of the radial geodesic with this surface, and employ 
a subscript (EZ) to denote evaluation at this point. Equation (140) then be- 


comes 


(141) (“)-14+ re 
r 2E(R(V, d))z : vO 2E(R(V, d))z ; 


We may state our result as follows: 


THEOREM XII. When the manifold of configurations is flat and the potential 
energy is homogeneous of degree n in the normal coordinates, any radial geodesic 
drawn from the origin has at most one segment contained in the critical region 
with respect to potential-apsides ; the other two parts of the geodesic belong one to 
the region of minimum apsides and the other to the region of maximum apsides. 
The bounding surfaces of the critical region are given by (140) in the manner 
described above. If the total energy is such that the surface of instantaneous rest 
(V =E) exists, the bounding surfaces of the critical region are given by the polar 
equations 

(X)z ) 7" 
7 rel! + Eee } ' 


(142) 


(X)z _ 
2Ek}’ : 


= ro} + 


where rz is the distance from O to the surface V =E, along the direction of the 
radial geodesic along which r is measured, (X)x is the intensity at the point where 
this geodesic cuts V=E and kg’, kx’ are respectively the least and greatest 
curvatures (with signs attributed according to the convention described above) of 


the surface V =E, for arbitrary tangential directions. 


To determine whether the region adjacent to O (on an assigned geodesic) 
belongs to the region of minimum or maximum apsides, we have to examine 
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the sign of Wy (as given by (138)) as r tends to zero. We may write (138) in 
the form 


(143) p(x, d, E) = w(Z) {2BKy, )):- (=) x+ VEU»). 


As r tends to zero, the first or the second term dominates according as m is 
positive or negative. We shall leave out of consideration the case n =0. The 
following results are then immediate: 


THEOREM XIII. When the manifold of configurations is flat and the potential 
energy is homogeneous of degree n in normal coordinates, the potential-apsides in 
the part of a conical region R adjacent to the origin are minimum apsides, under 
any of the following circumstances: 

(i) n>0, E>0; in R the equipotential surfaces have positive curvature (i.e. 
are concave on the side from which the line of forces issues) ; or 

(ii) n>0, E<0; in R the equipotential surfaces have negative curvature (i.e. 
are convex on the side from which the line of force issues) ; or 

(iii) "<0; in R the value of —2VkR(V, d) exceeds the intensity X, for all 
directions \‘ tangential to the equipotential surfaces. 

The potential-apsides in R are maximum apsides under the following circum- 
stances: _ 

(i) n>0, E>0; in R the equipotential surfaces have negative curvature; 

(ii) n>0, E<0; in R the equipotential surfaces have positive curvature; 

(iii) <0; in R the value of —2VR(V, X) is less than the intensity X, for all 
directions dX‘ tangential to the equipotential surfaces. 


It is clear that the critical region reduces to a surface when the number of 
degrees of freedom of the system is two, or when the equipotential surfaces 
are spheres. It is interesting to investigate the significance of the above re- 
sults in the case of a particle performing finite stable oscillations in a plane, 
the potential energy being 
(144) (= +2) 

Na ey 
Here n =2, and the critical curve, separating the region of minimum apsides 
from that of maximum apsides, has the polar equation (141) or 
=) (X)z 
—j)=1 , 
2Ekg 


(145) ( = 


r 
where kg is the curvature of the equipotential curve V = E, or 


: 9? 
(146) = + >." 2E, 
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at the point Q where it is met by the radius vector along which r is measured; 
kg will be positive. We have 


1 
(147) ke = i= ow’ 


where is the perpendicular from O on the tangent at Q to the ellipse (146); 
thus (145) gives 





(148) 


= ? 


( =) 4E*a2h? rep* 
— r= 
p* (p* + 4E%a2h?) 1/2 


as the polar equation of the critical curve; in parametric form the curve is 
a*b(2E)'/? cos 0 
_ (a2b? + (b? cos? 6 + a? sin* g)2) 12" 
ab?(2E)*/? sin 0 
7 (a2b? + (b? cos? 6 + a? sin* @)?)1/2 





(149) 





y 


We note that when b =a, so that the equipotentials are circles, and potential- 
apsides become confounded with radial-apsides, we have for the critical circle 
(150) r= rp/2)/2, 


agreeing with the result of Theorem IV. 
13. Potential-apsides near a surface of instantaneous rest. For motion 
with total energy £ the surface 
(151) V=E 
is a surface of instantaneous rest. The V-apsidal function at a point on this 
surface is, by (132), 
(152) w=-VVi<0. 
Hence we have the result 


THEOREM XIV. All potential-apsides near a surface of instantaneous rest are 
maximum apsides. 


14. Potential-apsides near a position of equilibrium. Let O be a position of 
equilibrium, for which we choose V =0. We have then 


(153) (V)o = 0, (Vio = 0. 


Let us take any point P, with which there is associated a unit vector A‘. Let 
us draw the geodesic OP (of length 7), and let yu‘ be the unit vector tangent to 
this geodesic. Then, defining \‘ along OP by parallel propagation, we may 
develop Wy (given by (132)) as a power series in r. Thus we obtain 
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(154) vy = E(ao + ay + agr? +--+) + bor? + bi +---, 


where 
F 


ao = 2(Vijr*r4)o, 
Q, = 2(VijndAiu™)o, 
2 e 
~— wie iba shah AZM - ++ pkn)o 


= — (Virdp))oVim'no — (Vii uro, 


2 nee Sa 
- =( VN nt ve whn b AV sind Dip py. eaet s+ spk - 
nN: 


Pn — 1) 


BP Hitachi « « Vn tat) 


oO 
1 k, Vik. k 

—— (nV eye ~- "Uke “* * Mkn + ae 
nN: 


+ MV ik, «+ +kq—yht™ ee pieVikou, o (n cs 3, 4, ah » 


We observe that if V is a minimum at O, a» is positive for arbitrary (*)o; 
moreover in this case E is necessarily positive. On the other hand, if V is a 
maximum'at O, ao is negative, but E may be positive or negative. Hence we 
may state the following result: 


THEOREM XV. In the immediate neighborhood of a position of stable equilib- 
rium, all the potential-apsides are minimum apsides. In the immediate neigh- 
borhood of a position of equilibrium for which V is a maximum, all the potential- 
apsides are maximum apsides if E is positive. 


We have not included in this theorem a statement for the case where V is 
a maximum and E is negative, because we are at present only concerned with 
the state of affairs when 7 tends to zero, E being fixed. Under the above cir- 
cumstances, the region for which r tends to zero (the immediate neighborhood 
of O) lies in the region for which E—V <0, and is therefore forbidden to the 
system. 

When we employ the function yy to determine the regions of minimum 
and maximum apsides, we are only interested in those vectors \‘ which are 
tangential to the equipotential surfaces. The preceding method for the cal- 
culation of pv (in which X‘ is propagated parallelly along the radial geodesic) 
does not lend itself to the realisation of this condition. We shall therefore in- 
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troduce another law of propagation of \‘, which will ensure the satisfaction 
of the condition 


(156) Vai = 0, 


at all points of the radial geodesic. 

Let us draw another radial geodesic, adjacent to OP, and let 7‘ be the in- 
finitesimal displacement-vector from a point on OP to the point on the other 
geodesic where V has the same value. The relation 


(157) Vani =0 

is then satisfied along OP. The equation of geodesic deviation is* 
6°n' oes 

(158) — + R. jxmin*p' — Ou‘ = 0, 


or? 


where @ depends on the nature of the correspondence between the points of 
the two geodesics. From (157) we derive 


n' it 
(159) —“ + Vin'n' = 0, 


5°n* dnt ae 
(160) are + ro wi + Vinn‘vin*® = 0, 


and hence, multiplying (158) by V;, we have 
‘ i ,  . mee 
(161) O-Vint = R.jxiV pinky’ — sat — Vinenipip*, 
Tr 


where 
OV 
(162) Vu = —- 
or 


Let us define the unit vector \‘ by 
(163) N= n'/n (1? = nn‘); 
X‘ satisfies (156) along OP. Differentiating (156), we have 
(164) ve + Vidjui = 0, 


* Cf. Proceedings of the Royal Irish Academy, vol. 39A (1929), p. 14, for a simple derivation of 
the formula, first obtained (for a general correspondence) by Levi-Civita,*Mathematische Annalen, 


vol. 97 (1926), p. 315. 
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and therefore at O, since V;=0 there, 
(165) (Vidrio = 0. 
Further, it is evident that the vectors (5n‘/6r)o and (A‘)o are codirectional, 
so that we may put 
dn’ ; 
(166) (=) = e(A‘)o, 
ér Oo 
where ¢ is a constant which tends to zero as the neighboring geodesic tends to 


coincidence with OP. 
Equations (158) (with substitution for @ from (161)), together with the 


boundary conditions (166) and 
(167) (n‘)o - 0, 


determine the infinitesimal displacement vector n‘ along OP, and hence the 
unit vector \‘, the initial value (A‘)o satisfying (165). 


Now we have 
2(E — V)Visnini 
(168) Ww = ( tL cam ow a, 


n 





The various terms occurring may be expanded in power series in 7. As the cal- 
culation soon becomes intricate, we shall only calculate a few terms explicitly. 
Differentiating (161), we have 
00 aV Pd R' V.uin* py! +R V inky, t 
—_— — = K.jkimV ye’ 1a 3 ime)" ™ 
> i ar? ikl es ee a ikl 
i on" wy... nt 
+ R. jaV ei p! — 2 stu — pips*® — 2V 5 — wl 
ér ér ér? 
a ini 
— Vijnn'vin*e! — Vie ; wip*, 
r 


which gives, on putting r =0, and using (153), (158) and (166), 


or? 
(0)o = — €(Vijzd‘u*p")0/(0°V/dr*)o (0°V /dr? = Vijuip’). 


07V — 7 on 
(od —) — 2e(Vijed‘uip*)o — 2(Vijuip)o — e(Vijzd‘uip*)o, 
0 


(170) 
Differentiating (169), and putting r=0, we obtain 


(22) eo) _ 2 Po 
ar) \ar?)o (4) a8 Se EVN. GKLV imi A MBO 


(171) ad 
— 4e(V ijxrd*uip*p)o, 
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06 0?V\2 3e ie 38 ‘ ov 
(= —) = —(Vizd‘uip*)ol —) + «RV en Ma wo — 
8r/o\ dr? /o 2 dr* Jo Or? Jo 
(172) 
— =e Vv 
e( ijkIN Be ) or Ny 
Therefore we have 


(173) 6 = cao +ar+ar?+---), 


where 
(Ce) 
- 0°V /dr? a 


3 Gaeee =) ( R. jx. imu ?d*ulp *) 
O O 


(174) a = 
2 (a°V /ar’)? 82V /ar® 


( V ijxrd*uipe *) 
aV/dr? Jo 


Let us now expand 7”; we have 
(175) n? = nint = €2(bor? + bar? + bart + ---), 


where 
; dni 
2 on 
ér ra) 


; 8%! 
6r? 


( 6n; 5°n* = 18m; =) 
3 ér 5dr? 4 br? br? Jo 








1 ; 
) = —Crwio = utJoas = — One"dof 
oO € 


ne 
0°V /dr? (3) 


e 
1 ; 1 1 
Zw oa - Gj Rien no + = ay. 
Also 
(177) Vinin? = @(cor? + cpr? +--+), 
where, by virtue of (165), 
Ce =(vs= =) = (Vijd"d)o, 


ée ér or 
1 6n* dn? én? =) 
- Vega am gt & Pygaee aes (Vine 
=( ik br or ad i br br? Jo ( ik KM Jo, 
(Vise Min "wo — Sa0(Visedinin*)o — 3(R. jxV imu "nwo, 
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and 

(179) = dg? +dygi+-:--, 

where 

(180) 3(0°V/dr")o, ds = §(0°V/dr*)o, 
and 

(181) Vi = er? + er? +---, 


where 


= (VisuiV*ur)o, 
(182) oe 
es = (Viznuip*V "pido. 


Substituting the series in (168), we have 


ot are >: 


= 2E 
Ad i+ iys:-- 





(183) 





ere 
‘Atbrt- +S 


= eles + art ++ +2%da+dr+-:-- 


In this expression, the b’s and c’s depend on (A*)o, but the d’s and e’s‘do not. 

Let us confine our attention to the case where O is a position of stable 
equilibrium, so that V is a minimum at O ((0?V/dr?)o >0), and E>0. 

The points on OP for which py =0, for assigned (A‘)o satisfying (165), 
will, in general, consist of those points which tend to positions other than O 
as E tends to zero, and that point which tends to zero as E tends to zero. The 
limiting positions of the former are given by equating to zero the bracket 
[ ] in (183); the position of the latter is given in terms of E by a series of the 


form 


(184) r= E1?(fo + fiE'? + foE + ree), 


in which fo, fi, - - - are functions of (A‘)o, to be determined in terms of the 
coefficients in (183) by the equation 


2E(ce + csr + car? + ree) 
(185) =r[(1+tber+---)(eeter+---) 
+ 2(ce+ cr +--+ )(d2e+dyr+---)]. 
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fi ( 22 )" ( 2(Vi*)o )" 
: é2 + 2ced2 (VijuiV *px)o + (Vij\*d)0(0?V/dr?)o : 


(186) 


f= A — aes + cas) — (ba + | 
8 ni — Ze c — (bse2 + €3) 7. 
1 2(es 4 22d») fe 203 3¢2 302 3 
We see that fo and f; do not involve the curvature tensor; f2 will involve it, 
through b, and cs. We are to remember that, by carrying out the process 
given, it is possible to compute as many of the f’s as we please as explicit 
functions of (A*)o, (u*)o, the covariant derivatives of V at O, and the curva- 
ture tensor and its covariant derivatives at O. To find the range of the critical 
region on the radial geodesic OP, defined by (u‘)o, we are to give to (A‘)o 
values consistent with (165) and 


(187) (a:*)o = 1, 


but otherwise arbitrary. The critical region on OP is confined between mini- 
mum and maximum values of r as given by (184). Hence we may state the 
following result: 


THEOREM XVI. When a system performs oscillations about a position of 
stable equilibrium, then, if the total energy E is sufficiently small, there is one 
critical region with respect to potential-apsides in the region of motion (V <E), 
and it lies between the surfaces whose polar equations are 


(188) r= EMG + ffE?+ fE+---), 
(189) r= EVfy’ + ff'EV2+ fy’E+---), 


where the single accent denotes minimum values, and the double accent maximum 
values, of certain quantities depending on the initial direction (u')o of the geo- 
desic along which r is measured; the minimum and maximum values are with 
respect to values of (d*)o which are arbitrary but for (165) and (187). 


There is rather a remarkable difference with regard to critical regions for 
radial-apsides and potential-apsides for oscillations about a position of stable 
equilibrium. We have already remarked (§9, after Theorem VII) on the order 
of the thickness of the critical region for radial-apsides. The linear dimen- 
sions of the ellipsoid V = E are of the order of E£'/?, and the thickness of the 
critical region is of the order of EZ*/?, showing that as EZ tends to zero, the 
volume of the critical region bears to the volume of the region V < E a vanish- 
ing ratio, in fact, a ratio of the order of £. On the other hand, we see from 
(186) that, except under special circumstances, fi and fo’’ will differ from one 
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another. The portion of the radial geodesic lying in the critical region will be 
of the order of E'/?, which is the order of the radius vector to V = Z. Thus, as 
E tends to zero, the volume of the critical region for potential-apsides will 
bear to the total volume of the region V < £ a limiting ratio which is greater 


than zero. 
The “special circumstances” alluded to occur when the infinitesimal 


quadric 
(190) (Vij)of*? = const. 


is a sphere. Then we have 
(191) (Viso = h(ai;)o (h = const.), 


and therefore 

(192) fo = h?, 

so that f/ =fs’ , and the thickness of the shell between the surfaces (188) and 
(189) is of the order of E. Thus, as E tends to zero, the ratio of the volume 
of this shell to the total volume of the region V<£ tends to zero (as E'/*), 
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INTERPOLATION AND FUNCTIONS ANALYTIC 
INTERIOR TO THE UNIT CIRCLE* 


BY 
J. L. WALSH 


Introduction. The present paper is a contribution to the study of the 
following problem. Given points (;, fs, - - - interior to the unit circle, and 
functional values 7:1, v2, - - - . Does there exist a function f(z) analytic for 
|z| <1 which takes on the values y, in the respective points 8,? Is this func- 
tion unique, if it exists? What representation can be given for the function? 
When can it be represented by Cauchy’s integral taken over the unit circle? 

This problem has recently been considered by various writers, notably 
Carathéodory and Fejér, Gronwall, I. Schur, Pick, Denjoy, and R. Nevan- 
linna,t who study primarily functions f(z) which are uniformly bounded for 
|z| <1. The present paper studies particularly the case that f(z) can be repre- 
sented by the integral 


= 1 filédt 7 - 
(1) fa) == f ~~? C:|e] =1, 


where f,(¢) is integrable together with its square or more generally merely in- 
tegrable on C. The case that f,(#) is integrable together with its square on C 
has previously been studied by Malmquist,{ but only under the assumptions 
that the product] |§,| diverges, that every 8, is different from zero, and that 
the 8, are all distinct. The present methods of study of the case that] |, 
diverges are related to those of Malmquist; most of the results of II below are 
due to him or are generalizations of his results. Our results of III and IV are 
in the main new, however, so far as the writer is aware. 

The present paper gives what can be considered a complete solution of 
this problem of interpolation so far as concerns functions f(z) which can be 
represented by (1) where f,(¢) is integrable together with its square on C. 
Rapidly sketched, our main result is the following. An arbitrary function 
f(z) analytic for |z| <1 has a formal expansion 


* Presented to the Society, March 25, 1932; received by the editors March 16, 1932. 

Tt Detailed references are given by R. Nevanlinna, Annales Academiae Scientiarum Fennicae, 
vol. 32 (1929). 

t Comptes Rendus du Sixiéme Congrés (1925) des Mathématiciens Scandinaves (Kopenhagen, 
1926), pp. 253-259. I am indebted for this reference to Professor Einar Hille. 

Malmquist does not actually make the restriction 8,0, but that is tacitly implied. 
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0 a,(z — Bi) a2(z — 81)(z — Be) 
Biz (1 — Biz)(1 — Boz) = (1 — Biz)(1 — Bez)(1 — B32) 


in which the coefficients a, are found (in terms of the 8, and the values f(@,)) 
by interpolation in the points 6,. This formal expansion exists (independently 
of any function f(z)) and can be determined from given functional values yn 
and the points 6, alone. A necessary and sufficient condition that a function 
f(z) exist which takes on the given values y, in the given points B, and which can 
be represented for |z| <1 by (1) where fi(t) is integrable together with its square 
on C, is that the formai expansion (2) have coefficients a, such that the series 
| an—1 |? 


ears 


converges. If this condition is fulfilled, equation (2) represents for |z| <1 a func- 
tion f(z) of the kind required. 





(2) fi) = — 
f(s) = — 


I. PRELIMINARY RESULTS 


1. Series of interpolation. We shall be particularly concerned with series 
of special form of which the following is typical: 
z— 6 (2 — B1)(z — Be) 
(1.1) fe) = ao +a, = +6 ee 


Sa (z — ay)(z — ae) 





“9 


where the a, are distinct from the §;. If the function f(z) is defined in the dis- 
tinct points 8,, a formal expansion (1.1) of f(z) exists, for the coefficients a, 
can be uniquely determined in terms of the values f(;). If in (1.1) we set 
z= 61, we have 


f(B1) = ad. 
If in (1.1) we now set 2 ={2, we have 


f(B2) = ao + 1 “- ’ 
B2 — a 
so that a; is determined. By continuation in this way, we see that the coeffi- 
cients a, are successively uniquely determined. 

If the @, are not all distinct, we assume the existence of suitable deriva- 
tives of f(z) in the multiple points 6,. We make the convention that at a 
point z=8 at which precisely & of the points 8, coincide, equation (1.1) shall 
be interpreted as implying the validity of (1.1) and its first (e—1) derived 
equations for the value z=8. With this convention, the coefficients a, are all 
uniquely determined whether or not the £, are all distinct. If ao, a1, ---, 
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a,-1 are known, and if precisely m of the points (:, Bs, - - - , 8, are equal to 
Bn41, the mth derived equation of (1.1) for z=8,4: determines a,. 

The values a, = ©, 8, = are not included in (1.1) according to a literal 
interpretation of that equation, but we expressly admit them nevertheless as 
possible values, although in the present paper 8, = © is not to be used. 

The formal expansion (1.1) is surely valid in the points 6,, and under suit- 
able circumstances it can be shown* that if f(z) is analytic in a certain region 
and the a, and 8, are suitably located, then the formal expansion (1.1) of 
f(z) converges to f(z) in some region. We shall later be concerned with some 
special results of this sort. 

2. Functions analytic interior to the unit circle. If the function f(z), an- 
alytic interior to C:|z| =1, can be represented by the integral 


_ 1 ¢ fiat 
(2.1) 40) == f Fae ? |z| <1, 


where f,(é) together with its pth power (p21) is integrable on C, then f(z) 
will be said to belong to class E,. We shall be particularly concerned in the 
present paper with the classes E, (denoted henceforth by £) and £,. If f(z) 
can be represented by (2.1) for |z| <1, where f,(é) is limited on C, then f(z) 
will be said to belong to class EZ’. 

We use the notation (2.1) throughout the present paper; that is, when- 
ever f(z) is given of class E,, we write (2.1), where f,(#) together with its pth 
power is integrable on C. 

The function fi(z) which appears in (2.1) is naturally not uniquely deter- 
mined on C by the knowledge of f(z) interior to C. Indeed, there is a large 
class of functions ¢:(z), including any polynomial in 1/z without constant 
term, such that we have 


1 t)dt 
— | = =0, |z| <1. 
Qridc t—3 
If (2.1) is valid, we have obviously 
1 t t 
f(2) -f SOT |z| <1. 
2ride t—3 


It may occur for a function f(z) given analytic for | z| <1, that its proper- 
ties for |z| <1 enable the determination of a function fi(z) defined in some 
way on C as the boundary values of f(z) as z (interior to C) approaches C 


* Angelescu, Bulletin, Académie Roumaine, vol. 9 (1925), pp. 164-168. 
Walsh, these Transactions, vol. 34 (1932), pp. 22-74; Proceedings of the National Academy of 
Sciences, vol. 18 (1932), pp. 165-171. 
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along a radius. Thus if f(z) is bounded interior to C, these boundary values 
fi(z) exist almost everywhere on C (Fatou) and (2.1) is valid. The function 
f(z) is limited on C, so f(z) (assumed merely bounded interior to C) is of class 
E, for every p21. 

Moreover, if the function 


(2.2) f(z) = ao + ays + ag? +---, | 2] <1, 


is such that >>| a,|* converges, the boundary values f,(z) of f(z) also exist almost 
everywhere on C for radial approach, the function f,(z) is integrable together with 
its square on C, and (2.1) is valid.* 
Reciprocally, let (2.1) be valid, where f(z) is integrable together with its 

square on C; we have 
05 moe fe — f soa] — += 4 = 4 flel<1 

- = = — —— —— “*-e ’ Zz > 

eS ide t-8 Bide” t f° B 

it is allowable to integrate this series term by term. That is, (2.2) is valid, 
where we have 


ae =. fiat _ i jn 
— = 5 fforl al, 


2riJdc tnt 


so (2.2) is the formal expansion of f,(z) on C in terms of the orthogonal set 1, 


z, 2", - - -. This set can readily be normalized on C, and it follows that the 
series >| a,|* converges. Then the boundary values of f(z) exist almost every- 
where on C for radial approach, and other properties follow from the theorem 
of F. and M. Riesz just mentioned. But in (2.3) the function f,(z) naturally 
need not represent the boundary values of f(z) on C. 
A necessary and sufficient condition that we have 
1 ¢ filddt 1 ¢ foltddt 


. ? |z| <1, 


(2.4) . ; 
2Zridc t—2 2riJdJc t—2 


where f,(¢) and f2(¢) are integrable on C, is that we have 


flat Salta ore 
(2.5) {[=--[{F (n = 1,2,3,-++), 


for we can write 


fi) — fold) as = . 
fa fino -n0l]-+54+54---fa, [al <a. 
c t—@ c ; PF 
* F. and M. Riesz, Compte Rendu du Quatriéme Congrés (1916) des Mathématiciens Scandi- 
naves (Uppsala, 1920), pp. 27-44. 
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A necessary and sufficient condition for the identical vanishing of the right- 
hand member, |z| <1, since the series can be integrated term by term is 
precisely (2.5). 

3. Blaschke products. Another preliminary result is the well known con- 
vergence of the Blaschke product, namely that if we have |8,| <1, and if the 
product []|8,| converges, then the product 


Z 





— Bn s-f. . 
a : 
2 < “a 


(3.1) II 


n 


converges for |z| <1, uniformly for |z|<r<1, and represents a function 
whose modulus for |z| <1 is less than] ]|8,|. 

Indeed (compare (5.2) below), a necessary and sufficient condition for the 
convergence of (3.1) for even a particular value of z interior to C is the con- 
vergence of []|@,|. 

Both forms in (3.1) fail unless all the 8, are different from zero. If a 
particular 8, vanishes, the corresponding factor in both forms of (3.1) is to 
be replaced by z itself. 

A necessary and sufficient condition for the convergence of []|,|is the 
convergence of the series 


(3.2) we —|6n|), 


as is well known. 

In the proof of the following theorem and indeed in much of our later 
work, we find it convenient to assume 8,,~0; the reader can easily make the 
requisite modifications to remove this restriction. 


TueEoreM I. If the product] ]|8,| ,or what amounts to the same, if the product 
z— Bn 
B(z) -T1(;—*s.), | Bn | < 1, | z| < 5 


converges, and if the Fatou boundary values on C (defined almost everywhere on 
C) are denoted by B(z), then the sequence 


(3.3) B,(2) = m(;=—""a) 
converges in the mean (of order two) to B(z) on C. 


We prove first that the sequence B,(z) converges in the mean on C and 
shall later identify the limit function (defined almost everywhere on C) with 
the Fatou boundary values of B(z). 
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A necessary and sufficient condition for the convergence in the mean of 
B,(z) on C is the approach to zero with 1/n of 


(3.4) f | Busu(2) — Ba(s) |? ds| , 
Cc 
and this expression, by virtue of the equation 


= Bn 
= = 1,zo0nC, 
Br2 ~~ 1 

can be written 


| BiBe- ++ Bn |? 
|? 


| (2 — Ba )(z — Baye) --- (2 — Bnet) - 
x [| eee Tt BuviBnse ~~ Base — 1! | 
© |(Bn4iz — 1)(Bny22 — 1) + - (Buy xz — 1) | 
We multiply the expression between vertical bars in the integrand by its con- 
jugate and integrate, setting | dz| =dz/(iz). We notice immediately the rela- 
tion 





(2 — Bnti)(2 — Bny2) ++ - (2 — Bate) Bn+tBns2°**B, ds 
c (Bnaiz — 1)(Bnz2z — 1) -- + (Bnanz — 1) n+1Bn+2 sare 








wale | (2 — Bns1)(Z — Bnye) + + (2 — Base) 
(Bn+12 = 1)(Bn422 > 1) ah (Bn+nZ fei 1) 


ei .. Buss 


z==0 


= 2nr | Bn+iBn+2 os Brit \2, 
That is, (3.4) reduces to 
(3.5) 2m | BiB2- ~~ Bn|?[1 —| BnttBns2-* + Bue |?]. 


The product |8n4:8n42 - - - @n4x| approaches unity, by the convergence of 

II|8,|, so (3.5) and hence (3.4) approaches zero with 1/n. It remains to show 

that the function B’(z) to which the sequence B,(z) converges in the mean on 

C, is identical (almost everywhere) with the Fatou boundary values B(z). 
It follows from the Lemma about to be stated that we have 


lim B,(2)2*dz = f B@sa: (k= ---,—1,0,1,2,---). 
c c 


no 


But if C, denotes the circle |z| =r<1, we have for these same values of & 


lim B,(z)z*dz = lim B,(z)z*dz = f B(z)z*dz = f Besta. 
c c 


no no Cc; , 
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The equations 
f B'(2)2*ds = J B@ztas oe eT. 
Cc Cc 


are valid for the function B’(z), which by its genesis is known to be integrable 
together with its square on C, and for the bounded function B(z). It follows 
that the two functions have the same Fourier coefficients (for 0<@<2r7, 
z=e"), and hence that we have 


B(z) = B’(z) 


almost everywhere on C. 

The following lemma has just been applied, and will be needed as well in 
our later work. The easy proof of the lemma may be left to the reader. A proof 
is conveniently based on the fact that from any infinite sequence of the ¢,(z) 
can be extracted a subsequence which converges essentially uniformly on C 
to the function ¢(z). 


Lemma. If the functions $,(2) are uniformly limited and converge in the 
mean on C to the function $(z), then for an arbitrary function F(z) integrable on 
C we have 


(3.6) lim f F(2)¢a(2) | dz| = jf F(z)6(2) | dz| . 
no J¢ 


It will be noticed too that if F(z) contains a parameter \ and if the in- 
equalities for F(z) can be chosen uniformly with respect to \, then (3.6) is 
valid uniformly with respect to i. 

4. Formal expansions. A development not precisely of form (1.1) but 
nevertheless having many properties in common with such developments is 

= + a ed. = 
1-62 = (1 — Bis)(1 — B22) 
(1 — Biz)(1 — Boz)(1 — Bsz) 

where we suppose |8,| <1. For the present, equation (4.1) is to be considered 
only formally. If the function f(z) is defined in the distinct points 6,, the 
coefficients a, can be uniquely determined, as with (1.1), so a formal expan- 
sion of f(z) exists, surely valid in the points @,. If the 8, are not all distinct, we 
assume the existence of suitable derivatives of f(z) in the multiple points 6,. 
We make the previous convention that at a point z=8 at which precisely k 
of the points 8, coincide, equation (4.1) shall be interpreted as implying the 
validity of (4.1) and its first (k —1) derived equations for the value z =8. With 








f(@@) = 
(4.1) 
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this convention, the coefficients a, are all uniquely determined; compare our 
discussion of (1.1). 

The case that 8, is not assumed different from zero is in our discussion con- 
stantly different from the contrary case, as we have already noted. Equation 
(1.1) does not exclude this case. In particular, if we have 8,=0, equation 
(4.1) takes the form 








*? 


(4.2) f(z) = a+ oes + ae a — By ~ +. 
1 — Boz (1 — Bez)(1 — Bs) 


which is of form (1.1). 


The functions 


1 2— Bi (z — Bi)(z — Be) _ 
1—By (1 —Biz)(1— Bez) (1 — Biz)(1 — Boz)(1 — Bsz) 





(4.3) 


to be denoted respectively by ¢o(z), ¢:(z), - - - , are mutually orthogonal on 
Cc: 


f ea(@)¥a05 | | =0, mn; 
s Cc 


we leave the verification to the reader. This orthogonality relation is valid 
without reference to the restrictions 6,0 or B;¥£;. 
A given function of class E 


_ 1p fiat 
(4.4) fia = — | —. |z| <1, 


where fi(z) is integrable on C, has two distinct formal expansions of form 
(4.1), one a formal expansion of f,(z) on C in terms of the orthogonal functions 
¢,(z) and found by integration on C: 


(4.5) f fulz)on@) | dz | = ay f $n(2)da(@) | ds] , 
Cc Cc 


and the other found by interpolation to f(z) in the points 8,[|8,| <1]. 
TueoremM II. Jf we have (4.4) satisfied, where f(t) is integrable on C, then 
the formal expansion of fi(z) on C in terms of the set (4.3) is identical with the 
formal expansion (4.1) found by interpolation to the function f(z) in the points 
Bn. 
We prove Theorem II first in the case that f(z) is analytic for | z| <1. Let 
the a, in (4.1) be determined by interpolation. Then the function 
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ao a,(z — Bi) 
F(z) = f(z) - 1—fiz (1 —By)(1 — Aas) 


ies a,(z — B:)(2 — Be) «+ - (2 — Bn) 
(1 — Biz)(1 — Bez) - + + (1 — Busiz) 


vanishes in the points §:, Bs, - - - , Bn41, by the method of determination of 
the a,. It follows that F(z) is orthogonal on C to each of the functions ¢o(z), 


(2), - + +, bn(z); we find 
(1 — Biz)(1 — Boz) - - - (1 — Bnz)dz 


| F@)on(z)|ds| = | F 
f. (2) (z) | 2| j (z) i(z — B:)(z — Be) - - - (2 — Bm4s) 


(m = 0, 1,--+,%), 


and this integral vanishes by Cauchy’s integral theorem. If we now multiply 
(4.6) through by ¢,(z)|dz| and integrate over C, equation (4.5) (where f(#) 
replaces f,(¢)) results. This proof is valid even if some or all of the points 8, 
are multiple, thanks to the convention already made. It remains to point out 
that Theorem II is valid even if f(z) is not analytic for | z| <1 but is given by 
(4.4), where f;(z) is integrable on C. 

The function ¢,(z) can be broken up into partial fractions whose de- 
nominators are the quantities z—8, (k=1, 2,---, +1) (in case these @; 
are not all distinct, the denominators of the partial fractions contain powers 
of some z—, higher than the first). Then a, as defined by (4.5) is a linear 
combination with coefficients involving the 8, and 8; of the values (6:1), f(Ge), 

- ++, f(Bm41) (if these 8; are not all distinct, some of the values f(@;) are re- 
placed by suitable derivatives of f(z) for values z=8;). We have already 
computed this linear combination for an arbitrary function f(z) analytic on 
and within C, and shown that a, defined by (4.5) is the same as a, determined 
by interpolation, but in that computation the quantities f(8,) (and possible 
derivatives for z=8; of f(z)) enter into (4.5) only through Cauchy’s integral 
(and the corresponding formulas found from it by differentiation). It follows 
that the validity of Cauchy’s integral (4.4) (including the formulas found by 
differentiation of it) is sufficient to ensure the equality of a, found from 
(4.5) and a, found by interpolation, so the proof of Theorem II is complete. 

If the function f(z) of Theorem II is of class E2, the sum of the first 
terms of this formal expansion (4.1) is simultaneously the unique function 


don2"—! + 23,2"? + yey + An-1,n 


(1 — Biz)(1 — Bez) - - - (1 — B,z) 





(4.6) 











(4.7) 


of best approximation to fi(z) on C in the sense of least squares, and the 
unique function of form (4.7) which coincides with f(z) in the points (1, Be, 





532 J. L. WALSH [July 


- , Bn. Theorem II is more general than this remark, for if f(z) is of class 
E,, p>2, it may not be possible to refer to the best approximation to f(z) on 
C in the sense of least squares. Proof of the remark follows directly from 
Theorem II* and from the fact that each function (4.7) is the sum of m terms 
of a series (4.1), and each sum of terms of (4.1) can be written in the form 
(4.7). 
II. THe propuct []|8,| prvercENtT 


5. Convergence of formal expansion. We now prove 


THEOREM III. Jf f(z) is of class E and hence can be represented by (4.4), 
where f,(t) is integrable on C, and if the product||8,| diverges, then the formal 
development (4.1) found either by expanding fi(z) on C or by interpolation in 
the points B,, converges to the function f(z) for |z| <1, uniformly for |z| <r<1. 

Let r,(z) denote the sum of the first ” terms of the right-hand member of 
(4.1). Then we have 


fle) — ral2) 
_ “fy cy EBA = Bs) «+ (= Ba) (1 — Bil) (1 — Bat) «+ “(1 Bal 
2ei JG (1—Biz)(1— Baz) - - - (1—Bu2)(¢—2) (+B) ((—B2) « « - (By) 


Formula (5.1) can be verified directly; if we apply Cauchy’s integral (4.4), 
we see that r,(z) as defined by (5.1) is a rational function of z whose denom- 
inator is of the form of the denominator of (4.6) and whose numerator is of 
the proper form; it is seen directly from (5.1) that 7,(z) agrees with f(z) in 
the points z=, Be, - - - , 8,. These conditions determine r,,(z) uniquely. 

On C the quantities 


(5.1) 





1 — Bt 
t— B, 


which appear in (5.1) all have the modulus unity. Thus we have for |z| <r <1 





(z — Bi)(z — Bs)---(@—B.) | 1 
10 601 8 | Ra fy = Ba Peed 9 JI 


But for |z| <r <1, |8| <1, we have 
dt A 
1—Bz| 1+ |8lr 





* It is well known that the sum of the first m terms of the formal expansion 
S(2)~ardi(s)+4292(z)+ ++ * 
of a function integrable on C together with its square in terms of the orthogonal set ¢;(z) is also the 
linear combination of the first m functions ¢;(z) of best approximation to f(z) on C in the sense of 
least squares. See, for instance, Kowalewski, Determinantentheorie, Leipzig, 1909, p. 335. 
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There follows the inequality for |z| <r<1 
(2 — Bi)(z — Bs) - - - (2 — Bn) 
(1 — Biz)(1 — Bez) - - - (1 — Bnz) 
+|Bil)@+[621)---@+16o1) 
~ (1+ | Bil y(t +| Be] ) >> +] Bal 2) 








This right-hand member is less than unity and hence approaches zero with 
1/n, for the divergence of [] | 8,| implies the divergence of >> (1—| 6, |) 
and hence the divergence of 


r+|Bn| (1—|B,|)(1 — 7) 
> 1— > ; 
( 1+|8,| ae 1+ |Ba|r 





It may be noticed that (5.1) can be motivated as follows. Let us expand 
a particular function 


5.3 t| = 

(5.3) ———e 18 

formally as in (4.1), by interpolation in the points 8,. The reader will verify 
the formula 


(2 — Bi) --- (¢ — B,)(1 — Bit) -- - (1 — B, 0) 
(1 — Biz) - - - (1 — Bnz)(t — 2)(¢ — Bi) - - - (¢ — Bn) 


By virtue of the equation |¢| =1, the modulus of the right-hand member is 


1 (2 — Bi) --- ( — Br) 
|¢— | (1 — Biz) ---(1— Baz) 


which by (5.2) approaches zero for |z| <1. If the equation (5.4) is multiplied 
through by /,(¢)d¢ and integrated over C, we have precisely (5.1). The right- 
hand member of (5.4) approaches zero uniformly for |z| <7<1, which im- 
plies the approach to zero of the right-hand member of (5.1), uniformly for 
|z| <r<1. 

Theorem III, in a somewhat less complete form and without the content 
of Theorem II, was proved by Malmquist (loc. cit.) for the case that f(z) is 
of class E, and that the 6, are all distinct and different from zero. 

It is obvious that a function f(z) of class E which vanishes in the points 6, 
must vanish identically interior to C, for its formal expansion (4.1) vanishes 
identically yet converges interior to C to the function f(z). 





bin nae 
t—2z 
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TueEoreM IV. If the product []|8,| diverges, a necessary and sufficient con- 
dition that a function f(z) of class E vanish identically interior to C is that the 
formal expansion (4.1) found either by interpolation in the points B, or by ex- 
panding f,(z) formally on C, should vanish identically. 


Theorems III and IV have obvious significance relative to the problem of 
interpolation mentioned in the introduction. If the product [|| 8,| diverges 
and if a function of class E exists which takes on the values y, in the points 
8,, then this function (required to be of class Z) is unique and is represented 
by its formal development (4.1) found by interpolation in the points £,. 

6. Discussion of Theorem III. We shall now give illustrations to show the 
necessity of some restrictions on the points 8, and on the function f(z) for 
the validity of the development (4.1), to indicate that the hypothesis of 
Theorem III is not entirely accidental. 

If the product []|@,| is convergent, the conclusion of Theorem III cer- 
tainly is not valid without restriction. Indeed, the product (3.1) itself is con- 
vergent and represents a function limited for |z| <1; the boundary values of 
this function f(z) exist almost everywhere on C, by Fatou’s theorem, and if 
we define f,(z) on C as equal to these boundary values, equation (4.4) is valid. 
Yet f(z) vanishes in each point 8,, so in its formal development (4.1) each 
coefficient is zero. 

It may still occur, if the product] [| 8,.| diverges, that the formal expansion 
(4.1) of a function f(z) analytic for |z| <1 but not of class E converges to f(z) 
for |z| <1. This is necessarily the case if the points 6, satisfy an inequality of 
the form |8,| <p<1, for an arbitrary function analytic for |z| <1, as we 
prove in §11. Conceivably in other cases, if f(z) is analytic for |z| <1 but 
| f(z)| becomes infinite sufficiently slowly as |z| approaches unity, and if the 
product] ]|8,| diverges sufficiently rapidly, the integral in (5.1) may be taken 
not over C but over a variable circle C,:|2| =7,<1, containing the points 
B:, Be, - - - , 8, in its interior, and it may still be possible to prove convergence 
of the sequence r,(z) to f(z) for |z| <1. 

Indeed, we have seen that the function f(z) =1/(t—z), |¢| =1, is repre- 
sented for |z| <1 by its formal development; yet this function is not of class 
E, for in its Maclaurin expansion (compare §2) the mth coefficient does not 
approach zero with 1/n. 

Let us give an example of a divergent infinite product []|8,| and of a 
function f(z) analytic for |z| <1 but not of class E, where the formal develop- 
ment (4.1) diverges. It follows directly from the definition of class E that in 
(4.4) the function f(z) satisfies an inequality 


1 
(1 —|s|)|s@)| = f ||| ae] = a0, [2] <1. 
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Our present example consists of f(z) =1/(1—z)?, obviously not of class E. Let 
us set 





(6.1) Ln = yp P= BNE = 8 
(1 — z)? (1 — Biz) -- - (1 — B,z)(1 — 2)? 


where M and 8 are still to be determined. The function r,(z) here defined will 
be of the proper form (4.7) provided the function 


(2) = (1 — Biz)(1 — Baz) - - - (1 — Buz) — M(z — Bi)(s — B2) - - - (2 — Bx)(@ — B) 


is divisible by (1—z)*. This divisibility condition can be expressed by 
(1) =0, ¢’(1) =0. For the particular values (which we now choose) 


one finds readily 


= 1+———__ 
, * ae 


Hence for z=0 the right-hand member of (6.1) becomes 


(- ent, 1) 


n+1 n(n + 2) 


which becomes infinite with n. 


III. THe propuct []|8,| coNVERGENT 


7. Convergence of formal development. It is obvious that in case the 
product [] |8,| converges, our previous proof of the convergence to f(z) of the 
formal development (4.1) of the function f(z) fails. Indeed, as we have pointed 
out in §6, it is clear that not only our previous proofs but also the conclusions 
must be substantially modified if the product []|8,| converges. The following 
theorem is complementary to Theorem III. 


TueEoreM V. If the product []|Bn| converges and if f(z) is of class E, then 
the formal development (4.1) of f(z) (found either by interpolation in the 
points B, or by expansion of fi(z) on C) converges to the limit 


B (t)dt 
(7.1) re 10 ef 


rt 


for \z| <1, uniformly for \z|<r<1. 
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In the present case we study equation o. 1), now written in the equivalent 
form (notation of §3) 


(7.2) f(@) — mz) = 





ae fil)dt 
eg | (t — 2)B,(t)’ 


some modification is necessary in (3.3) and hence in (7.2) if the restriction 
6,0 is not made, but the reader can either make the requisite modification 
or refer to our discussion in §9. We have already shown (Theorem I) that 
B,(z) converges in the mean on C to the function B(z). By virtue of the fact 
that B,(z) is of constant modulus |8,6: - - - 8, | on C and that B(z) is of con- 
stant modulus] |8, | almost everywhere on C,* it follows that 1/B,(z) con- 
verges in the mean on C to the function 1/B(z): 























Bl) — Bale) f 
J jae = f PEP a 
c B,(2) ~ 5 co | Bal2) Be) 
1 
~ |8:82---B wear: J, B(z) — B,(z) |?| dz| : 


this last integral approaches zero. The proof of Theorem V is now immediate, 
if we notice that 


, fi(t)dt f filt)dt 
im ————— = ———_— 
no Cc (¢ = 2) B,(t) Cc (t . z) B(t) 
by the lemma of §3; the uniformity of the convergence for |z|<r<1 is a 
consequence of the remark following that lemma. The uniformity of the con- 
vergence for |z|<r<1 of B,(z) to B(z) is also needed in this proof. 
The function 


< I, 





B(z) fildjdt 
is aw 


which appears in (7.1) obviously vanishes in the points 8,, so that F(z) and 
f(z) coincide in the points 8,. This must naturally be true, for any series (4.1) 
formed by interpolation to f(z) in the points 8, converges to the value f(z) in 
those points 8,. The function F(z) has the same formal development (4.1) as 
does f(z). In particular if we set f(z) =B(z), we have F(z) =0. 


THEOREM VI. /f f(z) is a function of class E, then whether or not the product 
II |8.| diverges, the formal development (4.1) of f(z) found either by inter polation 
to f(z) in the points Bn or by expansion of f,(z) on C, converges for |z|<1, uni- 

* F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 87-95. 

Another proof of this remark is readily given by use of Theorem I. The function B,(z) approaches 


B(s) in the mean on C, hence |B,(3)| (which has the constant value |6:62--~- 8,|) approaches 
| B(z) | in the mean on C. Therefore |B(z)| has the constant value] |8,| almost everywhere on C. 


2ri 
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formly for |z|<r<1, to a function analytic for |z|<1 which coincides with 
f(z) in the points Br. 

Theorem VI is of particular interest in connection with the problem of 
interpolation mentioned in the introduction. It informs us that whether or 
not the product [[ IBn | diverges, if a function f(z) of class E exists which takes 
on the given values in the given points, the formal expansion (4.1) converges 
for |z|<1, uniformly for |z|<r<1. 

If the product [J |8, | converges, a necessary and sufficient condition that 
the function f(z) of class E be represented by its formal expansion (4.1), is 
the equation 


f a... = 0, | | < 1, 
ce (t — 2)B(t) 


and this condition (compare §2) can be written 


fi(dt ~~ (mn = 1, 2,3,---). 
c Bit) 


It may be noticed that the method of proof of Theorem V can be inter- 
preted as was the proof of Theorem III. We expand, namely, the function 
1/(t—z), |t|=1, in a series of form (4.1), by interpolation in the points B,. 
This series is found to converge to the function 


1 - B(z) 
t—z (¢—2z)B) 





for |z|<1, uniformly for |z|<r<1. Multiplication of the series term by term 
by f:(é)dt and integration over C then yields a proof of the convergence of the 
formal development of the function f(z), together with a formula for the sum 
of the series. 

Let us give an example, similar to the one of §6, to show that the formal 
expansion of an arbitrary function f(z) analytic for |z|<1 need not converge 
for |z|<1. We choose 


f@ = 


1 
? 2=1--—; 
(1 — 2)? . 2° 


the product] |g, | converges. We consider equation (6.1) to hold, where M 
and £ are still to be determined. The function 
¢(z) = (1 — Biz)(1 — Bez) -- - (1 — Baz) 

— M(z — B:)(z — Be) - - + (2 — Ba)(z — B) 
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is divisible by (1 —z)*. This divisibility condition can be expressed by ¢(1) =0, 
o'(1) =0. For the values 8, already indicated we find readily 


Qntl 


= ———, = — = |] — 2+! 
Qett — J 1-8 


B 


Then for the particular value z=0 the right-hand member of (6.1) becomes 
1 — r,(0) = (— 1)"""MBifz - - - Bx(— B) = (— 1)"6i82- - - Bn(2**), 


which becomes infinite with n. 

8. Functions of class E,. The situation of Theorem V is particularly in- 
teresting if f(z) is of class E, and the product JJ |8,.| converges. The present 
sequence of functions (4.3) in terms of which f,(z) is developed formally on 
C does not form a complete set of orthogonal functions on C with respect to 
functions of class E». In the present case, this means that there exist functions 
fi(z) (for instance B(z)) integrable together with [f,(z) ]? on C, orthogonal on 
C to all of the functions (4.3), yet such that 


1 filédt 
ae ct—s 
is not identically zero interior to C; the formal development (4.1) of such a 
function vanishes identically. In a sense, the completeness of the set (4.3) is 
the essential difference between the case [| |8, | divergent and the case [[ |, | 
convergent. If the product [] |, | diverges, there is no function f(z) even of 
class E not identically zero interior to C whose formal development (4.1) 
vanishes identically, for the formal development (4.1) in this case always 
converges interior to C to the function f(z) itself. 


THeEoreEM VII. Jf f(z) is of class Ez: 


_ 1 ¢ float 
fo) == | Is] <1, 


where fi(t) is integrable together with its square on C, and if the product [| |8, | 
converges, then the formal expansion of f(z) in a series (4.1) found either by ex- 
panding fi(z) on C or by interpolation to f(z) in the points B,, converges in the 
mean on C to some function f2(z) integrable and with an integrable square on C. 
This series (4.1) converges for |z| <1, uniformly for |z| <r <1, to the function of 
class Ez 


i folt)dt 
(8.1) Fe => f ia |z| <1. 
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The function f2(t) (defined almost everywhere on C) is characterized as the (es- 
sentially unique) function of minimum norm J \fo(t) |2|\dt| whose formal de- 
velopment on C is the formal development (4.1) of fi(t). Moreover, the function 
fa(t) is the boundary value of F(t) taken on almost everywhere on C in the sense 
of radial approach, and the equation 


-_ f en « | z| > 41, 
2ri c t—2 
is valid. 

It follows from the Riesz-Fischer theorem that the formal expansion (4.1) 
of f:(z) on C converges in the mean on C to some function f2(z) integrable and 
with an integrable square on C. Any other function f;(z) integrable and with 
an integrable square on C which has the formal expansion (4.1) is such that 
f(z) —fe(z) is orthogonal to each of the functions (4.3) and hence is orthogonal 


to fo(z) on C: 
[© - nO1-@ | ae| 
= J the — fo(z) | f(z) | dz| = 0. 


(8.2) 


A necessary and sufficient condition that f2(z) and f3(z) be essentially distinct, 
that is, different from each other on a set of points on C of positive measure, 
is the inequality 


0< [ine — fa(z) \[fs(2) — fa(z)] | dz | 


and this right-hand member by virtue of (8.2) reduces to 


ff poF@| as] - f plofu@)| as. 
Cc Cc 


Then the norm of f;(z) on C is greater than the norm of f2(z) on C. That is to 
say, fe(z) is the unique function integrable and with an integrable square on 
C of minimum norm whose formal development on C is (4.1), the formal de- 
velopment on C of f(z). The norm of f2(z) on C is by Parseval’s theorem 


| an |? 


na 2 | 2.) : 


The various terms of the series (4.1) are analytic on and within C, so 
the convergence of (4.1) interior to C to the function F(z) follows directly 
from the 
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Lemma. If the sequence of functions y,(z) each integrable on C converges in 
the mean on C to the function (2), then the sequence 


1 ¥n(t)dt 
» [a 


Pee ~ 1, 
Qrmidco t—2 


converges, uniformly for \z|<r<1 or |z|=>R>1, to the function 


1 v(t)dt 


Qri c t-—2 

This lemma (for |z|<1) is used by Malmquist (loc. cit.) and can be 
proved easily from the inequality of Schwarz. We omit the proof. The lemma 
is readily extended to apply to an arbitrary rectifiable curve C, and to z either 
interior or exterior to C. 

The only remaining part of Theorem VII to be proved is that f2(z) is the 
boundary value of F(z) taken on almost everywhere on C for radial approach. 
Since each term a,¢,(z) of the series (4.1) is analytic on and within C, we have 


1 nOn(t)dt 
af =o, |z| >1. 
Cc 


2ri t—3z 
Then by the lemma we have 


a — . 0, |z| >1. 
2Zmidc t—2 
Our conclusion, that f2(z) is the boundary value of F(z) taken on almost every- 
where on C for radial approach, now follows from a theorem due to F. and M. 
Riesz (loc. cit.). 
It is worth noticing that the function 


f(@) — F@) 


is of class E, (the difference of two functions of class E.) and vanishes in the 
points 8,. It has been indicated in §2 that for an arbitrary function ¢(z) of 
class E,, boundary values ¢(z) exist almost everywhere on C in the sense of 
radial approach; the function ¢(z) is integrable together with its square on C, 


and we have 
1 o(t)dt 
o@) = — f = Isl < 
2ZriJdJct—z2 


Since B(z) has a constant modulus almost everywhere on C, these values 
being defined almost everywhere on C by radial approach, the function 
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= — F(z) 


also has boundary values 6(z) almost everywhere on C in the sense of radial 


approach, and we have 
1 6(t)dt 
6(z) = — f ] 
QmidJct— 2 


where 6(z) is integrable together with its square on C. That is to say, the 
function F(z) can be written in the form 


F(z) = f(z) — Bae), 
where @{z) is of class Eb. 
Another view of this equation is to consider F(z) as given: 


(8.3) f(z) = F(z) + B(2)(z). 


That is, let F(z) be defined from a given formal development (4.1) and satisfy the 
conditions of F(z) in Theorem VII. Then any function f(z) of class E, which has 
this formal development (4.1) can be expressed by (8.3), where 0(z) is a suitable 
function of class Ey. Reciprocally, any function f(z) which can be given by (8.3), 
where 0(z) is of class Es, is also of class E, and has this given formal development 
(4.1). The formal development (4.1) of f(z) may naturally be found either by 
expansion on C or by interpolation in the points £,. 

Thus, a necessary and sufficient condition that two functions f(z) and g(z) 
of class E, have the same development (4.1) (found either by expansion on C or 
by interpolation in the points B,) is that f(z)—g(z) can be written B(z)(z), 
where $(z) is a function of class Ep. 

If the product [] |8,| diverges, it is still true (compare Malmquist, loc. 
cit.) that the formal development (4.1) of the function f(z) of class E2, found 
either by expanding f,(z) formally on C or by interpolation to f(z) in the 
points 8,, converges in the mean on C to some function f(z). The two func- 
tions f:(z) and f2(z) need not be equal almost everywhere on C, but (a) if 
fi(z) is known to be the boundary values of f(z) almost everywhere on C in 
the sense of radial approach, or (b) if fi(z) is known to be the function of 
minimum norm such that 


1 t)dt 
fe) =f BO, [al <1, 
2ridJc t — 2 
is valid, or (c) if the equation 


1 ¢ filtdt 


~- = 0 1 
Qridc t—2 r [el >4, 


is known to hold, then f(z) and f2(z) are equal almost everywhere on C. 
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The functions (4.3) are not in their present form normal on C (ie. 
Sc \@n(z) |? |dz | #1). We find 


J | @n-1(2) |2| ds| “> 


Then by the Riesz-Fischer theorem a necessary and sufficient condition that 
(4.1) be the formal development on C of a function integrable and with an 
integrable square on C is that the series 


| an—1|? | an—1|? 
on Dae — BB, Pdi —|,| 


converge. 
In connection with the problem on interpolation mentioned in the intro- 
duction we may now state our main theorem: 


THEOREM VIII. The following conditions are all equivalent: 
(1) that the series (4.1) converge in the mean on C; 
(2) that the series 


| an—1|? 
8.4 an a 
(8.4) . X Tal 


converge; 

(3) that the series (4.1) be the formal expansion on C of a function f,(z) in- 
tegrable and with an integrable square on C; 

(4) that a function f(z) of class E, exist of which (4.1) is the formal develop- 
ment found by inter polation in the points B,; 

(5) that the series (4.1) converge for |z|<1 to a function F(z) of class Ex. 


These conditions (1)—(5) are all equivalent whether |B. | converges or 
diverges, and the proof has already been given in every case. 

If f(z) is of class Ex, and if]] |8, | converges, the formal expansion (4.1) of 
f(z) found either by interpolation in the points 8, or by expansion of f(z) 
on C, is such that >> |a,| converges, as we now proceed to prove. Series 
>-(1— |8, |) converges, by the convergence of the infinite product. It is well 
known that the series )> |A,B,| converges provided the series )> |A, |? and 
> |B, |? converge. The convergence of (8.4) and of }>(1— |8,|) implies then 
the convergence of >> |a,|. It follows directly from (4.1), if we assume now 
that >> |a,, | converges, that the series (4.1) converges uniformly on any closed 
point set for which |z|<1 and which contains no limit point of the B,. This 
gives an immediate proof that f2(z) is the boundary value of F(z) under cer- 
tain restrictions on the sequence 8, (for instance if the points 8, have only a 
finite number of limit points on C) and allows approach to points of C more 
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general than radial approach or even more general than approach to points 
of C in a triangle whose interior is interior to C. 

Part of this discussion, if not all, given in §8 can be extended from func- 
tions of class E, to functions of class E,, p>1.* For instance, it is seen by 
inspection of (7.1) that if f(z) is of class E,, then we have 


F(z) = f(z) — B(z)6(z), 
where @(z) is of class E,. For B(#) is of constant modulus almost everywhere 
on C, so if fi(¢) is integrable on C together with its pth power, so also is 
fi(t)/B(t). In any case it is clear that if f(z) belongs to EZ, then F(z) —f(z) is 
of the form B(z)@(z), where @(z) is of class E. Likewise if f(z) is of class E’, 


then F(z) —f(z) is of the form B(z)6(z), where 0(z) is of class E’. 
If f(z) is an arbitrary function of class E, 


fre LO tah x 


where f,(#) is integrable on C, and if f(z) itself vanishes in all the points B,, 
then F(z) vanishes identically and we have 


B(z) f filédt 
c 


(8.5) f(2) = [z| <1, 


ni Je (t — 2)B() 


a general representation for such functions. If f(z) is not merely of class E 
but also of class E,, the integral in (8.5) is also a function of class E,; our 
result in this case is similar to a result due to F. Riesz.t 

In the case p=2, the converse is easy to prove. Let us suppose 


fe) = ae ioe mee <1, 


where fi(/) is integrable together with its square on C; we are to prove that 
f(2) is of class E2. We set 
fi(ddt 


bat ke = aot az + a2? +---, |z| <1, 
Qridc t — 2 


and the convergence of the series >> |a, |? is assured. We have 


1 
<—] | o@)[*| ds| =| oo] +lalrtlale+--yr<1, 


2ur |z|=r 


* See particularly F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 117-124. 
+ Mathematische Zeitschrift,"vol. 18 (1923), pp. 87-95. 
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so the left-hand member is uniformly limited for all r<1. But B(z) is uni- 
formly limited for |z|<1 and hence 


1 
— | 6(z) B(z) |?| dz | 
2nr |jzl|=r 
is uniformly limited for all r<1, whence it follows (F. and M. Riesz, loc. cit.) 
that f(z) is of class E2. 

9. Case 6,:=0. Practically all of the formulas we have hitherto used in 
the present paper are valid, with perhaps obvious alterations in such for- 
mulas as (3.1) and] |8,.|, even if we have 6,=0 or more generally if several 
of the numbers £, are equal to zero. 

In the previous work by the present writer (loc. cit.), it was primarily a 
question of series of form (1.1). The natural procedure for the present study 
would, by analogy, be to orthogonalize the sequence 

1 1 
(9.1) ;, , r+++ 5 lan] > 1, 


gs = @ Z— a2 





on C. This leads directly to the functions 


‘ Zz - 3(1 — &z) 2(1 — &2)(1 — Gz) 








‘som G-alb-a) 6<acb-al~-a 


which lead necessarily to a series 


Z 2(1 — a&z) 
(9.3) do + ay + de 
Z— a (z — a)(z — ae) 








of form (1.1), involving interpolation in the origin. On the other hand (com- 
pare Malmquist, loc. cit.), one can orthogonalize the sequence 


1 1 1 
(9.4) , ) »+++) |an| > 1, 


Z— Q@ Z— a Z— a3 


on C. This yields the set 








1 1 — a2 (1 a &2)(1 _ ez) 
(9.5) ’ , Prag 
Z—a, (2 —ai)(2 — a2) (2 — a)(2 — a2)(s — as) 





which leads necessarily to a series of form 
1 — az (1 — &2)(1 — dz) 


de a3 
(3 — a)(z — az) (3 — a)(z — az)(z — as) 
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which completely excludes interpolation in the origin. To be sure, one may in- 
terpret 1/(z—a:) in (9.4) for 1/a,=0 as the function z itself, but then (9.6) 
becomes 





22 — az +a? 
. er 


a;2 + ae 
Z— Qe 
which is not a series whose coefficients are readily found by interpolation. 
For purposes of the present paper, it is much more advantageous to com- 
mence with the set 


1 1 1 
1— fs 1— ps. 1— Bs 


instead of (9.1) or (9.4). By othogonalization we obtain precisely (4.3). The 
set (9.7) has essentially both (9.1) and (9.4) as special cases. 

All of the sets (9.1), (9.4), (9.7) are to be modified if the a, (or B,) are not 
all distinct, provided the corresponding series are to be used for interpolation 
with the convention we have introduced. For instance, if in (9.1) or (9.4) the 
function 1/(z—a) appears k times, this sequence of 1/(z—a) repeated is to 
be replaced by 


(9.7) “+9 [Bal <1, 








1 1 


s—-a (s—a)* (s—a)*_ 





In (9.7) a function 1/(1—z) occurring & times is to be treated similarly, ex- 
cept that in case 6 =0 we use instead the sequence 1, z, 2”, - - - , z*~-. In these 
respective cases, the formulas (9.2), (9.5), (4.3) are all valid in their present 
forms. 

In connection with Theorem II and the remark following it, the following 
theorem (a consequence of that remark) has some interest: 

If f:(2) is integrable on C together with its square and if we have 


_ s. fi(dt 
f(s) = rot | t— 2 | 


don2” + @1,3"—* + fines: + Onn 
(1 — Biz)(1 — Bez) -- - (1 — 8,2) 


of best approximation to fi(z) on C in the sense of least squares, where the Bx are 
given, is the unique function of form (9.8) which coincides with f(z) in the points 
0, Bi, Bo, ies » Ba. 

The function (9.8) is the most general function formally of degree with 
its poles in the points Bz, whereas the function (4.7) automatically vanishes 
(formally) at infinity. If such rational functions are to be studied under linear 


| <1, 
then the function 
(9.8) 
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transformation of the complex variable, the natural form to use is (9.8) in- 
stead of (4.7) (compare Walsh, loc. cit.), although to be sure (4.7) gives us 
essentially (9.8) with m replaced by n—1, if we set 8, =0. The condition that 
a function (4.7) vanish at infinity is clearly not invariant under linear trans- 
formation. 

We see, then, that the case 8, =0 (or any Bz =0) is not exceptional for the 
treatment we have given, except that in certain formulas for products such 
as [] |8,.| a slight formal modification may have to be made. In spite of the 
inclusiveness of our method, it is instructive to notice the relation between 
the case where the restriction 6: ~0 is made and the case where it is not made. 
We add two remarks (i) and (ii) on the relations between these two cases. 

(i) The cases 8, ~0 and 6,=0 can be transformed each into the other by 
a transformation of the form 
(9.9) ee 

1 — Bz 

which leaves C invariant. If a sequence 8, is given not including the point 
z=0, a transformation (9.9) can be chosen which carries this sequence into 
a new sequence including the point w=0. Reciprocally, if a sequence 8, is 
given which contains the point z=0, a transformation (9.9) can be chosen 
which transforms this sequence into a new sequence not containing the point 
w=0. In every case, the transformation (9.9) naturally transforms a sequence 
6, interior to C into a sequence interior to C. 

The convergence or divergence of the product | |, | is not affected by a 
transformation (9.9). Indeed, the convergence of such a product is a necessary 
and sufficient condition for the existence of a function analytic and limited 
interior to C and vanishing at the points 8,. This existence is obviously in- 
variant under a transformation (9.9). 

Properties of orthogonality on C and of best approximation on C in the 
sense of least squares are naturally altered by a transformation (9.9), but if 
two functions ¢(z) and y/(z) are orthogonal on C: 


f @#@)| az| = 0, 
Cc 


then we have 


dz | " 
f =, [#29 | dw] = 0, 
Cc dw 


so ¢(z) and ¥(z) (both defined on |w|=1 by (9.9)) are orthogonal on |w|=1 
with respect to the norm function |dz/dw |. Similarly, best approximation on 
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C: |z|=1 in the sense of least squares corresponds to best approximation on 
|w |=1 in the sense of least squares with the norm function |dz/dw |. 

The principal results which we have proved in the present paper relative 
to interpolation in the points B,, where we have 8, 0, are valid even without 
the restriction 8,0, as the reader can now prove by the use of (9.9), except 
insofar as those results apply to the specific form of series (4.3) or (9.3) as 
contrasted with (9.6). 

Similarly, if we had started with (9.6) instead of (4.3), the results es- 
tablished for (9.6) could have been used directly in proving similar results 
for (4.3). It is a matter of taste whether (4.3) or (9.6) is taken as fundamental, 
but (4.3) is formally more inclusive. 

(ii) The problem of expanding a function f(z) analytic for |z|<1 in a 
series (9.6), |8,| <1, is essentially the same as the problem of expanding the 
function 


(9.10) » ao = f(0), 


f(z) — a 
z 


in a series of form (4.2). Thus, if we have 8: =0, 614.0, the problem of inter- 
polation for f(z) in the points 8, is reduced to the problem of interpolation for 
(9.10) in the points 6,,,, a problem which we have already discussed in detail 
and solved in certain cases. To be sure, the function (9.10) has an artificial 
singularity at the origin, but here and below we consider such a singularity 
to be removed. 

Even if a number of points 8, coincide at z=0, a transformation of f(z) 
similar to (9.10) can be made; if we assume fj, Bo, ---, Bm all zero but 
B m+ #0, then we may replace (9.10) by 


(9.11) f(s) = a9 ~ ays — +++ ae 


g™ 





where these coefficients a, are found as in the expansion of f(z) in Taylor’s 
series. 

As a general remark, it is clear that the expansion of f(z) in a series of 
form (4.1) is equivalent to the expansion of the function (1—f)2)f(z) in a 
series 


s-h,. (@—-Bi)@—B) | 
1— fe | (1 — Bez)(1 — Byz) 





ao + a 


or is equivalent to the expansion of the function 
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2— Bi = 
1— ; ~ GBs) — Bas) 


(1 — Biz) - - -(1—B,2) 


(9.12) (2 — Bi): ++ (2 — Bn) 








[ 10) - = 





_, a et od 
"(1 — Biz) - - - (1 — Baa) 


in a series of the form 


1 ;= Batt 


9.13 i n 
(9.13) saad os = (1 — Bnyiz)(1 — Busse) 


This last series is again a series of form (4.1), and this remark can be used to 
generalize results already found for series (4.1); compare Walsh, loc. cit. 

10. Interpolation at the origin. An aesthetic justification for the use of 
(9.3) rather than (9.6) is that (9.3) (and likewise (4.3)) includes Taylor’s 
series as a special case, while (9.6) does not. The facts analogous to Theorems 
II-VIII are easily obtained for the case that all the 8, are zero, and we state 
them because of their general interest. It will be noticed that in §9(i), the 
case that all the 8, are zero is no exception, but in (ii) that case is an excep- 
tion and cannot be handled by the method suggested, expansion of the func- 
tion (9.11). 

We proceed to state the results, then, for the case 8, =0, n=1, 2, 
special cases of results already proved. These results contain little that | is 
new,* but it is well to have them for comparison with the more general re- 
sults we have proved for the series (4.1). 

Let the function f(z) be of class E, and represented by the equation 


a x5 fide 
(10. 1) fe) == | > |z| <4, 


where f,(t) is integrable on C. 
The formal expansion of f(z) in Taylor’s series 


(10.2) f(z) ~ ao + az + a2? +--+, 


found by interpolation in the origin, is identical with the formal expansion on C 
of the function f;(z) in terms of the functions 1, z, 2”, - - - , orthogonal on C. 

The polynomial of degree n which is the best approximation to f,(z) on C in 
the sense of least squares is the sum of the first n+-1 terms of (10.2), provided the 
square of f:(z) is integrable on C. 

Series (10.2) converges to the value f(z) for |z| <1, uniformly for |z|<r<1, 
and if f(z) can be extended analytically for \z|<R>1, series (10.2) converges 
for |z|<R, uniformly for |z|<R’<R. 





* F. and M. Riesz, loc. cit.; Walsh, these Transactions, vol. 32 (1930), pp. 335-390, §12. 1. 
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If f(z) has an integrable square on C, the series >. \an |* converges and series 
(10.2) converges in the mean on C to some function f(z) integrable and with an 
integrable square on C; the function f(z) takes on the boundary values f2(z) for 
radial approach to C, almost everywhere on C. The following relations are valid: 


3p Alba oy, 
(10.3) f) = 55 | 7 |z| <1; 


t)dt 
(10.4) I) =0, |2| >1; 
c t-—2 


(10.5) J fora = f pcoera i? a? ee eee 
c 


(10.6) [ feova = 0 (n = 0,1,2,---). 
Cc 


The relations (10.3) and (10.5) are equivalent, and so likewise are (10.4) and 
(10.6). Either of the relations (10.3) and (10.5) together with either of the rela- 
tions (10.4) and (10.6) is sufficient to characterize fo(z) (integrable together with 
its square on C) completely. The formal expansion of f2(z) on C in terms of the 
orthogonal functions 1, 2, 2", - - - is precisely (10.2), and fo(z) is the unique 
function of minimum norm on C (namely 2r>_\a, |?) which has the particular 
formal expansion (10.2) on C. 

An arbitrary series (10.2), where the series >. |\a, |? converges, is the formal 
expansion of some function f(z) of class Ex, found either by interpolation to f(z) 
in the origin, by formal expansion of the function f;(z) of (10.1) on C, or by formal 
expansion of the function f2(z) on C; these three methods of engendering (10.2) 
are equivalent. 

We have not yet studied the possibility of convergence exterior to C of the 
general series (4.1); we turn shortly (in §11) to the investigation of this possi- 
bility. 

As a complement to the theorem stated and under its hypothesis, we state 
the obvious special case of Theorem IV: 

A necessary and sufficient condition that the function f(z) represented by 
(10.1) should vanish identically interior to C is that we have 

{™(0) =0 (n = 0,1, 2,---), 
or that we have 


f for | at| = 0 (n = 0,1, 2,---), 
Cc 


that is, 
filt)dt _ 0 


c tl” 
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IV. SUPPLEMENTARY RESULTS 


11. Further results on convergence of (4.1); product [] [B.. | divergent. 
There are various results on the convergence of (4.1), supplementary to 
Theorems III and V, which should be mentioned; for instance cases of con- 
vergence for |z|=1 or |z|>1, and even cases of convergence at some points 
interior to C when f(z) is singular interior to C. 

If the product\| \8, | diverges and if f(z) is analytic for |z | <1, then the formal 
expansion (4.1) converges to f(z) uniformly for |z| <1. 

We use again equation (5.1), except that the integral is now taken over a 
circle C’: |z|=7'>1 having on or within it no singularity of f(z). Then the 
equation 


f(2) = rn (2) 
1 (z — Bi) -- + (@ — Bn)(1 — Bit) - - - (1 — Bal) 
“hata 8 ee 
is valid for |z| <1. For |z|<1 we have 
(2 — Bi) --- (@ — By) 
(1 — Biz) - - - (1 — Baz) 


and for |t|=T the expression 


(1 — Bit) «+= (1 Bat) _ G- 8) G-A) 


(= Bi) «+ @— Ba) --8...6-5 


has the form of the left-hand member of (5.2) and hence approaches zero uni- 
formly with respect to ¢. It follows that the right-hand member of (11.1) 
approaches zero with 1/n, uniformly for |z|<1, and the proof is complete. 


TueEoreEM IX. If the points 8, have no limit point of modulus greater ihan 
1/A <1, and if f(z) is analytic for |z|<T>1, then the formal expansion (4.1) 
converges to f(z) for |z|<(A*T+T+2A)/(2AT+A?2+1), uniformly for 
|z| <R<(A?T+T7+24A)/(2AT+A*+1), except that convergence does not occur 
at points 1/8, nor uniform convergence in neighborhoods of such points. 


We prove Theorem IX first under the hypothesis |8,|<1/A. We choose 
A’, 1<A’<A, and T’, 1<T’<T. Return again to (11.1), where C’ is now 
the circle |t|=7’. Equation (11.1) is valid for z interior to C’. The uniform 
approach to zero of the right-hand member of (11.1) is assured provided we 
have |z|=Z, 


(11.1) 








= ? 
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A'Z—1 T'+A’ 
A'’—Z 1+A’T' 


(11.2) 





? 


or Z<(A”T'+T'+2A’)/(2A'T’+A"+1); this last quantity is less than 
T’. If we now allow A’ to approach A and T’ to approach 7, Theorem IX is 
established under the hypothesis |8,|<1/A. 

Let us again choose A’, 1<A’<A, and choose N such that »>WN implies 
|B, |<1/A’. In (9.12) we choose a fixed m greater than N, so, as has just been 
proved, the series (9.13) converges to the function (9.12) uniformly for 
|z|<R<(A"?T+T+2A’)/(2A'T+A"+1). The expansion (9.13) of the 
function (9.12) can be written in the form (4.1), which is then uniformly valid 
(except in neighborhoods of points 1/8,) for |z|<R<(A”7+T7+2A’)/(2A’T 
+A’?+1). If we now allow A’ to approach A, the proof of Theorem IX be- 
comes complete. 

The quantity (A?7+7+2A)/(2AT+A?+1) is greater than unity, and 
under the hypothesis of Theorem IX can be replaced by no larger quantity. 


TueEoreM X. If the function f(z) is analytic for |z|<T <1 and if the points 
B, have no limit point of modulus greater than 1/A <T, then the formal expansion 
(4.1) of f(z) found by interpolation converges to f(z) for |z|<(A?T—2A+T) 
/(A?—2AT+1), uniformly for \z|<R<(A?T—24+T)/(A?—2AT+1). 
The proof of Theorem X is quite similar to the proof of Theorem IX; in- 
equality (11.2) is now replaced by 
1+ A’Z A’—T’ 
A’'+Z A'T’-1 





<1. 


The details of the proof are left to the reader.* Strangely enough, points 8, 
of modulus (less than unity but) greater than T may enter into Theorem X. 
The function f(z) need not be defined at such points, and the values used for 
interpolation to f(z) at such points are entirely arbitrary. Series (4.1) never- 
theless converges to f(z) as stated, but equation (4.1) need not be valid in all 
the points 8,, so the coefficients are not uniquely determined. 


* It may be noticed that the following theorem can be proved similarly. 
If f(s) is analytic for |z|<T <1, and if the points Bin, i=1,2,+++,n; n=1,2,+++, have no limit 
point of modulus less than 1/A <T, then the (unique) function 


A on" +A 19:2" 7+ pabache: +Aann 
(1—Binz)(1—Banz) * + + (1—Bnnz) 


which coincides with f(z) in the points Bin, converges to f(z) uniformly for |z|<3R<(A?T—2A+T) 
/(A*—2AT+1). 





rn(z) = 
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12. Further results; [] |S, | convergent. We prove the following theorem: 


THEOREM XI. Let T be an arbitrary rectifiable Jordan curve, or set of a 
finite number of non-intersecting rectifiable Jordan curves bounding a region R. 
Let the product [J |8,| be convergent, |B, | <1, let the points 8, lie interior to R, 
and let f(z) be analytic interior to R, represented by Cauchy’s integral 
(12.1) f(z) = 23 ee ot R, 

2riJri— 2 
where f;(t) is integrable on T. Suppose finally that no arc of T either contains a 
point 1/B,, or, if not a part of C, meets C at a limit point of the B,. Then the 
formal development (4.1) of f(z) found by interpolation converges for z interior 
to R except at points and limit points of the 1/B,, uniformly on any closed point 
set interior to R containing no point 1/8, or limit point of points 1/Bn. 


The product B(z) of §2 converges at every point z not a point 1/8, or 
limit point of points 1/8,, and uniformly on any closed point set containing 
no point or limit point of the 1/8,.* It does not follow that B,(z) approaches 
B(z) uniformly on I, for C or an arc of C may belong to I. It is not even cer- 
tain that the values of B(z) defined for |z| +1, 1/8, by the convergent prod- 
uct, lead to the same boundary values on C for interior and exterior approach. 

The function B(z) defined almost everywhere on C as the boundary values of 
the infinite product B(z) is the same (almost everywhere on C) as the boundary 
values By(z) of the infinite product B(z) defined almost everywhere on C by 
exterior radial approach. 

We have already proved that on C the sequence B,(z) approaches B(z) in 
the mean. This same reasoning, applied to the function 1/B(1/z), shows that 
the sequence 1/B,(1/z) approaches 1/Bo(1/z) in the mean on C. Then by the 
reasoning already used in §7, the sequence B,(z) approaches Bo(z) in the 
mean on C, so B(z) and Bo(z) must be equal almost everywhere on C. 

As before, we commence with the development of 1/(¢—z) and integrate 
term by term over I: 


f(z) — 1,(2) 
(2 — Bi) -- + ( — Ba)(1 — Bit) - - - (1 — B, 4) 
2ri fro (1 — Biz) - - - (1 — Brz)(¢ — 2)(t — Bi) - - - (t — B,) 


It will be noticed that (12.2) is valid even if R contains points 1/8,, and even 
if R is an infinite region bounded by the finite curve or curves I’.t On any arc 


(12.2) 





dt,zin R. 


* This fact is pointed out by Seide', these Transactions, vol. 34 (1932), pp. 1-21. 
+ Equation (12.1) cannot be valid for s= © unless f(%)=0. Series (4.1) always represents at 
infinity a function which vanishes at infinity, unless some 8, vanishes. 
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of C, equation (12.2) may be integrated term by term, as we have already 
shown; our restriction on I is not intended to exclude the possibility that an 
arc of C should be an arc of I. On any arc of I not an arc of C, equation 
(12.2) may also be integrated term by term, for on such an arc the product 
B,(z) approaches B(z) uniformly, and 1/B,(t) approaches 1/B(#) uniformly. 
Thus the sequence 7,(z) converges to the function 


B(z) fiat 
ni Jr (¢ — 2)B(t) 


(12.3) F(z) = f(z) — zin R. 


Convergence occurs at every point of R except points 1/8, and limit points 
of such points; convergence is uniform on any closed set interior to R contain- 
ing no point 1/8, or limit point of the 1/8,. 

There is no assurance that the function F(z) defined by (12.3) is a mono- 
genic* analytic function. If every point of C is a limit point of the 6,, the 
analytic functions F(z) and B(z) defined interior to C cannot be continued 
analytically across C, nor can the analytic functions F(z) and B(z) defined 
exterior to C be continued analytically across C. 

It follows from Theorem XI that whenever | |8,.| is convergent and f(z) 
is analytic in a region containing in its interior all the points 8, and their 
limit points, then the formal expansion (4.1) of f(z) converges at every point 
of analyticity of f(z) except at points and limit points of the 1/8,. Under such 
restrictions on f(z), it is not necessarily true that f(z) can be represented by 
(12.1) with a fixed curve or set of curves I serving simultaneously for all 
values of z for which f(z) is analytic. Nevertheless for every point z of analy- 
ticity of f(z) a suitable curve or set of curves I’ (depending on z) can be found 
such that (12.1) is valid and IT satisfies the requirements of Theorem XI. 
Consequently (12.3) is also valid and F(z) is analytic also at z unless z is a 
point or limit point of the 1/8,. 

13. Additional remarks. In the present paper our primary object has been 
to solve the problem of interpolation in the points 8, for functions of class EZ. 
Nevertheless, a number of other results have been obtained incidentally—for 
instance, regarding functions of class E,—and various other problems are 
closely related to the present discussion. The writer hopes on another occa- 
ion to return to the more detailed treatment of some of these problems. For 
the present we content ourselves with a few general remarks outlining several 
such problems. 

In particular, it is to be noticed that we have studied in the present paper 


* That is, in the sense of Weierstrass. It is quite conceivable that the function B(z) is monogenic 
in the sense of Borel, and that F(z) is also if R contains C in its interior. 
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the analogue of the Taylor expansion; there exists a corresponding analogue 
of the Laurent expansion which deserves consideration. 

Meromorphic functions. Given points (;, Be, - - - interior to C; let there 
be prescribed at each point 6, terms of the form 


(n) (n) 
Y—kn Y—katl (n) 


teeta” tre Bi) + eo: 





(z ed Bn) kn (z <a Bn) kn-1 
+i (e— Br)”, roe, #0; 


does there exist a function f(z) possessing boundary values almost every- 
where on C which are integrable and with an integrable square on C, analytic 
interior to C except at the points 8,, whose Laurent development about the 
point 8, has (13.1) as its first significant k,+/,+1 terms? This problem can 
be completely solved by the results we have already established, provided the 
product JJ |g, |*++! converges; the solution is obtained by studying the 
existence of the function F(z) defined formally by the equation 


F(z) = f(z) BG), 


where B(z) is the Blaschke product in which the 8, appear with the respec- 
tive multiplicities k,+/,+1. 

Functions of minimum norm. The solution of the following problem is 
contained in Theorem VII. Given the points (1, Be, - - - , 8m interior to C and 
the functional values 1, Y2, - - - , Ym; to prove the existence of and determine 
the unique analytic function f(z) of class E, of minimum norm on C which takes 
on the values y, in the respective points B,. It can also be shown that if p;(z) is 
the polynomial of degree k(=m—1, m, m+1, - - -) of minimum norm on C 
which takes on the values y, in the points 8,, then we have 


Tim pe(z) = f(2) 


(13.1) 


uniformly for z on and within C; indeed this equation is valid for z interior 
to the circle of convergence of the Maclaurin development of f(z), uniformly 
for z on any closed point set interior to this circle of convergence. The writer 
hopes to consider this problem in more detail on another occasion. The analo- 
gous problem of the existence and determination of the function f(z) and of 
the limit of the sequence of polynomials p;,(z) has recently been studied,* 
where the requirement for f(z) and p,(z) is not that of minimum norm on C, 
but of minimum maximum modulus on C. Theorems III and VII solve the 
present problem (minimum ncrm on C) of the existence and determination 


* Walsh, these Transactions, vol. 32 (1930), pp. 335-390. 
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of f(z) even in the case that the 8, are infinite in number. When the 8, are 
infinite in number, a polynomial ;(z) of degree k cannot necessarily be sub- 
jected to the requirement of taking on the values y, in the points 6,, but if 
f(z) exists and if p,(z) denotes the unique function of class C, of minimum 
norm on C which takes on the values 1, Y2,---, Ye+1 in the points (,, 
Be, - - - , Be41, then it can be shown that the equation 


be px(z) = f(z) 


is valid for |z| <1. 

Normal families. In the study of the various phases of the problem just 
mentioned, two theorems relating to normal families of functions are par- 
ticularly useful. 

If the functions f(z) are all of class Ex, if we have 


sme) = — f HS EOP. ins, 


where the functions f‘?(z) are integrable together with their squares on C, and if 
we have 


fie 


where M is independent of n, then the functions {™(z) form a normal family in- 
terior to C. Any limit function of this family is of class E, and can be expressed 


by 


elk ae ee fi(ddt 


2ri ct—23 


where f,(t) (boundary values of f(z) defined aimost everywhere on C by radial ap- 
proach) is integrable together with its square on C, and we have 


fils 


The next theorem is an application of Theorem IV. 

If a family of functions f,(z) analytic and forming a normal family interior 
to C has no limit function interior to C not of class E, then every subsequence of 
the family which converges on a point set Bn, where |] |B,| diverges, converges 
interior to C, uniformly for |z|<r<1. 

It is worth noticing that in this theorem (a generalization of the theorems 
of Vitali and of Blaschke) the points 8, need not be all distinct and indeed may 
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all coincide, provided we make the convention usual in the present paper, that 


the condition 
lim f,(8) exists, 


no 


where & points 6, coincide at 8, is intended to imply the conditions on the 
derivatives 


lim f<”’(8) exists (m =0,1,2,---,# — 1). 
no 
If an infinity of points 8, coincide at 8, this condition involves all the deriva- 
tives: 


(13.2) lim K@) exists (m = 0,1, 2,---); 


no 


condition (13.2) is precisely the condition for convergence of the sequence 
f,(z) in the point 8, counted of infinite multiplicity, and is itself sufficient to 
imply the convergence of the sequence f,(z) interior to C, uniformly for 
|z|<r<1. 
Other series of interpolation. A generalization of series (1.1) and (4.1) is 
the series 


aopo(2) + ai(z — B:)d1(2) + a2(2 — Bi)(z — Bo)bo(z) +- °°, 


and this series, where the ¢,(z) are suitably chosen, has much in common with 
the series (1.1) and (4.1). 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 





PARALLELISM AND EQUIDISTANCE IN CLASSICAL 
DIFFERENTIAL GEOMETRY* 


BY 
W. C. GRAUSTEIN 


It is the purpose of this paper to discuss and compare certain concepts 
bearing on the relationship to one another of two families of curves on a sur- 
face in a euclidean space of three dimensions. In the first place, there are set 
over against one another the concept of parallelism, in the sense of Levi- 
Civita, of one family of curves with respect to another and the concept of 
equidistance of the first family with respect to the second. Secondly, a meas- 
ure of the deviation from parallelism of the one family of curves with respect 
to the other, to which is given the name “angular spread,” is compared with 
a measure of the deviation from equidistance of the first family with respect 
to the second, which is called “distantial spread.” 

In addition to the introduction of the concepts in question, Part I con- 
tains the fundamental relations between the spreads of each of two families 
with respect to the other. These relations lead to quantitative results con- 
cerning the spreads, as well as to interesting conclusions concerning the con- 
nection between parallelism and equidistance. 

Part II deals more in detail with the properties of the spreads. In par- 
ticular, it is found that the angular spread, at a point P, of a fixed family of 
curves with respect to a variable family of curves is represented geometrically 
by a variable vector at P the locus of whose terminal point is a circle. This 
fact leads directly to a generalization of Liouville’s formula for geodesic cur- 
vature which is not only of interest in itself but tends to show that the original 
formula is essentially a relationship between angular spreads. 

Part III bears on the connection between directional derivatives and dis- 
tantial spreads. It develops an invariant form of Bonnet’s formula for geo- 
desic curvature, finds the laws of transformation of the spreads of one system 
of curves into those of a second, and applies these laws to the study of 
Tchebycheff systems. 

In Part IV, the relationships between the spreads of a system of curves 
on a surface and the spreads of the corresponding system of curves on the 
spherical representation of the surface are discussed and application is made 
of the results to the comparison of parallelism and equidistance on the sur- 


* An address presented to the Society at the request of the program committee, November 28, 
1931; received by the editors February 20, 1932. 
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face with parallelism and equidistance on the sphere. Fundamental in the 
treatment are simple geometrical forms of the Codazzi equations of the sur- 
face. 

It is assumed throughout that the given surface, and the curves on it, are 
real and analytic. 


I. ANGULAR AND DISTANTIAL SPREADS 


1. Angular spread of a family of directions with respect to a directed 
curve. We begin by recalling Levi-Civita’s concept of parallelism in the case 
of a surface S:x;=2;(u, v),i=1, 2, 3, in a euclidean space of three dimensions. 
We shall be interested, not in a parallelism which bears on lengths as well as 
directions, but in a parallelism of directions only. 

At each point P of a directed curve C on S let there be given an oriented 
direction, tangential, of course, to S. Let 1/p be the geodesic curvature of C, 
s the directed arc of C, and w=/(s) the directed angle from the directed tan- 
gent to C at P to the given oriented direction at P. Then the oriented directions 
in the points of C are parallel to one another in the sense of Levi-Civita if and 


only if* 
dw 


. 1 
(1) —+—=0. 


p ds 


For the sake of later developments, we sketch a proof. Let — be the unit 
vector tangent at P to C and directed in the same sense as C, and let £’ be 
the unit vector in the tangent plane to S at P which is normal to C at P and 
is so directed that é, ¢’, and the unit vector, ¢, normal to S at P have the same 
disposition as the axes of codrdinates. In terms of £ and é’, the unit vector a 
at P which coincides in direction and sense with the given oriented direction 
at P may be written a=£ cos w+’ sin w. Hence, when we take account of the 
well known relationst 


1 dé’ 1 1 dé 1 1 
Y+—, ~=--t-—4, —=-—8+-%, 
r ds p T ds r T 


1 
ds p 
where 1/r and 1/r are respectively the normal curvature and geodesic tor- 
sion of the curve C, we find that 


* Levi-Civita, Nozione di parallelismo in una varieta qualunque e consequente specificazione geo- 
metrica della curvatura Riemanniana, Rendiconti del Circolo Matematico di Palermo, vol. 42 (1917), 
p. 185. 

t See, e.g., Graustein, Invariant methods in classical differential geometry, Bulletin of the American 
Mathematical Society, vol. 36 (1930), p. 506. 





1932] PARALLELISM AND EQUIDISTANCE 


da 1 dw cosw sinw 
0 Sif 9 Ategiftthe 
ds p ds r T 


where 8 =fa.t It follows, then, that the given directions are parallel with re- 
spect to the curve C if and only if 1/p+dw/ds =0. 

The expression (cos w)/r— (sin w)/r vanishes identically if and only if the 
given directions are conjugate to the directions tangent to C, provided it is 
agreed that at a parabolic point of S two directions are conjugate when and 
only when at least one of them is the asymptotic direction and that at a 
planar point each two directions are conjugate. It is clear, then, from (2), 
that a necessary and sufficient condition that the given directions be absolutely 
parallel is that they be conjugate to the directions tangent to C and be parallel 
with respect to C in the sense of Levi-Civita.t 

Angular spread. The quantity 

1 1 dw 
(3) wr reese 

a p ds 
formed for the given oriented directions attached to the points of the directed 
curve C, is evidently a measure of the deviation of the directions from paral- 
lelism with respect to the curve C. 

This quantity is called by Struik§ the curvature of the given family of 
directions with respect to the curve C, and, by Bianchi, §[ the associate curva- 
ture of the family of directions. For reasons which will become apparent later, 
we prefer to call it the angular spread of the family of directions with respect 
to C. 

It is worth while noting that an obvious generalization of the usual defi- 
nition, in terms of parallelism, of the geodesic curvature of a curve gives rise 
to angular spread. Let d be the direction of the family at the point P of C, d’ 
the direction of the family at a point P’ of C neighboring to P, and d* the 
direction at P’ which is parallel with respect to C to the direction d at P. 
Then, if A@ is the directed angle from d* to d’ and As is the directed arc PP’, 
the limit, when As approaches zero, of A@/As is precisely the value, at P, of 
the angular spread, 1/a:!| 


+ Vector notation. If a: a1, a2, a3 and b: by, be, bs are ordered triples of numbers, their inner and 

outer products shall be denoted by (a |b) and ab respectively: 
(a|b):a:b:+-a2b2+asbs, ab: a2bs—asbz, aab1—aybs, aib2—azbr. 

t See, e.g., Eisenhart, Riemannian Geometry, p. 167. 

§ Struik, Grundztige der mehrdimensionalen Differentialg trie, 1922, p. 77. 

{ Bianchi, Sul parallelismo vincolato di Levi-Civita nella metrica degli spazi curvi, Rendiconti, 
Accademia di Napoli, (3), vol. 28 (1922), p. 161. 

|| The possibility of this definition of angular spread is pointed out by Bianchi, loc. cit., p. 161. 
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1 a) 
(4) —= lim —- 
a Aso As 
For, if a+Aa and a+ da are the unit vectors at P’ having respectively the 
same directions and senses as d’ and d*, and ¢+A¢ is the unit vector normal 
to the surface at P’, we have 





(¢ + Ag) sinA@ =a+ba at da. 


es 


ci ( 1 + =) a 
im — = —+— , 
aso As . p ds 


and the conclusion follows. 

From (3) or (4) it follows that, when the sense of the curve C is reversed, 
the angular spread, 1/a, changes sign. 

2. Angular spread of one family of curves with respect to a second family. 
Instead of the single directed curve C, we shall now assume on S a family of 
directed curves, which we shall call, individually and collectively, the curves 
C. With reference to the curves C we shall consider a second family of directed 
curves, the curves C’. At each point P:(u, v) of S we form the expression 


(5) 


where 1/p is the geodesic curvature at P of the curve C which goes through P 
and 0w/ds is the directional derivative at P, in the positive direction of the 
curve C, of the directed angle w from this direction to the positive direction, 
at P, of the curve C’ passing through P. 

For the points of a curve C, 1/a is the angular spread, with respect to the 
curve C, of the directions, at the points of C, of the curves C’. It is natural, 
then, to call 1/a the angular spread of the curves C’ with respect to the curves 
C, and to say that the curves C’ are parallel with respect to the curves C (in 
the sense of Levi-Civita) if and only if 1/a=0. 

We agree, further, to say that the curves C’ are absolutely parallel with 
respect to the curves C when and only when the directions, at the points of a 
curve C, of the curves C’ are absolutely parallel to one another for each and 
every curve C. It follows, then, from §1, that the curves C’ are absolutely 
parallel with respect to the curves C if and only if the family of curves C’ is con- 
jugate to that of the curves C and the curves C’ are parallel (in the sense of Levi- 
Civita) with respect to the curves C. 
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3. Distantial spread of one family of curves with respect to a second 
family. The angular spread of one family of curves with respect to a second is 
based on angle. We shall now introduce a “spread” of the one family of curves 
with respect to the other which is based on distance and which, for want of a 
better name, we shall call distantial spread. 

With respect to a given family of directed curves, which we shall here re- 
fer to as the curves C’, consider a second family of curves C:f(u, v) =const., 
distinct from the given family. Direct the curves C so that, at each point 
P:(u, v), the smallest positive directed angle, w, from the positive direction 
of the curve C through P to the positive direction of the curve C’ through P 
lies between 0 and z. Mark the distance d, measured along an arbitrary curve 
C’, between a curve C:f =f and a neighboring curve C:f=fo+Af, and take 
the logarithmic directional derivative, in the positive direction of the curve 
C:f =fo, of the distance d. The limit of this derivative, when Af approaches 
zero, is defined as the distantial spread, 1/b’, of the curves C with respect to 
the curves C’: 


(6) 


(7) 


where f,, =df/ds’ is the directional derivative of f(u, v) in the positive direc- 
tion of the curve C’. It follows that 


a=|as\[- +¢} 


where e—0 when Af—0. Hence, since Af is a constant, f 


(8) 


If 1/b’=0, then df/ds’ is constant along each curve C and hence is a 
function of f(u, v). Then ds’, as given by (7), is the exact differential of a 
function F(f), and s’=F(f) is the common directed arc, measured from a 


+ The expression in (8) for 1/b’ (but not the definition from which it follows here) occurs in the 
theory of directional derivatives on a surface (§9); the significance of the vanishing of the expression 
is well known. See Lilienthal, Vorlesungen tiber Differentialgeometrie, vol. II, p. 228; Graustein, Bul- 
letin paper, loc. cit., p. 498. 
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fixed curve C, of all the curves C’. In other words, each two curves C cut 
segments of equal length from the curves C’. Accordingly, we say that the 
curves C are equidistant with respect to the curves C’. 

The foregoing argument may be reversed. Thus, the distantial spread of a 
family of curves with respect to the given curves C’ vanishes identically when and 
only when the curves of the family are equidistant with respect to the curves C’. 

It follows from the agreement concerning the orientation of the curves C 
that, when the directions of the curves C’ are reversed, 1/b’ changes sign. 

A second formula for 1/b’. Since |df/ds’ | =(A,f)/? sin w, where (Aif)"/? is 
the magnitude of the gradient of f(w, 2), 


(9) : : log (Ai f)!/? ~ log si 
—— — 2 =a — — log sinw. 
b’ ee . 

Lemma. The geodesic curvature, 1/p*, of the orthogonal trajectories of the 
directed curves C:f(u, v) =const. is equal to minus the logarithmic rate of change, 
in the positive directions of the curves C, of the length of the gradient of f(u, v): 
1/p* = —d(log (Aif)"/?)/ds. It is understood that the orthogonal trajectories, C*, 
are so directed that the direction of rotation at each point P from the positive direc- 
tion of the curve C through P to the positive direction of the curve C* through P is 
the positive direction of rotation. 


By means of the Lemma, we obtain from (9) the following useful formula 
for 1/b’: 


10 log sin w. 
(10) 5, 108 sino 


To establish the Lemma, we note that, if a is the unit vector tangent at 
an arbitrary point P to the directed curve C* which passes through P, the 
geodesic curvature at P of the curve C*, according to Bonnet’s formula, is 


(11) 5-5 [Ale -2G/0)| 

— a os ee ~ hs ’ 

p* Dou _ ov ™ 
where D? = EG — F? is the discriminant of the first fundamental form of S. If 
we assume, as we may, that the function f(u, v) increases when we proceed 
along a curve C* in the positive direction, then (A,f)"/*a is the gradient at P 
of f(u, v). Since the projection of this gradient on an oriented direction at P 
is the directional derivative of f(u, v) in the oriented direction, we conclude 
that (x, a) =f./(Aif)"* and (x, |a) =f,/(Aif). Thus, the expression (11) 
takes the form 
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1 fe] 1 Fe 0 1 Su 
= = = (log ) — = (tog ) ’ 
p* du (Aif)'?/ Dif)? dv (Ai f)*/?/ D(Aif)? 


or, when we think of the directed curve C represented parametrically in terms 
of its arc s, the form 


(12) 1 0 (1 1 \o+ rs) (: 1 \ r) ; 1 
—_—-— eo —_———— — _— _ — a= id —_—___— - 
o* aun (Qif2/ds dv\ Aipf'2/ds as (aif)? 


4. Distantial and angular spreads of the families of a system of curves 
with respect to one another. Consider a system of curves on S consisting of 
the family of curves C and the family of curves C’. Assume that the curves C 
and the curves C’ are directed so that 0<w<7, where w is the angle at 
P:(u, v) from the directed curve C through P to the directed curve C’. 

Let 1/a and 1/b be respectively the angular spread and the distantial 
spread of the curves C’ with respect to the curves C, and 1/a’ and 1/b’, the 
angular and distantial spreads of the curves C with respect to the curves C’. 
According to (5) and (10), 


1 
p’* 


) 
+ — log sin w, 
0s’ . 


(13) 

—- = log sin w 

o* as 8 ’ 
where 0/ds and 0/ds’ denote directional differentiation in the positive direc- 
tions of the curves C and C’, 1/p and 1/p’ the geodesic curvatures of the 
directed curves C and C’, and 1/p* and 1/p’* the geodesic curvatures of the 
orthogonal trajectories C* and C’* of the curves C and C’, when these tra- 
jectories have been directed as specified in the Lemma of §3. 

Liouville’s formula for geodesic curvature, applied to the curves C’ with 

reference to the curves C and C*, and to the curves C with reference to the 
curves C’ and C”, yields the relations 


1 dw cos w sin w Ow cos w sin w 








= ’ —_= - , 


ds’ p * Os p’ e* 


1 COs w 
or ee 
a p 





U 


Substituting these values of 1/p* and 1/p’* into (13), we obtain the following 
expression for 1/a and 1/a’ in terms of 1/b and 1/0’, and vice versa: 
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sin w 1 COs w 


a b b’ 


sin w COs w 1 





a ~—té«O bo” 


sin w cos w 
’ 
b a’ 


sin w 


b’ a a’ 


The implications of these important relations depend on whether or not 
the curves C and C’ form an orthogonal system. 
Case of an orthogonal system. When w = 7/2, equations (13) and (14) reduce 


to 
(15) 


THEOREM 1. The angular and distantial spreads of a family of curves with re- 
spect to the orthogonal trajectories of the family are identical and their common 
value is the geodesic curvature of the orthogonal trajectories. 


The theorem implies that equidistance and parallelism of a family of 
curves with respect to the orthogonal trajectories of the family are equivalent. 
This follows also from the well known fact that, for equidistance and paral- 
lelism, there is a common necessary and sufficient condition, namely, that 
the orthogonal trajectories be geodesics. 

If, in equations (14), we set 1/5=1/a and 1/b’=1/a’ and assume that 
1/a and 1/a’ are not both zero, it follows that w=7/2. 


THEOREM 2. If the angular and distantial spreads of the curves C’ with re- 
spect to the curves C are equal, and the angular and distantial spreads of the 
curves C with respect to the curves C’ are equal, and not both these spreads are 
zero, the curves C and C’ form an orthogonal system. 


Case of a nonorthogonal system. Consider in a plane two distinct analytic 
families of straight lines. Elementary considerations show that necessary and 
sufficient conditions that every quadrilateral of the network be a parallelo- 
gram are as follows: (a) that each family consist of parallel lines; or (b) that 
the lines of each family be equidistant with respect to those of the other; or 
(c) that the lines of one family be parallel, and also equidistant with respect 
to those of the other; or (d) that the lines of one family be parallel and the 
lines of the second family be equidistant with respect to those of the first. 
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These results admit of complete generalization to the case of the non- 
orthogonal families of curves C and C’ on S. Here, we have to do with the 
following four properties of the two families of curves: 


Curves C’ parallel with respect to the curves C:1/a=0; 
(A) Faia C’ equidistant with respect to the curves C:1/b=0; 
{ Curves C parallel with respect to the curves C’:1/a’ =0; 
Curves C equidistant with respect to the curves C’:1/b’ =0. 


Since w¥ 7/2, it follows from equations (14) that, if any two of the four 
quantities 1/a, 1/b, 1/a’, 1/b’ are zero, all four are zero. Hence: 


THEOREM 3. A nonorthogonal system of curves on a surface which has any 
two of the properties (A) has the other two also. 


In particular, if the curves of each of the families of the system are equi- 
distant with respect to the curves of the other family, then the curves of each 
family are parallel with respect to the curves of the other family, and con- 
versely.} Thus, the concepts of equidistance and parallelism, which we know 
to be equivalent when applied to one family of curves of an orthogonal 
system, are also equivalent for a nonorthogonal system when they are applied 
to both families of the system. 

Again, the theorem says that, if the curves of one family of a nonortho- 


gonal system are both parallel and equidistant with respect to the curves of 
the other, the curves of the second family are both parallel and equidistant 
with respect to those of the first. 

According to equations (15), the analog of Theorem 3 for an orthogonal 
system reads as follows. 


THEOREM 4. An orthogonal system which has one of the first two of the pro- 
perties (A) and one of the last two, has all four properties. 


Curves clothing the surface. A system of curves which has the property that 
the curves of each family are equidistant with respect to the curves of the 
other family is said to clothe the surface in the sense of Tchebycheff. 

From Theorems 3 and 4 we conclude 


THEOREM 5. A necessary and sufficient condition that a system of curves 
clothe a surface is that it have two of the four properties (A), provided merely 
that, if the system is orthogonal, the two properties belong to different pairs. 


t This proposition is well known. The first proof of it was given by Bianchi, Le reti di Tchebychef 
sulle superficie ed il parallelismo nel senso di Levi-Civita, Bollettino della Unione Matematica Italiana, 
vol. 1 (1922), pp. 11-16. 
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It is to be recalled that, if an orthogonal system clothe a surface, its 
curves are geodesics and the surface is a developable or a plane. 

A surface is a surface of translationt when and only when there exist on 
it two distinct families of curves such that the curves of each family are abso- 
lutely parallel with respect to the curves of the other family. The result of 
§2, in conjunction with Theorems 3 and 4, yields, then, the following propo- 
sition. 


THEOREM 6. A necessary and sufficient condition that a surface be a surface 
of translation is that there exist on it a conjugate system which has two of the 
properties (A), provided that, if the system is orthogonal, the two properties belong 
lo different pairs. 


We remark that, if the generators of a translation surface cut at right 
angles, the surface is a cylinder or a plane. 

Quantitative relations between the four spreads. From (14) we obtain the 
following interesting relations between 1/a, 1/a’, 1/b, and 1/b’. 


THEOREM 7. The angular spreads of two distinct families of curves with re- 
spect to one another are equal (or negatives of one another) if and only if the 
distantial spreads of the two families with respect to one another are equal (or are 
negatives of one another). 


THEOREM 8. The angular and distantial spreads of one family of curves with 
respect to a second are equal (negatives of one another) if and only if the angular 
and distantial spreads of the second family with respect to the first are negatives 
of one another (equal). 

The first of these two theorems is valid for every system of curves, where- 
as the second theorem holds only for a nonorthogonal system and, in the case 
of an orthogonal system, is to be replaced by Theorem 1. 

We note, finally, that equations (14) are equivalent to the identity 


sin a’ sin @ cos @ cos a’ 





= ? 


+ 
a a’ b b’ 


holding for every two angles a, a’ whose sum is w. 


II. PROPERTIES OF ANGULAR AND DISTANTIAL SPREADS 


5. Dual aspects of angular and distantial spreads. Consider two distinct 
families of curves, the curves C; and the curves C, and assume that the curves 


+ We restrict ourselves here to translation surfaces with real generators, inasmuch as we are 
dealing only with real curves. Theorera 6 can, however, readily be extended to surfaces of translation 
with imaginary generators, except perhaps minimal surfaces. 
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have been so directed that the directed angle a at P:(u, v) from the directed 
curve C, through P to the directed curve C through P lies between 0 and 7. 

If 1/a and 1/0 are respectively the angular and distantial spreads of the 
curves C; with respect to the curves C, 


(16) 1 1 C) as 
— =— — — log sina 
’ b i. ae g ’ 


where 0/ds and 0/ds; are the directional derivatives in the positive directions 
of the curves C and Ci, 1/p is the geodesic curvature of the directed curves C, 
and 1/ps is the geodesic curvature of the orthogonal trajectories, C2, of the 
curves Ci, directed as described in the Lemma of §3. 

We note that the expression for 1/a bears primarily on the curves C, 
whereas that for 1/6 pertains essentially to the curves C;. For example, it is 
when the angle a is constant along each of the curves C that 1/a reduces to a 
geodesic curvature, and this geodesic curvature is that of the curves C. On 
the other hand, it is when a is constant along each curve C; that 1/6 reduces 
to a geodesic curvature and this geodesic curvature is that of the curves C; 
orthogonal to the curves Ci. 

If we hold the curves C fast and seek all the families of curves C; each of 
which has a given angular spread with respect to the curves C, we obtain a 
set of families of curves dependent on an arbitrary function of a single vari- 
able. Such a set of families of curves is characterized by the property that, if 
a(u, v) and B(u, v) are the directed angles under which two of its families cut 
the family of curves C, 8—a is constant along each of the curves C. In par- 
ticular: 

THEOREM 9. There is one set of families of curves of the type described each 
of whose families is a family of parallel curves with respect to the given curves C. 
If the curves C are geodesics, each family of the set cuts the family of curves C 
under an angle which is constant along the curves C. 

When we hold the curves C, fast and ask for all the families of curves C 
with respect to each of which the family of curves C; has a given distantial 
spread, we obtain a set of families of curves which also depends on an arbi- 
trary function of a single variable. Here, such a set is characterized by the 
property that, if a and 6 are the directed angles under which two of its 
families cut the family of curves Ci, sin 8/sin @ is constant along the curves 
C,. In particular: 

THEOREM 10. There is a set of families of the type described with respect to 
each of whose families the given curves C, are equidistant. If the curves C, are 
geodesic parallels, each family of the set cuts the family of curves C, under an 
angle which is constant along the curves Ci. 
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6. Properties of angular spread. A set of families of curves with respect 
to each of whose families the given family of curves C; has the same distantial 
spread evidently depends on the curves C;. In fact, it is readily shown that 
there exists no infinite set of families of curves with respect to each of whose 
families the given family of curves C, has the same distantial spread for each 
and every choice of the family of curves C). 

On the other hand, there do exist sets of families of curves which have the 
property that each family of a set has the same angular spread with respect 
to a given family of curves C for each and every choice of the family of curves 
C. These are the one-parameter sets of families of curves characterized by the 
property that each two families of a set intersect under a constant angle, and 
which, on account of this property, are known as pencils of families of curves. 


THEOREM 11. Every family of a pencil of families of curves has the same 
angular spread with respect to an arbitrarily chosen, but fixed, family of curves C. 


By the angular spread of a pencil of families of curves with respect to the 
curves C we shall mean the angular spread, with respect to the curves C, of 
any family of the pencil. 

Angular spread of a pencil. Consider the pencil of families of curves which 
is determined by the curves C; of §5 and hence contains also their orthogonal 
trajectories, the curves C2. By means of Liouville’s formula for the geodesic 
curvature 1/p of the curves C in terms of the geodesic curvatures 1/p; and 
1/p2 of the curves C; and C2, the angular spread, 1/a, of this pencil with re- 
spect to the curves C is found to have the value 


1 COs @ sina 





(17) 
a P1 p2 
If the unit vectors at P:(u, v) tangent respectively to the curves Ci, C2, 
and C which pass through P are &, &®, and &, it is clear that £=£™ cos a 
+é sin a. Hence, we are led to write 1/a as the scalar product of ~ and the 
vector 


(1) (2) 
(18) rT = ol + =, 
Pl p2 


that is, in the form 


1 
(19) —=(r|£). 
a 


The vector I is known as the geodesic curvature vector of the given pen- 
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cil of families of curves. It is the same, no matter with respect to which two 
orthogonal families of curves in the pencil it is constructed.f 


THEOREM 12. The angular spread, at a point P, of a pencil of families of 
curves with respect to a family of curves C is the projection, on the directed tangent 
at P to the curve C through P, of the geodesic curvature vector of the pencil at P. 


It follows that the locus of the tip of the vector (1/a)é at P, when the 
family of curves C varies through all possible positions, is a circle described 
on the geodesic curvature vector at P as a diameter, except when the geodesic 
curvature vector is a null vector—a case which we exclude for the present. 
This circle we shall call the indicatrix, at P, of the angular spread of the given 
pencil of families of curves. 

Theorem 12 has the following implications. 


Coro.iary 1. The sum of the squares of the angular spreads of the pencil 
with respect to two orthogonal families of curves is the same for each two ortho- 
gonal families of curves. 


CorOLLARY 2. The maximum absolute value of the angular spread of the 
pencil, at a point P, with respect to a variable family of curves C is the length of 
the geodesic curvature vector of the pencil at P and is assumed when the curve C 
through P is tangent to the geodesic curvature vector at P. 


It is evident from (19) that 1/a=0 for one and only one family of curves 
C, except in the case when I is a null vector at every point of the surface S. 
But ['=0 if and only if every family of the pencil consists of geodesics,—a 
situation which can occur only when S is a developable or a plane. 


THEOREM 13. The angular spread of a pencil of families of curves which does 
not consist entirely of geodesics is zero with respect to a unique family of curves, 
namely, the family of curves whose direction at each point is perpendicular to 
the geodesic curvature vector of the pencil at the point. The angular spread of a 
pencil of families of geodesics is zero with respect to every family of curves. 


The first part of the theorem says that there is a unique family of curves 
with respect to which the curves of a given family are parallel, provided the 
pencil of families determined by the given family does not consist entirely of 
geodesics. 

Suppose, now, that / and p’ are two distinct pencils of families of curves 


7 Graustein, Méthodes invariantes dans la géométrie infinitésimale des surfaces, Mémoires de 
l’ Académie Royale de Belgique (Classe des Sciences), (2), vol. 11 (1929), p. 69. 

t The existence of this family, though not its geometrical characterization, is well known; see 
Bianchi, Sul parallelismo vincolato di Levi-Civita nella metrica degli spazi curvi, Rendiconti, Accademia 
di Napoli, (3), vol. 28 (1922), p. 168. 





570 W. C. GRAUSTEIN [July 


on the surface S and that 8(u, v) is the directed angle from a family of curves 
of the pencil p to a family of curves of the pencil p’. According to (16), 


1 1 0p 
(20) eo 

a a Os 
where 1/a and 1/a’ are the angular spreads of p and p’ with respect to the 
arbitrary family of curves C. Hence, the two pencils have the same angular 
spread with respect to one and only one family of curves, namely, the family 
B(u, v) =const. 

If S is a developable surface or a plane and # is the unique pencil of 

families of geodesics on it, then 1/a=0 for every family of curves C and (20) 
reduces to 1/a’ =06/ds. 


THEOREM 14. The angular spread, at a point P, of a pencil of families of 
curves on a developable surface or plane with respect to a family of curves C is 
the directional derivative at P in the direction of the curve C through P, of the 
directed angle B(u, v) from a family of the pencil of families of geodesics to a 
family of the given pencil. 

Comparison of this result with Theorem 12 gives us 


THEOREM 15. The geodesic curvature vector of a pencil of families of curves 
on a developable surface or plane is the gradient of the directed angle under which 
the pencil cuts the pencil of families of geodesics. 

Inasmuch as the curl of the geodesic curvature vector of a pencil of fam- 
ilies of curves on a surface S is the negative of the total curvature of S,f it is 
only on a developable surface or plane that a geodesic curvature vector can 
be the gradient of a function or that the angular spread of a pencil can be the 
directional derivative of a function. 

7. A generalization of Liouville’s formula. We have seen that Liouville’s 
formula for the geodesic curvature, 1/p, of a family of curves C in terms of 
the geodesic curvatures, 1/p; and 1/ps, of two orthogonal families of curves 
C, and C; may be written in the form (17) and that, in this form, it is of prime 
importance in the study of angular spread. We shall now proceed to show 
that, in its most general form, the formula is essentially a relationship be- 
tween angular spreads. 

We note, first, an equation which follows directly from the fact that the 
indicatrix of the angular spread of a pencil of families of curves, or of a single 
family, with respect to a variable family of curves is a circle. If 1/a;, 1/ae, 
1/as are the angular spreads of a family of directed curves C* with respect 
to the curves Ci, C2, Cs of three distinct families of directed curves, then 


{ Belgian memoir, loc. cit., p. 69. 
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sin age Sin aj3 sin a2 
(21) + + = 0, 
a, a2 a3 





where aj; is the directed angle at P:(u, v) from the curve C; through P to the 
curve C; through P. 

This fundamental relation enables us to express the angular spread, 1/a, 
of the curves C* with respect to a variable family of curves C in terms of the 
angular spreads, 1/a,; and 1/a2, of the curves C* with respect to two fixed 
families of curves C; and C:. Let the directed angle at P:(u, v) from the 
directed curve C, through P to the directed curve C2 through P be w, let that 
from the curve C;, to the curve C be a, and that from the curve C to the curve 
C2 be ae, so that a, +a2=w. Then 

sin w sina, sina, 
+ ° 


(22a) = 
a a, ade 





In particular, when the curves C; and C; form an orthogonal system and are 
so directed that w=-+7/2, we have 
1 cos @ sin @ 


(22b) = 4. 


a a, a2 





where we have replaced a; by a. 

When the curves C* are taken as coincident with the curves C, equations 
(22) yield expressions for the geodesic curvature, 1/p, of the curves C in 
terms of the angular spreads of the curves C with respect to the curves C; 
and C;. In the general case, we have 

sinw sina, sina, 


(23a) = + ’ 
p a a2 





and, when the curves C; and C, form an orthogonal system, 





1 cos @ sin @ 
p a ae 


Since 1/a:=1/pit+d0a/ds,; and 1/a2=1/p2+0a/ds2, and furthermore, 
(da/As;) cos a+ (Aa/d5S2) sin a=9a/ds, equation (23b) may be rewritten in the 


form 
1 cos a sin @ 


— ia , 


p Os P1 pe 
and this is precisely the formula of Liouville. Thus (23b) is itself Liouville’s 
formula, in the form most suitable for generalization, and the previous for- 
mulas are generalizations of it. 
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We return to equation (22b) and let the curves C* coincide with the curves 
C, or the curves C2. Then 1/a is the angular spread of the curves C; or the 
curves C; with respect to the curves C and 1/a;=1/p; and 1/a:=1/ps, so that 
the equation becomes Liouville’s formula in its usual form. 

8. A relation between a distantial and an angular spread. In §4, we saw 
that the angular and distantial spreads of the curves of a family with respect 
to their orthogonal trajectories are equal. We proceed to generalize this result, 
employing for the purpose the notation as to curves and angles introduced 
in §4. 

THEOREM 16. Jf 1/b’ is the distantial spread of the family of curves C with 
respect to the family of curves C’ and 1/a* is the angular spread of the family of 
curves C’* (orthogonal to the curves C’) with respect to the family of curves C* 
(orthogonal to the curves C), then 


(24) 


it follows that 


1 Ow Ow 


sina( --) = — cosw— — sinw— = 


bat as as* as! 


a 


and hence the theorem is established. 

If the angle w is constant along each curve C’, then 1/b’ =1/a*. In par- 
ticular: 

THEOREM 17. If a family of curves C cut a family of curves C’ under an 
angle which is constant along each curve C’, the curves C are equidistant with 
respect to the curves C’ if and only if the orthogonal trajectories of the curves C’ 
are parallel with res pect to the orthogonal trajectories of the curves C. 


The usual formula for the distantial spread, 1/b’, of the curves C with re- 
spect to the curves C’ bears primarily on the curves C. From (24) we obtain 
an expression for 1/b’ which pertains primarily to the curves C’, namely, 

1 COs w sin w w 
=—— + — — log tan—- 
as’ 2 


b’ p’* p’ Os 2 


When the curves C’ and 1, d’ are given, this equation becomes a differential 
equation for the determination of the angle w. Hence: 
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THEOREM 18. There are infinitely many families of curves which are equi- 
distant with respect to the curves of a given family. The infinity depends on one 
arbitrary function of a single variable. 

This result is to be compared with Theorem 13. 

Consider, finally, the totality of families of curves C each of which cuts 
the given family of curves C’ under an angle which is constant (+0) along 
each curve C’. This totality, 7, depends on one arbitrary function of a single 
variable. According to (24), the distantial spread, 1/b’, of the variable family 
of curves C of T with respect to the fixed family of curves C’ is equal to the 
angular spread, 1/a*, of the fixed family of curves C’* with respect to the 
variable family of curves C*. But the indicatrix at P:(u, v) of 1/a* is the 
circle described on that geodesic curvature vector at P as a diameter which 
is associated with the given curves C’. This circle, or better, the circle into 
which it is carried by a rotation about P through the angle — 7/2, is, then, 
an indicatrix of the distantial spreads of the families of the totality T with 
respect to the given family of curves C’. In particular, if 1/6’, 1/b/, 1/b/ 
are the distantial spreads, with respect to the curves C’, of the curves C, 
C,, C2 of three families of T, then 

sin w sin ae sin a; 


25 = + 
(25) b! bi bf 





where a, a2, w have the same meanings as in §7, in connection with equation 
(22a). 


III. RELATIONSHIPS TO MODIFIED DIRECTIONAL DERIVATIVES 


9. Modified directional derivatives{. Consider on the surface S:x= 
x(u, v) two distinct families of curves, the curves C:¢(u, v7) =const. and the 
curves C’:¥(u, 7) =const. Direct the curves so that the functions @ and wy 
increase in the directions which lie respectively to the left of the curves C 
and C’, when these curves are traced in their positive senses; assume that the 
direction of rotation at an arbitrary point P from the directed curve C 
through P to the directed curve C’ through P is positive; and denote by 
w(0<w<z7) the angle from the first of these curves to the second. 

For the purpose in view it is convenient to introduce the quantities 

dr _ Wu Yr 


(26) Be—, fe: Fa, 
P Qs" Vs Vs 


where, for example, ¢.=0¢/du and ¢, =0¢/0s’. 


t Graustein, Bulletin paper, loc. cit., p. 500, ff.; also, Belgian memoir. The treatment here, 
though condensed, is simpler than in the papers cited. 
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Equivalent definitions of A, B, A’, B’ are furnished by the relations 
dp oy , 
dd = ro ee + Bdv), dy= =e + B'dv). 
s s 


Hence, the differential equations Adu+ Bdv=0 and A’du+B’dv =0 represent 
respectively the families of curves C and C’. 
Inasmuch as the differentials of arc, ds and ds’, of individual curves C 


and C’ are given by ds=dy/y, and ds’ =do/¢., we have 
(27) ds = A’du + B’dv, ds’ = Adu + Badv. 
It is readily shown that, if x(u, v) is an arbitrary function, 


a a 
(28) fee ieee el. 
Os Os’ 


Hence it follows that 
(29) 


where 
H = A’B — AB’. 
In particular, if £=0x/ds and t’ =0x/0s’ are the unit vectors at P tangent 
respectively to the curves C and C’ through P and directed in the same senses 
as these curves, we have 


ty = A'E+ AP’, x = BE+ Be, 
(30) 


1 1 
= —(Bx, — Ax»), ’ = ——(B’x, — A’x,). 
£ ye xy) g - ) 


If the latter expressions are substituted in ¢¢’ =¢ sin w, where ¢ is the unit 
vector normal to S at P, we find for H the value 


H = Desca, 


where D? = EG —F? is the discriminant of the first fundamental form of S. 

We are now in a position to find the values, in terms of A, B, A’, B’, of 
the distantial spreads, 1/b and 1/b’, of the curves C’ and C with respect to 
the curves C and C’. We have, namely, 
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1 


(31) .y (Bu - A v). 


ee ae ae. 
-_— ee 
For 1/6’, for example, is given, according to (8), by 
1 0 0 
— a «= «= log . 
b’ Os ds’ 
1 
v 


—(B=1 ¢ Pa. 60) 
es -— — ome 50 a’ Je 
H om ae 


Replacing ¢. by ¢,/B in the first term in the parenthesis, and by ¢,/A in 
the second term, and simplifying, we obtain the desired expression. 

By means of equations (29), we find that the fundamental relation 
(xu) » =(X»)u, When expressed in terms of the directional derivatives along the 
curves C and C’, takes the following invariant form: 


= [(Brxde — Axe] = [Bude — Axede] 
— Gl Badu — ( Xs)o] = FU(Bxw)u — (Axe)o]. 


We are thus led to introduce modified directional derivatives, defined for an 
arbitrary function, F(u, v), as follows: 


VF 1 VF 1 
32 — =—[(BF), — (AF),.], — = — —|(BF), — (AP), ]. 
(32a) Vs 7 BF) (4F).], = ai )u — (A‘F)»] 
The foregoing relation then takes the simple form 
(33) 


The modified derivative of the sum of two functions obeys the usual law. 
However, in the case of a product, it is clear from (29) and (32a) that we have 


V (x1x2) Vx2 Ox1 Ox Vx 
eee OP Mp Xe— =x1—— +x: 


Vs Vs Os Os Vs 
In particular, it follows that 


ax V1) «Vx _ ox Vl) 


+ Se a * ee 
Vs Vs as Vs 
But, according to (31), 
via) 1 Vit) 


1 
e Vs’ ’ b’ Vs 
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Hence 


Vx ox . x 
Vs as b’ 


10. An invariant form of Bonnet’s formula for geodesic curvature. Bon- 
net’s formula for the geodesic curvature, 1/p*, of a family of directed curves 
C* is 

i im sxe ¢*) — Lon | "| 

p* DLau . av. ‘ 
where £* is the unit vector at P:(u, v) tangent to the curve C* which passes 
through P. When we set for x, and x, their values in terms of £ and &’, as 
given by (30), and take account of the definitions (32a) of the modified direc- 
tional derivatives along the curves C and C’, the formula takes on the in- 
variant form 


(34a) oh 

04a = — —_ , 
p* Vs Vs’ 

or 

(34b) Vcosa’ Vcosa 

< = Ws vs! ’ 








where a is the angle at P from the curve C to the curve C* and a’ that from 


the curve C* to the curve C’, anda+a’=w. 
Expanding (34b), we get 
sin w cosa@ cosa’ da’ da 


(35a) = — — sina’ — + sina—» 
p* b b’ Os Os’ 





or, by virtue of the relation at the end of §4, 


- sin w sin a’ sin @ . Oa , da 
(35b) "athe $+ —— <- dd —- + ma: 
p a a Os Os 





We may also write the value of 1/p* in terms of the geodesic curvatures of 
the curves C and C’, but the resulting formula would be identical, essentially, 
with (23a). 
The formulas for the angular spread, 1/a*, of the curves C with respect to 
the curves C* which correspond to (35) are 
sin w cosa cosa’ Ow 
+ — sin a’ aconit 
b b’ Os 


sine’ sina .  , ow 
mn om SR Gm ° 
a a Os 
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The first of these is obtained from (35a) by use of the relation 


Oa da 0a 
sin w —— = sina’ — + sina —»> 

os* Os ds’ 

between the directional derivatives along the curves C, C’, and C*. 
Corresponding formulas for distantial spreads. If 0<a<z, that is, if the 

direction of rotation at P from £ to * is the positive direction, the distantial 
spread, 1/b*, of the curves C* with respect to the curves C has, according to 
(10), the value 


1 Oe 
(36) = 5 + <4 log sin a, 
where 1/p* is the geodesic curvature of the orthogonal trajectories of the 
curves C*, directed as prescribed in the lemma of §3. Replacing 1/* by its 
value, as given by (34b), we get 
sin w Vsine’ Vsina 


) 
37a =—— _ + sin w — log sin a, 
— b* Vs Vs ds* ° 





or 


(37b) sina = sina’ 4 sin a! ) : sin a 
= — sna — 1o ° 
b* b b! is ad? 





An application of distantial spreads. If we assume not only that 0<a<z, 
but also that 0<a’<z, and consider, in conjunction with (36), the formula 
1 1 te) 


= — — — log sina’ 
p* Os* 


a 


for the distantial spread of the curves C* with respect to the curves C’, we 
obtain immediately the relation 
(38a) 1 + 1 te) ; sina 
38a —— om we oo Dee 
b* | b* as* ” sina’ 

Geometrically, the assumptions to which this formula is subject mean that 
the tangent to the curve C* at P:(u, v) divides the directed tangents to the 
curves C and C’ internally. If this division is external, for example, if 
0<a<z, but —7r<a’<0, then (38a) is replaced by 


1 1 0 sina 
(38b) ae = Sy los (- ), 


b* 5*’ Os* sin a’ 





578 W. C. GRAUSTEIN (July 


It is evident that in either case the numerical value of sin a/sin a’ is the 
ratio in which the tangent /* to C* at P divides the tangents ¢ and ¢’ to C and 
C’ at P, that is, the quotient of the distances from an arbitrary point on /* 
to ¢ and 2’. It is natural then to speak of this ratio as the ratio in which the 
curves C* divide the curves C and C’. 


THEOREM 19. The family of curves C* divides the families of directed curves 
C and C’ externally (internally) in a ratio which is constant along each curve C* 
if and only if the distantial spreads of the curves C* with respect to the curves C 
and C’ are equal (negatives of one another).t 


11. Formulas of transformation of spreads. We propose to find the laws of 
transformation from the angular (distantial) spreads of the families of one 
system of curves with respect to each other to the angular (distantial) 
spreads of the families of a second system with respect to one another. 

Let the two systems of curves consist respectively of the families of 
directed curves C, C’ and C*, C*’. Assume that, in the case of both systems, 
the angle of rotation at P:(u, v) from the directed curve of the first family 
through P to the directed curve of the second family through P is positive, 
and denote the angle, between 0 and 7, from the first of these curves to the 
second by w, in the case of the first system, and by o*, in the case of the 
second. Further, let a be the angle at P from the directed curve C to the 
directed curve C*, and a’ that from the directed curve C* to the directed 
curve C’. Similarly, let 8 be the angle from C to C*’, and 8’ that from C*’ 
to C’. Evidently, a, a’, B, B’ may be so chosen that a+a’=8+(’ =w and 
B-—a=a’—p’ =o". 

The formulas of transformation from the angular spreads, 1/a and 1/a’, 
of the curves C’ and C with respect to the curves C and C’ to the angular 
spreads, 1/a* and 1/a*’, of the curves C*’ and C* with respect to the curves 
C* and C*’ are 


sin w sin a’ 


a* a 





(39) 





sin p’ sin B Oa 0a 
ss , 


a*’ a a’ a ie bela ‘Os! 
When w=7/2, then 1/a=1/p and 1/a’ =1/p’ and equations (39) become the 
formulas of transformation from the geodesic curvatures of the curves of an 


t The “dual” theorem says that the angle under which the curves C and C’ intersect is constant 
along the curves C* when and only when the curves C and C’ have the same angular spreads with 
respect to the curves C*. See §5. 
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orthogonal system to the angular spreads of the families of an arbitrary 
system: 


1 cos @ sin a 0p 1 cos B sin B 0a 





= 9 = 





(40) 
a* p p’ Os* a*’ p p’ os*’ 
To establish, say, the first of equations (39), we have merely to add cor- 
responding sides of equation (35b) and the equation 
dw* Ow* 
sin w —— = sina’ — + sina —; 
Os* Os ds’ 


and take account of the relations B—a =w* and a’ —6’ = o*. 


The distantial spreads, 1/6* and 1/b*’, of the curves C*’ and C* with re- 
spect to the curves C* and C*’ are given by the formulas 


1 

oe 
where 1/p* and 1/p*’ are the geodesic curvatures of the directed orthogonal 
trajectories of the curves C* and C*’, respectively. Using the values given for 


these geodesic curvatures by the invariant form of the formula of Bonnet, we 
get 


sin w sin B sing’ dsinf’ dsinB . : 
= - - _ + sin w —— log sin w*, 
b* b b’ Os 0s’ Os*’ 








(41) 
sin w sin a sina’ d@sine’ <dsina 





——_=- — sin w — log sin w*, 
ad b b’ Os ds’ os* 
as the formulas of transformation of 1/5, 1/b’ into 1/b*, 1/b*’. 

12. Systems of Tchebycheff. The formulas of the previous paragraph en- 
able us to write differential equations for the determination of the systems of 
Tchebycheff on a surface which are simple in form and yield new information. 

Let the surface be thought of as referred to a fixed orthogonal system of 
curves, C and C’. The arbitrary system of curves C* and C*’ clothe the sur- 
face, according to Theorem 5, if and only if 1/a* =0 and 1/a*’ =0. But equa- 
tions (40) say that these conditions are satisfied when and only when the 
angles a and 8, which fix the positions of the curves C* and C*’ with respect 
to the curves C and C’, satisfy the differential equations 


op COs @ 4 sin @ da cos 6 sin 8B 





’ , ’ 


ds* p p’ as*’ p p 





(42) 
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op 0g : eB Oa ; Oa F da 
—— cos @ + sina rw ’ _ cos B re + sin B rw. ‘ 

Thus, we have, for the determination of the systems of Tchebycheff on a 
surface, two partial differential equations of the first order in two dependent 
and two independent variables. { 

Curves clothing a developable surface. It is clear geometrically that any two 
families of geodesics chosen from the pencil of families of geodesics on a de- 
velopable surface or plane clothe the surface. In seeking a characterization of 
the other systems of curves clothing a developable or a plane, we assume 
that the curves C and C’ constitute two orthogonal families of geodesics. 
Equations (42) then become 


ap da 


Os* as*! 


(43) ' 


os*’ 


and yield the following result. 


THEOREM 20. A necessary and sufficient condition that two families of curves 
on a developable surface or plane clothe the surface is that the angle which fixes 
the position of each family with respect to a family of geodesics chosen from the 


pencil of families of geodesics be constant along the curves of the other family. 


Let us now recall that the Gauss equation of a surface, referred to an arbi- 
trary system of curves C and C’, may be written in the formt 


V fi V/i V fi a ee 
(44) K sinw = — (—) -~—(|—)= (-) eb ee -). 
Vs \p Vs\X\a Vs’ \a Vs \p' 


+ These equations may be compared with those of Servant; see Bianchi, Lezioni di Geometria 
Differenziale, 3d edition, vol. 1, p. 157. 
The equations corresponding to (42) in the case in which the system of curves C and C’ to which 
S is referred is arbitrary may be obtained by setting 1/a* and 1/a*’ equal to zero in equations (39). 
There is, however, another approach to this problem which yields the desired equations in a more 
elegant form. It follows from (31) that the curves C* and C*’ clothe the surface if and only if their 
elements of arc, ds* and ds*’, are exact differentials. But the expressions for ds* and ds*’, in terms of 
the elements of arc, ds and ds’, of the curves C and C’ are 
ds* sin w*=ds sin B—ds’ sin 8’, ds*’ sin w*=—ds sin a+ds’ sin a’, 
where a, a’, 8, 8’ are the angles which fix the curves C*, C*’ with reference of the curves C, C’, and 
these expressions are exact differentials, by (33), if and only if 
V sine’ V_ sine 0 V si V_ sin B 
Vs sinwt Vs’ sina*® ” Vs’ sine* | 
These, then, are the required differential equations. 


t Belgian memoir, loc. cit., p. 80. 
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Assume that the curves C and C’ clothe the surface. Then, since 1/5 =0 
and 1/b’=0, it follows from (32b) that the modified directional derivatives 
become ordinary directional derivatives. Moreover, by (31), ds=A’du+B’dv 
and ds’ = Adu+Bdy are exact differentials of functions s=s(u, v) and s’= 
s’(u, v) which are the common arcs of the curves C and C’, respectively. Hence, 
sand s’ are parameters on the surface and the directional derivatives in equa- 
tion (44) become ordinary partial derivatives with respect to these param- 
eters. 

Since 1/a =0 and 1/a’ =0, (44) now becomes 


: 0 1 a/1\_ 
(45) K sinw = (—) ee =(-), 
Os’ p Os p’ 


and yields the following result. 


THEOREM 21. If the geodesic curvature of one family of a system of curves 
which clothes a surface is constant along the curves of the second family, the sur- 
face is a developable or a plane, and conversely. 


Since 1/p+0w/ds=0 and 1/p’—dw/ds’=0, equation (45) may also be 
written in the form 
0*w 


K sinw = — . 
Os'ds 


Hence, the angle of intersection of two families of curves which clothe a 
surface may be written as the sum of two functions one of which is constant 
along the curves of the one family and the other constant along the curves 
of the other family when and only when the surface is a developable or a 
plane.7 


IV. RELATIONSHIPS BETWEEN SPREADS ON A SURFACE AND THE 
CORRESPONDING SPREADS ON THE GAUSS SPHERE 


13. Geodesic curvature of a family of curves on the Gauss sphere. We 
assume now that our surface S:x=«(u, v) is not a developable surface or a 
plane, and think of it as referred to an arbitrary system of curves, C and C’. 

According to Bonnet’s formula, the geodesic curvature, 1/r, of a family of 
directed curves on the spherical representation,  ={(u, v), of S has the value 


1 ifoa 


0 
om =| =« ol — 5p «| »| 


where y is the unit vector, at the point P:(u, v) on the sphere, tangent to the 


+ A proof of the sufficiency of this condition is found in Bianchi, Lezioni, 3d edition, vol. 1, p. 161. 
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curve of the family which goes through P, and D is the positive square root 
of the discriminant of the linear element of the spherical representation. 

Substituting for ¢, and ¢, their values in terms of 0{/ds and 0f/ds’, 
namely, 


and taking account of the definitions (32a) of the modified directional deriva- 
tives along the curves C and C’, we find that 


et eat) ~aharD 

tr DLys\as' |’) vsNasl JS 
Recalling that H=D csc w and that D=7KD, where n=1 or n= -—1, ac- 
cording as K >0 or K <0, we obtain, as the final form of 1/r, 


sin w nT V fo TY (% 
wo MEH) SCH 
rt KL Vs \as Vs’ \ds 
14. Spherical representation of a conjugate system. When the curves C 
and C’ on S form a conjugate system, K =csc*w/(rr’){+, where 1/r and 1/r’ 


are the normal curvatures of the curves C and C’, respectively. Hence, 
formula (46) becomes 


on 1 hop ate. ) Fe )] 
7 — = e’rr’ sin w| — - —_ : 
t Vs\ds’ . Vs'\as ” 


where e«=1 or e=—1 according as r>0 or r<0, and e’= +1 according as 
r'>0. 

To facilitate the work which follows, we introduce, in addition to the unit 
vectors £ and é’ which are tangent at P:(u, v) to the directed curves C and C’ 
which pass through P, the vectors é and £’ lying in the tangent plane at P and 
advanced by +7/2 over the vectors é and é’ respectively. 

In terms of these vectors, we havef 


rs) i 0 
(48) of ™ csc on ot _ 


os r ds’ 


Consequently, if we take as the positive directions on the curves @ and (°’ 
on the sphere which represent the curves C and C’ on S the directions which 
correspond to the positive directions on the curves C and C’, the unit vectors, 


T Belgian memoir, loc. cit., p. 84. 
t Belgian memoir, loc. cit., p. 77. 
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vy and y’, at P: (u,v) which are tangent to the curves @ and (*’ passing through 
f are 


(49) y=d', y= — eb. 
By means of (47), with the help of (48) and (49), we may now compute 
the geodesic curvatures, 1/r and 1/r’, of the directed.curves @ and (@’. They 


are 
V cotw V =] 
’ 


= — err’ sin of — , a 
Vs ir Vs r 


_ Vcscw V cotw 
= err’ sinw| — +—-—— 
Vs r Vs’ r 


1 

r 

1 
wv 


r 


But it may be shown that the Codazzi equations, expressed in invariant form 
with reference to the curves C and C’,} may be written 


V cotw V cscw V cotw 
ame — ses 
Vs fr Vs’ Vs fr’ Vs’ 


where 1/a and 1/a’ denote, as usual, the angular spreads of the families of 
curves C’ and C with respect to one another. 
Hence 
1 1 sin w 1 
(50) ——=¢ _— 
r ¢ a r 


1 sin w 
vo 

It is evident, from the deduction of these equations, that they are equiva- 
lent to the equations of Codazzi. Hence, we have obtained simple geometric 
interpretations of what are ordinarily rather complicated equations. 

In order to compute the angular spreads, with respect to one another, of 
the families of curves @ and (”’ on the sphere, we must first agree on a positive 
direction of rotation for the measurement of angles on the sphere. It is cus- 
tomary to take, as the positive direction of rotation about a point P on the 
sphere, the direction which is counterclockwise when the sphere is viewed 
from the exterior, e.g., from the tip of the vector ¢ normal to it at P. It turns 
out, then, that to the positive direction of rotation about a point P on S 
corresponds the positive or negative direction of rotation about the corre- 
sponding point P on the sphere according as K >0 or K <0. 

For present purposes, it is more convenient to choose the positive direc- 
tion of rotation about the point P on the sphere so that the numerically 
smallest directed angle, 2, from the directed curve @ through P to the 
directed curve (?’ through P is positive, that is, so that the positive direction 


{ Belgian memoir, loc. cit., p. 84, equations (96). 
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of rotation about P always corresponds to the positive direction of rotation 
about P. Evidently, this direction about P, in order to appear counterclock- 
wise, must be viewed from the tip of the vector z = ee’{ at P, that is, from the 
exterior of the sphere if ee’ =1, and from the interior if ee’ = —1. 

Since 2(0< Q<z) is the angle at P from y toy’, 


cosQ2 = — ee’ cosw, sin = sinw. 
Consequently, Q=27—w if ee’=1 and Q=w if ee’ = —1. Thus, in any case, 
dQ = — ee'dw. 


From (48) and (49), we find, for the elements of arc, do and do’, of the 
directed curves @ and (??’, the values 


, 
€ € 

do = — cscwds, do’ = — csc wds’. 
r r 


Hence, 
ao dw ~—soaD , Oe 
— = — érsinw—> — — e’ sinw—»> 
do Os Odo Os’ 


where 0/00 and 0/do’ denote directional differentiation in the positive direc- 


tions of the curves @ and (’’, respectively. 
By means of these formulas and equations (50), we obtain the angular 


spread, 1/A, of the curves (’ with respect to the curves @ and the angular 
spread, 1/A’, of the curves (? with respect to the curves (?’: 


e 1 sin w € 
(51) cmb sae , 
r A p 
It is to be noted that equations (50) and (51) exhibit a reciprocity between 
the conjugate system on the surface and the system representing it on the 


sphere. The two sets of equations imply the following theorems. 


THEOREM 22. The curves of one of two conjugate families of curves on a sur- 
face are parallel with respect to the curves of the second family if and only if the 
curves of the second family are represented on the sphere by geodesics. 


THEOREM 23. The curves of one family of a system of curves on the sphere 
which represents a conjugate system of curves on the surface are parallel with 
respect to the curves of the second family if and only if the curves on the surface 
represented by the curves of the second family are geodesics. 


From equations (51) we also conclude the theorem of Voss to the effect 
that a conjugate system on a surface consists of geodesics when and only when 
it is represented by a system of curves on the Gauss sphere which clothes the 
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sphere. The reciprocal theorem, guaranteed by equations (50), says that a 
surface is a translation surface if and only if there exists on it a conjugate 
system whose curves are represented on the sphere by geodesics. 

Let 1/B be the distantial spread of the curves (?’ with respect to the 
curves (?, and 1/B’, that of the curves (@ with respect to the curves (@’. Ac- 
cording to equations (14), we have 


sin Q 1 cos 2 sin Q cos 2 


=e ’ =e 


B A A’ BA! A 





Substituting for Q its value in terms of w and for 1/A, 1/A’ their values from 
(51), we obtain 


é r r’ € r ‘ 


(52) —s—+—cHse, —=—ce+—- 
B p op B p p 
The corresponding formulas for the distantial spreads, 1/b and 1/6’, of the 
curves C’ and C with respect to the curves C and C’ may be obtained in a 
similar fashion. They are 





(53) sin? w sin? w e’ COS w + ¢ 4 
o = — — ae osha 
b b’ r rt r’ x’ 


For a conjugate system which does not consist of the lines of curvature on 
the surface, we readily deduce the following results. 


THEOREM 24. If two of the four quantities 1/p, 1/p’,1/B,1/B’ are zero, then 
all four are zero and the conjugate system consists of geodesics. 

THEOREM 25. If two of the four quantities 1/r, 1/t’, 1/b, 1/b’ are zero, then 
all four are zero and the conjugate system clothes the surface. 

Lines of curvature. If w=7/2, then Q=7/2 and 1/a=1/b=1/p, 1/a’ 
=1/b’=1/p’, and 1/A=1/B=1/r, 1/A’=1/B’=1/r’. In this case, equa- 
tions (50) to (53) all reduce to the single known pair of equations 
1 e 1 1 


—y —_— 


U 


p rv op 


/ 


1 
T 


15. Spherical representation of the asymptotic lines. We assume now that 
the surface S is a surface of negative curvature and that the curves C and C’ 
are its asymptotic lines. Then K = —1/r?, where 1/7 and —1/r are respec- 
tively the geodesic torsions of the directed curves C and C’, and formula (46) 
for the geodesic curvature of a family of curves on the sphere becomes 


{ Belgian memoir, loc. cit., p. 37. 
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Achacl)" Aare 
=> T _ —_ —— —_— . 
Vs \0s’ . Vs’ \ds * 


1, 
so =F, 
T 


In this caset 


=a 
eo 
where the vectors £, ’ are as defined in §14. Hence, the unit vectors tangent 
to the directed curves (? and (’ on the sphere which represent respectively the 
curves C and C’ are 


y=, yY = — &’, 


where «=1 if 1/7 >0 and e= —1 if 1/7 <0. 
By means of the foregoing formulas, we find for the geodesic curvatures 


of the curves @ and (’ the values 


Vs T Vs 


sin w VY cosw V -| sin w ‘(= 1 V cos “| 
r Vs T Vs’ + ; 


— + es” 
T 


But the Codazzi equations, expressed in forms referred to the asymptotic 
lines C and C’,f may be written 


V cosw V 
Vs T 


Hence we obtain, in the present case, the following geometric forms of the 
Codazzi equations: 


e 1 
(54) ——=--—; 
rT Yr p 


If z, 2, do, and do’ are defined as in $14, we find that z= —¢, Q=z—a, 
and 


€ 
do’ = — ds’. 


+ Belgian memoir, loc. cit., p. 77. 
t Belgian memoir, loc. cit., p. 86. 





1932] PARALLELISM AND EQUIDISTANCE 587 


From these equations and (54), we obtain for the angular spreads of the 
curves (?’ and ( with respect to the curves (? and (?’ the values 


(55) 


Equations (54) tell us that an asymptotic line is a geodesic and hence a 
straight line if and only if the curve representing it on the sphere is a geodesic 
on the sphere,—a fact which is obvious geometrically. But the equations go 
further. They say that, if the asymptotic line is not a straight line, the ratio 
of its geodesic curvature to the geodesic curvature of the curve representing 
it on the sphere is the negative of the numerical value of its geodesic torsion. 
In particular, then, the two geodesic curvatures are opposite in sign. 

From equation (55) follows 


THEOREM 26. One family of asymptotic lines on a surface is parallel with 
respect to the second family if and only if the family of curves on the sphere which 
represents the first family is parallel with respect to the family of curves which 
represents the second. 


A corollary to this theorem consists in the known fact that the asymp- 
totic lines clothe the surface when and only when the curves which represent 
them on the sphere clothe the sphere. 

When we substitute for 1/a, 1/a’, 1/A, 1/A’ in equations (55) their 
values in terms of 1/6, 1/b’, 1/B, 1/B’, we obtain the equations 


) 4 (8 =) ee «, 
v =6htrN BB OB) 


which may be solved for 1/B, 1/B’ in terms of 1/6, 1/6’, or vice versa. 
From equations (54) and (55) we conclude 


1 *. 
% 


Corresponding to these relations we have, by virtue of (56), the following 
facts: if 1/b=1/6’, then 1/B=1/B’, and conversely; and, if 1/6=—1/0’, 
then 1/B = —1/B’, and conversely. 

THEOREM 27. If two of the four quantities 1/b, 1/b’, 1/B, 1/B’ for the 
asymptotic lines of a nonminimal surface of negative curvature are zero, then all 
four are zero and the asymptotic lines clothe the surface. 


In the case of a minimal surface, w=2/2 and Q2=7/2, and equations (55) 
and (56) both reduce to equations (54). 


sah tn cp SN A lOO EL IO I Ae I A RE Cte ES 
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16. Spherical representation of an arbitrary system of curves. We shall 
find it useful here to introduce the characteristic vectors associated with the 
given curves C and C’. The characteristic vectors associated with a given 
directed curve are unit vectors in the points of the curve which have the di- 
rections conjugate to those of the curve and are so oriented that the smallest 
positive directed angle at a point P of the curve from the positive direction 
of the curve at P to the characteristic vector at P lies in the interval 0 <6<rz. 

Let a and a’ be the characteristic vectors at P associated with the curves 
C and C’ which pass through P, and let y and y’ be respectively the directed 
angles from é and £’ (the unit vectors tangent at P to C and C’) toa anda’. 
Then 


(57) a=tcosy+ésiny, a’ = & cosy’ +?’ siny, 


where é and ¢’ are the unit vectors in the tangent plane at P advanced by 
+7/2 over é and é’, respectively. 
Since the directions of a and a’ are conjugate to those of C and C’, they 


coincide respectively with the directions of the vectors a¢/ds € and d¢/ds’ ¢. 
Butt 


ari a 1 


i 
(58) -f +—F. 
T 


Os Ss r 


The directions of a and a’ are, then, the same as those of the vectors 
4, 4... ba 
=p el ee. 
T Tr T rT 
Consequently, when we introduce the “total normal curvatures” 


1 1 1\1/2 1 1 1\1/2 
59 —={—+-—) , —=(-—+— 
(59) K € + =) K’ (= + =) 


of the curves C and C’, we have 


, 
€ 
= —sin y, ait sin V’, 
K 
(60) 
€ 
=— cosy, 


1 
Yr 
1 
K OK 


é ’ 
=— cosy’, 


1 
, 

1 
7 


where, if Y~0, «= +1 according as 1/r20, and, if Y=0, e= +1 according as 
1/720, and ¢’ is similarly defined. 


Tt Belgian memoir, loc. cit., p. 77. 
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The expressions (58) for 0f/ds and 0f/ds’ now take the forms 


le € o og 
(61) — = ——(Esiny —£Ecosy), — 
Os K 0s’ 


aan se sin y/ — £ cosy’). 


The characteristic vectors a and a’ are evidently perpendicular, respec- 
tively, to the vectors 0{/ds and 0¢/ds’. But 


“a «. ,o é 


a = 
Os K 


/ 


Os’ x’ 


? 


Hence, the angle from a to 0¢/ds is er/2 and that from a’ to 0f/ds’ is e’/2. 

It follows that the angle from £ to 0f/ds is ~+em/2 and that the angle 
from £’ to 0¢/ds’ is y’+e'm/2. Incidentally, these results involve the well 
known fact that a direction at a point P of the Gauss sphere corresponding to 
a given direction at the corresponding point P of the surface is perpendicular 
to the direction at P which is conjugate to the given direction. 

It is now evident that the angle on the surface from 0¢/ds to 0£/ds’ is 
—(~+emr/2)+w+(y’+e’r/2). Hence the angle, 2, on the sphere from 
0¢/ds to 0¢/ds’, as seen from the tip of the vector z= 7f, is 


(62a) = n(wt+v'—¥+@-0), 


where, as usual, 7 = +1 according as K20. Hence 
(62b) cos 2 = ee’ cos(w+y’ —y), sin = nee’ sin(w+ yy —y). 
We next recall the identityt 


COS w sin w COS w sin w 





r T r’ 7’ 


Denoting the common value of these two expressions by P and computing 
each in terms of 1/x, 1/x’, ¥, W’, w, we find 


, 


(63) =—~sin(¥ —«), or P =—sin(y’ +4). 
K K 


Thus, the five quantities fundamental in our discussion are related by the 
identity 
. . é P 
— sin (yy — w) = — sin (y’ + w). 
K K 


+ Belgian memoir, loc. cit., p. 74. 
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For the total curvature K of the surface we have the formulat 


1 1 
K sin?o = — — — P*, 
rr 


which, by means of (60), (63), and (62), can be reduced to the simpler form 


n sinQ 
(64) K =———. 
xk’ sinw 


Substituting the value of K into equation (46), we obtain, as the formula 
for the geodesic curvature of the curves on the Gauss sphere with the unit 
tangent vector y, 


sin 2 (4 ) = (2 )| 
= KK — ~ Bae eed 5 | . 
r Vs \as’ Vs’ \ds 
According to equations (61), the unit vectors tangent respectively to the 
curves ? and (’ on the sphere which represent the given curves C and C’ are 


(65) y = —e(Esiny — Ecosy), y’ = — e(t’ siny’ — # cosy’). 


Hence we find, as the geodesic curvatures of the curves @ and (°’, 


/ 


sin Q ‘|= cos 2 V | sin Q |= 1 V 
KK : = KK 


t r Vs «’ Vs’ 


We turn now to the Codazzi equations.f These equations, when expressed 
in terms of 1/x, 1/x’, ¥, ’, w, take the forms 


VY siny 7 sin (y’ + a) dw\ cosy  e€’ cos(¥’+w) 
4 + ( ) 0, 


—e— 


€ 
Vs’ « Vs x’ 
V7 sin (W — a) , V siny’ + _€ COS (Wy — w) 1 e(— + ~) cos yp’ 


, 


CO eae ae ae = 


Vs’ kK Vs «’ p’ K 


, 
K 


p Os 
When we expand the derivatives of the products such as (sin y)/x, applying 
the modified derivative always to the total normal curvature involved, we 
get two equations in ( V/ Vs’)(1/x), (V/ Vs)(1/x’), 1/x, and 1/x’. Eliminat- 
ing in turn the terms in 1/x and 1/«x’ from these equations, we obtain the 
equations 


+ Belgian memoir, loc. cit., p. 75. 
ft Belgian memoir, loc. cit., p. 80, equations (93). 
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Vs x«’ Vs’ « 





? ’ 
K 


V cosQ - (- n\n 
p Os 
1 dy’\, sin Q 


p’ as’ 





b 





(66) 





; 
: 
: 
It is to be noted that 1/p+dy/ds is the angular spread, with respect to the i 
curves C, of the curves which are conjugate to the curves C, and that 1/p’ ot 
+d0y’/ds’ has a similar meaning. ‘ 
It follows from (61) and (65) that the elements of arc of the directed 


curves ? and (°’ are 


ds ds’ 
rem en. 
kK 








From these relations and equation (62a) we get 


18 AwtW-Vv) 21 @_ Wwt+W-V 


Kk Oo Os x’ Oo’ ds’ 














Hence we obtain, as the values of the angular spreads, with respect to one 
another, of the curves @ and (?’, 

n 1 1 dy’ +) ” 1 day —»w) 

om aie ale Pin OOO: a 

K , 


(67) =—+ =—+ 


1 
A p Os kK A’ p’ ds’ 
The right-hand side of the first equation is the angular spread, with respect 
to the curves C, of the curves which are conjugate to the curves C’, and the 
right-hand side of the second equation has a similar geometric interpretation. 
When equations (66) are solved for 1/p and 1/p’ in terms of 1/r and 1/t’, 
we get 


1 o/1 oy 1 »/1 oy’ 
oo Ast S58 
p k\t Oo p « \r Oo 


The angle on the sphere from y to £, as viewed from the tip of 2, is —n(y 
+ em/2), and the directions on the sphere orthogonal to those of the vectors 
£ are tangent to the curves on the sphere representing the curves conjugate 
to the curves C. Hence, the expression 1/r—70y/de is the angular spread, 
with respect to the curves (?, of the curves on the sphere which represent the 
curves conjugate to the curves C. 
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From equations (68) we readily obtain the values of the angular spreads, 
with respect to one another, of the curves C and C’, namely, 


1 1 iy —w 1 1 ay’ +a 
(69) ~=2(--,%—*), 5=2(5-1**), 


a rt Oo a’ « \r Oo’ 


The angle on the sphere from y to £’ is n(w—(y~+.e7/2)). But the directions 
on the sphere orthogonal to those of the vectors ¢’ are tangent to the curves 
on the sphere which represent the curves conjugate to the curves C’. Hence, 
the expression in the parenthesis on the right-hand side of the first equation 
is the angular spread, with respect to the curves (, of the curves on the 
sphere representing the curves conjugate to the curves C’. 

We shall state the results implied in formulas (66) to (69) in terms of an 
arbitrary family of curves C on the surface and the corresponding family of 
curves (? on the sphere. From (69) and (67) we have 


THEOREM 28. A family of curves on the surface consists of parallel curves 
with respect to the curves C if and only if the conjugate family of curves is repre- 
sented on the sphere by curves which are parallel with respect to the curves (. Or, 
a family of curves on the sphere consists of parallel curves with respect to the 
curves (° if and only if the family conjugate to the family which it represents on 


the surface consists of curves which are parallel with respect to the curves C. 


From (68) and (66), we obtain 


THEOREM 29. The curves C are geodesics on the surface if and only if the 
curves conjugate to them are represented on the sphere by curves which are parallel 
with respect to the curves °. The curves ( are geodesics on the sphere if and only 
if the curves on the surface which are conjugate to the curves C are parallel with 
respect to the curves C. 


From Theorem 28 we conclude 


THEOREM 30. Two families of curves clothe the surface if and only if the 
family of curves conjugate to each of them is represented by curves on the sphere 
which are parallel with respect to the curves which represent the other family. 


There is, of course, a reciprocal theorem concerning the clothure of the 
sphere. 

It is evident that Theorems (28), (29), (30) include, either directly or in- 
directly, the theorems bearing on the spherical representations of conjugate 
systems and asymptotic lines. Moreover, it is not difficult to show that our 
present formulas reduce to those of §14 when y=w and y’ =z—w, and be- 
come those of §15 when yy =0 and y’ =0. 
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Inasmuch as Theorems 29 and 30 are obtainable from Theorem 28, the 
latter theorem is the fundamental theorem including all the others. 

We proceed to put this theorem in a second, and perhaps more striking, 
form. Returning to the first of the equations (69), we note that the left-hand 
side is the angular spread of the vector field £’ on the surface with respect to 
the curves C, and that the expression in the parenthesis on the right-hand 
side is the angular spread of the vector field é’ on the sphere with respect to 
the curves (. 


THEOREM 31. Directions at the points of a curve on the surface are parallel 
with respect to the curve if and only if the same directions at the corresponding 
points of the corresponding curve on the sphere are parallel with respect to this 
curve. 


We turn finally to the relationships between the distantial spreads of the 
two families of curves on the surface with respect to one another and the 
distantial spreads, with respect to each other, of the two corresponding _ 
families of curves on the sphere. These are found to be 


1(- +o) H2 (5 mts ’ ) 
—|{— = — — + sinw : 
« \B B’ sinw \b b’ Os 





(70) 


n (= 2 1 sinQ / cos w 1 ; oy 
~— +=)- : ( +7 +sinw), 
Kk’ B B’ sin w b b’ ds’ 
It is evident from these relations that, if 1/o =0 and 1/6’ =0, then 1/B =0 
and 1/B’=0 if and only if dy’/ds =0 and dy/ds’ =0. 


THEOREM 32.Two families of curves which clothe the surface are represented 
on the sphere by two families of curves which clothe the sphere if and only if the 
angle under which each family of curves is cut by the family of curves conjugate 
to it is constant along each curve of the other family. 


The same conditions are necessary and sufficient that two families of 
curves clothe the surface when it is known that the families representing them 
on the sphere clothe the sphere. 
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ON FINITE-ROWED SYSTEMS OF LINEAR 
INEQUALITIES IN INFINITELY MANY 
VARIABLES* 


BY 
I. J. SCHOENBERG 


1. Introduction. The theory of systems of linear inequalities was origi- 
nated by Minkowskif and Farkasf and extended in several directions by L. L. 
Dines, A. Haar§ and others. While in this theory only systems involving a 
finite number of variables were investigated, more recent papers of F. Haus- 
dorff contain explicit solutions for interesting particular systems|| of linear 
inequalities involving infinitely many variables. In the present paper a larger 
class of such systems, which include the systems of Hausdorff as a special 
case, are solved. 

This paper is divided into three parts.§ In the first part a brief sketch of 
a theory of convex bodies in the space of infinitely many dimensions is given.** 
Such bodies occurred implicitly in the earlier work of F. Riesz}? and Cara- 
théodory.§§ At the same time finite-rowed systems of linear inequalities in 
infinitely many variables of the type (4.1) are considered and their relation to 
convex bodies ((4.2) and Theorem 4.1) as well as to a problem of F. Riesz 
($5) is investigated. In the second part a particular class of such finite-rowed 
systems are solved by means of Stieltjes integrals (Theorem 8.1). Essentially 
the same method has already been used by the author to prove Hausdorff’s 


* Presented to the Society, December 30, 1931; received by the editors March 14, 1932. 

} H. Minkowski, Geometrie der Zahlen, Leipzig, 1896, §19. 

tJ. Farkas, Theorie der einfachen Ungleichungen, Journal fiir Mathematik, vol. 124 (1902), 
pp. 1-27. 

§ A. Haar, Uber lineare Ungleichungen, Szeged Acta, vol. 2, No. 1 (1924), pp. 1-14. For a com- 
plete bibliography concerning the work of Dines, Carver, Fujiwara and Stokes see the recent paper 
of R. W. Stokes, A geometric theory of solution of linear inequalities, these Transactions, vol. 33(1931), 
pp. 782-805. A geometric theory more complete than those given by Haar and Stokes is given by the 
author in a paper which will appear in the American Mathematical Monthly. 

|| See §9 and the references given below. 

{| The theorems stated in this paper which are not new will bear in parentheses the names of 
their authors. 

** A theory of integration in the same space was given by P.J. Daniell, Integrals in an infinite 
number of dimensions, Annals of Mathematics, (2), vol. 20 (1918-1919), pp. 281-288. 

Tt F. Riesz, Sur certains systémes singuliers d’équations intégrales, Annales de |’Ecole Normale 
Supérieure, (3), vol. 28 (1911), pp. 33-62. 

§§ C. Carathéodory, Uber den Variabilitdtsbereich der Fourier’schen Konstanten von positiven 
harmonischen Funktionen, Rendiconti di Palermo, vol. 32 (1911), pp. 193-217. 
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theorem on completely monotonic sequences.* The third and last part of this 
paper contains some applications of the general results of Part II. Haus- 
dorff’s theorems concerning his sequences of momentsf appear as a special 
case (§9). This way of stating Hausdorff’s results (Theorem 9.1) raises some 
new questions which are readily answered in §10. In 1929 S. Bernsteinf 
proved a remarkable theorem (Theorem 11.1) on completely monotonic func- 
tions. This theorem was recently rediscovered by D. V. Widder.§ In the last 
section (§11) it is shown that the theorem of S. Bernstein and Widder is es- 
sentially equivalent to Hausdorfi’s prior results concerning his Moment- 
funktionen (loc. cit., §4); only a slight modification of Hausdorff’s Theorem 
9.1 (Corollary 9.1) is needed to prove it. 


Part I. CONVEX BODIES AND FINITE-ROWED SYSTEMS OF LINEAR 
INEQUALITIES IN INFINITELY MANY VARIABLES 


2. Sets of points in S,. Let us denote by S, the p-dimensional space of the 
real variables (x1, x2, - - - , Xp). For p<q,S, shall be called the pth partial space 
of S, and this space may be defined within S, by the system %p41=%pi2= -- - 
=x,=0. Similarly, the point X,=(%, x2, -- +, x») shall be called the pth 
partial point of X,=(x1, %2, - - - , Xq) of S,, and X, is precisely the orthogonal 
projection of the point X, on the sub-space S,. Let us consider the space 
S=S,, of the infinite sequence of variables X = X,,=(21, x2, %3,-- +). Just 


as above, the spaces S;, S2, S3, - - - shall be called the partial spaces of S=S,,, 
and let us refer to X,= (a1, x2, - - - , Xp) as the pth partial point of X. 

The same definition may be extended to any set E= { X} of points X of S. 
The set E,={X,} of the pth partial points of the X shall be called the pth 
partial set of E. The set E shall be called bounded in case that every partial 
set E,(p=1, 2, - - - ) is bounded in the corresponding partial space S,. 

Let X™ = (x, 2, «™, ---) (n=1, 2, 3, - - +) be a sequence of points 
of S. We shall say that XX =(x, x2, 3, -- - ) for m0, in case x\” 2, 
for n— holds for every value of p=1, 2,3, - - -. A point X of the space S 
is said to be an accumulation point of the set E, if X is the limit of a sequence 
of points X™ of £ in the sense given above. A point set E shall be called 


* T. J. Schoenberg, On finite and infinite completely monotonic sequences, Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 72-76. 

{ F. Hausdorff, S tionsmethoden und Momentfolgen, I1, Mathematische Zeitschrift, vol. 9 
(1921), pp. 280-299. 

tS. Bernstein, Sur les fonctions absolument monotones, Acta Mathematica, vol. 52 (1929), pp. 
1-66. See his Theorem E on page 20 and formula (72) on page 56. 

§ D. V. Widder, Necessary and sufficient conditions for the representation of a function as a Laplace 
integral, these Transactions, vol. 33 (1931), pp. 851-892. See also J. D. Tamarkin, On a theorem of S. 
Bernstein-Widder, same volume, pp. 893-896. 
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closed, in case E contains all its points of accumulation. This definition does 
not imply that any of the partial sets Zi, E2, E;, - - - has to be bounded. For 
example the whole space S is closed. Nor can we conclude that the partial 
sets E, are closed if E is closed. To show this let E be the set of points X = (x, 
X2, X3,- ~~) defined by the inequalities x, >0, x2>0, 14221. While £ is 
closed, the first partial set EZ; which is defined by x; >0 is not closed. The con- 
verse statement which says that E is closed, if £,, E2, E;, --- are closed, is 
also not true. Let us take for instance for the set E the sequence of points 


(1, 0, 0, O,---), (1, 1,0, 0, 0,---), (1,1, 1,0,0,---),--- 


The partial set E,(p=1, 2, 3, - - - ) contains precisely p different points and 
is therefore closed. E however is not closed, for E does not contain its ac- 
cumulation point (1, 1,1, 1, - - - ). 

Lemma 2.1. If the set E is bounded and closed, then also all the partial sets 
E, are bounded and closed. 


The partial set Z, is bounded by definition. To show that EZ, is also closed 
let X% =(x™, x”, ---, x) be a sequence of points of E, with xP 
Xp=(%1, X2, - - -_, Xp) for n—«. We have to show that X,c E,. The point 


X is the pth partial point of a point X” =(2, x”, «”, ---) of E, and 


E, (q>p) being all bounded sets, applying the theorem of Weierstrass- 
Bolzano and the diagonal method of Cantor we get a convergent sub-sequence 
X® out of the sequence X™, that is to say X"—X =(x, x2, %3,---) 
for i—. But E is closed and hence X c E. Hence X, ¢ Ey. 


Lemma 2.2. Let the set E and also all its partial sets E, be closed. Necessary 
and sufficient conditions which insure that the point X =(x1, x2, Xs, - - - ) belong 
to E are that its pth partial point X ,= (x1, X2, - - -, Xp) shall belong to E, and this 
for every p=1, 2,3,---. 


The conditions are obviously necessary by the definition of Z. To show 
their sufficiency let us suppose that they are satisfied. To X,=(%1, %,---, 
x,) of E, corresponds a point X”) =(x, -- - Xp, sf, a?),, +++) of E. Ob- 
viously X‘”)—X for po, and E being closed, we infer that X ¢ E. 

Connected with Lemma 2.2 is also the following 


LemMaA 2.3. Let E;, E2, Es, - - - be a sequence of closed point sets in S,, Se, 
Ss, - - - respectively, and such that for every pair of integers p and g (0<p<q) 
E, is the pth partial set of E,. Denote by E the set of points X = (x1, x2, %3, - + - ) 
of S, with the property thai for every p=1, 2, 3, - - - the partial point X,=(m, 
X2,* ++, Xp) belongs to E,. The set E of S is then closed and E, is its pth partial 
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set and E is thus completely defined by the given sequence, which dependence shall 
be written thus: 
E= (Zi, E2, Es, aay }. 


We have to prove two things: first that EZ, is the pth partial set of E, 
second that £ is closed. If X cE then certainly X,¢ £,, according to the 
definition of EZ. Obviously also every X,¢ E, is the pth partial point of a 
point X in E. To show that E£ is closed let X, X®, X®, - - - be a sequence 
of points of E with X“—=>X. We have to show that X cE. But Xf”—X,, 
hence X,¢ E, and therefore also X c E. 

3. Convex bodies in S,. The point set Z in S=S,, is said to be convex if 
together with the points 


X= (x1, %2, %3,°°°), xX’ = (xf, 24, %3,°--), 
also the point 
X” = aX + 'X’ = (ax, + a’ x], axe + a’xf,---) 


with a>0, a’>0, a+a’=1, belongs to Z. A closed and convex set of points 
in S shall be called a convex body and denoted by K, and its partial sets by 
K,. It is obvious that also K,(p=1, 2, 3, - - - ) is convexin S,, but not nec- 
essarily closed. However, from Lemmas 2.1 and 2.2 we derive the following 


Coro.iary 3.1. If K is bounded, then all its partial sets K,(p=1, 2, 3, 
- ++) are closed, bounded and convex bodies. Moreover 


K = (Ki, Ke, Ks,---) 
in the sense of Lemma 2.3. 
An example of a bounded convex body K is the set of points X = (x) with 
Osx,51 (nm = 1, 2,3,---). 
The partial body K, is defined by 
Os*,<1 (xn = 1,2,---, p) 


and K =(K,, Ko, Ks, - - - ). This K may be called the wnit-cube in S. Another 
example is the set of points with 


se+af+af+--- 31. 


The partial body K, is the unit-hypersphere x? +2?+ --- +23 <1 in S, 
and K =(K,, Ke, Ks, - - - ). It may be called the unit-sphere in S. The set of 
points X =(x, x2, x3, - - - ) such that x? +2? +2?+ - - - is convergent (Hil- 
bert space) is convex but neither bounded nor closed. 
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4. Finite-rowed systems of linear inequalities in infinitely many variables. 
Let us consider the finite-rowed system of linear inequalities 


(4.1) Si = Gin + Gi1%1 + Aint, + +++ + insta, 20 (¢ = 1,2,3,---). 


This system will involve all the variables x1, x2, x3, - - - , or only a finite num- 
ber of them, according as the sequence m;(i=1, 2, 3, - - - ) is unbounded or 
not. As usual we shall say that X = (a, x2, x3, - - - ) is a solution of (4.1), in 
case all the inequalities of (4.1) are satisfied, and (4.1) is consistent if there is 
at least one such solution (different from the origin 0=(0, 0, 0, - - - ) in the 
homogeneous case di9 = d29= -- - =0). It is obvious that 


(4.2) If (4.1) is consistent, then the set of points X of S which are solutions of 
(4.1), represent a closed and convex body K in S. 


The system of inequalities rx,:+2.—2r/2=0, where r takes all positive 
rational values, is of the type (4.1), and because rx1+2—27'/? =0 is a tangent 
to the branch of a hyperbola defined by x:x2=1, #, >0, 22 >0, the partial set 
K;, of the set of its solutions is identical with the set of S; defined by x, >0, 
hence not closed. We see from this example that while the set K of solutions 
of (4.1) is convex and closed, its partial sets K, need not to be closed also. 
But if K is bounded, then also all the K, are closed according to Corollary 
3.1. For this case we shall prove the following converse: 


THEOREM 4.1. Let K=(K,, Ko, Kz, - ++) be a closed, convex and bounded 
set of points in S (a bounded convex body in S). There is then a system of the type 
(4.1) such that K is identical with the set of solutions of this system. 


The partial set K,(p=1, 2, 3, - - - ) is bounded and therefore closed in S, 
(Corollary 3.1). Let P{”, P?, PY, - - - be all the points of S, exterior to 
K, and which have only rational codrdinates. To every such point P{ there 
corresponds a hyperplane 


(p) (p) (p) (p) 
T = Co ten M+ +++Cip X= 0 


passing through this point and which is a bound for K,. Every point X,= (ay 
%2,- ++, 2,) in K,is a solution of the system 7 =0 (i=1, 2, 3, ---), and 
conversely, every solution of it is a point of K,. The combined system 


(p) (p) (p) (p) ‘ 
Wi = Cio + 6a H+ °° + lip Xp 20 (4, p = 1, 2,3,---) 


is of the type (4.1) and from Corollary 3.1 we infer that K is identical with 
the set of its solutions in S. 
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5. A problem of F. Riesz. F. Riesz (loc. cit., §IX) has investigated the 
following problem. 


(5.1) Let dilt), do(t), ds(t), - - - be a given sequence of real continuous functions 
for 0<tS1. There is to be determined the domain of variability of the sequence 


1 
(5.1’) fh. = f $a(d)dx(t) (n = 1, 2, 3,-++) 
0 
where x(t) is monotonic for 0StS1 with 
1 
(5.1”) : f i= 1. 
0 


Riesz’ solution is contained in the following 
THEOREM 5.1 (F. Riesz). Consider in S the continuous arc 


Cp: Xn = o,(2) (0S¢S1;”=1,2,---, 9), 


and let K,=K(C,). The domain of variability of the sequence (5.1’) is the 
bounded convex body in S defined by 


K= (Ki, Ka, Ks, atm be 


It is obvious that X = (x1, x2, x3, - - - ) as given by (5.1’) and (5.1’’) isa 
point of K, because, for every value of p, X,=(a1, %2, - + - , %p») belongs to 
K,(X, is the limiting point of a sequence of points of K, by the definition of 
the Stieltjes integral and K, is closed). Let us prove now that any point X of 
K may be written in the form (5.1’) with (5.1’’). If X belongs to K, then X, 
(p=1, 2, 3,---) belongs to K,=K(C,) and a theorem of Carathéodory 
(Carathéodory, loc. cit., §9) permits us to write 


(5.2) tn = Doon(tp.m)Ap.m (n =1,2,---, p), 
m=0 


with OStyo<tpa< ++ > <tppS1, Ap, m=O and >> mAp,m=1. Let xp(#) be the 
monotonic step-function defined on 0<S#S1 by x,(0)=0, 2x,(4) =x,(¢+0) 
+x,(t—0) for 0<#<1, and whose jump at the point ¢=t,,m(m=0,1,---, 
p) is Xp, m. The system (5.2) may be written as 


1 
(5.3) — f $n(t)dxp(t) 
0 


The sequence x,(¢) is uniformly bounded and a theorem of Helly* insures the 


* E. Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Wiener Akademie, vol. 121, 
IIa (1912), p. 286. 
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existence of a sub-sequence x,(¢) such that x,(#)—>x(¢) for go and 0<i<1. 

When p=q—~, another theorem of Helly (loc. cit., pp. 288-289) shows that 

(5.3) becomes (5.1’) with (5.1’’). Theorem 5.1 is therefore proved. 
Combining Theorem 5.1 with Theorem 4.1 we get at once the following 


Coro.iary 5.1. There is a system of linear inequalities of the type (4.1), 
such that the domain of variability asked for in (5.1) is identical with the set of 
solutions of this system. 

A typical example for such a solution of Riesz’ problem has been given by 
Hausdorff* for the special sequence ¢,(¢) =é" (n =1, 2,3, - - - ). He found that 
the domain of variability of the sequence 


(5.4) vn = [rao (mn = 1, 2,3,---), 
0 


where x(¢) is monotonic and x(1)—x(0) =1, is identical with the set of se- 
quences %}, %2, %3, - - - which are solutions of the system 


k k 
(5.5) A'x, = x1 — (| )sus + (| sus +---+ (— 1) *xip% 20 
(k,? = 0,1, 2,---, x = 1). 
Part II. CONCERNING A CERTAIN CLASS OF FINITE-ROWED SYSTEMS 
OF LINEAR INEQUALITIES IN INFINITELY MANY VARIABLES 


6. Statement of the problem. Let 
Go1 Go2 G3°°* 
G11 Gi2 @iz°*** 


(6.1) 21 G22 des*** 








be an infinite matrix of real numbers whose minors satisfy the conditions 
Gi,,1 Gi,,2 °° * Giy,m 


a,, Qi,,2 °° * Qig,m 
(6.2) Rise tinct oF ~~ i sé 


Din .t Dig,2* * * Lig,m 
for 0Si;<iz< +--+ <im (m=1, 2, 3, - - - ). Let us also consider the matrix 


* F. Hausdorff, Uber das Momentenproblem fiir ein endliches Intervall, Mathematische Zeitschrift, 
vol. 16 (1923), §1. See also I. J. Schoenberg (loc. cit.). 
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%o G1 Go2 do3°** 


4% Gi Aye 13° 
\|x, Al at 


X%2 (deo, dee d23°° 











obtained by bordering the matrix A with a column of variables, and let us 
define 


%1 @1,1 G@i2 *°* Qik 


M41 G@i41,1 @i41,2 °° * Di41,k 


(6.4) D'x,= (z,2 = 0,1, 2,---) 


Vi+k Gi+k,1 Diyk,2°* * Cit-k,k 


where Dx, means *;. 
We shall be concerned with the problem of solving the system 


(6.5) D'x,2 0 (k, 2 = 0,1, 2,--- ); 


which is a homogeneous, finite-rowed system of linear inequalities in the var- 
tables Xo, X%1, X2, °° - 
An interesting special case of (6.5) is obtained for 


100 O-:- 


1 1 
1 2 
1 3 


0 0 
1 0O- 
3 1 








which is the matrix of the binomial coefficients. It is readily shown that the 
conditions (6.2) are satisfied (hence those conditions are consistent) and that 


k 
D*¥x, = Ax, = x1 — (| anes . a oe 1)* x12. 


Hence (6.5) is identical in this particular case with Hausdorff’s system (5.5), 
whose most general solution is given by (5.4), as shown by Hausdorff. A 
similar solution will be given for the general system (6.5). 

7. The solution of the finite partial system. In this section we shall solve 
the finite partial system 


(7.1) D'x, 2 0 (k,} =0,1,2,---, p;k+1¢ p), 


which involves only the variables xo, «1, - - - , Xp. 


wes ree - 


SRE 


EES De Fa 
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Let us first prove the following recursion formula: 


1+1,1+2,---,l+k 
pte, « Ot htt +8) este 
7¢+1,2+2,---,J+k+1) 


The algebraic complements of the four corner elements of the determinant 





(7.2) 





Xi+1- 


x1 a1,1 7? aS Qi ,k+1 


Vi41 GQi4i,. °° * Bi4i,k Gi+1,k+1 


Vi+k GQi4k,1 °° * Gitkyk Qi+k ,k+1 








Vi¢k+1 Glpk+i1,1 °° * Vipkti,k Tipk+1,k+1 
are respectively equal to 
(d+ijl+2,---,2L+k+1), + 04+1,---,1+2), D'xand + Déxy. 
Their determinant is 
G+1,84+2,->-,8+ 8+ 1D *n — 6,8 +1,---, 8+ DD sus 


and is equal, according to a theorem of Sylvester,* to the original determinant 
D**'x, times its central minor (/+1, - - - , +k). This proves the identity 
(7.2). 

From (7.2) and (6.2) we infer that the system (7.1) is equivalent to its 
partial system 
(7.3) D>-"x, = 0 (n = 0,1, 2,---, p). 


Indeed, a repeated application of (7.2) shows that every D*x, with k+1<p 
appears as a linear combination with positive coefficients of some of the left 
hand members of (7.3). It suffices therefore to solve the system (7.3). All we 
have to do is to find the linear transformation which is inverse to the trans- 
formation 
(7.4) Yon = D?-"Xq (n = 0,1,2,---, p); 
which in more explicit form is 
Yon = (n-+1,%+2,---+, p)tn— (n,m + 2,-++, p)%nt1 

(7.5) + (n,n +1,n+3,---, p)tni2at--- 

+ (— 1)?-*(s, 2 + 1,---, 9 — 1), (n = 0,1,---, p). 

* Maxime Bécher, Introduction to Higher Algebra, New York, 1924, p. 33, Corollary 3. 
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Let us verify directly that the inverse transformation is 


. (n,m+1,m+2,---, p) 


7.6 = m 
( . Gi. ae 


where the coefficient of y»,p is (m)/(p) =@m/dp1. Let Cum (w,m=0,1,---, p) 
be the matrix product of the matrices of the transformations (7.5) and (7.6). 
In both transformations the coefficients below the principal diagonal are 
zero and therefore also Cam =0 for »>m. On the other hand c,,,=1 form =0, 
1,---, p. Finally for n<m we get 
1 
(m + 1, aes -, p)(m,m +1, ie :, Pp) 

(n,m + 1,-- -, Dp) Qn,1 Qn,2 e °° Ga.g—e 
(n+1,m+1,--++,p) Gnti.. Onti.2°** Onti,p—n 


(n+2,m+1,---,p) Gnt2,1 Onte.2°** On42.pon 


(n = 0,1,---, p), 








Cnm 








(p, m +- i, - --,p) @y,1 Qy.s = ee 


and this determinant vanishes because its first column is a linear combina- 
tion of the next p—m-+1 columns (p—m+1<p—n). Hence ||¢am|| is the unit 


matrix and (7.6) is indeed the inverse transformation of (7.4). 
Let us use for convenience instead of the y,, m= D?-"x m, the quantities 
0, 1, 2, Me. 
—_— (0, m + 1,m+ p) aren, 
(m+ 1,- -, p)(m,m + 1, a5 :, p) 
and the system (7.6) becomes 


P 1 et 
o* = Fe mts m+2,- +50) 





(7.7) 


; = =0,1,-::, : 
mao (0,m+1,m+2,---,p) pm (n p) 


where the coefficient of X,,, is (7)/(0). 
We have proved so far the following 


Lemma 7.1. The most general solution of the finite system (7.1) is given by 
the set (7.8) for arbitrary values of the Xp, m with 


(7.9) Ap.0 P 0, Apu = 0, ‘ee Ap.p = 0. 





8. The solution of the infinite system (6.5). The solution of the infinite 
system (6.5) will be prepared by a closer study of the structure of the system 
(7.8), for various values of . The fundamental conditions (6.2) require in 
particular that (¢) =a; >0 for i=0, 1, 2, - - - . Without any loss of generality 
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we may and shall suppose that 
(i) =a, =1 (4 = 0,1, 2,--- 
For convenience we write 
(n,m + 1,m+ 2, te 
(8.1) Ca.n.9 = p) m=0,1,-++, DiCn.p.p = (n) ), 


(0,m + 1,m+ 2,---,p) © 


and (7.8) becomes 





P 
(8.2) <n = } > a wen (n =0,1,---, p). 
m=0 


From (7.7) and (7.2) we readily get the recursion formula 
ap REE (0, m + 1,m + 2,---, p) 
; (m,m+1,---,p) (O0.m+1,m+2,---,p+1) 
(m+ 2,m+3,---,p+1) (0,m+1,m+2,---,) 
(m+1,m+2,---,p) (0,m+2,m+3,---,p+1) 





P+l,m 





p+1,m+1) 


or 
(8.3) Apim = Sp.mAptivm + hp, mpidp+1,m+1 (m =0,1,---, p); 


if we define 

_ (m---,p+1) (O,m+1,---, p) 
fom =P) Om+1,---,p +1) 

_ (m+1,---,p +1) (0, m,---, p) 
mm (my P) Om 4,--+, p+)’ 
while in (8.3) hp,» =1. 

For a particular value of m(m=1, 2; - - - , p) we put 


(8.5) Apti,m = 1, and Apter =0 (0 3 Tr =< pt+ 1;7 x m). 





(8.4) 





For these particular values of the \, the set (8.2), taken for +1 instead of p, 
becomes 
(8.6) Xn = Cn,m,p+i (s = 0,1,---, p+ 1). 
On the other hand we get from (8.5) and (8.3) 

Ap.m—1 = Ay,m, Xpm = Spm and Ayw =O (OS SS p35Am—1, m). 
With these particular values we get from (8.2) 
(8.7) Sa = Ca,m-t.phy.m + Cn.n.sho.m (n =0,1,---, p). 
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Equating the two results (8.6) and (8.7) we get the recursion formulas 


the dilly 
n=0,1,---,p 


(8.8) Cn,m,p+1 = hy mln .m—1,7 + Sp,mCn,m,p ( 


while Cn 41,941 =Cn,p,p = (”)/(0) =1, which relation will also be included in 
(8.8) for m=p+1, if we define 4, p4:=1 and gy p4:=0. On the other hand, 
from (8.8) and (8.1) we get for m=0 the relations 


(8.9) hy.m + Sp,m = 1, Ry,m > 0, Sp.m > 0 (m = 1, 2,-- -,p). 
Let us define 
(8.10) tom = Ci,m,p (m =0,1,---, p). 


For a particular value of n(m =0,1,2,3, - - - ), let us consider the plane of the 
variables (t, u,) and let P” (p=mn) denote the polygonal line joining suc- 
cessively the p+1 vertices 

(tp,my Cn,m,p) (m= 0,1,---, ). 
We shall first prove that 
(8.11) O = typo < tp < +++ < bpp < bp,p = 1 (p = 1, 2, 3,---). 


For p=1 we have indeed t,9=¢1,0,1=0, 4,1 = 1,1,1=1. Suppose (8.11) to be 
true for a particular value of p. From (8.8) and(8.10) we get for =1 


(8.12) tpti,m = by abe .a~t + £p.mlp,m (m = 1, 2, al p); 


while ¢,41,0=0, tp41,p41=1. From (8.11), (8.12) and (8.9) we infer that (8.11) 
is also true for p+1 instead of p. Hence (8.11) holds for every value of p=1, 
2,3, - - -. Inparticular it follows that P” is the straight segment joining the 
points (0, 1) and (1, 1), while P” is the segment joining (0, 0) with (1, 1). 
Let us now consider the polygonal line P” for p=n, n+1, n+2,---. 
The polygonal line P“” has n sides and its consecutive vertices are (0, 0), 
(tn.1, 0), - - - , (tn,n-1, 0), (1, 1). The formulas (8.12), (8.8) and (8.9), all taken 
for p=n, show that P“*” is inscribed in P“ in the sense that they have the 
same end points, while the other vertices of P“'*” are consecutively situated 
on the sides of P” (limits excluded). A repeated application of the same 


arguments will show that if 
(p) 


(8.13) Un = Py (t) (0S¢#<51,p2n) 
denotes the analytical representation of the polygonal line P”, then 


(8.14) P(t) is a non-negative, continuous, non-decreasing and convex function 
of t for OS¢S1, 
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and 
(8.15) PoP S Pe’) St fr icnsp<p',0St¥1. 

From the convexity of the function P(t) and the fact that the last side 
of P” is the steepest side and has the slope 


Rp 7 (1 aa ta .n~1)~', 
we infer that 


(8.16) OS Pot") — Pe) < kat’ —U) for OS <e’ S11) (pzn). 


Now we can readily prove that 


(8.17) lim P.”’(t) = dad), 
poo 


where ,(t) is a non-negative, continuous, non-decreasing and convex function 
of t for OStS1, while the relation (8.17) holds uniformly with respect to t for 
Osis. 

We have previously seen that P{?’(/)=1, hence ¢o(¢) =1, while P\”(#) = 
and hence ¢;(¢)=¢. The existence of the limit (8.17) for >1 follows from 
(8.15). The limiting function ¢,(¢) is obviously non-negative, non-decreasing 
and convex from (8.14). We still have to show first, that ¢,(¢) is continuous, 
and second, that (8.17) holds uniformly with respect to ¢. From (8.17) and 
(8.16) we get the Lipschitz condition 


(8.18) 0 < ¢,(t”’) — ¢,(t’) S kt’ — ’) for OS < te’ S11, 
which insures the continuity of ¢,(¢). The uniformity of convergence in (8.17) 
follows immediately from the fact that the sequence P(t), Pt (#), - - - 


is monotone, while its limiting function ¢,(¢) is continuous.* 
Now we can readily prove the following 


THEOREM 8.1. (1) Every solution of the finite-rowed system 
(8.19) D'x,>0 (k,l =0,1,2,3,--+), Gor = an =a =--- =1, 


may be expressed in the form 


(8.20) tn = ff soa (n = 0, 1,2,--- ); 


where the ,(t) are the functions defined by (8.17), while x(t) is a non-decreasing 
function for 0StS1, and conversely, every sequence x, defined by (8.20) with 
x(t) non-decreasing, is a solution of the system (8.19). 


* On the basis of the classical theorem of Dini. Cf. Carathéodory, Vorlesungen iiber reelle Funk- 
tionen, 2d edition, 1927, p. 276, Satz 4. 
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(2) A necessary and sufficient condition that the function x(t) be uniquely 
defined by the set (8.20) and the additional conditions 


(8.21) x(0) = 0, 2x) = x@+ 0) + x(¢— 0) for0<t <1, 


is that every function f(t), continuous on 0St<1, shall be uniformly approxim- 
able as close as we want by a suitable linear combination of functions of the se- 
quence 


(8.22) go(t) = 1, oi(t) =, ¢2(t), ¢3(t), pe 


Let Xo, %1, %2, - - - bea solution of (8.19). We have to express this sequence 
in the form (8.20). It is obvious that the set xo, x1, - - - , X» is a solution of the 
partial system (7.1) for any value of , and hence (7.7), (7.8) or (8.2), and 
(7.9) will hold for every value of p. Let x,(#) be a step-function on 0<#S1, 
whose jump at the point ¢=¢,,n (m=0, 1,---, p) is Xp»,m, and which is 
uniquely defined by the additional conditions x,(0)=0, 2x,(¢) =x,(¢+0) 
+x ,(t—0) for 0<t<1. We infer from (7.9) that x,(¢) is non-decreasing and 
the first equation of the set (8.2) gives 


(8.23) wht + Din =m. 


Let ” have a particular fixed value. By the definition of the function P”(‘) 
(p=n), the nth equation of the set (8.2) may be written thus: 


Pp 
(8.24) tn = > Pe (by .n)rp.m- 


m=0 


The uniform convergence of (8.17) and (8.23) permit us to write (8.24) thus: 


id 1 
(8.25) t= DLoaltom om ten” =f da(dxa(0) +6.” 
m=0 0 


ae 
withe, — 0 for poo. 


On the other hand, (8.23) and x,(0)=0 show that the sequence of non- 
decreasing functions x,(¢) is uniformly bounded. From Helly’s first theorem 
(loc. cit.) we can get a subsequence x,(#) with x,(#)-x(#) for go and 
0<t<1. For p=q-—~, the second theorem of Helly shows that (8.25) be- 
comes (8.20). 

In order to complete the proof of the first part of Theorem 8.1, we have to 
prove that the sequence given by 8.20 is a solution of (8.19). It will suffice to 
show that the partial sequence %o, %1, - - - , Xp is a solution of the partial set 


(8. 26) Dx, = 0 (k+1< p), 
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for every particular value of ». From Lemma 7.1 we know that 


(m) 
Xn = Cn,m,p (n 


is a solution of (8.26), for every m=0, 1, - - - , p. Hence also 


(p) (p) 


Xn (i) = P, (t) (n = 0,1,---, p) 


is a solution of (8.26) for every ¢ with 0 <¢<1. The relation (8.17) shows that 


also 
Xn(t) = ¢(t) (n = 0, ? p) 


is a solution of (8.26) for every ¢ with 0<#<1. Therefore also 


“ 
— f $n(t)dx(t) (n =0,1,---, 9) 


is a solution of (8.26) for every non-decreasing function x(¢). This last result 
holds for every value of p and shows that the sequence defined by (8.20) is 
a solution of (8.19). 

The second part of Theorem 8.1 is a direct consequence of a theorem of 
F. Riesz.* We may add the following remark. 


(8.27) A necessary condition that the function x (t) be uniquely defined by (8.20) 
and (8.21) is that the set of points 


ty.o, tpi, ty,2, bee top (p = 1, 2, 3, site aa ) 
shall be everywhere dense on the interval 0St<1.t 


In order to prove (8.27), let us suppose our set to be not everywhere dense 
and let the interval a8(0<a<f<1) contain no point of the set. The poly- 
gonal lines P\” (p=m) have no vertex for values of ¢ on a8 and P(t) and 
therefore also ¢,(¢) are linear functions for a<t<, say $n(t) =an+b,t. Let 
us suppose x(#) to be non-decreasing with x(a) <x(8). We may write 


i, = ff eax - f+ f+ Jf? ax 


* F, Riesz, loc. cit., p. 53. The theorem says that if every continuous function on 0S#S1 is uni- 
formly approximable as close as we want by a suitable linear combination of functions of the se- 
quence ¢o(#), ¢i(t), 2(4),+ ~*~ then the function x(¢) of bounded variation is essentially uniquely 
defined by the system (8.20). For a geometric proof of this theorem see the recent paper of W. Seidel, 
On the approximation of continuous functions by linear combinations of continuous functions, Annals of 
Mathematics, (2), vol. 32 (1931), pp. 777-784. 

+ It would be of interest to prove that this condition is also sufficient for the uniqueness of (i). 


and 

















1932] SYSTEMS OF INEQUALITIES 





B 





8 
f * bn(idx(t) = on()x(2) f x()den(t) 
= $n(8)x(8) — bn(a)x(a) — bn f * dt. 


These formulas show that the sequence x, defined by (8.20) is not changed 
by altering the function x(¢) within the interval af, so as to leave the three 
quantities x(a), x(8) and fx(#)d# unchanged. This proves the statement 
(8.27). 

The first part of Theorem 8.1 can also be stated as follows. The sequence 
Xo, X1, X2, - + + being given, a necessary and sufficient condition that there bea 
non-decreasing function x(t), solution of the set (8.20), is that all the inequalities 
(8.19) shall hold. Following a method devised by F. Hausdorff in a special 
case,* we may readily answer the similar question concerning functions x(¢) 
of bounded variation. I may omit the proof of the result which I shall state 
as 

CoroLiary 8.1. The sequence xo, %1, X2, - - - being given, a necessary and 
sufficient condition that there be a function x(t) of bounded variation satisfying 
the set of equations (8.20), is that the sum 


Hd d (0,m +1,m+2,---, p) 
Ap.m| = 
2! x | Suet ae 


shall be bounded for p+ . The uniqueness of x(t) is insured under the same con- 
ditions as in Theorem 8.1. 





| D-"xm| 


Part iII. SoME APPLICATIONS 


9. The systems of Hausdorff. In this section we shall be concerned with 
a class of finite-rowed systems of linear inequalities which has been first con- 
sidered by Hausdorff in his paper Summationsmethoden und Momentfolgen, II. 
His system is essentially equivalent to the systemf 


* F. Hausdorff, Uber das Momentenproblem fiir ein endliches Intervall, Mathematische Zeitschrift, 
vol. 16 (1923), pp. 220-248. See also I. J. Schoenberg, loc. cit. 

+ Hausdorff’s terminology and notations are quite different from those used here. He calls the 
sequence x» completely monotonic with respect to the sequence an, whenever the sequence Zp is a solution 
of the system (9.1), while in his notation 

1a; af --- a 
Lai aPy* + - ay 


Dvm(—1y (Bee: 
eels 


Lane arse’ -arye 


Our additional assumption (9.3), which is essential for our point of view, does not restrict the problem. 









“1 


LT EA SOAR AI ALLE 


H 
i 





eee 


<n 
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(9.1) D*x, = 0 (k,l = 0,1, 2,---), 


derived as stated in §6 from the infinite Vandermondean matrix 
1 do ae ae ees 


1 a, a? a}? “ee 


(9.2) 


1 a2 af a’--- 








whose elements a, satisfy the following conditions: 


(9.3) OSa<a<a<::-, 


(9.4) lima,= ©, 


fo 


(9.5) d1/a, = 0. 

r=1 
Hausdorff’s results concerning the system (9.1) are essentially contained in 
the following 


THEOREM 9.1 (Hausdorff). The first part of Theorem 8.1 holds for the system 
(9.1), derived from the Vandermondean matrix (9.2), whose elements a, satisfy 
the conditions (9.3), (9.4) and (9.5), with the following expressions for the func- 
tions ,(t): 

(9.6) dn (t) = t6¢n—a0) /(ar-a0) (n = 0,1,2,---;0S¢ 1). 


The condition for the uniqueness of the function x(t) in (8.20) is always satisfied 
in this particular case. 


As a consequence of (9.3), the fundamental conditions (6.2) are satisfied. 
Hence Theorem 8.1 may be applied. The coefficients of the variables x, in the 
linear form D*x, are either numerical constants or else Vandermondean de- 
terminants of some of the elements a,. All these coefficients and therefore also 
the entire system (9.1) depend only on the various differences a,—a, and 
do not change when the elements a, are replaced by a,—d. This shows that 
without any loss of generality we may assume 


(9.7) a = 0. 
From (8.1), (9.2) and (9.7) we readily get 


(9.8) Cn,m,p = II (1 = =) (Cn.p.p = 1), 


r=m+1 a, 
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and (9.8) and (8.10) give 


(9.9) He rian ( - =) sy 


r=m+1 a, 


From (9.9), (9.4) and (9.5) we may readily prove that the numbers ty, m are 
everywhere dense on the interval 0<t <1. This is best shown by the considera- 
tion of 
Pp a, 
log tp.= = >, log (1 _ “). 
r=m+1 a, 

For m sufficiently large, the sequence log tp,m (p=m+1, m+2,---) will 
cover the entire half-axis — © - - - 0 with gaps as small as we please, a fact 
which is due to the divergence of >> ",,log (1—:/a,) (a consequence of (9.5)) 
and (9.4). 

Taking into account the results of §8 we see that in order to prove that 
¢,(t) =é»/%, it suffices to prove that for every particular value of ¢ with 
0<#<1, from t,,n—#t (for p>), it follows that ¢n,m,»—t"/". We have there- 
fore to prove that 


(9.10) If m=m(p) is such a function of p that 


p a 
(9.10) lim [J] (1 - “) = (tis a particular value with 0 S t < 1), 


a, 


pe r=m+1 
then also 


Pp Qn 
(9.10”) lm ITI (1 ~ “) in grat 


p72 pem+1 a, 
will hold. 
This assertion is obviously true for ¢=0, because of 
0 S Crimp S to. 
We may hence suppose that 
(9.11) 0<isil. 
The inequality 1—* <e-* (x20) insures the inequality 


II (1-*) s em { — . <\", 


m+1 Tr m+1 a, 


which shows that (9.10’) and (9.11) imply that 


* We write e”=exp{y}. 





PEELE IP SEE EE POE BCII A 


a as 
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rp 1 
(9.12) > — is bounded for po. 
m+1 Or 


A consequence of (9.5) and (9.12) is 
(9.13) lim m(p) = ©. 


pro 


Applying Taylor’s formula 


x2 
log (1 — x) = -s-<0 a9" (0 S x < 1, 0 = @(x) with 0 < 6 < 1), 


we get for m(p) 21, 


(7) 
(9.14) ™ sae 


vm {-a$. theol -f B2(-42)"} 


For the exponent of the second factor on the right side of (9.14) we have 


2 af a\~? 1 > 1 
) < ~ (1- =) — yY-— 
a; 2 G2/  Om+i = m+i Or 


(m = m(p) = 1). 


These inequalities, in connection with (9.13), (9.4), (9.12) and (9.14), show 
that the second factor on the right side of (9.14) tends to 1 for p>. Hence 
from (9.10) 


(9.15) lim exp { — a4 > =| =. 


| die m+1 Or 


For p sufficiently large we have m(p) =m and for such values of p 


Pp An Pp 1 a? P ji —2 
II (1-*) =e {- a —bem{-% Yo(1- aS) "h. 
m+1 a; m+1 Gr 2 m+ G2 a, 

A similar argument as above and (9.15) show that 


lim II (1-*) - lim exp { —_ =} 


2 m+1 a, m+1 Gr 


Pp 1 @y,/ a, 
= lim | exp} — a > -\| = fenl%, 
poe 4 


m+1 dy 


and (9.10) is proved. 
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The condition for the uniqueness of the non-decreasing function x(¢) in 
(8.22) is insured by a theorem of Miintz* and by our assumption (9.5). 

We get again the special system (5.5) and its solution (5.4) by taking 
a,=n (n=0, 1, 2, - - - ). For these values the following identities hold: 


D*¥x, = 11213!---(k—1)!A*x, (k, 2 =0,1,2,---), 


which show that the systems (5.5) and (9.1) are equivalent. The result (5.4) 
is then a special case of (8.20) for ¢,(¢) =". The system (5.5) appeared twice 
as a special case of (6.5), first, by replacing the general matrix (6.1) by the 
matrix of the binomial coefficients (6.6), and second, as a Hausdorff system 
for a,=n (n=0, 1, 2,---). 

Returning to the more general case a)=0, (8.20) and (9.6) give 


1 
‘= f ona i(a-dy(t) s(n = 0, 1,2, ++). 
0 


Replacing in this integral the variable ¢ by ¢1-«° and writing x(#-**) = (i), 
we get 


(9.16) — f ton-md¢(t) (n = 0,1, 2,-++), 


the non-decreasing function ¢(¢), with ¢(0)=0, being uniquely defined by 
(9.16) in all its points of continuity. 
Let us now consider the function y(¢) defined by 


(9.17) $6 = < f t-ado(t) for 0 <t <1. 


This function (¢) is non-decreasing on 0<#<1, ¥(1) =0, but not necessarily 
bounded for 0. Moreover, y(#) is uniquely defined by (9.17) and (9.16) in 
all the points of continuity of ¢(¢). Let us consider the following convergent 
improper Stieltjes integral: 


1 1 1 
pedy(t) = lim f tendy(t) = lim J jon-aed g(t) 


0 


(9.18) 1 
pons [t2n—2 ],_o- [o(+ 0) _ ¢(0) | + f tn—20d h(t) . 


The first term of the last member of (9.18) is 0 for »>0, and <0 for n=0. 


* Ch. H. Miintz, Uber den A pproximationssatz von Weierstrass, Mathematische Abhandlungen 
H. A. Schwarz gewidmet, Berlin, 1914, pp. 303-312. The theorem says that if 0<fi<po<pj<--> 
and =.-1 1/ pn= ©, then every continuous function on 0<#<1 is uniformly approximable as close as 
we want by linear combinations of functions of the sequence 1, #1, #72, t73, - - - 








614 I. J. SCHOENBERG 


From (9.16) and (9.18) we therefore get 


1 
xy =C+ f tdy(t), 
0 


(9.19) 


1 


m= f enav(o (n = 1,2,3,---;C 20), 
0 


where the integrals have to be taken as lime.o [?. 

Conversely, let ¥(¢) be a function which is non-decreasing on 0<#<1, 
with ¥(1)=0, not necessarily bounded, but such that the first integral in 
(9.19) is convergent and C=0. Let us define the function ¢(¢) by 


(9.20) $(0) = 0, g(t) =C + f ‘ p0dV(t) for 0 < tS 1. 
0 


This function ¢(¢) is non-decreasing on OS#<1. From (9.19), (9.20) and 
¥(1) =0, we may derive back (9.17) and (9.16). The function ¢(¢) is uniquely 
defined by (9.16) and ¢(0) =0 in all its points of continuity, therefore also 
v(t) is uniquely defined by (9.19) and (1) =0 in all its points of continuity. 
This proves the following 

Coro.iary 9.1. Every solution xo, %1, X2, - - - of the system (9.1) with (9.2), 
(9.3), (9.4) and (9.5), may be expressed in the form (9.19), where C20, while 
W(t) is non-decreasing on 0 <t<1 with (1) =0, and such that the first and hence 
all the integrals in (9.19) are convergent. 

Conversely, for every such C and w(t), the sequence xo, 1, X2, - - + given by 
(9.19) zs a solution of the system (9.1). Both C and W(t) are uniquely defined by 
the set (9.19) and the additional conditions (1) =0, 2 (¢) = Y(t+0)+ Y(t—0) 
for 0<it<1. 

This form of Hausdorff’s Theorem 9.1 will be used in §11. 

10. The solution of Hausdorff’s system (9.1) when either (9.4) or (9.5) 
does not hold. Theorem 9.1 is based on the assumptions (9.3), (9.4) and (9.5). 
We shall now replace first the assumption (9.4) by 
(10.1) lim a, = a(< ©), 
and solve the system (9.1) in this new situation. For a)>0, formula (9.8) be- 
comes 


(10.2) oms= I (1 _ *) (1 - <)" (Ce.2.2 = 1). 


r=m+1 a, a, 


From (8.10), (10.2) and (10.1) we get 
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; ay, q ao =~ 
po Qa a 
Sr 
= ’ 
a-— a 
? a— an\? 
lim Cn,p-¢.p = — --°38 = 1, 2,3,---). 


pro a— ao 


These relations show that the polygonal line P” (n=1) tends, for p>, toa 
polygonal line whose vertices are the origin (0, 0) and the sequence of points 


a— a;\% a— an\?% 
(a) = (( ima )) (q = 0,1,2,---), 
a- do a— a 


(bp) s 
0 


which tend to the origin, while Py” is as usual the segment joining the points 


(0, 1) and (1, 1). These limiting polygonal lines are the graphs of the functions 
¢,(¢) of Theorem 8.1. The arguments which proved the statement (8.27) show 
that the non-decreasing function x(¢) may always be replaced in this special 
case by a non-decreasing step-function which jumps only at the points 


a— a;\% 
t= 0 and t= ( ) 
a-— do 


let y and \, denote the amounts of the respective jumps. The integrals (8.20) 
become 


xo=¥trAtatraet::: (y 2 0,A, 2 90), 
(10.4) a— An a— a,\? 
m= ho + ) +a )te (nm = 1, 2,3,---). 
a— da a— do 
The substitution \,=(a—do)%u, completes the proof of the following 
THEOREM 10.1. Every solution of the system (9.1) derived from the Vander- 


mondean matrix (9.2), whose elements satisfy the conditions (9.3) and (10.1), 
may be written in the form 


(10 ghar tnt a tae at -++ (CY, Mo, M1, M2, °° * 2 0), 
; Xn = Bo + pila — an) + ela — an)? +--- (m = 1, 2,3,-++). 


Conversely, every sequence of non-negative numbers y, bo, Mi, M2, * * * , Such that 
the first series (10.5) is convergent, defines a sequence Xo, X1, %2, - - - by means of 
the set (10.5), which is a solution of the system of linear inequalities (9.1). The 
coefficients Y, to, Mi, M2, - * « are uniquely defined by the set (10.5). 
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The last statement concerning the uniqueness of the coefficients follows 
readily from a fundamental property of power series. The connection of 
Theorem 10.1 with the theory of completely monotonic functions will be dis- 
cussed in the next section. 

Let us now replace the assumption (9.5) by the assumption 


oo 


1 
(10.6) > — is convergent. 


r=] a, 


This of course implies (9.4). From (10.2) and (10.6) we get 
(10.7) lim Caym.p = Onm = TD (1 -<) 7 Il (1 » “). 
nian r=m+1 a, ram+1 a, 


In particular, for n=1, 


me ttn vhn= TE (1-=) Il (i-*). 


p-@ r=m+1 a, r=m+1 a, 


Formula (10.7) shows that 
(10.9) bo.m = 1, bajm = 0 for n > m. 


The limiting function ¢,(¢) of Theorem 8.1 is therefore represented graphic- 


ally by the polygonal line whose vertices have the codrdinates 
(b1,m, bn ,m) (m = 0, 1, 2,--- ); 


to which sequence converging towards (1, 1) we have to adjoin this limiting 
point itself. 

Just as in the previous case, we may replace in the system (8.20) the non- 
decreasing function x(#) by a non-decreasing step-function which jumps only 
at the points ¢=)i,m (m=0, 1, 2,---) and ¢=1; let X,, and y denote the 
amounts of the respective jumps. The integrals (8.20) become 


(10.10) aa. * bn,odo + badi + bn ode +---+y7 (n = 0, 1, 2, eas ) 
(y, Xo, At, de, sist hie = 0). 
Let 


rr Gn 
(10.11) Crm = II (1 = *) Am = Co,mbm- 


r=m+1 a, 
From (10.10) and (10.11) we get the following 


THEOREM 10.2. Every solution of the system (9.1) derived from the V ander- 
mondean matrix (9.2), whose elements satisfy the conditions (9.3), and (10.6), 
may be written in the form 
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Xo = ¥ + Co,oMo + Co, + Come +--: 
m=yt C1,1@1 + C1,2Me +: 
(10.12) Xe ° y+ Coote t-:: 


(y, Mo, Mi, **° = 0), 


the coefficients being defined by (10.11). Conversely, every sequence Xo, %1, X2, + - - 
given by (10.12), where all the infinite series converge if the first one converges, is 
a solution of the system (9.1). 

I mention without proof that the set (10.12) defines uniquely the coeffi- 
cients y and yw, there involved. In particular y =lim x, for n>. 

11. Applications to the theory of completely monotonic functions. A func- 
tion f(x) is called completely monotonic on an open or closed, finite or infinite, 
interval J, if 
(11.1) (— 1)"f(™(«) = 0 (n = 0,1, 2,---), for every x interior to J, 
which inequalities imply the existence of all derivatives involved, while only 


the continuity of f(x) is required at the end points of a closed interval. We 
shall prove the following fundamental 


THEOREM 11.1 (F. Hausdorff, S. Bernstein, D. V. Widder). A necessary and 
sufficient condition that f(x) should be completely monotonic in the interval 
c<x<o is that 


(11.2) fa) = f “e-*Hda(l), 
0 


where a(t) is a non-decreasing function of such a nature that the integral converges 
for x>c. The non-decreasing function a(t) is uniquely defined in all its points of 
continuity by (11.2) and the additional condition a(0) =0. 


The sufficiency of the condition is obvious since 


g(a) = (= 1)" f eda) («> 6; = 0,1,2,---). 


To prove the necessity, without any loss of generality we may suppose 
c=0, that is to say, the function f(x) completely monotonic for x>0. For 
O<x<ai<a< +--+ <x, (m=0, 1, 2,---), a mean-value theorem of 
Schwarz and Stieltjes* gives 


* H. A. Schwarz, Gesammelte Mathematische Abhandlungen, vol. 2, p. 296, Berlin, 1890. T. J. 
Stieltjes, Oeuvres, vol. 2, p. 105 and p. 110. 
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I (x0) 1 Xo xe cee xo") 


f(m1) 1 4 xP ++ ar 


flte) 1 tm w2e++ npr? 
1 Xo xe ee Xo" 
he) 1 4% xP---x* 


n! 


= (- 1) (0 > 0). 
1 Ln x2 we x 

This shows that for 0<a)<ai:<a2< - - - the sequence x,=f(a,) (n=0, 1, 2, 

- + + ) is a solution of the Hausdorff system (9.1). Hence Corollary 9.1 gives 


fla) = C + f sedp(t), fan) = f tendy(t) 


(11.4) 
(n = 1, 2, 3,-> ” ;C 2 0, ¥(1) = 0), 


where the integrals have to be taken as lim... {?. On the other hand it is ob- 
vious from the results of §9 that this function (¢) is also uniquely defined in 
all its points of continuity by the set of equations derived from (11.4) by 
leaving out one of its equations. We may therefore vary continuously any 
one of the elements do, a, dz, - - - without changing y(t). This proves that 


(11.5) f(s) « f ‘#ay(t) = lim f ‘ pav(t) 
0 <0 € 


holds for every positive value of x. The substitutions 


t=, a(t) = — ¥(e*) 
transform (11.5) into 


f(x) = [ erdaw) for x > 0, 
0 


and Theorem 11.1 is proved. 
Just as Corollary 9.1 has lead to a proof of Theorem 11.1, similarly The- 
orem 10.1 will readily prove the following 


THEOREM 11.2 (S. Bernstein).* A function f(x) which is completely mono- 
tonic on the finite interval c<x<a, is necessarily regular and analytic on 
c<x<a+(a—c), and hence 

* S. Bernstein, Lecons sur les Propriétés Extrémales des Fonctions Analytiques, Paris, 1926, p. 190. 


The definitions there used are somewhat different from those given in this paper but are essentially 
equivalent. Our definition of a completely monotonic function has been taken from Widder’s paper. 
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(11.6) f(x) = wo + mila — x) + ela — x)? +--+ force<x<la-c 
(uo, Mi, M2,°* °° 2 0). 


Without any loss of generality we may suppose c=0. For any sequence 


a, with 
0< a <a, <a2<°:--< aa, 


the corresponding sequence x,=f(dn) is a solution of the Hausdorff system 
(9.1) (a consequence of the general inequality (11.3)). Hence this sequence 
x, may be represented in the form (10.5). From fundamental properties of 
power series we infer that the coefficients u, do not change if the elements a, 
are varied continuously. An immediate consequence is the relation (11.6) for 
0<x<a. The analytic function f(x) is therefore obviously regular for 
0<x<2a. 

By means of Theorems 11.1 and 11.2 we may combine the results of 
Theorems 9.1 and 10.1 in one single statement as 


CoroLiary 11.1. Let (9.1) be a Hausdorff system defined by the matrix 
(9.2) whose elements a» satisfy the conditions (9.3) and (9.5). Let limp. Gn = 
be finite or infinite. A necessary and sufficient condition that the sequence x», 
should be a solution of the Hausdorff system (9.1) is 


(11.7) x = C+ f(a), Xn = f(an) (n = 1, 2,3,-°-;C 2 9), 


where the function f(x) is completely monotonic on the interval an Sx<a. The 
function f(x) and the constant C are uniquely defined by the set (11.7). 


For the case when (9.5) is replaced by (10.6), the general solution of (9.1) 
is given by (10.12), as stated in Theorem 10.2. Any sequence %o, %1, x2, - - - of 
the type (11.7) of course still represents a solution of (9.1), but the converse 
is not true that every such solution is of the type (11.7). This is readily shown 
by taking for example the sequence %» =¢0,1, 41 =¢i,1, %2=%3;= -- - =0, which 
according to (10.12) is a solution of (9.1) (for y=mwo=ue2=us= --- =0, 
#1 =1). This solution admits no representation of the type (11.7). 


UNIVERSITY OF CHICAGO, 
Curcaco, ILL. 





ON NORMAL SIMPLE ALGEBRAS* 


BY 
A. ADRIAN ALBERT 


1. Introduction. Recently published theorems on the direct product of 
a normal division algebra D of degree m (order m*) over F and an algebraic 
field Z of degree (order) r over F have proved to be very important tools for 
research on division algebras. Of particular value is the use of an integer s 
called the index reduction factor of DXZ. In the present paper new light is 
thrown on the properties of s by a study of an integer g=q(Z, D) called the 
quotient index of Z and D. This gq is the least integer such that the direct prod- 
uct of D and a total matric algebra of degree g contains a sub-field equivalent 
to Z. It is proved that r=sq. The results obtained are also applied to prove 
an important conjecture of L. E. Dickson made by him in 1926, the so-called 
norm condition that a certain type of algebra be a division algebra.f 

2. Representations of Z by D. We shall consider algebras over any non- 
modular field F. Of particular interest will be the two types of algebras 
normal division algebras and total matric algebras. The field F itself is a special 
case of both types. 

Definition. An algebra A is said to be associated with an algebra B, in 
symbols 


(1) 

if A is the direct product 
(2) 

where 


(3) 
is a total matric algebra. 


Every normal simple algebra A of degree m (order n*) over F is associated 
with a normal division algebra D whose degree m is called the index of A. In 
fact A=M XD, M~F, and 


* Presented to the Society, April 9, 1932; received by the editors March 28, 1932. 

t For references to the particular results quoted in the above introduction see the sections follow- 
ing. For applications of my theorem «n the index reduction factor see my recent papers in the Bulletin 
of the American Mathematical Society, these Transactions, Annals of Mathematics, and American 
Journal of Mathematics, as well as a joint paper by H. Hasse and myself in these Transactions. 


620 





NORMAL SIMPLE ALGEBRAS 
n = wm, 


where the degree yu of M shall be called the coindex of A. 

Let Z be an algebraic field of degree (order) r over F and let D be a nor- 
mal division algebra over F. We shall use the 

Definition. A normal simple algebra A~D will be said to be a representa- 
tion of Z by Dif A contains a sub-field Zy equivalent to Z. 

It is well known, from the elementary theory of matrices, that if M is a 
total matric algebra whose degree is that of Z then M has a sub-field Z> 
equivalent to Z. Hence A = M XD of coindex r is a representation of Z by D 
for any D. We may then prove the trivial 


THEOREM 1. There exists a unique algebra 
B=HXD,H~F, 
which is a least representation of Z by D. Its coindex 
q = qZ, D), 
which shall be called the quotient index of Z and D, is the least coindex of all 
the representations of Z by D. Every A~B is a representation of Z by D. 


For, as we have seen, there exists at least one representation of Z by D 
and hence a representation of least coindex. This latter representation is, of 


course, uniquely determined by D and gq. Since B contains a sub-field equiva- 
lent to Z so must any A~B contain the same sub-field and be a representa- 
tion of Z by D. 

3. Algebras commutative with a field. Let K and Ko be equivalent sub- 
fields of a normal simple algebra A. It is well known that there exists a regu- 
lar quantity y of A such that the equivalence of K and Ko is given by 


k<— ko = yky™ 


for every k of K and ky of Ko. 

Let C be the set of all quantities of A commutative with every quantity of 
K. Evidently C is an algebra and we shall say that C is the sub-algebra of A 
commutative with K. Then if K is equivalent to Ky the algebra C is equivalent 
to C 0- 

For if x is in C then xk = kx for every k of K. Then (yxy-") ko=ko (yxy-") 
for every ko =yky-! of Ko so that yxy-! is in Co. Similarly every xo of Cy de- 
fines a quantity x = y~!xoy in C so that conversely every xo of Cy has the form 
Xo =yxy-!, Evidently C is equivalent to Cy under the correspondence x—>x». 

4. Aset of lemmas. We shall assume the following three known theorems 
on normal division algebras D of degree (index) m over F. 
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Lemma* 1. Algebra D has sub-fields of degree m over F. 


Lemma 2. Let Z be an algebraic field of degree r over F. Then DXZ~D' 
over Z where D’ has index ( = degree) 


m’ = 


m 
s 


such that the index reduction factor s is a divisor of r. 


Lemma 3. Let r=se in Lemma 2 and let E be a total matric algebra of degree 
e. Then DXE contains a sub-algebra Dy over Zo equivalent to D’ as over Z. 


By Lemmas 1 and 2 the algebra D’ contains a sub-field K of degree m’ 
over Z. The composite Z of K and Z has then degree m’r = m’se = me over F. 
Hence DXE, of degree me, contains a sub-field Zo, equivalent to L, and of 
degree me. Also Ly has Zo as sub-field. 

The sub-algebra Cy) of DXE commutative with Z» contains Zo and, in 
fact, Do. But Do is a normal division algebra over Z). Hence Co =D) XG. If 
G had order greater than unity it would contain a quantity not in Z» and 
commutative with all the quantities of Zo, which is impossible, since Ly is a 
maximal sub-field of DX £. Hence Dy) =C» and we have proved 


Lemma 4. The algebra Dy of Lemma 3 is in fact the sub-algebra of DX E com- 
mutative with Zo. 


5. The principal result. Let Z; be a sub-field of A XD, a normal division 
algebra over F. If Z is an abstract field equivalent to Z,; and £ is defined as in 
Lemmas 2, 3, 4, then D XE contains a sub-field Z) equivalent to Z and hence 
Zi. 

In the algebra A X E=M X(DXE) the sub-algebra commutative with Z, 
is obviously M X Dp. If C is the sub-algebra of A commutative with Z, then 
C XE is the sub-algebra of A X E commutative with Z,. It follows that C XE 
is equivalent to M XD». Hence C XE is a normal simple algebra over Z,, 
whence C =H XD, where H is a total matric algebra and D, over Z, is equiva- 
lent to Dy as over Zo. Then H XE is equivalent to M. We have proved 


Lemna 5. Let Z be an algebraic field of degree r over F equivalent to a sub- 
field Zo of a normal simple algebra A =M XD where D has degree (index)m and 
M has degree p, index 1. Let the index reduction factor in DXZ be s,r=se. Then 


(4) A=HxX(EXD) 


* For the proof of Lemma 1 see my Note on an important theorem on normal division algebras, 
Bulletin of the American Mathematical Society, vol. 36 (1930), pp. 649-650. 

+ For Lemmas 2 and 3 see my Theorems 14 and 18, On direct products, these Transactions, vol. 
33 (1931), pp. 690-711. 
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where H and E are total matric algebras, E has degree e, so that e divides p. The 
sub-algebra of A commutative with Zo is a normal simple algebra H X Dy over 
Zo, where Do is a normal division algebra. 

Let now g=q(Z, D) be the quotient index of Z and D. By Lemma 3 the 
algebra EXD is a representation of Z so that e=g. By Lemma 5 with A XB 
a least representation of Z by D we have gq divisible by e. Hence g =e so that 
xr =sq. We have proved our principal result: 


THEOREM 2. Every representation A of an algebraic field Z of order r over F 
by a normal division algebra D of degree (index) m over F is associated with a 
least representation B, that is, 


A=MXD=HX(EXD)=H*XB, 


where M=H XE, H, and E are total matric algebras. The quotient index 
g=q(Z, D), which is the coindex of B=E XD, is a divisor of r, r=sq, where 
DXZ=D' has degree (index) m’=m/s over Z. If Z) in A is equivalent to Z, 
the sub-algebra of A commutative with Zo is a normal simple algebra H XDo 
over Zo with Do over Zo equivalent to D’ as over Z. 


Thus Theorem 2 is a really simple consequence of the known theorems 
Lemmas 2 and 3. These lemmas were proved by me as consequences of the 
uniqueness in the Wedderburn theorem on the structure of simple algebras 


and so the whole treatment is essentially very elegant and clear. 
As a corollary of Theorem 2 with A = B so that H has order unity, we have 


THEOREM 3. A necessary and sufficient condition that a normal simpl® 
algebra A=M XD be a least representation of a sub-field Z by D is that the sub- 
algebra of A commutative with Z be a division algebra. 


THEOREM 4. A necessary and sufficient condition that a normal simple al- 
gebra A contain sub-fields of degree equal to the degree of A is that A be a least 
representation of some one of its sub-fields. 


For if A has a sub-field of degree , the degree of A, then the sub-algebra 
of A commutative with this field is obviously the field itself and is a division 
algebra so that A is a least representation. Conversely if A is a least represen- 
tation of a sub-field Z by D then the algebra D, over Z was proved to contain 
a sub-field Zo of degree me =n, the degree of A. 

We also have 


THEOREM 5. Let A be a normal simple algebra of degree n and Z a sub-field 
of A of degree r so that n=rt. Let the sub-algebra of A commutative with Z be a 
division algebra. Then the index m of A has the value m=st, where s is defined 
in Theorem 2. 
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We shall apply the above result to the case r=, a prime, so that n= pt, 
m =n or t, and shall prove an important conjecture of L. E. Dickson. 

6. The norm condition of Dickson. L. E. Dickson considered normal sim- 
ple algebras I of the following type. He let I’ contain a cyclic sub-field Z of 
degree p, a prime, over F and hence a quantity 7 such that jz=2’j for every 
z of Z where 2’ is also in Z. He let the algebra 2 in I which is commutative 
with Z be a normal division algebra of degree ¢ over Z so that T' is composed 
of all quantities of the form 


Hy + tej +--+ > + Xprj?', x; in Z, 
such that 
gf =7vy=7 ind, jx = xj" (r = 0,1,---), 


where x” is in = for every x of =. Since = is a division algebra, T is a least 
representation of Z by the D of [' and hence I has index ¢ or ¢p by Theorem 5. 
Thus I is either a normal division algebra or the direct product of a normal 
division algebra by a total matric algebra of degree p. In this latter case we 
may take Z in this total matric algebra H so that H is a cyclic algebra H =(1, 
Z, ®). By this we imply that H contains a quantity y such that yz=2’y, 
y?=1. But then y-!=y?-!, so that jy-'s=j2°-Yy-!=zjy—_ since in fact 
2”) =z for every z of Z. Hence jy~! is commutative with every z of Z and is 


in the algebra of all such quantities 2. Write jy-'=X in 2. Then j=Xy, 
y=X-, and 


1 = y? = (X-!)(X-1)’-- + (X-I)@Dy, 


But (X-1).(X) =1, (X@)-1=(X-1) so that 


X(e-)) X(p-2) .. . X'X-1 
= X(r-l)... XX-"(X")-1 - - - (X@-V)-ly = yy. 


Conversely if y=X@-» - - - X’X then y=X~-'j evidently has the property 
y? =1 so that algebra I has the cyclic total matric algebra H as sub-algebra 
and is not a division algebra. 

THEOREM 6. A necessary and sufficient condition that a T algebra of Dickson 
be a division algebra is that y be not the norm 


X(@-D ...X'X 
of any quantity X in =. 
We have of course omitted in the statement of Theorem 6 our assumption 
that 2 is a division algebra, which is taken here (but not by Dickson) as a 
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fundamental part of the definition of T. Professor Dickson conjectured* the 
above result and proved it for p=2, 3 by a computation that it seemed im- 
possible to extend say to p=5. He also proved the necessity of the condition. 
We have here investigated the structure of T whether or not it is a division al- 
gebra and have shown that the above condition is equivalent to the condition 
that I have not or have a total matric sub-algebra. 


* New division algebras, these Transactions, vol. 28 (1926), pp. 207-234; p. 227. 


UNIVERSITY OF CHICAGO, 
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A COMPLETE SYSTEM OF TENSORS OF LINEAR 
HOMOGENEOUS SECOND-ORDER 
DIFFERENTIAL EQUATIONS* 


BY 
CLYDE M. CRAMLET 


INTRODUCTION 


In an article appearing in the American Mathematical Monthly? Lane 
called attention to the need in projective differential geometry of an absolute 
differential calculus for forms of higher degree than the quadratic. Such a 
calculus for forms of arbitrary degree had been published by the writert and 
it seemed that some adaptation to the theory of projective differential ge- 
ometry would be desirable. However, it appeared more satisfactory to base a 
tensor theory directly upon the differential equations. Inasmuch as various 
systems of differential equations are used in the projective theory, a separate 
tensor theory will need to be constructed for each type. In this paper a study 
has been made of the differential equations upon which the ruled surface 
theory is based. _ 

The remarkable simplicity which has been introduced by tensor methods 
in the theory of Riemannian geometry and of algebraic invariants appears 
also in this theory. The Wilczynski theory, while general, has had the blemish 
of containing awkward unsymmetrical sets of equations involving cumber- 
some numerical constants. And with the improvement in notation there is an 
accompanying advantage in method, the simple formal tensor processes re- 
placing the earlier ingenious methods. 

Some geometric interpretations of the tensors and invariants are given 
here in which the dependent variables y‘(i=1, - - - ,m) are interpreted as non- 
homogeneous coérdinates of a point. This is in contrast to the convention 
peculiar to projective differential geometry of choosing a fundamental set of 
2n independent solutions (y,),---, yx), a=1,---, 2m, and interpreting 
these as points (yy, - ++, You), 7=1,- +--+, m, in a homogeneous space of 
2n—1 dimensions. An interpretation of our tensors in this latter space will 
constitute a generalization of Wilczynski’s ruled surface theory. 


* Presented to the Society, December 30, 1930; received by the editors October 22, 1931, and 
(revised) January 22, 1932. 

+ E. P. Lane, Present tendencies in projective geometry, American Mathematical Monthly, vol. 37 
(1930), pp. 212-216. 

t Annals of Mathematics, (2), vol. 31 (1930), pp. 134-150. 
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Acknowledgment is due Professor A. F. Carpenter for his interest and 
helpful criticism in the preparation of this paper 


TRANSFORMATIONS ON THE DEPENDENT VARIABLES 


1. The most general system of linear homogeneous differential equa- 
tions of the second order in dependent and one independent variable may 
be solved* for the second derivatives and written 

d*y* ; dy* ia 
1:1 + Pa — ay = 0. 
on na 

The most general transformations (n>1) that leave these invariant in 
degree and order arej 

(1) j= day, 
(2) z= (x), 


where the @? and é are arbitrary analytic functions of x. 

A given set of differential equations and all equations obtained from them 
by these transformations will be called equivalent under the group of trans- 
formations. To study the properties common to equations equivalent under 
the group is to study the invariants, or invariant equations, under the group. 
Any tensor equation is an invariant equation and from tensors invariants are 
readily formed; so the first problem will be to find the fundamental set of 
tensors expressing the equivalence of equations of the form (1:1). 

When | 4; | #0, 


G: 


(1:3) 


(1:4) 
From (1:3) 


(1:5) 


idj da, dy das 


(1:6) =a 9. 
dx? * dx? dx dx dx? 
* In case the determinant of the coefficients of the d*y‘/dx? is of rank r the d*y'/dx* may be elim- 
inated from n—r equations. By differentiating these, the equations may be put in the form (1:1). 
ft Wilczynski, Projective Differential Geometry, p. 14. 





628 C. M. CRAMLET [July 


Thus the left member of equation (1:1), subjected to transformations on 
the dependent variables only, becomes 


ina d t~a 8 


(1:7) aoe + da bea — + @a989 ; 


where 


i~a aid dag 
(1:8) Ga Pp = agpa + 2—» 
dx 


(1:9) _ at 4 ‘ das pe da. 
° Qe = 39a deal ? 
qo = Oefe + Pa +e 


If the left members of equations (1:1) be denoted by Y‘ and 


ae d*5 EY id anal 
(1:10) a ae oe + 9 5 


then from (1:7) 


tami 


(1:11) . y' =a.Y . 
Hence equations (1:1) are equivalent to 


CF A ws 
(1:12) + pers at = 0, 
dx? 
and the relations between the coefficients are given by equations (1:8) and 
(1:9). 
Two sets of equations equivalent to these latter but not involving the 
derivatives of the a? will be found. 
By differentiating (1:8) and eliminating these derivatives from the result- 
ing equations taken in conjunction with (1:8) and (1:9), we have 


(1:13) Osii, = gan, 


where 
dpa 
(1:14) = — 3 he > Babe — 2ae, 


with the corresponding definition of #£. 
By differentiating (1:13) and eliminating the da$ /dx by (1:8), 
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(1:15) agit . = sn, 
8 
"B dug 1 B B 
(1:16) ba = + —(fyta — pally). 
dx 2 

u’& will be called the semi-tensor derivative of uf and the process and 
formula are general. 

The semi-tensor u? and its tensor derivatives completely determine a set 
of equations equivalent to the set (1:1). Proof of this will be inferred from a 
more general result in §6. 


THE TRANSFORMATION ON THE PARAMETER 
2. The parameter may be transformed arbitrarily by 
£ = &(x). 
If the independent variable is transformed in the left member of the dif- 


ferential equations (1:1) or (1:12), that is, either before or after the depen- 
dent variables are changed, these “wae transform to ¢’*Y, 


25s i " 
(2:1) Yi= + BS — +a", 


(2:2) ? 
; é dz dz 


tow ~t 


(2:3) gE "De = 6. + pat, 


(2:4) & "Ga = ee 

Hence (1:11) becomes 

(2:5) y'=¢ a". 

Equations (1:1) imply 

(2:6) _ + pa = + as"= 0, 


When the left members of (1:8) and (1:9) are substituted in equations 
(2:3) and (2:4), we obtain 


in i da, 


(2:7) ED = bak + t dedaps + 2t'a, _" 


"24 ‘ edan 
(2:8) Eda = dedags + dep — 
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or if they are multiplied by a?, 


8 
» 


"8 , 8 , daa 
(2:9) gasp. = tan + t'anps + 2 1 


2e 
2 26 dan d a 

(2:10) £ "asda = age + Pa — a oe 
dx 


These equations give the relations between the coefficients of the equa- 
tions (1:1) and (2:6) subject to transformation G (1:2). 

From these equations and those obtained by differentiating (2:9) the 
derivatives of the a; may be eliminated, obtaining 


s t 
"3 dpa 1 te _8 ’ dps 1 t t Bs 
g ( + G Pade - 24.) =§ (e + S bob ~ 208) Godt 


di 
P aed e 2 
6.) —--— 2 
+l -3() 


(2:11) 


By setting s =a and writing 


dp. 1 a a 
(2:12) p= (= + 5 babs 242 ) 


dx 


and a like equation for # in the barred letters, 

had 3 ¢” 2 
(2:13) rp -p=-+--=(5) ; 

g 2N\E 
The right member of this equation is commonly called the Schwartzian deriv- 


ative. When this result is substituted in (2:11) with 7 defined by the equa- 
tions 


(2:14) 2x. = = © set — 2g — dab, 
and 7,’ defined by like equations, we have 


o 


(2:15) Ea, = 9,0;l2, 
or the equivalent equations 


2 oO 


(2:16) é at, = Tel. 


The 7; are accordingly the components of a mixed relative tensor. From 
(2:14) it follows immediately that the simplest invariant 
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(2:17) T, = 0. 
From (2:16), however, we obtain an invariant 
«=| 7, 
transforming by the equation 
(2:18) ge = x, 
The functions ¢’” and é’’ can be eliminated from (2:18) and (2:13) yielding 
(2:19) £3 = p, 


where 


Tv 


1 dr\? 1 
(2:20) p= (1+ 4n)(— x) + An — — + 8n%p 
dx dx? 
is a relative invariant of weight two. 
Eliminating ¢’ from (2:19) 
(2:21) =, o = p/r'!, 


To derive another tensor differentiate (2:16) and eliminate the deriva- 
tives of the a by (2:9) and we have 
. d jf 6 © 
(ia e+ 1pm = LDe m1) + 2 aor, 
(2:22) 


d . eas Ped Pg 
= |= + 2pems — zpeme jar. 
dx 


By differentiating (2:18) assuming 740, 
1 d log x d log *) 
2:23 ee” = —( ¢2——— — gs —_— }. 
( ih 2n (« dx ‘ di 
Substituting this in (2:22) and writing 
8 


j d 1d 
(2:24) e. =—7m+ Loom —_ Loin, — — — log ©, 
dx n dx 


we find 


8 


(2:25) Ew sOp = 8 90s 


A generalization of this process will be called tensor differentiation. 
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TENSOR DIFFERENTIATION 


3. The function 7’? will be called the tensor derivative of 7’. It is a 
generalization of the derivative that is a tensor. 
In general, if we have a mixed tensor of weight & transforming as 


(3:1) Faas; = saa, 


we may differentiate with respect to x and eliminate the das /dx so introduced 
by (2:9), and the é” by (2:23), obtaining 


4, k+1 i ya a’i 


(3:2) (€) aS 5 = AjS ay 


where 

(3:2.1) 

in any coédrdinates, and 
(3:2.2) 


Consider the invariant which transforms by the equation 
(3:3) ef = I, 


When this is differentiated and ¢” eliminated by (2:19), an invariant of 
weight k+1 is obtained. 
This invariant, 


(3:4) 


we call the invariant derivative of the invariant J. Likewise for the covariant 
vector v; of weight & the vector derivative is 
; o k d log r 
(3:5) v, =— — Tye — od Ta 
dx 2n dx 

and it is of weight k+1. 

Similarly for the contravariant vector v‘ of weight & the vector derivative 
is 

"s dvt 


3:6 v= 
(3:6) ra 


and it transforms by the equations for a contravariant vector of weight k+1 
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k+1_’a " 


(3:6.1) (’) b a=0. 


Another set of contravariant vectors may be obtained from the results of 
equations (2:5) by noting that the derivation of this tensor depended only on 
the tensor equation (1:3), so if A‘ is any contravariant tensor of weight zero, 


(3:7) a wet plow ot 
; dx? Pe dx - 


is a contravariant tensor of weight two. 
Two absolute tensors may be derived from the tensors 7; and 2’; by the 
use of (2:18). These will be represented by 


8 r l/n 
P,=t1,/7 , 


(3:8) 3/(2n) 


Q; = s./s 
Since by (3:4) 
(3:9) nr =0, 


m acts as a constant in tensor differentiation, and 


(3:10) Pras. 
and 


(3:11) Or = Pi/n 


By a change of independent variable (4.2) the absolute tensors P; and 
(Q; are identified with the relative tensors 7} and 7%. 

In §6 we argue that if (2:10) is an independent set of equations, (2:11) 
and thence (2:13) and (2:16) consisting of m?+1 equations are equivalent to 
the m? equations (2:10). Hence the m* equations (2:16) have one identity 
among them and (2:17) is that identity. 

Other tensor identities will be listed here. From (3:8) it follows that 


(3:12) | Pr| = 1, 
and from (3:8) and (2:17) that 


(3:13) 
since from (2:24) and (2:17) 


(3:14) 
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it follows from (3:8) that 


Q; = 0. 


Another identity may be obtained by differentiating x =| z;| , 


(3:15) d ' Or d g 
21 — log rT = wae 
‘a ae 


Tp; 


also 
Or go 
(3:16) —[> Tt) = unr. 
Or, 
Substituting the value of z from (3:16) in (3:15), and introducing the 
tensor of weight —2 


(3:17) fe 
° as ant ’ 


(3:18) 2, (St - aS tog x) = 0. 
dx n dx 


In the next article a system of codrdinates will be introduced in which ten- 
sor derivatives and ordinary derivatives are identical, reducing the above 
equation to 


g 
‘I ” 


(3: 19) 2, es & 0, 
which, being a tensor equation, is valid in all coérdinates. The same result 
can be obtained here by using (3:2.1). 

SEMICANONICAL FORM 


4. A system of codrdinates exists for which tensor differentiation and 
ordinary differentiation are identical. It follows from the equation (2:18) 
’2"7 = 7 that by choosing 


(4:1) ¢’ = qi/(2n) 
there results 
(4:2) 7 = 1, = 0. 
Since 7 is an invariant for a change of dependent variable a new choice of 


dependent variable does not alter (4:2). By reference to equations (1:8) it is 
apparent that the #; will vanish if a transformation is made with a; satisfying 
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da, as 
(4:3) 2 + apa = 0. 
dx 


From the existence theorems for equations of this type we know that there 
exist 2 solutions a?’, s=1, - - - , m. Other sets are given by ca’, the c* being 
arbitrary constants. For the solutions a,” equations (1:3) are 


Os a 


(4:3.1) y = da). 


The coérdinates #* may be subjected to a projective transformation 


(4:4) 


Then 
a 0:_§8 


Es ‘= Cada Y ; 
so the coérdinates in which the p’s vanish are determined to within a general 
linear homogeneous transformation. 

The formulas for tensor differentiation indicate that in these codrdinates 
tensor derivatives are ordinary derivatives. An important consequence of this 
is that the formulas for differentiation, notably for the differentiation of pro- 
ducts and quotients, are valid for tensor differentiation. For if any product, 
or product and quotient, which is a tensor, is differentiated in these coérdi- 
nates, the same formula will hold if tensor differentiation is substituted for 
ordinary differentiation. The resulting formula will be of the same tensor 
character except that the weight will have been increased by one. But from 
the fundamental properties of tensors, tensor equations holding for one sys- 
tem of coédrdinates are valid in all. 

5. Let us consider a transformation on the parameter 


== &(x), 
where é satisfies the differential equation 
a 3 g”” 2 
(5:1) <-=(5)+ = 0, 
t’ 2 t’ p 
and # is defined by (2:12). From (2:13) it follows that for the new parameter 
(5:2) p= 0. 


Since j is invariant for transformations on the dependent variables 
((2:13) or (1:13)) the semicanonical transformation (4:3.1) transforms 
(1:1) to 
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d*yi ia a 8 8 
(5:3) + gay = 0, qa = 0,7, = — Gr. 
dx? 
Any transformation that leaves invariant the equations ~;=0 will be de- 
termined by (2:7): 


,_¢ 20; 


be" + 2¢'a — =0. 
dx 


Solving for the derivatives daj/dx and integrating, 


t,.4,—1/2 


(5:4) a;= c(t). 


If further g% is to remain equal to zero, in virtue of (2:8) 


o 
_1@a, 


ae 
dx? 


Substituting (5:4) in this equation, the solution is given by 


(5:5) oe om tae ee a-keot 
. : . cx +d ° 


Hence canonical coédrdinates are related by these equations and 


(5:6) a; = (cx + d)c}. 


Hence 
The necessary and sufficient condition that two systems of equations (1:1) 
be equivalent is that after each is reduced to the form (5:3) there exist constants 


satisfying 


(5:7) (cx + d) ‘c,m, = TC, 
Equations (5:3) will be said to be in canonical form. 


THE EQUIVALENCE PROBLEM 


6. To apply the theorem of the last section to test the equivalence of two 
systems of differential equations of the type (1:1) requires the integration of 
equations of the type (4:3) and (5:1). An algebraic test of equivalence will 
now be given. The necessary and sufficient test for equivalence is that there 
exist functions £(x) and a}(x) satisfying (2:9) and (2:10). Equations (2:11) 
were obtained by solving for the da}/dx and d?a;/dx* from (2:9) and substi- 
tuting in (2:10), hence (2:10) can be obtained from (2:9) and (2:11). The 
equivalence conditions are now given by (2:9) and (2:11). Equation (2:13) 





1932] TENSORS OF DIFFERENTIAL EQUATIONS 637 


is a linear combination of certain equations from the set (2:11). The set of 
equations (2:16) is obtained by eliminating the right member of (2:13) from 
(2:11) by means of (2:13). It follows that (2:11) may be obtained from 
(2:13) and (2:16) and the equivalence conditions are now (2:9), (2:13) and 
(2:16), and we seek functions ¢’, a} satisfying these equations. We will first 
make the choice of the function ¢’ to satisfy these equations. Eliminating the 
a; from (2:16) obtaining (2:18) it is clear that ¢’ must be chosen to satisfy 
(2:18). But (2:13) also determines ¢’. The condition that these are consistent 
is given by (2:21). Regarding now the ~’ as known functions in (2:9) and 
(2:16), the solution of the equivalence problem rests upon the determination 
of the existence of the solutions a; satisfying simultaneously these two sets 
and |a;| ~0. By differentiating (2:16) the quantities da;/dx appear which 
must be consistent with their values as given by (2:9). Equations (2:25) are 
a necessary condition for this and so are all analogous sets of equations ob- 
tained by tensor differentiation. 
Consider this sequence of equations 

tact: = red, 

(6:1) gece 5 = © oy, 


o 's @ 


"4 gis 
é dot », = Taki, 


the accents representing tensor derivatives. The a; are the unknown functions 
and the sets of equations will either be inconsistent or yield solutions satis- 
fying | a;| =0, in which case the sets of differential equations of the type (1:1) 
will be not equivalent, or the first m sets will yield a solution which will satisfy 
the (m+1)th, and the inequality | a;| ~0. Consider the a; satisfying the first 
m sets of (6:1) and | a;| #0. The derivatives da;/dx must satisfy (2:9). The 
only additional conditions not already satisfied are precisely that the da,/dx 
satisfy the (m+1)th set, and these conditions are satisfied by our hypothesis. 
Hence the following theorem: 

The necessary and sufficient conditions that there exist n*+1 functions a,, & 
which will transform one given differential system (1:1) into another given 
system (2:6) is that their invariants o(2:21) be equal and that there exist a number 
m such that a solution satisfying the first m sets of (6:1) and | a;| #0 will satisfy 
the (m+1)th set of (6:1). 

We define a complete system of tensors as a system that determines 
the equations (1:1) to within a transformation under the group G(1:2). Asan 
alternative of the above theorem we have the following: 
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The tensor x, and its tensor derivatives in conjunction with the invariant ¢ 
constitute a complete system of tensors. 
INVARIANTS OF A MIXED TENSOR AND THE NORMAL FORM 
7. The tensor A; is transformed by the equations 


8 Cpe 


(7:1) A, = A,d;de 
or in the matrix calculus 
(7:1.1) A =a"Aa. 
It is known* that a codérdinate system can be chosen so that the matrix A 


Ne 
A e2 


where the )’s, w’s, v’s, - - - are roots of multiplicities a,8,y, - - - , of the char- 
acteristic equation A(A) =0 and the e’s, f’s, g’s, - - - are 0’s or 1’s. The roots \,, 
including the a@ d’s, the 6 y’s, - - - of (7:2), are invariants of the tensor A}, 
but unless they are all distinct they do not determine it. Matrices A} and 4; 
satisfying (7:1) are called equivalent. It is a known theorem that the criterion 
of equivalence is that the \ matrices of the two matrices have the same in- 
variant factors. 
The tensor A; has the following invariants: 


on-1 


(7:3) , at eee 2 eee Ye 
When the tensor has been reduced to the normal form (7:2) these become 


(7:4) Zr, Z(Ax)?, +O H. =(Ai)". 


It is well known that this set of symmetric functions is equivalent to the ele- 


* Jordan, Traité des Substitutions, 1870. Dickson, Modern Algebraic Theories, Chapter V. 
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mentary symmetric functions and hence determines the roots \;. The in- 
variants (7:3) constitute, therefore, a set of rational invariants that is 
equivalent to the set Ax, - - - , An. 

The matrix (7:2) is arranged in blocks along the principal diagonal. If 
this matrix is used to define a representation 
(7:5) 1 Aay ; 
vectors in the subspace y', - - - , yx or y*+!,---, y*+*, etc., are transformed 
into vectors in the subspace. Such subspaces have been called invariant sub- 
spaces.* 

The subspaces are further decomposable if some of the e’s, f’s, - - - are 
zero. If, for example, two numbers ¢ and é: are zero, the subspace y', y? is 
invariant in a more special sense. No vector in this space is changed in direc- 
tion by the representation. In case the corresponding \ is equal to unity the 
dimensionality of the transformation is reduced (in this case by 2). 

For the tensor A}=7, the m algebraic invariants Ax, - - - , A» are subject 
to the condition that their sum is zero because of the identity (2:17). The 
invariant o (2:21) brings the number of algebraic invariants up to m, plus 
their tensor derivatives. 


NORMAL COORDINATES 


When the differential equations are reduced to the canonical form, then 
with a fixed x) transformations of the dependent variable (of the type (4:4)) 
will reduce the canonical form to a form d*y‘/dx? = 7' y* with matrix given by 
(7:2). In general the new coérdinates are valid only in the neighborhood of 
xo. We shall designate such a reference system as normal coédrdinates. 


A DYNAMICAL INTERPRETATION 


8. From established existence theorems it is known that through any 
point y‘ in a direction determined by the m derivatives dy‘/dx there exists an 
integral curve with parameter x» at yi‘. 

If the independent variable is interpreted as time the equations (1:1) de- 
fine the motion of a particle. The codrdinates may be interpreted as Carte- 
sian, and under the group G all axes rotating in an arbitrary relative fashion 
become equivalent. The time is ordered in any continuous manner. We are 
interested in finding properties that are identifiable in any codrdinate sys- 
tem, the coérdinate system comprising m dimensions in space and one in time. 


* Weyl, Gruppentheorie und Quantenmechanik, Chapter I. 
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The existence theorem in dynamical terms states that the motion is de- 
termined by the initial point, velocities and time, and that there exist 2” inde- 
pendent solutions (y.,, - - - , ya), a=1,---,2m. Ageneral solution is given 
by a linear combination of the fundamental set. For fixed initial conditions 


y (x0) = ¢°vailo), 


dy? dyn 
—) =¢ , « summed from 1,--- , 2m, 
dx zo dx zo 


the constants c* are determined. A curve and its parameterization is thus de- 
termined. A new choice of parameter % is not a transformation of parameter 
but determines a new curve through the same point in the same direction. 
This is apparent when it is noticed that the differential equations (1:1) are 
not transformed but the acceleration has been changed by the new values of 
the parameter in the functions #;(x) and g;(x). 

If X is defined to be a relative invariant of weight 2,  —\6; will be a 
tensor. If 4‘ are defined to be components of a tensor of weight k the equa- 
tions 


(8:1) ; Ax)h = wih 


will be invariant under G. Since the theory of §6 which made use of transfor- 
mations on the dependent variable only will apply here we can find m roots 
Xi, * * + , An Which, when substituted in (8:1), determine an invariant direc- 
tion for a simple root or an invariant r-space for an r-fold root. These direc- 
tions are associated with a point on the integral curve, for they are functions 
of the parameter of the point and are invariant under a transformation of 
parameter. 

Normal coérdinates reducing (1:1) to 

dy 

(8:2) qe? = Tay; 
where the z; have the matrix (7:2), are valid at the point with parameter ~x. 
The h‘ of equations (8:1) are codrdinates of a point referred to axes parallel 
to the codrdinates axes and origin at the point y‘ on the integral curve C. 
Since the same transformations which determine the coérdinates as along the 
invariant directions defined by (8:1) will transform (8:2) to a form with 
matrix (7:2) valid in the neighborhood of the point x we may conclude that 
a point moving in the invariant direction h*(d) at y‘ will be accelerated in its direc- 
tion of motion. 
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Our interpretation applies only in the special coérdinates but the direc- 
tions are uniquely defined in all. Hence the theorem: 

There exist at each point of an integral curve of (1:1) uniquely determined 
directions \1,- ++, An. A codrdinate system exists (under G) such that in the 
direction determined by a simple root ; there exists a motion for which the ac- 
celeration and velocity vectors have this same direction. In the case of an r-fold 
root there exists a corresponding r-space in which the motion in any direction is 
accelerated in a direction lying in the r-space. If further k (=0,1,---,r—1) 
of the e:,- ++, 1 are zero there exists a (k+1)-space in the r-space in which 
motion in any direction is accelerated in that direction. 

A special case of interest is given by 


(8:3.1) w? = const. 


in canonical codrdinates. In this case the reduction to normal coédrdinates is 
valid for a finite region. 
Also a consequence of (8:3.1) is that 


(8:3.2) m@ =const. in canonical codrdinates 
and 
(8:3.3) x’, =0 in any codrdinates. 


Conversely if (8:3.3) is assumed to hold in a coédrdinate system it will ob- 
tain in canonical codrdinates and 


1 2d 8 7 
8:4) t — — 7, — loge = 0, 7, = —G,, 
n d 


or 


@:5) dg, ae 
, asa asiitines 


Integrating 


(8:6) q, = sé, Co = 0, | c | = 1. 

The function 7 will not in general be a constant in these codrdinates and 
the transformation on the independent variable has been utilized in (5:1). We 
seek the condition that 7 be a constant in canonical coérdinates. 

By reference to (2:18) it appears therefore that for 7 to be constant in 
canonical coérdinates 


(8:7) ! = cri/(2n), 
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Since é’ has been chosen to satisfy (5:1), must satisfy 


dr \? d*r 
(8:8) (4n + »(=) — 4nxn — — 8n*p = 0,7 € O. 
dx dx? 


This is the invariant 7’p of equation (2:20). 

Since 7 ~0 equation (8:8) is equivalent to p=0. If then we assume p=0 
in any coérdinate system we know that 7!/‘2”) satisfies (5:1). To transform to 
canonical coérdinates it is only necessary to take ¢’ as a solution of (5:1) so we 
may take £’ = 7/(), Then in canonical codrdinates we will have 7 = 1. Hence 
from (8:4) it follows that 7;=const. and we have the following theorem: 

The necessary and sufficient conditions that the set of algebraic invariants 
Aa, - - : , An will be reducible to constants by a change of the independent variable 
are that 


(8:8.1) x, = 0, and p=0. 


Under the condition p=0 we showed above that canonical coédrdinates 
could be introduced such that 7 = 1. Conversely from the conditions 7 =1 and 
p=O0 it follows that p=0. Hence: 

The vanishing of the invariant p is the necessary and sufficient condition for 
the existence of a codrdinate system that is simultaneously semicanonical and 
canonical. 

Since (8:8.1) insures that (8:3.1) is valid in canonical coédrdinates, they 
are the necessary and sufficient conditions for the existence of a codrdinate 
system which is, simultaneously, normal for a finite region, semicanonical and 
canonical. 

The invariant equation 


(8:9) r=0 


may be interpreted by transforming to canonical codrdinates where it implies 
a relation between the accelerations. 
The tensor equations 


(8:10) 7, =0 
in any coérdinates imply that in canonical coérdinates 
da? i 
= 0, yt = a‘x + Bi, 
dx? 


and are therefore the invariant conditions insuring the possibility of trans- 
forming the integral curves to straight lines. 
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THE METRIC 


9. Consider a set of m independent solutions of (8:1) for A=\u, - + - , An 
roots of the characteristic equation, and designate these by dj), a set of tensors 
of weight zero. The index j| designates the vector, and i the components. 

We define 


B 


(9:1) g = daira, 


and proceed to develop other formulas familiar in the calculus of Ricci and 
Levi-Cevita. 
Defining g,, as the cofactor of g“” divided by | g’*|, and multiplying (9:1) 


by Sup» 
(9:2) SuphatNal = 3p. 
Let dq, be the cofactor of d4, divided by | di, | ; multiplying (9:2) by g),, 


(9:3) Nair = Saodsi- 
Multiplying (9:1) by Ag, 


(9:4) al = g ayy. 


Equations (9:3) and (9:4) exhibit the technique of raising and lowering 
indices. 
Multiplying (9:3) by Ag), 
(9:5) Sur = AaluAal>- 
The functions g,,(x) will be taken for a metric on an integral curve. 
Since 
(9:6) Suda Ae 7” be, 
the vectors Aj, constitute a set of orthogonal unit vectors. 


We are now able to measure angles and define the angle between the unit 
vectors u‘ and v‘ as 


(9:7) cos 8 = g;;u'v!. 


If uw‘ is a unit vector, the angles with the codrdinate axes are given by 


(9:8) Cal = gija'dal (a =1,---,n). 


The magnitude yp of a vector y‘ will be defined by the invariant 


(9:9) w= gist’. 
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The coérdinates so defined by the vectors rj will be called local codrdi- 
nates. They enable measurements of angles and vectors to be made at a point, 
but as yet our geometry does not permit a comparison at neighboring points. 


PARALLEL VECTORS 


10. At any point P(x») on a curve a codrdinate system and metric will be 
established as in the last article. Parallel codrdinate systems will be deter- 
mined by displacing the given m-hedron along the curve. The a axis of the 
n-hedron is given by the vector Ai; (xo). The new parallel \‘; (+d) will have 
an increment computed by the invariant formula \./=0. It follows that for 
the metric so defined 


(10:1) guj = 0. 


The coérdinate systems uniquely established in this manner will be called 
parallel codrdinates. In general, a vector py‘ will be said to be parallelly dis- 
placed if u’*=0. 

Consider two vectors \‘ and y‘ which are displaced parallelly. The change 
of the angle between them after parallel displacement when referred to paral- 
lel codrdinates will be ((3:4), & =0) 


d ; 
(10:2) 7H) = (g:A‘u’)’ = 0. 


Hence: 

Angles measured in parallel codrdinates are preserved by parallel dis place- 
ment. 

At the point P(x) the local codrdinates and parallel codrdinates were 
identical. If the vectors of local codrdinates are represented by J, 


Tay (so) = Nai (0)- 
The twist of local codrdinates may be measured by 


as 4 
= —(gijrails) = (Aaj ites)’ = At i#si, 
dx 


(10:3) "5 
T= al ils . 
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NON-ABSOLUTELY CONVERGENT INTEGRALS 
WITH RESPECT TO FUNCTIONS OF 
BOUNDED VARIATION* 


BY 
R. L. JEFFERY 


Introduction. Problems of great interest in real-variable theory are the 
analysis of the structure of a function whose derivative is finite, and the de- 
termination of a function when its derivative is given and is finite at each 
point. The study of these problems has led to a theory of non-absolutely con- 
vergent integrals.t The corresponding problems when the derivative in ques- 
tion is with respect to a function of bounded variation have received little 
attention, and it is with these that the present paper is mainly concerned. 
In this case we find that there is involved a theory of non-absolutely conver- 
gent integrals with respect to a function of bounded variation. Lebesguet has 
given these questions some consideration. His results depend, in part, on a 
transformation which changes integration with respect to a function into 
ordinary integration. By means of this transformation very general results 
are easily obtained. But for dealing with some particular situations it is not 
altogether suitable; for example, a discussion of integral equations which in- 
volve integration with respect to a function of bounded variation. For this 
reason we have, in the present work, adhered to methods which are direct. 

Incidental to our main purpose is a study of the derivative of a function 
F(x) with respect to a function of bounded variation a(x). Here, too, we have 
been preceded by others, chiefly Daniell.§ In the Transactions paper Daniell 
concerns himself with the central derivative with respect to a, 


F(x + «) — F(x — 6) 


im ’ 
0 a(x +e) — a(x — €) 





and shows that if F is absolutely continuous relative to a, then D,F is summable 
relative to a, and 


* Presented to the Society, April 9, 1932; received by the editors in September, 1931, and (in 
revised form) April 11, 1932. 

+ For extended references see Hobson, Real Variable, third edition, vol. I, p. 692; Lebesgue, 
Lecons sur  Intégration, Paris, 1928, p. 231. 

t Loc. cit., p. 296. 

§ These Transactions, vol. 19, p. 353; Proceedings of the London Mathematical Society, vol. 
26, p. 95; ibid., vol. 30, p. 188. 
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b 
F(b) — F(a) = f D.Fde. 


In the other two papers he is concerned with functions of more than one var- 
iable. The definitions of a derivative there given, though leading to elegant 
and profound results for functions of several variables, seem more involved 
than is necessary for the case of functions of a single variable. He assumes 
that all the sets involved are Borel measurable, and studies the relation be- 


tween D,F and f where 
P= | fae, 


and the relation between F and the integral with respect to a of D,F when 
the latter exists. 

We start with a function of a single variable F(x) which is continuous or 
has at most discontinuities of the first kind, give a definition of the derivative 
of F with respect to a which differs from those given by Daniell, prove that 
when D,F exists it is measurable relative to a, and obtain results for functions 
F which are of bounded variation relative to a analogous to the results obtained 
by Daniell. This is accomplished through the medium of w(x), the total varia- 
tion of a(x) on (a, x). We then proceed to the determination of F when D,F 
is given and finite at each point. It was for the latter purpose, for which the 
methods of Daniell did not prove suitable, that our methods were originated. 

Throughout the paper frequent use is made of integration with respect to 
a monotone function, a theory extensively developed by others.* Partly for 
the convenience of the reader, and partly to give it a turn which makes it 
more suitable for our purpose, we have included a discussion of the essentials 
of this theory. 

Finally we work out a process of totalization, or what has otherwise been 
called Denjoy integration, with respect to a function of bounded variation. 
When the function of bounded variation is the variable x itself, the integral 
obtained by this process reduces to the Denjoy-Khintchine-Young integral. 

1. Definitions and preliminary lemma. Let F(x) and w(x) be two func- 
tions defined on the interval (a, b), w(x) non-decreasing. If x» is a point of dis- 
continuity of w, then w(x) is the open interval {w(x.—0), w(x.+0)}, and 
mw(xo) the length of this interval. With this agreed upon, we shall understand 
by w(x, 4) the set of points on the w-axis which is the image by means of w(x) of 


* Radon, Wiener Sitzungsberichte, vol. 122 (1913), p. 28 ff.; Lebesgue, loc. cit., pp. 252-313. 
+ Hobson, Real Variable, second edition, vol. I, p. 715; S. Saks, Fundamenta Mathematicae, 
vol. 15, p. 243 ff. 
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the closed interval (x, x+/) if h is positive, or of the closed interval (x+h, x) 
if h is negative. If e is any set on (a, 5), then E=a(e) is the image of e on the 
w-axis by means of w(x). If E=w(e) is measurable in the sense of Lebesgue, 
we designate this measure by mE = mw(e), and say that e is measurable rela- 
tive to w. We further agree that mw(x, /) is negative when / is negative. This 
set w(x, h) is always measurable, since it is either a single point or an interval. 
If the set Z is not measurable we shall be concerned with its outer Lebesgue 
measure mE =iiw(e). Let f be any function on (a, 6), A any real number, and 
e4 the set for which f= A. If e, is measurable relative to w, then f is said to be 
measurable relative to w. These conventions make for a simple notation, and 
lead to general results. 


Lemma I. Let e be any point set on (a, b) for which mw(e) >0, and such that 
each point x of e is the left-hand end point of a sequence of intervals (x, x+h;), 
where h; tends to zero. Then there exists a finite set of these intervals A;=(x;, 
xi+h;) which are non-overlapping, and for which 


| mw(A;) — ifiw(e) | <«, and | fiw(e) - D> iw(Aie) | <e. 


As a first step in the proof we put a part of e in a finite set of open intervals 
& =O, 2, - - - ,@, in such a way that 


(1) | mu(a) — iiw(e)| < 


and 
(2) | tfiw(e) — itiw(ae)| <e. 


Let e; be the part of e for each point x of which there is at least one interval 
of the set associated with x for which h;>6, and where x and x+h; are both 
on the same interval of the set a. Then for 6 a sufficiently small positive num- 
ber we have 


(3) | tiw(ae) — itiw(es) | <e. 


There is evidently no loss of generality in considering the intervals of a or- 
dered from left to right. With this understood let a: =(a;, 6;). We then have 
either (a) a first point xj of es to the right of a,; or (b) a first point x/ to the 
right of or coinciding with a; which is not a point of e;, but which is a limit 
point on the right of points of es. Let 4, €, - - - be a decreasing sequence of 
positive numbers with }>¢;<. In case (a) holds let xf =x, and from the in- 
tervals associated with x fix (a, x: +/,) with 4,>6. If (b) holds choose a 
point x; of e; to the right of x/ and so that if e’ is the part of e; on xf <x<m 
then mw(e’) < «&, and from the intervals associated with x; choose (x1, 41:+/:) 
with #,>6. If x:+/, turns out to be a point of e; let x1 +4, =22, and from the 
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intervals associated with x2 select (x2, x2+/2) with he>6. If x:+%; is not a 
point of es determine (x2, x2+/2) by letting x:+/, replace a, in the above proc- 
ess, and using ¢€ in case (b) holds. Continuing this process, since each h; 
selected is greater than 6 we are led in a finite number of steps to a finite set 
of closed intervals A; =(x;, x;+/,;) which are on a, and such that if e’ is the 
part of e; exterior to A; then mw(e’) <)> ¢;<. These considerations, together 
with (1), (2) and (3), establish the Lemma. 

2. Derivatives with respect to non-decreasing functions. Let F(x) be a 
function defined on (a, 6), and w(x) a non-decreasing function on this interval. 
Let 

F(x + h) — F(x — 0 
Kind wR sei deel 
mu(x, h) 
F(x + h) — F(x + 0) 
7 mus(x, h) 
= 0 (mw(x, kh) = 0). 





(h < 0, mw(x, hk) ¥ 0) 





If ¥(x, h) tends to a limit as / tends to zero, then this limit is the derivative of 
F with respect to w, D.F. If this limit does not exist we shall be concerned 
with the upper and lower derived numbers D,F_, D.F-, D.F+, and D.Ft. 
It is evident that if F has a point of discontinuity of the second kind then 
D.F cannot exist at such a point. In what follows F(x—0) and F(x+0) exist 
as finite numbers for each x. Also F(a—0) = F(a) and F(b+0) =F(d). 

3. Bounded variation and absolute continuity relative to w. Let (x;, x:4:) 
be any set of intervals on (a, b) such that, for each 7, mw(x;, x:41) >0. If there 
exists a number M for which 


Dd | F(xins) — F(x) | < M 


for every possible such set of intervals, then F is said to be of bounded varia- 
tion relative to w. 

Let V; be the upper limit of > |F(x:4:) —F(x,) | for all possible sets of 
such intervals with }>mw(x;, x:4:) <6. Let V be the limit of V; as 6 tends to 
zero. If V =0, F is said to be absolutely continuous relative to w. 

4, Summability relative to w. Let G be any set on (a, b) which is measur- 
able relative to w. Let f be a function which is defined and measurable rela- 
tive to w on this set. For /, /’ any two real numbers with /</’, it readily fol- 
lows that the parts of G for which f=], 1<f<l’,1<f<l’,l1<f<l' are measur- 
able relative to w. Let f be bounded on G, and let (/;_1, 1;) be a sub-division of 
the range of f on this set. Let e; be the part of G for which /;_,<f<l;, i<n, 
and e, the set for which /,_, <f </,. Let 
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Sn = do i-mo(e,), Sn - Dlimw(es) * 
t=1 t=1 
If 1;—J;_1 tends to zero as m increases, then both s, and S, tend to the same 
limit.* This limit is the integral of f over G relative to w, [gfdw. Let f be unbound- 
ed, but finite at each point of G except for at most a set of w-measure zero. 
Let WN and N’ be any two positive numbers, Eyy the part of G for which 
—N<f<WN’. Then /Eww-fdw exists, and as N and WN’ become infinite 
mw(Eyy:) tends to mw(G). If 
lim fdeo 
Noo, N- @ Eyn’ 
exists, then this limit is the integral of f over G relative to w. We then say that 
f is summable over G relative to w.} If fa |f |\dw exists, then f is said to be abso- 
lutely summable relative to w. Since N and N’ are permitted to become infinite 
independently of each other, it follows that summability relative to w implies 
absolute summability relative to w. If ¢ is any part of G which is measurable 
relative to w, then 
lim | fdw = 0. 
mw (e) +0 e 

5. Properties of derivatives with respect to non-decreasing functions. We 

prove the following theorem. 


THEOREM I. If F is of bounded variation relative to w, then the set e at which 
any of the derived numbers relative to w is infinite has w-measure zero. 


Let ¢., be the set at which D.F+=. If mw(e..)=K>0, then for any 
positive number ) the set e, for which D,F+>d has fiw(e,) =>K. Hence for 
each point x of e, there exists a sequence of intervals (x, x+A,) with h; tending 


to zero for which 
F h;) — F(x —0 
(1) (x + hi) — F(x cam 
mux, hi) 





By Lemma I it is possible to find a finite set of non-overlapping intervals 
A; = (xi, x:+h,) with x; belonging to e, for which 


F(x; + hi) — F(x; — 0) 
” mw(xi, h;) -“ 





and 


(3) >omw(A;) > iiw(ex) — €. 


* Radon, loc. cit., p. 33. 
¢ Radon, loc. cit., p. 32. Our definition is easily shown to be equivalent to that of Radon. 
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Since F(«—0) exists at each point it is possible to find a point x/ to the left 
of x; such that 


F(x; + hi) — F(x/) 


mo(x;, h;) 





(4) 


’ 


and such that no interval of the set (x/, «;+;) overlaps more than the two 
adjacent intervals of this set. Thus for this set of intervals (x/, x:+/,) 
=(x/, «/ +h!) we have 
Dd | F(x! + hf) — F(x!) | > Smeo(xi, hi) 

> Afiw(e) — e} 

> (K — .). 
Since mw(x;, h;) #0 it follows that the left hand side of this inequality is not 
greater than 2M. But M and K are fixed, and \ can be taken arbitrarily 


large. Thus we are led to a contradiction, and the theorem is established. 
In a similar manner Theorem I is proved for the other derived numbers. 


THEOREM II. The derived numbers of F with respect to w are measurable 
relative to w. 


Let E and G be any two sets on the w-axis. Let each point p of E be the 


center of a sequence of intervals A; for which mA; tends to zero. Let Ed be 
the set of points of E which are such that 


m(AG) -. 
lim sup — > 0, m(A;E) > 0. 
imo m(A;E) 


Define Gz by interchanging the réles of E and G in the foregoing. The follow- 
ing results we have proved elsewhere.* 


I. mEg = Gr. 

II. If Z is not measurable, and G is the set complementary to E, then 
mEg = mGz > 0. 

III. If Z is measurable, and G is the set complementary to Z, then 
mEg = mGz = 0. 


Suppose D.F*+ is not measurable relative to w. Then for some real number 
A the set e4 for which D.F+ =A is not measurable relative to w. Let e,’ be the 
part of e, which belongs to the discontinuities of w or to intervals throughout 


* To appear in the July (1932) number of the Annals of Mathematics, pp. 449-451. 
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which w is constant. The set e,’ then contains the points at which D,F+=0 
under the third formula for defining ¥(«, h). The set w(e,’ ) consists of at most 
a countable set of points and a countable set of intervals, and is, therefore, 
measurable. Hence the set 


E= w(e4) saad w(e,’ ) 


is not measurable. Let G be the set complementary to E on the w-axis. Then 


from II, 
mEg = mGz > 0. 
The set w(e,’) belongs to G. But since w(e,’) is measurable it follows from III 


that the part of w(e,) contained in Gj has at most zero measure. Hence G 
contains a part Q for which D,F+<A and for which 


mQ = mGz > 0. 


Evidently each point of Q is a point of Qf. Hence 


mQz > 0. 
For c a sufficiently small positive number, Q contains a part T for which 
D.F+<A-—c and for which mT >0. Evidently each point of T is a point of 
Ti. Hence + 
mTz > 0. 
For 6 a sufficiently small positive number T contains a part R for which 
F(x + h) — F(x — 0) 


(1) mals, &) as 





h<6é, mR>0, and x contained in r, where r and the other small letters in what 
follows represent the sets on (a, 6) which are carried by means of w(x) into the 
sets on the w-axis represented by the corresponding capital letters. Evidently 
each point of R is a point of R}. Hence 


mEn = mRz > 0. 
Since e;* belongs to e, each point of e* is a point of continuity of w. It follows 


from the definition of Ez that each point of e;* is a limit point of points of r7. 
Let x be a point of e;*. Then, since e* belongs to e4, for some h <6 we have 
F(x + h) — F(x — 0) 


(2) ain ie >A-—ce. 





Let x; be a sequence of points of r* tending to x, and such that if x; +h;=h+<, 
then h; <6. For such values of ; we have from (1) 
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F(x; + hi) — F(x; — 0) 
(3) ati, td <A-ce. 





Since x;+h;=x+h, and since x is a point of continuity of w, it follows that 


lim mo(x:, hj) = mo(x, h) ~ 0. 


Then, since F(x;+h;) =F(x+h), it follows from (2) and (3) that 


lim F(x; — 0) = F(x — 0). 

Consequently x is a point of discontinuity of F. But x is any point of e*. Hence 
the points of this set are points of discontinuity of F. But the points of e7* are 
more than countable. For, since #E} >0 this set Ej is more than countable. 
Each point of e* is a point of continuity of w which does not belong to an in- 
terval throughout which w is constant. Hence there is a one-to-one corres- 
pondence between the points of e;* and Ej by means of w(x). Consequently 
e* is more than countable. But this makes the points of discontinuity of F 
more than countable, which is a contradiction. We conclude, therefore, that 
D..F* is measurable relative to w. In a similar manner the other derived num- 
bers may be shown measurable relative to w.* 


THEOREM III. Let F be of bounded variation relative to w. Then the derived 
numbers of F with respect to w are summable relative to w. 


Let ew be the set for which 0< |D.F+|<N, let 1o<0,h, - - - J, be a sub- 
division of (Jo, N), and e; the part of ey for which J,1< |D.F+|<i,. Put e; 
in a set of open intervals A; in such a way that 


(1) muw(A;) — ma(ei) < € 


where N+ ¢;<e. Each point of ey is the left-hand end point of each of a se- 
quence of intervals (x, x+4;) for which 


(2) F(x + hj) — F(x — 0) hes 


mux, hj) 





where 7 is the subscript of the set e; containing x, and where x and x+4; are 


* If D,,F exists at each point it may be shown measurable relative to w, in a very simple manner. 
For in this case D,,F is the limit of a sequence of functions ¥(x, h,,), and it is easy to show that for 
each h, the corresponding funct:on has not more than a countable set of discontinuities. But this 
makes ¥(x, h,) a function of Class I at most. Hence D,,F is Borel measurable on (a, 6), and conse- 
quently measurable relative to w. 
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on the same interval of the set A;. By using Lemma I it is possible to get a 
finite set (x,, x. +4,) of these intervals for which 
(3) | meo(az, hn) — mo(en)| <e. 
Since F(x,—0) exists there is a point x/ to the left of x, with x/ >2,_, for 
which 

F(x~ + hy) — F(xk) 


© mu(xp, hy) me 





We then have 
(5) > | F(xe + In) — F(xd)| < 2M. 

By grouping together the intervals of the set (x:, x.+/%) which correspond to 
a particular value of 7 in (4) and by making use of (1), (3), (4) and (5) we get 
Dii-vma(e)) < 2M +2, 
where 7 can be made arbitrarily small by taking ¢ sufficiently small in (1) 


and (3). We thus get 
f | DoF | do < 2M. 


&N 
The left side of this inequality does not decrease as N increases; the set ev 
tends to include all points of the set e at which D.F is finite. The set e con- 
tains all of the interval (a, b) except at most a set of w-measure equal to zero. 
Thus the existence of 


) 
lim f | DuF+| do = f |DwF+| do = f | DoF*| do 
en e a 


N-«@ 


is established. From this and the fact that D.F+ is measurable relative to w 
it follows that D..F+ is summable with respect to w. 

Let ce be the set complementary to the set e at which D.F* is finite. 
Put ce in a set of non-overlapping open intervals (a1, 81), (a2, 82), - - - and 
fix n sufficiently great to insure that 


(6) >| FG) — Fla)| <e. 


n+1 


Let (/;-1, 1;) be a sub-division of (—«, ©), and e; the part of e for which 
l_1<D,F+ <l;. Put e; in a set of open intervals A; for which 


(7) mw(A;) _ mu(e;) < & 


and >> |Iie; |<. Put a Lebesgue chain of intervals on (a, b) as follows: 
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If x, is the left-hand end point of an interval of the set (ai, 8;), let %x41 
be the right-hand end point of this interval. If x, is not the right-hand end 
point of such an interval let x,,; be a point of e so fixed that 


Lepi — Xe < Bi — a; (i = 1,2,---,m) 
and 
F(x — 0) — F(x, — 0 
(8) (*e41 ) (xe bh 


mu Xx, XK41) 





where 7 is the subscript of the set e; containing x;,, and where x;, x41 are both 
on the same interval of the set A;. If } does not belong to ce, summing over 
the intervals of this chain we get from (6), (7), and (8) 


(9) F(— 0) — F(a) < Limale) ++ DH{FG) — Fla)} +6 


where 7 may be made arbitrarily small by taking e sufficiently small in (6) 
and (7), and >-mw(a;, B;) sufficiently small. If 6 belongs to ce it may, since 
F(b+0) =F(b), be interior to an interval of the set (a;, 8;). In this case the 
left side of (9) becomes F(b) — F(a). Hence in any case it is easily seen that 


(10) F(b) — F(a) < | D.Ftdw + Y (Fe) — F(a)} +7’, 


n=1 


where 7’ tends to zero with }>mw(a;, 8;). Working in a similar manner with 
D.F., we arrive at inequality 


(11) F(b) — F(a) > | D.Fsdw + DO{F(B) — F(ai)} +0”. 

e n=1 
From (10) and (11) it follows that if D,.F+ =D.F, except for a set of w-measure 
equal to zero, then, as mw(a;, 8;) tends to zero, 


> {F(8;) — F(a} 


n=1 


tends to a limit v. And if D.F exists* except for a set of w-measure zero, we 
get the following two theorems. 


* By methods similar to those used in the case of ordinary derived numbers we have shown that 
the set of points at which all four derived numbers are finite and not all equal has w-measure zero. 
This, with the above reasoning, shows that if F is of bounded variation relative to w then D,,F exists 
except for at most a set of w-measure zero. To conserve space we are omitting this discussion. It is 
our intention to include it in a paper dealing with derived numbers and Perron integrals with respect 
to functions of bounded variation. 
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THEOREM IV. Jf F is of bounded variation relative to w then 
b 
F(b) — F(a) = f D.Fdw + 9. 


THEOREM V. [f F is absolutely continuous relative to w then 


F(b) — F(a) = f ” D.Fdeo. 


6. Derivatives and integrals with respect to functions of bounded varia- 
tion. Let a(x) be a function of bounded variation on (a, b). For any function 
F(x) let 

x(x, h) -<t - a. h > 0, a(x + h) — a(x — 0) #0, 
F(x + h) — F(x + 0) 
” ede + h) — als + 0) 


= 0 otherwise. 








» h<0, a(x + h) — a(x + 0) € 0,7 


If x(x, #) tends to a limit as / tends to zero this limit is the derivative of f 
with respect to a, D,F. 

Let w(x) be the total variation of a(x) on (a, x). Then Dua =g = +1, except 
for at most a set of w-measure zero.* Let / be such that mw(x, h) ~0, and 
divide the numerator and denominator of the ratio defining x(x, h) by 
mw(x, h). By letting / tend to zero through such values it follows immediately 
that 

DF = DF /g 


except for at most a set of w-measure zero. 

A function is said to be of bounded variation, absolutely continuous, 
measurable, summable relative to a, when it possesses the corresponding 
property relative to w, the total variation of a. Measurability of sets relative 
to a is likewise defined. 

Let f be a function on (a, 6) which is summable relative to a. Then we 


define 
b b 
f fda = f fedw. 


The following theorems are now easily obtained. 


* Daniell, these Transactions, vol. 19, p. 361. The result there given evidently holds for the pres- 
ent definition of a derivative. 
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THEOREM VI. Jf F is of bounded variation relative to a, then DF exists 
except for at most a set of a-measure zero and 


F(b) — F(a) = f ” DeFda + 9. 


THEOREM VII. Jf F is absolutely continuous relative to a, then DF exists 
except for at most a set of a-measure zero, and 


F(b) — F(a) = f ” DeFde. 


7. Finite derivatives with respect to non-decreasing functions. Under the 
definition laid down for a derivative, D.F is independent of the value of F 
on intervals throughout which w is constant. It will make for simplicity if, 
in this section, F is restricted to be constant on such intervals. 


THEOREM VIII. If D.F is finite at each point of (a, b) and summable rela- 
tive to w, then 


ff rrae = F(b) — F(a). 


We prove first that F is absolutely continuous relative to w. Since D.F 
is summable relative to w so also is |D.F |. Let Jo, h, - - - be a sub-division of 
(0, ©), and let e; be the part of (a, b) for which /;_1<D.F </;. Put e; in a set 
of non-overlapping open intervals A; so that 


mw(A;) — mw(e;) < 6 


where > ¢,/;<«. Given any point x; on (a, b) select a point 2,4: to the right 
of x, as follows: If the given point is an interior point of an interval through- 
out which w is constant, or the left-hand end point of such an interval at 
which w is continuous, then x; is the right-hand end point of this interval. 
In this case we have 


F(xn41 eee 0) —- F(x, = 0) =0 


even when x; is the left-hand end point of such an interval. For if w is con- 

tinuous at such a point x, so also is F. Otherwise D.F could not be finite. If 

x, does not belong to the foregoing category of points, select x,4: so that 
F(xn41 _~ 0) > F(x, aia 0) 


mo(Xe, Xk+1) 





<li, 


and so that x, and x,4; are on the same interval of the set A;, where 7 is the 
subscript of the set e; containing x,. Starting with the point a, this process 
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defines a chain of intervals on a<x<b. Summing over the intervals of this 


chain we get 
D> | F(xep1 — 0) — F(xx — 0)| < Solimo(e,) +. 
Hence 
FO-0)-F)s f | D.F| de 
asz<b 
and 


b 
|F(6) — F(a)| < f | D.F| do. 


Likewise, if (a;, b;) is any set of intervals on (a, 5), then 


bo 
DF) — F(a)| < xf | DeF | do. 


But since |D.F'| is summable relative to w the right side of this inequality 
tends to zero with > \mw(a;, b;). From this we conclude that F is absolutely 
continuous relative to w. Theorem VIII now follows from Theorem V. 


THEOREM IX. If D.F is finite at each point of (a, b) it is possible to determine 
F(b)—F(a) in at most a countable set of operations. 


For the proof of this theorem some preliminary considerations are neces- 
sary. 

I.* Let P be a perfect set on (a,b). Then the points of P in every neighborhood 
of which D.F is unbounded for x on P are non-dense on P. 

Suppose the contrary to be true. Let Ax, 7, be a sequence of pairs of posi- 
tive numbers, A, tending to infinity and 7, tending to zero. Let @ be an inter- 
val containing points of P on its interior. Then there exists a point P’ interior 
to a for which 

| F(P’ + h) — F(P’ — 0) | 


> An- 
muw(P’, h) 





Since P is perfect, P’ is a limit point of points of P either on the right, or on 
the left, or both. In the first case it easily follows from (2) that there exists a 
point c, to the left of P’ and an interval ¢, on a with P’ as left-hand end point 
such that for x on on 
F(x) — F(én) 
(1) —————| > 
mo(x, Cn) 

and |c,—x|<m,. In the second case there exists a similar inequality with 
c,>P’. In either case the interval ¢, contains points of P. Hence in the fore- 

* A discussion similar to this is given by Nalli, Esposizsione e Confronto Critico delle Diverse Defi- 
nizioni proposte per V Integrale Definito di una Funzione Limitata o No, Palermo, 1914. 
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going reasoning it is possible to replace a by oa, and arrive at an interval 
¢n41 interior to o, and an inequality similar to (1) with x on ons; with Any 
and 7n4: replacing A, and 7,, and with longi — | <mn41. For the sequence of 
intervals thus determined og, contains o,4;, and mo, tends to zero as m in- 
creases. Hence this sequence of intervals defines a single point £ which is a 
point of P, since it is a limiting point of points of P. But for all values of 
we have 


> An. 
mw(E, Cn) 


Hence D.F(é) is either infinite or does not exist. We have thus arrived at a 
contradiction, which proves I. 

Let P be any perfect set on (a, 6), (a;, 8;) the intervals contiguous to P. 
Let >> |F(8;—0) —F(a:+0) | diverge. Then there is at least one point P’ of 
P such that, in every neighborhood of P’, }> |F(8;—0) —F(a;+0) | diverges, 
where (a;, 8;) are the intervals of (a;, 6;) in this neighborhood. We prove 

II. The points P’ are non-dense on P. 

Let a@ be an interval on (a, b) containing a point of P’ on its interior. Then 
if \ and 7 are any two positive numbers it is possible to find (a;, 8;) on a with 

|8:—a;|<m, and such that 
| (8: — 0) — F(a: + 0)| 


1 > 3x. 
( ) mw(ai, Bi) 





For any such value of 7 


|F(8:+0)—F(a:—0)| |F(@:+0)—Flait+0)| |F(8;—0) —F(a;—0)| 


mou(ci, Bi) mwa, B:) ma(ai, B;) 





cannot all be less than X. For if we assume the last two each less than \ we 
have 


F(6; — 0) — F(a; + 0) F(6; + 0) — F(a; — 0) 


mw(a;, B;) mw(a:, B;) 





< 2h, 


which, with (1), shows that the first is greater than X. To be definite let us as- 
sume that 
F(@; — 0) — F(a; — 0 
sa (B:— 0) — F(a 0) 
muw(a;, Bi) 





Since P is perfect, a; is a limit point on the left of points of P. It then follows 
from (2) that there exists a point c with a;<c<{; and an interval o with a; 
as right-hand end point such that for x on o 
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| F(c) — F(x) | 


mw(x, Cc) 





? 


and |x—c|<v. Either of the other two possibilities leads to a similar relation. 
If now it is assumed that II is denied, the argument used in the proof of I 
shows the assumption to be untenable, and hence leads to the truth of II. 

III. Let (1, m) be an interval on (a, b) containing a closed set E. Let (ai, 
B;) be the intervals on (1, m) contiguous to E. Let DF be bounded on E, and let 
> |F(6:—0) —F(a:+0) | converge. Then 


F(m — 0) — Fi +0) = f D.Faw + YFG: — 0) — F(a: + 0)}. 


Let (LZ, U) be the range of D..F on E, and (I;_1, /;) a sub-division of (Z, U). 
Let e; be the part of £ for which /;_: = DF <l;, and let A; be a set of open in- 
tervals containing e; with mw(A;)—mw(e;)<e. Let B,=(a1, Bi), ---, (Qn, 
Bn), where is such that 


(1) >| FG; — 0) — F(a: + 0)| <e. 


i=n+1 
Let 6, be the minimum of 8;—a; (i=1, 2, - - - , m). Fix x: so that 
| F( + 0) — F(x: — 0)| <«, and x, —1 < &. 

Let y be the interior points of intervals throughout which w is constant, to- 
gether with the left-hand end points of these intervals at which w is contin- 
uous. It follows that F is continuous at these left-hand end points, since 
otherwise D,F could not be finite at such points. Let x, be any point on 
41 <x<m. Associate with x, a point 2,4: on (x1, m) and to the right of x, as 
follows: 

(a) If x, is a left-hand end point of an interval (a;, 8;) and a point of y, 
select x,4: so that 


(3) wet. — Xk < Sn, 

(4) Teta < Bi, 

and 

(5) | F(xz + 0) — F(xey1 — 0)| < (8; — ai). 


(b) If x, is a left-hand end point of an interval (a;, 8;) but not a point of 
7, select 2441 so that (3), (4), and (5) of (a) hold, and so that 
F(xn41 — 0) —F — 0 
6) (e441 ) (xz — 0) che 


mu Xx, Xe) 
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where 7 is the subscript of the set e; containing x,, and where x; and x,4: are 
on the same interval of the set A,. 

(c) If x, is a point of E not coming under (a) or (b), select x41 a point of 
E for which (3) and (6) hold. 

(d) If x, is not a point of E, x;,1 is the first point of E to the right of x. 

Let (x;, x/) be the intervals of the chain coming under (a). Since F is con- 
tinuous at each x; then from (5) we have 


> | F(x! — 0) — F(x; — 0)| < €(b — a). 
If (x;, x/) are the intervals of the chain coming under (b) and (c) we have 
Dd {F(x} — 0) — F(x; - 0)} < dolimea(e;) +e€U. 


On account of (3) and (5) there are m intervals (x;, x/ ) of the chain coming 
under (d) which are associated with the intervals B, as follows: 


a, <x, < xk = Be (k = 1,2,---,m), 
and 


Y{F(ad — 0) — F(xr — 0)} — S{F@ — 0) — F(a + 0)} | <e— 0). 


k=1 


For the remaining intervals of the chain coming under (d) we have 


> | F(xeu1 — 0) — F(x, — 0)| < Tlre — 0) — F(a; + 0)| + «(6 — a) 
< el — a). 
Thus, summing over all the intervals of the chain, we have 
DoLF (x41 — 0) — F(xe — 0)} < LiFe. — 0) — F(ax + 0)} 
+ Dlama(e;) + «U + € + 2(b — a). 
> {F(«ep1 — 0) — F(x — 0)} = F(m — 0) — F(x: — 0). 


But 


This, with (2) and the fact that « is arbitrary, gives 


F(m — 0) — Fl +0) < f D.Fdw + {FB — 0) — F(a; + 0)}. 
E 


Taking e; to be the set for which /;_;<D.F S/; and using a similar argument 
we arrive at 


F(m — 0) — F( — 0) 2 f D.Fde + {FG — 0) — Fla: + 0)}. 


These two inequalities establish III. 
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We return now to the proof of Theorem IX. Let E£, be the set of points on 
(a, 6) in every neighborhood of which D.F is unbounded. This set EZ, is closed 
and, on account of I, non-dense on (a, 6). Let (a’, 8’) be an interval interior 
to an interval (a, 8) contiguous to E;. Then by Theorem VIII 

8’—0 
F(6’ — 0) — F(e’ + 0) = D.Fdw. 
a’+0 
F(8—0)—F(a+0) is now determined by letting a’ tend to a and #’ tend to B. 
Thus F(8—0) —F(a+0) is determined for all the intervals (a;, 8;) contiguous 
to Ei. 

Let £2 be the part of E, such that, in every neighborhood of a point of EZ2, 
D.F is unbounded for x on £,, together with the points of EZ, at which 
> |F(6:—0) —F(a:+0) | diverges. From I and II it follows that there exist 
intervals on (a, 6) which contain points of E; but no points of E». Let (a’, 8’) 
be an interval interior to an interval (a, 8) contiguous to E:. Then F(8’—0) 
—F(a’+0) is determined by III above. Again F(8@—0)—F(a+0) is deter- 
mined by letting a’ tend to a and #’ tend to B. 

This process can be continued, and either terminates in a finite number of 
steps, or leads to an infinite set of closed sets Ei, Es, - - - each of which is 
contained in the preceding and is different from the preceding. Such a set of 
sets is countable.* But the finite and transfinite ordinals of the first and sec- 
ond class are more than countable.t Hence £, vanishes for some finite or 
transfinite ordinal of the first or second class. It can be shown, moreover, that 
the first number y for which £, vanishes cannot be of the second class. For 
then E, would be the greatest common subset of a descending sequence of 
non-empty closed sets Ei, Z2, - - - , and hence could not be empty.{ Thus E, 
vanishes for some number 7¥ of the first class, at which stage we have, on ac- 
count of ITI, 


F(b— 0) — Fe +0) = ff D.Fio + {F(B; — 0) — Fai + 0)} 


y-1 


where (a;, 8;) are the intervals contiguous to E,_; on (a, b). This and the fact 
that D.F is finite at a and b now readily give F(b) — F(a). 

8. Finite derivatives with respect to functions of bounded variation. 
Let a(x) be a function of bounded variation on (a, b), and w(x) the total 
variation of a(x) on (a, x). For all x and / it is evident that 


* Hahn, Theorie der reellen Funktionen, 1921, p. 23; Lebesgue, loc. cit., p. 324. 
+ Hahn, loc. cit., Introduction, §4, Theorem XIV; Lebesgue, loc. cit., p. 318. 
t Hahn, loc. cit., chapter I, §2, Theorem VIII. 
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| mw(x, h)| =| a(x +h) — a(x + 0)|. 


From this it follows that 
| D.F| <| DF. 


Hence if D,F is finite so also is DF. But we have seen that 


(1) D.F = D.F/g, 


except for at most a set of w-measure zero. Let f(x) =D.F where D.F is given 
by (1), and let f(x) =0 elsewhere on (a, b). If this function f(x) is known it 
can replace D.F in the process used for determining F(b) — F(a) in Theorem 
IX. We thus get 


THEOREM X. Let a(x) be a function of bounded variation on (a, b) and let 
DF exist and be finite at each point of this interval. Then if D,F and Da are 
given it is possible to determine F(b)—F(a) in at most a countable set of opera- 
tions. 

9. Indefinite integrals with respect to a non-decreasing function. Let e 


be a set on (a, b) measurable relative to w. Let e, be the part of e¢ on (a, x), 
f(x) a function summable on ¢ relative to w, and 


F(a) = ff f(a)de. 


From the definition of an integral, and from its properties mentioned above, 
it readily follows that F(x) is absolutely continuous relative to w. We prove 


THEOREM XI. At each point of e except a set of w-measure zero, D.F exists 
and is equal to f. 

For the proof of this theorem we first establish some preliminary results. 
Let e be any set on (a, 6) with mw(e) >0. Let E be the set w(e), and E(x, h) 
the part of E contained in the set w(x, h). The right hand w-density of e ata 
point x is defined as 

mE(x, h) 


h> 0, mw(x, h) > 0 
h—0 mw(x, hy’ acne ' 


when this limit exists. The set of points « which are such that, for some h, 
muw(x, h) =0, has w-measure zero. Hence, except for a set of w-measure zero, 
we have 

‘ mE(x, h) < 
mu(x, h) 


We prove 
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Lemma II. Aé each point of e, except for a set of w-measure zero, the right 
hand w-density of e is equal to unity. 


For 0<A<1 let e, be the part of e for which there exists a sequence of 
positive numbers /; tending to zero such that 


mE(x, h;) —y 
mw(x, hi) wii 


For X sufficiently small mw(e,) >0. Then from Lemma I there exists a finite 
set of intervals A; =(«;, x: +h;) for which 


mE(x;, h;) 


mw(xi, h;) 


(1) 


(2) | mo(A;) — mw(en) | < «, 


and 


(3) | mw(Aey) = mw(e,) | <e. 


From (1) and (2) we get )-mE(x;, h;) <d{mw(e,) +e}, and from (3) )imE(x:, 
h;) >ma(e,) — «. Since <1 and € is arbitrary this is a contradiction. Hence 
the Lemma. 


Lemma III. Let e’ be any set on e which is measurable relative to w, and ce’ 
the complement of e' on E. Let f be summable on e relative to w. Then for each 
point x of e’, except for a set of w-measure zero, 


1 

nm ———- fds = 0 (h > 0). 

0 mw(x, h) Jcer(2,h) 

Suppose there is a part e, of e’ and a sequence of positive numbers /y, he, 
- + » tending to zero for which 
1 

(1) ————— fia >dr>0 

mw(x, h) ce’ (z,h,) 
x a point of e,, and mw(e,)>0. By Lemma II, except for a set of w-measure 
zero, the ratio mw { e’ (x, h;)} /mw(x, h;) tends to unity. Consequently mw { ce’ (x, 
h) | /mw(x, h;) tends to zero, except for a set of w-measure zero. In both cases 
x is a point of e,. From this and (1) it follows that, except for a part with 
w-measure zero, there corresponds to each point x of e, a sequence of positive 
values My, he, - - - , h; tending to zero, for which 
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1 mu { ce’ (x, hi) } 
(2) ———~ fdwo >, and ——————— 
mw(x, hi) ce’(z,h;) mo(x, hi) 


To this part of e, we can then apply Lemma I and get a sequence of non- 
overlapping intervals A;=(x;, x;+/,) for which (2) holds, and for which 
> mw(x;, h;) >mw(e,) — €. But this with (2) gives 


f fdw > {ma(ex) — €}, and Somw{ce’(x:, hi)} < e{w(b) — w(a)}. 
Zee’ (z;,h5) 


Then, since ¢ is arbitrary, and /.fdw tends to zero as mw(e) tends to zero, these 
inequalities lead to a contradiction. Thus the Lemma is proved. 

Returning to the Theorem which we wish to establish, let (Jn¢i-1), Ini) be a 
consecutive sequence of subdivisions of the range of (— ©, ©) for which as 
n increases /,;—/,:-1) tends to zero. By consecutive we mean that the points 
of division for =r are included among the points of division for n=r+1. 
Let e,/ be the set for which 1:1) <f<J/,;. At each point of e,/ except a null 
set on w, the right-hand w-density of e,/ is unity. If we discard these null sets 
for all values of m and i the total set discarded will still be a null set on w. 
We designate the remaining set by e,;. On én; let 


Yas = Ins, and F(z) = f Sute. 


Consider the ratio 





(3) ton F,(« + h) — F,(x — 0) 7 


h—0 mw(x, h) ho mw(x, h) J ocz,r) 


Vrdw 


for x a point of e,; with f(x) #0. Since the ratio mw {en:(x, h)}/mw(x, h) tends 
to unity as h tends to zero, and since y, is constant on e,;, the right hand side 
of (3) becomes 


1 
¥.dw + lim —— Vndw 


lim —————— 
h-0 MEni(X, Mt) J ens ( zh) ho mw(x, bh) Jeens(z,h) 


1 
=¥. + lm ——— Vnrdw. 


ho mo(x, hh) Jecens(z.h) 
Hence, since x is a point of e,;, we get, from Lemma II, 


D.F, = Wn- 
If we now set f=yY,+/,, then 





NON-ABSOLUTELY CONVERGENT INTEGRALS 


™ t,)d td 
F(x + h) — F(x — 0) " Jocw lilacs i . ; 


F, («+ h) —F,(x« — 0) f tilts 
w(z,h) 








Vnrdw 


w(z,h) 


But the last term on the right can be written 
1 1 
2a 
mMeni(x, h) J en; meni(x, h) Jeena; 


1 
/ [¥. + —— h) ta}. 


Since f(x) #0, y, is bounded from zero for all » sufficiently large. Also ¢, is 
arbitrarily near to zero for all ” sufficiently large. These facts, in conjunction 
with (4) and Lemma II, show that for a fixed m and for all / sufficiently small 
we have 


(4) 


e Fat+H-Fe-O 1, 
“Fil + b) — F(z — 0) ™ 





where e, tends to zero with m. Dividing numerator and denominator of the 
second member of this inequality by mw(x, h) we get 
F(x + h) — F(x —0 


muw(x,h) 





where, as ” becomes infinite, y, tends to f and e,, tends to zero. Thus, at all 
points x for which f(x) #0, D.F =f(x) except for a set of w-measure zero. 
Let ¢ be the set for which f(x) =0. For x a point of e we have 


F(x + h) — F(x — 0) 1 fa 
= eeemermrnnanas reel GW) 
mu( x, h) mux, h) e(z,h) mx, h) ce(z,h) 
1 
= 0+ ——_ fae. 


mux, h) ce(z,h) 





But by Lemma III the last term on the right tends to zero with h, except for 
a part of e with w-measure equal to zero. Thus at all points of E except a set 
of w-measure zero D,,.F =f =0. The same argument can be carried through for 
negative values of / and the ratio 


F(x + h) — F(x + 0) 


mw(x, h) 





10. Totalization with respect to non-decreasing functions. The process out- 
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lined above for determining F(6) — F(a) when D.F is given and finite at each 
point can be applied to any function f(x) provided this function is suitably re- 
stricted. This process is called totalization, or Denjoy integration with respect 
to w, D/? f(x)dw. We now lay down a set of conditions which will insure that 
f be Denjoy integrable. 

A. If (1, m) is an interval on (a, b) for which [fdw exists when 1<l’<m' <m, 


then 
lim f fdw 
l’—1 ,m’—m U’<z<m’ 


exists. This limit is V(l+0, m—0). 
B. If for any interval (1, m) it is possible to calculate V(l'+0, m’—0) for 1 
<l’!<m’' <m, then 
lim V(l +0, m’ —0) 


I’ 1 .m’—m 


exists. This limit is V(1+0, m—0), and 
Vil, m) = V+ 0, m — 0) + f tae + f fdw. 
l m 


C. Let (l, m) contain a closed set E on its interior. Let (a:, B;) be the set of 
intervals on (l, m) contiguous to E. Let [,fdw and V(a;+0, B;—0) exist, and 
> { V(a:+0, B:—0)} be convergent. Then 


V(l+ 0, m — 0) = f faw+ YX {V(ai + 0, Bs — 0)}. 
E 


D. Let f be such that if & is any closed set on (a, b) there exists an interval 
(1, m) containing on its interior a part E of & for which C holds. 

If the function f defined on (a, b) satisfies the foregoing conditions relative 
to a non-decreasing function w, then for this function it is possible to calculate 
V(a, b). For if & is the interval (a, b) and £, the points of non-summability 
of f relative to w, it follows from D that EZ; is non-dense on (a, 6). Hence A 
permits the determination of V(a;+0, 8;—0) for the intervals (a;, 8;) con- 
tiguous to £, on (a, b). 

Let E: be the set of points of non-convergence of >> V(a:+0, B;—0) to- 
gether with the points of non-summability of f over £, relative to w. It follows 
from D that this set EZ, is non-dense on £;. Then C, followed by B, permits the 
determination of V(a;+0, 8;—0) for the intervals (a;, B;) contiguous to Ez. 

This process can be continued. If y is a finite or transfinite number of the 
first class, then E, is the set of points of non-summability of f over Ey: 
relative to w, together with the points of non-convergence of >> {V(a;+0, 
B:—0)} where (a;, 8,) are the intervals contiguous to E,_:. As in the case of 
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E:, C followed by B permits the determination of V(a;+0, 8;—0) for these 
intervals. 

If y is a transfinite number of the second class then it is the set common to 
an infinite sequence of closed sets E,,, y’<+y. If (a:, 8;) is an interval con- 
tiguous to E,, and (a’, 8’) an interval for which a;<a’<$’ <8, then on (a’, 
6’) E,, vanishes for some ’<. Hence, in the process of arriving at the set 
E,, V(a’ +0, 8’—0) has been obtained. Then B permits the determination of 
V(a:+0, 8;—0) for every interval (a;, 8:;) contiguous to E). 

This process leads to a set of closed sets E;, E2, - - - each of which is con- 
tained in the preceding and is different from the preceding. Precisely as in 
Theorem IX it can be shown that there exists a finite or transfinite number 
of the first class for which 


V(a + 0, b — 0) -f fd + V(a: + 0, B; — 0), 


Sas 


where (a;, 8;) are the intervals contiguous to Z,. Then 


V(a,0) = V(a+0,b—0) + ff faa + f fa. 


This number V(a, b) is called the total definite or definite Denjoy integral 
of f over (a, b) with respect to w. If condition D above holds for the particular 
sets E,, Ez, - - - used in the process of totalization, it holds for every closed 
set on (a, 6). This is shown as in the case of totalization relative to x.* 

11. Approximate derivatives and indefinite Denjoy integrals. The func- 
tion F(x) is said to possess an approximate derivative relative to w if p(x, h) 
tends to a limit as # tends to zero with x+/ on a set of density equal to unity 
at x. If f(~) satisfies the above conditions for being totalizable then a function 
F(x) is defined by 


F(x) = Df fas. 


This function is the indefinite Denjoy integral of f with respect to w. The 
existence of F(x+0) and F(x—0) follows from A and B. We prove 


THEOREM XII. The approximate derivative relative to w of F(x) is equal to 
f(x) at each point of (a, b) except at most for a set of w-measure zero. 


The proof of this theorem depends on 


* Lebesgue, loc. cit., pp. 229-231; Hobson, Functions of a Real Variable, §466. 
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Lemma IV. Let e be any closed set on (a, b) with mw(e)>0. Let 5; be the 
intervals on (a, b) contiguous to e. Let f(6;) be a positive-valued function of these 
intervals, and let 

s(x, h) = >/6i), 
i 
where 5; is the part of 5; on the interval (x, x+h). Then for each point x of e 
except a set of w-measure zero the ratio s(x, h)/mw(x, h) tends to zero with h pro- 
vided x+h is a point of e. 


Suppose the lemma to be false. Then for a part e’ of e with mw(e’) >0 

we have 
s(x, h) 
(1) lim sup -———_ > 0, 
h—0 | moo(x, 1) | 

x a point of e’ and x+/ a point of e. There is evidently no loss of generality in 
assuming that / is of fixed sign in (1). We assume that h/ is positive, and let 
e, be the part of e’ for which the left side of (1) is greater than \. Then for 
each point «x of e, there exists a sequence of positive values 4; tending to zero 
for which 


(2) _ s(x, h;) 


muw(x, hi) 


Since >> f(5,;) converges, m may be fixed so that 


(3) df.) <e. 
n+1 

The points of e, must be points of continuity of w. For at a point of discon- 
tinuity of w the ratio s(x, h)/mw(x, h) tends to zero with h, since the denom- 
inator is bounded from zero and >> f(é;) converges. Hence the points of e 
which are end points of 6, 52, - - - , 5, being points of continuity of w, have 
w-measure zero. Consequently all of e, except at most a set of w-measure zero 
is interior to the intervals complementary to the set 6,, 52,---, 5,. For a 
point x of e, which is interior to one of these complementary intervals the 
sequence h; in (2) may be so restricted that x and x+h; are both on the 
same interval of this complementary set. Then, applying Lemma I it is pos- 
sible to determine on the intervals complementary to 6:1, de, - - - , 6, a finite 
non-overlapping set of intervals A; =(x;, x;+4;) for which 


5(x;, hj) 


7 | mw(x;, h;) 


>A, and Dime(A;) > mw(e,) — €. 
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Thus we get 
Lis(xi, h;) >A Doma x;, h;) > d{ moo(e) 7 e} ° 


But this, with (3), gives 
e > d{mw(ex) — e}. 
Since mw(e’) >0, \ may be fixed so that mw(e,) >0, and e is arbitrarily small 


independently of \. Thus we are led to a contradiction, which establishes the 


lemma. 
Proceeding with the proof of Theorem XII we consider the ratio 


F(x + h) — F(x — 0) © 1 ath 


mw(x, h) mu(x, i) . 





(1) fdw. 


If x is on an interval contiguous to £, it follows from Theorem XI that this 
ratio tends to f(x) except for at most a set of w-measure zero. Hence Theorem 
XII holds on the intervals contiguous to F;. 

Let x and x++ be on an interval contiguous to £; with both of these points 
belonging to E;. The ratio (1) then becomes 


(2) ~ | fjord "fae |, 


max, h) 1(2,h) aj+0 


where (a;, 8;) are the intervals on (x, x+h) contiguous to Z;. If in Lemma IV 
we put 6;= (a,;, B;) and 


Bj—0 
f@i) =| f fa, 
aj+0 

it follows that the second term on the right of (2) tends to zero with h, except 
at most for a part of E, of w-measure zero; while from Theorem IX it follows 
that the first term tends to f(x) except for at most a set of w-measure zero. 
But from Lemma II, at each point of EZ, except at most a set of w-measure 
zero the w-density of E, is unity. We conclude therefore, that, on the intervals 
contiguous to £2, F(x) has an approximate derivative equal to f(x) except for 
at most a set of w-measure zero. 

It is evidently possible to continue this process and by finite and trans- 
finite induction arrive at the truth of Theorem XII for the interval (a, 0). 

In (2) x+h is restricted to be a point of £;. Without this restriction (2) 
contains an additional term 


— i) fos ™ 


SE GLEN EE LON RARE EA 
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It is thus evident that F has a derivative with respect to w at « only when this 
term tends to zero with h. 

13. Properties of Denjoy integrals with respect to non-decreasing func- 
tions. If w is a non-decreasing function on (a, b) and f is Denjoy integrable 
with respect to w, it follows from the definition of this integral that 


(I) D [fs = D fdw + D fdw 
a aSzSec e<zib 
when a<c<b. 
If f; and fe are two functions on (a, b) which are Denjoy integrable rela- 
tive to w, then their sum is Denjoy integrable, and 


(ID) Df th 4+ ile « Df fadw+ Df fut 


Let £, be the points of non-summability of f; and fe. If (a, 8) is an interval 
contiguous to Z£, and (a’, 8’) an interval for which a<a’ <f’ <@, then fi, fe, 
and fi+/2 are summable on (a’, 8’) relative to w, and 


p’—0 p’—0 B’—0 

f- (fi + fe)dw = fidw + fodw. 
a’+0 a’+0 a’+0 

Hence, by letting a’ tend to a and f’ tend to 8, we see that 

(1) Via + 0, 8 — 0) = Vila+ 0, 8B — 0) + V2(a + 0, B — 0). 


The functions fi, fe, and f:+/2 satisfy condition D above relative to any closed 
set on (a, 6). Let E, be the points of E, which are points of non-summability 
of either f; or fe over E, with respect to w, together with the points of EZ, at 
which either >> V:(a;+0, 8;—0) or >> V2(a;+0, 8;—0) diverges. The set E, is 
closed. Since condition D is satisfied by fi+/2 it follows that if (a, 8) is an 
interval contiguous to E; and (a’, 8’) an interval for which a<a’ <8’ <8, then 


(2) V(a' + 0, B’ — 0) = fu + fe)dw + D'V(ai + 0, 6: — 0), 
where E£ is the part of E; on (a’, 8’) and (aj, 8;) the intervals on (@’, 8’) con- 
tiguous to E. But from (1) it follows that 
V(a; + 0, 8; — 0) = Vila; + 0, 8B; — 0) + Vala: + 0, Bs — 0), 
and this with (2) gives 
V(a’ + 0, 8’ — 0) = Vila’ + 0, B’ — 0) + V2(a’ + 0, B’ — 0). 
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By letting a’ tend to a and #’ tend to 8, we get 
V(ia+ 0,8 — 0) = Vifa+0, 6 — 0) + Vola + 0, 8 — 0), 


where (a, 8) is any interval contiguous to E>. It is evidently possible to con- 
tinue this process and by finite and transfinite induction arrive at the truth of 
II. 

Let the functions u, v, and uv be indefinite Denjoy integrals on (a, b) with 
respect to w. Then there exists a function f(«) such that 


[uo]: = D f “f(a)de, 


and by Theorem XII the approximate derivative of uv with respect to w is 
given by 
d..(uv) = f(x) 
except for a set of w-measure zero. It follows from the definition of a Denjoy 
integral with respect to w that the functions w and v have discontinuities of 
the first kind only. Hence for 4 tending to zero through properly chosen posi- 
tive values we get 
_ Ux + h)o(x + h) — u(x — 0)o(x — 0) 
d,(uv) = lim 
h—0 mu(x, h) 
; u(x + h) {v(x + h) — v(x — 0)} 
lim 
h—0 mu(x, h) 
v(x — 0) { u(x + h) — u(x — 0)} 
+ 
ma(x, h) 
= u(x + 0)d.v + v(x — O)dau. 











By letting / tend to zero through negative values we get in a similar manner 
d,(uv) = u(x — 0)d,v + v(x + O)d.u. 
Hence if 
i = 3 {u(x +0) + u(x — 0)} and d = 4{o(x + 0) + o(x — 0)}, 
then 
d.,(uv) = tidv + id,u = f(x) 


except for at most a set of w-measure zero. Consequently 


[uo]. = pf {tidv + dd,u} dw. 
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By II we get 


b b b 
D f {tid.v + id,u}dw = D f tidvdw + D f id,udw, 


provided the integrals on the right exist. When this is the case we have 
b b b 
(IIT) D f ud,vdw = [uv], — D f vd,udw, 


as a formula of integration by parts for Denjoy integrals with respect to a 
non-decreasing function. 

We now proceed to a derivation of the Second Law of the Mean* for Den- 
joy integrals with respect to non-decreasing functions. First let ¢(x) be non- 
increasing, bounded, and positive or zero on (a, 6), and let f(x) be Denjoy 
integrable. Also let @ and w have no discontinuities in common, and let w 
be continuous at b. Since ¢ is bounded and of one sign it easily follows that 
fe is Denjoy integrable with respect to w. Let n= {¢(a+0)—¢(b—0)}/n. 
Then for 1<k<m-—1 there exists x, such that ¢(a+0)—ke,=¢(x;), or 
(x. +0) < ¢(a+0) —ke,<G(x,—0). There are thus defined distinct points 
ai,xf,--+-,x,/ on (a, b) (pS<n—1). Starting with x/ change each point x/ 
which is a point of continuity of @ but not a point of continuity of w to a new 
point x, which is a point of continuity of w. This can be done in such a way 
that both |¢(x/)—@(x:) |<«,/2, and the new points 21, x2, - - - , #» are dis- 
tinct and in the same order as xj, x7,---, xp. On aSx<x;, let ¢,(x) = 
o(a+0); on a1 S4<4x let $,(x)=G(41+0);---; on x, Sab let g(x) = 
¢o(x,+0). Then, except for the points x, - - - , Xp, b, 


| n(x) — o(x)| < en. 
We have, where the integration is in the sense of Denjoy, 


6 
f fondw = o(a + 0) fdw + o(x1 + 0) fdo+--- 


asz<z, z,Sr<zq 


+ (ay + 0) fae 
ZpSzSb 


= F(x, — 0) {¢(a + 0) — ¢(*1 + 0)} 
+ F(x2 — 0){¢(x1 + 0) — o(x2 + 0)} + --- + F(b)(x, + 0), 


where F(x) = ifdw. Since the coefficients of F(x;—0) and F(b) are positive or 
zero it follows that 


* Hobson, Proceedings of the London Mathematical Society, (2), vol. 7 (1909). 
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) 
f Sondw = No a + 0), 


where W lies between the greatest and the least of the numbers F(x;—0), 
F(b) (¢=1, 2, ---, p). Since F(x) has discontinuities of the first kind only, 
there evidently exists at least one point &, such that 


N = F(g, — 0) + 0{F(én + 0) — F(n — 0)} (—156<1). 


Hence 
b 
[Houde = $(0 + O)[F Es — 0) + OfF (Es + 0) — Fe — 0}. 


Since #1, %2, - - - , #, and b are points of continuity of w we get 


f feta — ff Aute “ f (@ — n)fdw | < 2en ff % ore 


where 7, is arbitrarily small for » sufficiently large. Thus we have 


(1) [1920 — $(a + 04 Ji + af, sao} <w. 


As n becomes infinite é, has at least one limit point £. There are three cases to 
consider. 
(a) &,=£ an infinite number of times. In this case it follows from (1) that 


ff 1020 = o(a + 0)4 fie tof fa} (-1<6<1). 


(b) There is a sub-sequence of £, tending to & from the left. We have for 
this sub-sequence 


f tie f gis fdeo. 
aSz<t aSz<, finSz<t 


Since F(—0) exists the second term on the right tends to zero as m increases; 
for the same reason f;, fdw tends to zero as m increases. Hence in this case we 
have from (1) 


f ‘fate = e+ 04 f fie +8 J faut (@ = 0). 


(c) There is a sub-sequence of é, tending to & from the right. In this case 
we have 


| 
| 
: 
; 
' 
: 
f 
‘ 


Palsetee teeth StS pel coats Be on. eeadteiltier en ie Bees atleeat ta 
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f fdw -f fdw — f fdw. 
asSzsit aSz<i, §<2<é, 


Here, again, on account of the existence of F(+0) both the last term on the 
right and f;, fdw tend to zero as m increases. Hence we have 


[120 = oo + of ___ fie +0 f fa} 


Thus in every case 
b 

(2) f feds = oa +0)4 jaw +0 f jaw (-—1<0< 1). 
a asz<é é 


In a similar manner it can be shown that 


(3) Jf Haw = 6 - of f__faoto f sao} (-1<0<), 


where ¢ is non-decreasing and non-negative. 
Let ¢ be unrestricted as to sign, and non-increasing. By applying (2) to 
the function ¢(x) —¢(b—0) we arrive at 


b 
f foto = +0) f  faot+oo-0) f fae 
(IV) a asz<t tS2zsb 


+ 0{d(a + 0) — (6 — 0)} f fae, 
g 


where —1<@<1. Similarly, if ¢ is non-decreasing, by applying (3) to the 
function ¢(x) —¢(a+0) we get 


b 
f fod = $(a + 0) f fio+¢(b-0) [  fdw 


rst §<2Sb 


(v) 
+ 6{4(b — 0) — g(a + 0)} f fae 
gE 


where —1 5031. 

Results IV and V take different forms if the restrictions in regard to the 
points of discontinuity of ¢ and w are changed. For example, if w is discon- 
tinuous at 6 then these results hold with )—0 replacing b throughout. If no 
restriction is placed on the points of discontinuity of @ and w, then the 
right side of both IV and V contains a term 
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S {6() — o(& — 0) } fdo, 
where é; is the common set of discontinuities of these two functions. 

13. Denjoy integrals with respect to functions of bounded variation. Let 
a(x) be a function of bounded variation, and w(x) the total variation of a(x). 
Let f be Denjoy integrable with respect to w. Then D/,*fgdw exists, where 
g=D.,a. For if ¢:=1 where g=1, ¢:=0 elsewhere, ¢.=—1 where g=—1, 
¢2=0 elsewhere, then, except for at most a set of w-measure zero, 


g = oi + oe. 


Since ¢; is of one sign and bounded, D/,*f¢,dw exists (i =1, 2). Hence, by II 
above, we have 


b b b b 
Df fgdw = bf (oi + ¢2)dw = D f fordo+D f fo2dw. 


By definition, 


Df fia= Df feiw. 


It now follows readily that the results of §§10 and 11 hold for Denjoy inte- 
gration with respect to a. 
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SURFACES AND CURVILINEAR CONGRUENCES* 


BY 
ERNEST P. LANE 


1. INTRODUCTION 


A curvilinear congruence in ordinary space is customarily defined to be a 
two-parameter family of curves. The differential geometry of curvilinear con- 
gruences has been studied notably by Darboux and Eisenhart. f If the curves 
of a curvilinear congruence are straight lines it is called a rectilinear con- 
gruence. 

The projective differential geometry of a surface in ordinary space has 
been greatly enriched by the consideration of certain rectilinear congruences 
associated with the surface, the lines of each congruence and the points of the 
surface being in one-to-one correspondence. But little has been done in the 
way of extending this theory to include curvilinear congruences similarly 
associated with a surface. The purpose of this paper is to begin the study of the 
projective differential geometry of the configuration composed of a surface 
and a curvilinear congruence, the points of the surface and the curves of the 
congruence being in one-to-one correspondence. 

In §2 a few preliminary ideas about curvilinear congruences are explained. 
In §3 the analytic foundations are laid for the study of the configuration 
before us. §4 is devoted to a special type of congruence, namely a congruence 
of plane curves one of which lies in each tangent plane of a surface. Still more 
specially, conics in the tangent planes of a surface are considered in §5, and 
plane cubic curves in §6. Finally §7 contains some general considerations 
concerning a curvilinear congruence of which a given surface is a transversal 
surface; the special case in which the curves are conics is discussed briefly. 


2. CURVILINEAR CONGRUENCES 


The purpose of this section is to explain a few preliminary ideas about 
curvilinear congruences in ordinary space. 

A curvilinear congruence may be represented analytically in the following 
way. Let us suppose that the four homogeneous coérdinates x’, ---, xt ofa 
point P, in ordinary projective space are given as analytic functions of three 
(and not fewer) independent variables /, u, v by equations of the form 


* Presented to the Society, April 9, 1932; received by the editors February 3, 1932. 
t Darboux, Surfaces, vol. 2, p. 1. 
t Eisenhart, Congruences of curves, these Transactions, vol. 4 (1903), p. 470. 
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(1) x = x(t, u,v). 


If we hold u=const., »=const. while ¢ varies, the locus of the point P, is a 
curve C;. The totality of all such curves, obtained by giving different pairs 
of fixed values to ~, v while ¢ varies, is a curvilinear congruence I’,. 

If we hold ¢=const. while u, v vary, the locus of the point P, is a surface 
called a transversal surface S.» of the congruence I’,;. The tangent plane of S,. 
at a point P, is determined by the three points x, x,, x, and ordinarily does 
not contain the tangent line of the curve C; at P., which is determined by the 
two points x, x, Consequently the four points x, x,, %., %, are ordinarily not 
coplanar, and then we have the inequality 


(2) (x, Xt, Xu, Xr) # 0, 


a determinant being indicated by writing only a typical row within paren- 
theses. 

In the presence of the inequality (2) it is easy to show that the codrdinates 
x are solutions of a completely integrable system of six linear homogeneous 
partial differential equations of the second order expressing each of the second 
partial derivatives of x as a linear combination of x, «;, %,, x». This system can 
be conveniently written in the form 


Suu = px t+ ax, + Cx, + Lx, 

Loy = Gx + Pry + Bx, + Nx, 

= 1x + Rx, + Ax, + YX, 

Xun = CX + ax, + bx, + Mx, 

Loe = nx + Oxy, + lx, + mxi, 

Xiu = hx + gxy + Buy + fxr. 
In his Columbia doctoral dissertation G. M. Green used a system of the same 
form* in studying triple systems of surfaces. Since Green calculated the in- 
tegrability conditions for his system we shall not rewrite them here, although 


Green’s notation differs somewhat from ours. 
Those exceptional points of a curve C; at which the equation 


(4) (x, Xt, Xu, Ly) = 0 


is valid are called focal points of C,. The locus of a focal point of C,, as C; 
varies over the congruence I’,, is spoken of as a focal surface of T;. Any equa- 
tion of the form 


* Green, Projective Differential Geometry of Triple Systems of Surfaces, Lancaster, Pa., The New 
Era Printing Company, 1913, p. 2. Hereinafter cited as Green’s Thesis. 
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v = v(u) 


defines a surface generated by a curve C; when u varies; such a surface is 
called simply a surface of the congruence T,. It is known* that at a point of a 
focal surface all surfaces of a congruence are tangent to each other. 

A surface of a congruence I’; on which the curves C; have an envelope is 
called a principal surface of T;. It is known that each envelope curve lies on a 
focal surface, and that each envelope curve is a singular curve of the principal 
surface on which it lies. There are ordinarily as many principal surfaces 
through a generator C; as there are foci on C;. In the special case of a recti- 
linear congruence each generator has ordinarily two foci, so that the congru- 
ence has ordinarily two focal surfaces (or a focal surface of two sheets); the 
principal surfaces are developables, of which there are two through each 
generator. 


3. ANALYTIC BASIS 


The analytic foundations for the general projective theory of a surface in 
ordinary space will first of all be surveyed. Then the analytic basis for the 
projective study of a surface and a curvilinear congruence with the points of 
the surface and the curves of the congruence in one-to-one correspondence 
will be established. ~ 

When the four homogeneous coérdinates x of a point P, in ordinary space 
are given as analytic functions of two (and not fewer) independent variables 
u, v, the locus of P,, as u, v vary, is a proper analytic surface S. When the 
surface S is not ruled and is referred to its asymptotic curves, the codrdinates 
x are known to satisfy a system of two equations of the second order which 
can be written in Fubini’s canonical form 


Luu = px + Onn + B2., 


6 
( Lov = GX + Y*u + Oy Xy (0 = log By). 


The coefficients of these equations are functions of u, v and satisfy three in- 
tegrability conditions which can be written in the form 


lL, = By, mM, = Byv, 
Bove = Bm, = 2mBy = Von he —- ru; 


(7) 


where 
¢ = (log By*)u, 1= 2p + BY +02?/2 — Ou, 


8 
©) y = (log B*y),, m= 2qg+ yo + 07/2 — Oy. 


* Darboux, loc. cit., p. 4. 





1932] SURFACES AND CURVILINEAR CONGRUENCES 679 


The points x, x., X», Xu» are ordinarily not coplanar and may be used as the 
vertices of a local tetrahedron of reference with a unit point chosen so that a 
point X defined by an expression of the form 


(9) X = fut gxut hry + kxuy 


shall have local codrdinates proportional to the coefficients f, g, h, k, which 
are supposed to be not all zero. Let the coefficients f, g, h, k be functions of 
u, v and a third variable ¢. Now equation (9) is of the same form as equation 
(1), and defines a congruence I’, whose generators C; are in one-to-one corre- 
spondence with the points P, of the surface S. 

In order to determine analytically the foci of the curve C; corresponding 
to a point P, we proceed as follows. Differentiation gives immediately 


Xi = Sx + 8tXu + hit, + ReXury 
(10) Xy = Sut + f+ Su) Xu + IuXy + (h + Ru) Xuv + SXuu + Runes 
X» oe Sox + Sv%Xu + (f+ hy) x» + (g + kv) Xu» + htes + Riwes. 


By means of system (6) and equations obtained therefrom by differentiation, 
each of X,, X, can be expressed as a linear combination of x, xu, %», Xuv. Then 
substituting X, X,, X., X, in equation (4) in place of x, x;, xu, %» respectively 
and reducing by means of elementary properties of determinants we obtain 
the desired equation for determining the foci of the curve C;, namely, 

£, g; h, k 

Sts 8t, ht, ke =0 

fut sptk(prt8q), gutf+sOutk(Brt+Our), but gBt+kp+By), kutht+ho) ~ 
Sothgtk(qutyvp), gethy+k(q+v7¢), hot ft+hOvtk(Byt+Our), kotg+ho 

It will be observed that the left member is merely the determinant of the 
local coérdinates of the four points X, X,, X., X,. When this equation is 
solved for ¢ as a function of u, v the resulting equation 


(12) t = t(u, v) 


(11) 


may be regarded as giving the parameter ¢ of a focal point of a curve C; when 
u, v are fixed. When u, v are variable, equation (12) may be thought of as the 
curvilinear equation of a focal surface of the congruence I;. 

It is frequently of interest to know the direction dv/du through a point 
P, in which P, varies when the corresponding curve C; varies tangent to its 
envelope at a focal point X. Such a direction is such that the points X, X,, X’ 
are collinear, where we have placed 


(13) X’ = Xi, + XA (A = dv/du), 


and it is understood that ¢ is given by (12) as a solution of equation (11). 
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4. CURVES IN THE TANGENT PLANES 


The foregoing considerations will now be somewhat specialized, by sup- 
posing that the curves C, of the congruence I, are distributed in the various 
tangent planes of the surface S. Congruences of curves, one of which lies in 
each tangent plane of a surface, are found to have interesting special proper- 
ties. For example, there is a definite relation between the direction to a focal 
point of a curve and the corresponding direction through the contact point 
of the plane of the curve, which will be explained later on in this section. 

Analytically, a congruence I’, of curves C;, one of which lies in each tan- 
gent plane of a surface S, is defined by equation (9) with k=0. In this case 
equation (11) is materially simplified, as is apparent on inspection. Moreover 
when ¢ is a solution of this simplified equation it is immediately evident that 
the points X, X,, X’ are collinear if, and only if, 


(14) h+r = 0. 


Such a point X is, as we have already seen, a focal point of the curve C,. If 
the focal point X does not coincide with the point P,, i.e., if not both of h, g 
vanish, then equation (14) asserts that the direction 4/g from P, to the focal 
point X is the negative of the corresponding direction \. Geometrically this 
means that the two directions are conjugate directions. Thus we have proved 
the following theorem. 

Ata point P, of a surface S the tangent line from P, to a focal point of a curve 
C, in the tangent plane of S at P., and the tangent line in the corresponding 
direction at P, are conjugate tangents. 

This theorem is a generalization of one of Green’s well known theorems. 
To obtain Green’s theorem* we suppose that the generator C; is a straight line 
1 crossing the asymptotic tangents through P, in the points p, o defined by the 
formulas 


(15) p= x, — bx, o = x, — ax, 


wherein a, } are functions of u,v. Any point X on the line / is defined by plac- 
ing 
(16) X=ptue. 


Comparison of the formulas (9), (16) gives 
(17) =-—b-—at, g=1, h=t, k=0. 


* Green, Memoir on the theory of surfaces and rectilinear congruences, these Transactions, vol. 20 
(1919), p. 94, 
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With these values equation (11) reduces to 

(18) F + (b, — a,)t — Ge = 0, 

where F, G are defined by the formulas 

(19) F=p—b, + 16, — b? + a8, G=q —a,+ a0, — a? + by. 
Equation (14) becomes simply 

(20) t+r=0. 


The tangent through P, in the direction \ was called by Green a I’-tangent. 
So we have by this specialization arrived at Green’s theorem that the conju- 
gate of a T'-tangent passes through the corresponding focal point of the line 1. 


5. CONICS IN THE TANGENT PLANES 


The theory of the preceding section will now be further specialized by 
supposing that the curves considered in the tangent planes of a surface are all 
conics. Moreover, we shall be interested in the conics only when the position 
of each in its plane is restricted in a way which we proceed immediately to 
explain. 

Let us consider a congruence of non-singular conics with the foilowing 


properties. At each point P, of an integral surface S of system (6) the tangent 
plane of S contains just one conic C. The conic C does not pass through P,, 
and is tangent to the asymptotic tangents through P, at the points p, ¢ 
defined by the formulas (15). The local equations of such a conic C referred 
to the tetrahedron x, p, 7, %,, with suitably chosen unit point are 


(21) ys = C*yoys — yr? = 0 

where c is a non-vanishing function of u, v. A parametric representation of this 
conic is 

(22) y=, y= 1, w=, w= 0. 


Here # is the direction from the point P, to the point on the conic C whose 
parameter value is ¢. In fact, the general codrdinates X of the latter point are 
given by the formula 


(23) X=ctx+pti'c. 


Consequently the local equations of the line xX referred to the tetrahedron 
we are now using are 


(24) Ye = V3 — Pye = 0. 


Hence y;/y2 =, and it is in this sense that we speak of # as a direction. 
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It is known* that each conic C has six foci. These foci may be found in the 
following way. In the formula (23) let us replace p, o by the expressions de- 
fining them in (15). Then comparison of the result with the formula (9) gives 
(25) f=ad—b—at’?, g=1,h=?, R=0. 

With these values of f, g, , k, equation (11) reduces to 


yt® — 2Gt5/c — [2a — 0, + 2(log c)y |t4 + 2(b, — a.)é/c 

+ [2b — 6 + 2(log c). |t2 + 2Ft/c — B = 0. 
Solution of this equation for t and substitution of the roots into the formula (23) 
give the six foci of the conic C. 

An interesting special case is that in which the foci of the line / are indeter- 
minate. On inspection of equation (18) it becomes evident that the foci of the 
line / are indeterminate if, and only if, 


(27) F =0, b, —a, = 0, G=0. 


(26) 


But these are evidently necessary and sufficient conditions that equation 
(26) contain only even powers of ¢. In this case equation (14) becomes 


(28) : 2+rz=0. 


It follows that both values of ¢ corresponding to any one of the three possible 
values of \ satisfy equation (26). Thus we have proved the following theorem. 
The six foci of a conic C lie by pairs on three lines through the corresponding 
point P, if, and only if, the foci of the line l, whichis the polar line of P, with 
respect to C, are indeterminate. 
In particular, the three lines mentioned in the foregoing theorem may 
possibly be the tangents of Segre at the point P,, whose equations are 


(29) ys = By? = ye eS . 


In this case the corresponding directions are the directions of Darboux for 
which \ = —(8/7)'/°. From equation (28) we have = -—x. Substituting in 
equation (26) and taking account of (27) we find that a necessary and sufficient 
condition that the three lines mentioned in the above theorem be the tangents of 
Segre is that the function c be a solution of the two differential equations 


(30) 2(log c)» = 0, — 2a, 2(logc)yu = A. — 26. 


The integrability condition of these two equations is the second of equations 
(27) and is therefore satisfied by hypothesis. 


* Darboux, loc. cit., p. 5. 
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Equations (30) can be reduced to a different form by introducing a func- 
tion pv defined by the equations 


(31) (log u)u = 6, (logu)» =a. 


Thus equations (30) are seen to be equivalent to the single equation 


(32) uc? = nBy (m = const.). 


Conics of the type being considered in this section occur in the theory of 
conjugate nets. A conjugate net on an integral surface of system (6) may be 
defined analytically by a curvilinear differential equation of the form 


(33) dv? — du? = 
in which d is a non-vanishing function of u, v. This conjugate net determines 
a pencil of conjugate nets 
(34) dv? — de?du? = 0 (e = const.). 
One of the two ray-points, or Laplace transformed points, corresponding to 
a point P,, is given by the formula 
(35) (ru + ry — B — Our + Or? + yr?)x + 2r(au — rrr) 
in which r =e; the other ray-point is given by the same formula with the sign 
of r changed. The line joining these two points is known to envelop a conic 
when e varies, called* the ray-conic of the pencil. The equations of this conic 
are 
(36) ya = Bryeys — yx? = 0 
when referred to the tetrahedron x, p, , x.» with suitably chosen unit point, 
the points p, o being defined by formulas (15) in which a, b are now given by 
(37) 2a = 0, + (logA)., 2b = 6, — (log A)u. 
The line pa is called in this case the flex-ray of the pencil. 

Comparison of equations (21), (36) shows that the conic (21) is the ray- 
conic of the pencil (34) in case 

ao Py 

and a, b are given by (37). Let us suppose that the foci of the flex-ray are 
indeterminate, and consider the consequences. The second of equations (27) 


now reduces to (log A)u»=0. Therefore the fundamental conjugate net (33) 
is isothermally conjugate. It is known that by a transformation of parameters 


* Lane, A general theory of conjugate nets, these Transactions, vol. 23 (1922), p. 293. 
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we can make \ = 1. Then the first and last of equations (27) reduce by means 
of (19) and (8) to 


(38) Bo = l, Yu =m. 


Moreover the first two of the integrability conditions (7) become 


(39) Bow = By, Ta * By, 


while the third integrability condition is satisfied identically. Thus we reach 
the following conclusion. 

Equations (39), (38) define a class of surfaces on each of which there exists an 
isothermally conjugate net determining a pencil (of such nets) whose flex-ray at 
each point P, has indeterminate foci and whose ray-conic has its six foci lying 
by pairs on three straight lines through the point P;. 

If we go on and demand that the three straight lines of the foregoing 
theorem be the tangents of Segre at each point P., we find by use of (32), (31), 
(37) that 0, =0,=0, so that By =const. This rather restricted class of surfaces 
would seem to be of considerable interest. For instance, Fubini’s canonical 
form of the system (6) is identical with Wilczynski’s canonical form. The flex- 
ray is the reciprocal of the projective normal. Hence the projective normal 
is the line called* the-cusp-axis of the pencil (34). 


6. CUBICS IN THE TANGENT PLANES 


Returning now to the more general considerations of §4, we again special- 
ize the curves in the tangent planes of a surface. This time we suppose that 
they are cubic curves of a certain type which has occurred frequently in the 
study of the projective differential geometry of the surface. 

Let us consider an integral surface S of system (6) and associated with 
S a curvilinear congruence of plane cubic curves, such that there is one C of 
these cubics in the tangent plane at each point P, of S. Let us suppose that 
the cubic C is non-degenerate and has the following properties. The cubic C 
has a node at P,, and has the asymptotic tangents at P, for nodal tangents. 
The three inflexions of the cubic C lie on the straight line / that crosses the 
asymptotic tangents at the points p, o defined by the formulas (15); finally, 
there is one of these inflexions on each of the tangents of Darboux, whose 
equations referred to the tetrahedron x, p, ¢, x.. with suitably chosen unit 
point are 


(40) ys = By? + yy? = 0. 


* Lane, loc. cit., p. 292. 
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The equations of such a cubic have the form 


(41) ys = 2s: yeys — By? — vy? = 0, 


where s is a non-vanishing function of u, v. A parametric representation of 
this cubic is 


(42) Ds (8 + yt)/s, Te 2t,  * 2?, ys = 0, 


where ¢ is the direction from the point P, to the point X with parameter value 
ton the cubic. In fact, the general codrdinates X of the latter point are given 
by the formula 


(43) X = (6 + y#8)x/s + 2tp + 20. 


To obtain the foci of the cubic (41) we may substitute into the formula 
(43) the expressions for p, o given by (15). Then comparison of the resulting 
formula with the formula (9) gives 


(44) f = (6 + y#)/s — 2b + at), g = 2t, h= 2", k=0. 


With these values of f, g, , k equation (11) determines the values of ¢ which 
give the foci. We shall write the result only in the special case s=1. In this 
case equation (11) reduces to 


yt? + 2y(y — 4a)i® + 2[y(o — 26) — 2G] — 4(0, — ave 


- — 2[p( — 2a) — 2F]e# — 28(@ — 40)t — B? = 0, 


the solution ¢=0 having been excluded. 

As in the case of congruences of conics discussed in the preceding section, 
there are also interesting connections here with the theory of pencils of con- 
jugate nets. The locus of the ray-point (35) when e varies is a cubic curve of 
just the type we are considering here and called* the ray-point cubic of the 
pencil (34). Its equations are of the form (41) with s=1 and with a, b given 
by (37). In this case equation (45) reduces to 


t® — 2y(log dy) t® + 2[y(log ky)u — 2G ]e4 — 4(log A)uoé? 
—2[8(log 8/d)» — 2F }e2 + 26(log 8/d*)ut — B? = 0. 


(46) 


We may remark that if the fundamental conjugate net (33) is isother- 
mally conjugate, we can again make A\=1. Then if y,=8.=0 equation (46) 
contains only even powers of ¢. Consequently in this case the six foci of the 
ray-point cubic lie on three pairs of conjugate tangents through the point P,. 


* Lane, loc. cit., p. 290. 
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7. CURVILINEAR CONGRUENCES I” 


Green in the memoir of 1919 previously cited calls a rectilinear congruence 
a congruence 1’ with respect to a surface S in case there is just one line 1’ 
of the congruence through each point P of S and not in the tangent plane of 
S at P. It is now proposed to replace the rectilinear congruence I’ by a curvi- 
linear congruence I’ with the property that there is just one curve C’ of 
this congruence through each point P of the surface S, and with the further 
property that the tangent line of this curve is a line /’ in the sense of Green, * 
so that it does not lie in the tangent plane of S at P. The surface S is then a 
transversal surface, not a focal surface, of the congruence I’. 

In order to represent a curvilinear congruence I’ analytically let us in- 
spect the formulas (9), (10). Let us suppose that the transversal surface S is 
given by ¢=0 in the formula (9). Then we have 


(47) foX%0, go = ho = kyo = 0, 


the subscript zero indicating that we have placed ¢=0 in the functions to 
which it is attached. If now the tangent of the curve C’ through the point 
P, does not lie in the tangent plane of the surface S, the first of equations 
(10) shows that we must have 


ki # 0. 


Under these conditions the curvilinear congruence is a curvilinear congruence 
a. 

The first problem that suggests itself is to determine the developables and 
focal surfaces of the rectilinear congruence of tangents to the curves of the 
congruence I’ at the points of the surface S. The tangent line of the curve 
C’ at the point P, is determined by P, and by the point y defined by placing 


(48) Y = — Oxy — bx, + tur, 
where a, b are given by 
(49) a= — g00/ko, b= — hio/ Reo. 


The developables and focal surfaces may then be found by familiar methods 
used by Green in the memoir cited or by the author in his recent book,* 
and need not be discussed further here. 

Another problem is to study the linear complexes with contact of as high 
order as possible with the curvilinear congruence I’ at the point P, of the 
surface S and along the curve C’ of I’ through P,. This problem has been 


* Lane, Projective Differential Geometry of Curves and Surfaces, University of Chicago Press, 1932. 
See Chapter III, equations (39), (40). 
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considered* by Green. He found a pencil of linear complexes with contact of 
the first order and discussed their rectilinear congruence of intersection. 

Let us now consider a congruence I’ of conics. To write the equations of 
the conic C’ through a point P, and tangent to the line /’ joining P, to a point 
y defined by an equation of the form (48) we proceed as follows. We first write 
the equation of any plane through the line /’ and meeting the tangent plane 
of the surface S in a straight line through P, with the direction A. Then we 
write the equation of a cone with its vertex at the point x,, and passing 
through the point P,, being tangent to the line 1’ at P,. These two equations 
regarded as simultaneous are the required equations of the conic C’. Referred 
to the tetrahedron x, x,, x», Xu. with suitably chosen unit point they can be 


written in the respective forms 
Axe — x3 + (aA — b)xy = O, 
(50) 
Bu? + Hxex3 + Cx? + x1(bx2 — ax3) = 0, 


where B, H, C are arbitrary functions of u, v, except that we must have 
(ay — b)(a?B? + abH + b°C) #0 
if the conic C’ is to be a proper conic. 
A parametric representation of the conic C’ is found to be 

1 = (ad — b)(B+ Ht+ Cr), 
x2 = (ad — b)(at — 5), 
x3 = (ad — b)(at — B)t, 
x, = (t — A)(at — BD). 


(51) 


The parameter ¢ is the direction of the line in which the tangent plane at the 
point P, is met by the plane through the projective normal xx,, and the 
point on the conic C’ with parameter-value ¢. Evidently a new parameter #, 
defined for example by placing /=at—b, could be introduced so that =0 
would give the point P, as supposed earlier in this section. But we may in- 
stead continue to use the directional parameter / in the present situation. 

Equations (51) show that the conic C’ meets the tangent plane x,=0 in 
the two points for which 


" b 
(52) t=—, ¢=X. 
a 


The first of these points is the point x itself. The second is the point whose 
codrdinates are 


* Green’s Thesis, p. 23. 
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(53) B+ Hk+Cnr, ad— b, Mad — 4), O. 


It is suggested that one of the three arbitrary coefficients B, H, C could be 
disposed of by demanding that the point (53) lie on the line / which is recipro- 
cal tol’. A second could be used up by making the tangent to the conic at this 
point meet the line /’ in a prescribed point; and the last one could be chosen 
so as to make the conic pass through a given point in its plane. But we shall 
not consider these matters further here. 

The foci of the conic C’ can be found by using the coérdinates x, - - - , 
as given in (51) in place of f, g, 4, k in equation (11), but we shall not perform 
the calculations on this occasion. 
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THE VARIABLE END POINT PROBLEM OF THE 
CALCULUS OF VARIATIONS INCLUDING A 
GENERALIZATION OF THE CLASSICAL 
JACOBI CONDITIONS* 


BY 
A. E. CURRIER 


1. Introduction.+ In the present paper we treat the variable end point 
problem of the calculus of variations in parametric form in m-space with end 
points variable on manifolds. 

We set up the index form associated with an extremal segment cut trans- 
versally by two manifolds. We characterize the type numbers and nullity of 
this form, and apply our results to give necessary conditions and sufficient 
conditions for a minimum. Our characterization is partly in terms of focal 


* Presented to the Society, April 9, 1932; received by the editors December 17, 1931. 

+ The reader is referred to the following articles; references in the text will be given by number. 
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(2) Morse, The foundations of the calculus of variations in the large in m-space (first paper), these 
Transactions, vol. 31 (1930), pp. 379-404. 
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tional Academy of Sciences, vol. 17 (1931), pp. 319-320. 
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points, and partly in terms of the type numbers and nullity of a certain 
fundamental invariant function which we define. 

The results which we obtain are new. They include a complete generaliza- 
tion of the classical Jacobi conditions, which so far as we know have never 
even been formulated for the variable end point problem in space (3), either 
for the problem in parametric form or for the problem in non-parametric 
form. 

We wish to thank Professor Marston Morse for kindly reading this paper 
and suggesting many improvements in form of presentation which we have 
adopted. Our work here is closely related to Morse’s paper on separation 
theorems (4), and depends directly on the results obtained by Morse for the 
one-variable-end-point problem. 


I 


2. The integrand. Let R be an open region in the space of the variables 
(z) =(z1, ++ +, Sm). Let F(z, r) =F(ai, + - +, Sm, 11, °° * , fm) be a function of 
class C‘ for (z) in R and (r) any set not (0). We suppose that F is positively 
homogeneous of order one in the variables (r). Let J be the following integral 
in parametric form: 


(2.1) ; Se f F(z, é)dt, 


where (2) stands for the set of derivatives of (z) with respect to ¢. 

Let g be an extremal segment lying in R. We suppose that g is an ordinary 
curve of class C’’. Let F; and F;; denote the first and second partial deriva- 
tives of F with respect to the (r)’s in the usual way. We assume that F is 
positively regular along g, that is, we suppose that* 

(2.2) F;uau;> 0 (i,7 =1,---,m), 
where the arguments of the partial derivatives of F are (z, 2) taken along g, 
and (x) is any set not (0) nor proportional to (2). 

We assume that F(z, 4) is positive for (z, 2) taken along g. This assumption 
is a matter of convenience, and is not an essential restriction on the problem. 

3. Admissible fields of extremals. Let H be an (n=m—1)-parameter 
family of extremals whose equations are given parametrically in the form 


(3.1) Zi = 2,(t, 0) = a(t, o1,-° +, On) (i=1,---,m; "=m -— 1) 


where the above functions together with their first partial derivatives with 


* We adopt the convention here and elsewhere that the repetition of a subscript denotes summa- 
tion with respect to that subscript. 
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respect to ¢ are of class C’’ for («) near (o°) and ¢ on the closed segment (a, 6) 
of the #-axis. 

The family H will be said to constitute an admissible field if the following 
four conditions are satisfied. 

(i) The extremal g is a member of H, and for (c) = (0°) (3.1) give the equa- 
tions of g in terms of arc length ¢ as parameter. 

(ii) For (¢) constant near (0°), (3.1) give the equations of an extremal y 
of the family H, and the parameter ¢ is arc length along y. 

(iii) The Jacobian of the functions (3.1) with respect to the parameters 
(t, c) evaluated for (c) =(o°) vanishes, if at all, for isolated values of ¢ on the 
closed segment (a, b) of the ¢-axis. 

(iv) The family H is a Mayer field, that is, the Hilbert invariant in- 
tegral exists and is independent of the path for all pat*s lying in the field.* 

4. Focal points and transverse manifolds. Let H be an admissible field of 
extremals as defined in the preceding section. Let the equations of H be 
given in the form (3.1). 

The points of g corresponding to values of the parameter ¢ for which the 
Jacobianf of the functions (3.1) vanishes are said to be the focal points (on 
g) of the field H. The order of a focal point is defined as the nullity of the Ja- 
cobian matrix at the corresponding point.{ 

Let (2) be a point of g not a focal point of the field H. The set of first par- 
tial derivatives of the functions (3.1) with respect to ¢ can be expressed as a 
set of functions of (z) for (z) near (2). This set of functions, which we denote 
by r(z), is said to be the set of direction cosine§ functions of the field H. The 
particular set of values that r(z) take on for a fixed value of (z) is said to be 
the set of direction cosines of the field H at the point (z). The set r(zZ) is said 
to be the set of direction cosines of g at (2), and will be denoted as the set (7). 

Let V(z) be the Hilbert integral associated with the field H. The function 
V(z) is uniquely defined (up to an additive constant) for (z) near (2), where 
(2) is any point of g not a focal point of H. As is well known, the Hilbert in- 
tegral has the following explicit form as a line integral: 


(4.1) V(2) = f Feds, (= 1,+++,m), 


* Cf. Bliss (5), loc. cit. The Hilbert integral can be expressed either as a function of the param- 
eters (¢, c) or as a function of the codrdinates (z) of points in the space (2). When expressed as a func- 
tion of the parameters the Hilbert integral is uniquely defined for (c) near (o°) and ¢ on the closed 
segment (a, b) of the ¢-axis. When expressed as a function of (z) the Hilbert integral is uniquely de- 
fined for all points near points of g not focal points of the field H. 

t That is, the Jacobian of (3.1) with respect to the m variables (¢, «), evaluated for (7) = (0°). 

t Cf. Morse (2), loc. cit., pp. 383-384, also p. 397; also Morse (2’), loc. cit. 

§ We recall that the parameter ¢ gives arc length along the extremals of the field H. 
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where the arguments (r) of the partial derivatives of F are taken as the set of 
direction cosine functions r(z). 

We see from (4.1) that the first partial derivatives of the function V(z) 
are equal respectively to the partial derivatives F;[z, r(z)] (i=1, ---, m). 
For (z) = (2) these partial derivatives do not vanish simultaneously, as is well 
known, since the integrand F is positive along g. The manifold M, whose 
equation may be written as follows, 


(4.2) V(z) — V(z) = 0, 


is said to be the transverse manifold of the field H at the point (2) of g. Be- 
cause of the fact that the first partial derivatives of V(z) do not vanish 
simultaneously for (z) = (2), equation (4.2) can be solved for one of the (z)’s 
in terms of the remaining »=m—1 of the (z)’s as independent variables. 
This fact is well known, and its proof follows at once from well known im- 
plicit function theorems. 

5. Admissible broken extremals. Let H and H’ be two admissible fields 
of extremals. Let M be a transverse manifold of the field H, where M cuts g 
at some point not a focal point of H. Let M’ be a transverse manifold of H’ 
cutting g at some point not a focal point of H’. We assume that the positive 
sense on g is the sense from M to M’. 

Let 


(5.1) M, M',---, Ms, M’ 


be a+2 manifolds, of which the first and the last are defined above. Let the 
manifolds (5.1) cut g at successive points, and let them be so close together 
that there are no pairs of conjugate points on any of the closed segments of g 
between successive manifolds. 

We assume that the interior manifolds, that is, the manifolds (M}, - - - , 
M2), cut g at ordinary points, that is, at points which are not focal points of 
H or of H’. 

We assume that the equations of the manifold M* are given parametri- 
cally in terms of n=m—1 of the (z)’s as parameters, and that the equations are 
of class C’’. We assume that M’* is not tangent to g. 

Let 


(5.2) P, P!,--+, Pt, P’ 


be a+2 points neighboring g and lying on the manifolds (5.1) respectively. 
The points (5.2) can be joined by unique successive extremal segments neigh- 
boring g and forming a broken extremal E, said to be an admissible broken 
extremal. 
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Let (u) =(m, - - + , %) be 4=(a+2)mn variables. We assume that the set 
(uw) consists of a+2 successive subsets, and that these subsets are sets of 
parametric codrdinates on the successive manifolds (5.1). Let (w°) be the 
set of parameters (uw) which corresponds to the set of points in which the 
manifolds (5.1) are cut by g. Let (u) be the set of parameters (u~) which cor- 
responds to the set of points (5.2). We shall say that the set (#) is the set of 
parametric codrdinates of the admissible broken extremal E£. 

6. The index form associated with two transverse manifolds. Let H and 
H’ be two admissible fields of extremals, and let M and M’ be two transverse 
manifolds of H and H’ respectively. 

Let E be an admissible broken extremal as defined in the preceding section, 
and let (u) be the parametric codrdinates of E. 

The integral (2.1) taken along E is a function of (uw) which we denote by 
J(u). For (u) =(u°), E becomes the segment of g between M and M’. The 
function J(u) has a critical point for () =(u°). 

The index form Q(u) is defined as follows: 


(6.1) Q(u) = Jian; (i,j =1,---,n), 


where the partial derivatives of J are denoted in the usual way, and the super- 
scripts zero indicate that these partial derivatives are to be evaluated for 
(u) = (u). 

7. The fundamental lemmas on the index form. Let (v) =(%, - - - , %n) be 
the set of parameters on the manifold M*. The set (v) is a subset of the va- 
riables (uw) which have been defined as the parametric codrdinates of admissible 
broken extremals. Let (x) be the complementary subset. We now denote the 
variables (u) interchangeably as (u) and as (z, 2). 

Let E be an admissible broken extremal which has no corners except on 
the manifold M*. Let the first segment of E between M and M* be a member 
of the field H, and let the second segment of E from M* to M’ be a member 
of the field H’. The broken extremal E is uniquely determined by the corner 
point on M*. Let (x, v) =(x*, v) be the parametric coérdinates of E. We readily 
verify the fact that the elements of the set (x*) can be expressed uniquely as 
functions of class C’’ of the variables (v). This follows from the fact that the 
manifold M* does not cut g in a focal point of H or of H’. The proof involves 
well known implicit function theorems and can be left to the reader. 

The first variation of the integral (2.1) vanishes along the broken ex- 
tremal E defined above, except possibly at the corner of M*. Hence the 
following first partial derivatives are zero: 


(7.1) J 2(x*, 0) = 0, 
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where the subscript (7) runs through the set of all subscripts associated with 
the set of variables (x), and (v) is any set near (v°). 

We replace the variables (v) on the left of (7.1) by the variables (v°+ez), 
thus obtaining an identity in e for e near zero. We differentiate the left hand 
side of this identity once with respect to e and set e=0. We obtain the result 

* 
(7.2) | i ee 
Ov, 
where the partial derivatives of the functions (x*) are to be evaluated for 
(v) = (v°), and the remaining notation is self explanatory. 

Let (x’) denote the linear combination of (v) which occurs on the left of 

(7.2). That is, let (x’) be the set 


(7.3) 


where the partial derivatives involved are evaluated for (v) =(v°) and where 
the values through which the various subscripts run are indicated by the 
variables to which they are attached. 

We now evaluate the index form on the sum of the sets (u!) =(x, 0) and 
(u?) =(x’, v). We use a well known formulat which is 


(7.4) Q(ul + u*) = O(u!) + Q(u*) + 2BQ(u', u*), 


where BQ denotes the bilinear form whose matrix is the same as the matrix 
of Q. 

We see from (7.2) that the bilinear form BOQ is identically zero on the 
variables (u') =(x, 0), (u*) =(x’, v). The quadratic form Q(u') =Q(x, 0) isa 
form on the variables (x) alone. The form Q(u?) =Q(x’, v) is a form on the 
variables (v) alone, since (x’) depends linearly on the (v)’s. We have thus 
proved the following lemma. 


Lemma 1. The index form Q(u) evaluated on the variables (u) =(x+<x’, 2), 
where (x) and (v) are arbitrary and (x’) depends linearly on the (v)’s as in (7.3), 
is identically equal to the sum of a form on the variables (x) alone plus a form on 
the variables (v) alone, viz. to O(x, 0) +Q(x’, 2). 


A corollary of Lemma 1 may be stated at once as follows. 


Lemma 2. The negative type number of the index form Q(u) is equal to the 
sum of the negative type numbers of Q(x, 0) and Q(x’, v), and the nullity of the 
index form is equal to the sum of the nullities of the forms Q(x, 0) and Q(x’, v). 


Tt Bocher, Introduction to Higher Algebra, New York, 1907, p. 119. 
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8. The quadratic form Q(x’, v). Let E be the broken extremal defined in 
the preceding section, which has one corner (on M*) and whose first and sec- 
ond segments are members of the fields H and H#’ respectively. 

The integral (2.1) taken along E can be expressed in terms of the Hilbert 
integrals. Let V(z) and V’(z) be the Hilbert integrals associated with the 
fields H and H’ respectively. Then 


(8.1) J(x*, v) = V(z) — V’(z) + const. 


where (x*, v) are the parametric codrdinates of E, and where it is understood 
that the Hilbert integrals V(z) and V’(z) are to be evaluated for (z) taken at 
the point (v) of the manifold M*. 

Let the equations of the manifold M* be given in terms of the parameters 
(v) as follows: 


(8.2) i = 2i(v) = 2:(r1, -- + , On) (i= 1,---,m). 


Let d;; be the value of the first partial derivative of the function z,(v) with 
respect to v; for (v) =(v°). 

We now replace the variables (v) on the left of (8.1) by the variables 
(v°+-ev), remembering not only that the set (v) occurs in the arguments of 
J(x*, v) as indicated explicitly but that also each element of the set (x*) is a 
function of (v) as explained in the preceding section. We replace the variables 


(v) on the right of (8.2) by the variables (v°+-ev), and we assume that the 
resulting functions of e are substituted for the arguments (z) of the Hilbert 
integrals which occur on the right of (8.1). Equation (8.1) then becomes an 
identity in e for e near zero. We differentiate each side of this identity twice 
with respect to e and set e=0. On the left we obtain the form Q(x’, v), andon 
the right we obtain an explicit expression for this form. We thus establish the 
identity 


(8.3) Q(x’, v) - (Vix i Vad )dnide viv; (h, k= 1, 7st ym; i,j = 1, Pa a n), 


where the arguments of the partial derivatives of the Hilbert integrals are 
the codrdinates (2) of the point in which M* cuts g. 

We use the explicit formula (4.1) for the Hilbert integrals. We perform 
the differentiation indicated on the right of (8.3). We obtain the further re- 


sult 
Orn ork = 
(8.4) Q(x’, v) _ Fai joyce a ea (h, k,s = 1, 88 ymMmst,j = 1, Na -,M), 
OZk OZ; 
where r(z) and r’(z) are the direction cosine functions of the fields H and H’ 
respectively. The arguments of the partial derivatives of F are (2, 7), where 
(2) is the point in which M* cuts g and (f) is the set of direction cosines of g 
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at this point. The partial derivatives of the direction cosine functions are 
evaluated for (z) = (2). 

By hypothesis (§5) the parameters (v) are n=m—1 of the (z)’s. Hence 
the matrix of partial derivatives of the functions (8.2) is of rank m, that is, 
d is of rank n. By hypothesis (§5) the manifold M* is not tangent to g. Hence 
the set (7) is linearly independent of the columns of d. Hence the matrix 
\|# d|| is of rank m. 

Now let w be an arbitrary variable. We define a set of variables (w) = (w,, 

+, Wm) in terms of the variables (v, 11, - - - , 2n) as follows: 


(8.5) Wi = Five + div; (¢=1,---,m;j=1,---,n;n=m-—1). 


We make use of the well known identity F;;(z, r)r;=0 (i, 7=1, - -- , m). 
We find that 
Or, Ori 
(8.6) Q(x’, v) = Fa ~ = aaa (s, hk, k =1,---,m), 
OZ. Oz k 
where (w) is given by (8.5), with v arbitrary, and Q(x’, v) is the quadratic 
form which occurs on the left of (8.4). 

The form on the left of (8.6) is a quadratic form in m—1 variables (v) (the 
set (x’) depending linearly on (v)). The form on the right of (8.6) is a form on 
m variables. The two forms are related by the non-singular collineation (8.5). 
Hence the following lemma is true. 


Lemma 1. The negative type number of the form Q(x’, v) is equal to the nega- 
tive type number of the form on the right of (8.6), where (w) is an arbitrary set 
of variables. The nullity of Q(x’, v) is one less than the nullity of the form on the 
right of (8.6). 


The form on the right of (8.6) does not depend upon the manifold M*. 
Hence the following lemma is true. 


Lemma 2. The negative type number and nullity of Q(x’, v) are independent 
of the manifold M*. 


The form Q(x, 0) referred to in Lemma 2, §7, is from its definition inde- 
pendent of the manifold M*. Hence by Lemma 2, §7, and Lemma 2 of this 
section, the negative type number and nullity of the index form Q(u) are 
independent of the manifold M*. This result applies to each of the manifolds 
(M', - - - , M*) defined in §5. Hence the following lemma is true. 


Lemma 3. Let the manifolds (M', - - - , M*) be replaced by another set of 
admissible manifolds cutting g at the same successive points. Then the negative 
type number and nullity of the index form Q(u) remain unchanged. 
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9. The quadratic form Q(x, 0). The quadratic form Q(x, 0) is the index 
form Q(u) evaluated on the set (u) =(x, 0). That is, Q(x, 0) is obtained by 
setting the variables (v) =(0) in the index form. Let E be an admissible 
broken extremal passing through the point (2) in which M* cuts g. The subset 
(v) of the set of parametric codrdinates of E is equal to (v°). The parametric 
coérdinates of E can be written as follows: (uw) =(x°+ex, v°). The quadratic 
form Q(x, 0) is then equal to the expression on the right of the following equa- 
tion: 


(9.1) Q(x, 0) = <r + ex, v°), 
de? 


where the second derivative on the right is evaluated for e=0. 

The function J(x°+ex, v°) whose second derivative occurs on the right 
of (9.1) is essentially the sum of two functions, viz. the integral (2.1) taken 
along the broken extremal E from M to the point (2) plus the same integral 
taken along E from (2) to M’. These two functions are independent of each 
other. We readily see that the form Q(x, 0) is equal to the sum of two quad- 
ratic forms, the first form being on the subset of the variables (x) which cor- 
responds to the parameters on the manifolds M, M', - - - , M*-'. The other 
form is on the subset of the variables (x) which corresponds to the parameters 
on the manifolds M*+', . . - , M*M’. These two subsets are non-overlapping. 
The quadratic form on the first subset of the variables (x) is an index form 
associated with the problem of the calculus of variations in which one end 
point varies on the manifold M and the other end point is the fixed point 
(2). Its negative type number is equal to the sum of the orders of the focal 
points of the field H on the segment of g between M and (3), and its nullity 
is zero.* Similarly for the form on the complementary set of variables. Thus 
the following lemma is true. 


Lemna 1. The nullity of the form Q(x, 0) is zero, and the negative type num- 
ber of the form Q(x, 0) is equal to the sum of the orders of the focal points of the 
field H on the opent segment of g between M and (2), plus the sum of the orders of 
the focal points of the field H’ on the open segment of g between (2) and M’. 


10. The fundamental invariant function J(z, w). The invariant function 
I(z, w) is defined in terms of the Hilbert integrals as follows: 


(10.1) I(z, w) = (Vi; — Vij) wiw; (i,j =1,---,m) 


* Morse (2), loc. cit., p. 399, Theorems 3 and 4. In order to apply the results of Morse’s Theorems 
3 and 4 we require merely the result announced by our Lemma 3, §8. In applying Theorem 3 we re- 
member that the point (2) is not a focal point of the field H (or H’). 
‘| This segment can be open or closed, since its end points are not focal points of the field H. 
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where V(z) and V’(z) are the Hilbert integrals associated with the admissible 
fields H and H’ respectively, where (z) is any point for which both V(z) and 
V’(z) are defined, and (w) is any set. 

We now state two lemmas concerning the invariant function. 


Lemma 1. Associated with each point (z) for which the invariant function 
I(z, w) exists there are two absolute numerical invariants, viz. the negative type 
number and the nullity of I(z, w). 


Lemma 2. The negative type number of the quadratic form Q(x’, v) is equal 
to the negative type number of the invariant function I(z, w) evaluated for (2) 
= (2), where (2) is the point in which M* cuts g. The nullity of Q(x’, v) is one 
less than the nullity of I(2, w). 


Lemma 1 follows at once from the definition of the invariant function- 
Lemma 2 follows from Lemma 1, §8. 

11. The type number and nullity of the index form. Let g be the sum of the 
orders of the focal points of the field H on the open segment of g between M 
and (2), where (2) is any point of the open segment of g between M and M’ 
excepting focal points of H and H’. Let q’ be the sum of the orders of the 
focal points of H’ on the open segment of g between (2) and M’. 

Let NW and k be respectively the negative type number and nullity of the 
invariant function evaluated for (z) = (2). 


THEOREM 1. The negative type number (N°), and the negative type number 
plus the nullity (N°+h°), of the index form Q(u) are given by the equations 


(11.1) N=aqt 7 tN, N+h=qtq7t+N+h-1. 


We can choose the manifolds (5.1) so that one of them, say the manifold 
M*, cuts g at the point (Z). Then Theorem 1 follows directly from the follow- 
ing lemmas, Lemma 2, §7, Lemma 1, §9, and Lemma 2, §10. 

12. Conditions for a minimum. By a regular integral J we mean an in- 
tegral of the form (2.1) where the hypotheses of §2 are all satisfied. We can 
use the results of Theorem 1 to give necessary conditions and sufficient con- 
ditions for a minimum. It is necessary that the index form Q() be positive in 
order that the regular integral J take on a minimum along the segment of g 
between M and M’. It is sufficient for a weak proper relative minimum that 
the index form Q(u) be positive definite. The index form is positive if and only 
if its negative type number is zero, and positive definite if and only if the sum 
of its negative type number plus its nullity is zero. 

We state the results in the form of theorems as follows. 
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THEOREM 2. In order that the regular integral J take on a minimum along 
g it is necessary that there be no focal points of H or of H' on the open segment of 
g between M and M’, and that the invariant function I(z, w) satisfy the inequality 


(12.1) I(z, w) = 0 


for (z) taken along the open segment of g between M and M’, where (w) is any set. 

The inequality (12.1) is merely the condition that the negative type 
number N of the invariant function J(z, w) be zero, for all points (z) of the 
open segment of g between M and M’. 


THEOREM 3. In order that the regular integral J take on a weak proper rela- 
tive minimum along g it is sufficient that there be no focal points of H or of H’ 
on the open segment of g between M and M’, and that there exist at least one point 
(2) of the open segment of g between M and M’ such that the following inequality 
is satisfied for (z) =(2): 


(12.2) 1(z, w) > 0, 


where I(z, w) is the invariant function evaluated for (z) =(2), and (w) is any set 
not (0) nor proportional to (7), where (F) is the set of direction cosines of g at (2). 


We see that (12.2) is a necessary and sufficient condition in order that 
N+h-—1=0, where N is the negative type number of J(z, w), and h is the 
nullity of the same form. We see that if the conditions of Theorem 3 are satis- 
fied the expression on the right of the second equation (11.1) will be zero, 
which is necessary and sufficient in order that the index form Q(x) be positive 
definite. 


THEOREM 4. Let J be a regular integral, and let the Weierstrass E-function 
E(z, 1, 0) be positive for (z, r) taken along the closed segment of g between M and 
M’, where (c) is any set not (0) nor proportional to (r). Let there be no focal 
points of H or of H’ on the open segment of g between M and M’. Let there exist 
at least one point (2) of the open segment of g between M and M' for which the 
inequality (12.2) is satisfied. Then the integral J takes on a strong proper relative 
minimum along g. 


THEOREM 5. The necessary conditions of Theorem 2 are not only necessary 
but sufficient in order that the index form Q(u) be positive, and the sufficient con- 
ditions of Theorem 3 are not only sufficient but necessary in order that the index 
form be positive definite. 

Theorem 5 shows that the conditions of Theorems 3 and 4 are as close to 


being both necessary and sufficient as it is possible to give without making a 
study of higher variations than the second variation of the integral J. 





a ne ee ee 


ane 














700 A. E. CURRIER [July 


II. THE GENERALIZED JACOBI CONDITIONS 


13. A separation theorem. Let Z be any closed segment of g whose end 
points (z') and (z*) are not focal points of H or of H’. We assume that the 
positive sense on g is the sense from (z') to (z?). 

Let k and k’ be respectively the sums of the orders of the focal points of 
H and H’ on the closed segment of g. 

Let J(z, w) be the invariant function. Let N! and h! be respectively the 
negative type number and nullity of J(z', w), and let V? and h? be respectively 
the negative type number and nullity of J(z?, w). 


THEOREM 6. The number of focal points of H and H’ on the closed segment 
2 of g, and the type numbers of the invariant function I(z, w) at the ends of this 
segment are related by the following identities :* 


(13.1) Ni+kh=N2+8, hi =k. 


We can assume without loss of generality that the closed segment 2 of g 
lies on the open segment of g between M and M’. If this condition is not satis- 
fied we select new transverse manifolds, M, M', which do enclose the segment Z 
of g cn the open segment between them. 

Now let g be the-sum of the orders of the focal points of H on the open 
segment of g between M and (z'), and let g’ be the sum of the orders of the 
focal points of H’ on the open segment of g between (z') and M’. By Theorem 
1, (11.1), the negative type number of the index form Q(u) is given by the 
equation 


(13.2) N=qt+q4+N', 


where N! is the negative type number of J(z!,w). 
We can also apply Theorem 1, (11.1), to the point (z) of the open segment 
of g between M and M’. We obtain the further result 


(13.3) No=qtkt+q —k +N’, 


where N? is the negative type number of /(z?, w), where g+& is the sum of 
the orders of the focal points of H on the open segmentf of g between M and 
(s?), and where g’—k’ is the sum of the orders of the focal points of H’ on 
the open segment} of g between (z”) and M’. 

The right hand sides of (13.2) and (13.3) are different expressions for the 


* Cf. Morse (4), loc. cit., p. 64, Theorem 6. 
+ These segments of g can be taken as either open or closed, since in any case the end points of 
the segment involved are not focal points of the field of extremals involved. 
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same thing, i.e. for N°. If we set them equal to each other and cancel out q 
and q’ on each side we obtain the first equation (13.1). 

The nullity of the index form Q(u) is always one less than the nullity of 
I(z, w), for (z) any ordinary point of z. This follows from Theorem 1. Hence 
the nullity of I(z', w) is the same as the nullity of J(z?, w). Thus the second 
equation (13.1) is true. 

14. The Jacobi conditions. Let M and M’ be two transverse manifolds 
of the admissible fields H and H’ respectively. Let the positive sense on g be 
the sense from M to M’, and let Q(u) be the index form associated with the 
manifolds M and M’. 

Let (2) be a point of g which lies in the positive direction from M’, that 
is, (2) does not lie on the open segment of g between M and M’. Let (2) be an 
ordinary point of g. 

Let g be the sum of the orders of the focal points of H on the open segment 
of g between M and (2). Let g’ be the sum of the orders of the focal points of 
H’ on the open segment of g between M’ and (2). 

Let N and h be respectively the negative type number and nullity of 
I(z, w). 

THEOREM 7. The negative type number (N°), and the negative type number 
plus the nullity (N°+h°), of the index form Q(u) are given by the equations 


(14.1) N=q-q7 +N, N+h=q-q7¢t+Nt+h-i,. 


Theorem 7 follows at once if we combine the results of Theorem 1 with 
the results of Theorem 6, as we now prove. 

Let (z') be an ordinary point of the open segment of g between M and M’, 
and let (z?) be an ordinary point of g which lies in the positive direction from 
M’. Let Z be the closed segment of g between (z') and (z?). 

Let g: be the sum of the orders of the focal points of H between M and 
(s!), and let gi be the sum of the orders of the focal points of H’ between 
(z') and M’. Let N’ be the negative type number of J(z!, w). Then by The- 
orem 1 the negative type number N° of the index form is given by the equa- 
tion 
(14.2) NW=qntgqi +N. 


Now let N? be the negative type number of J(z?, w), and let k and k’ be 
respectively the sums of the orders of the focal points of H and H’ on the 
segment Z of g which lies between (z') and (z?). By Theorem 6, N'=N?+k 
—k’. We substitute the expression N?+—k’ for N! in equation (14.2), thus 
establishing the result announced by the first equation (14.1). The second 
equation (14.1) can now be readily established. 
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15. The generalization of the classical Jacobi conditions.* Let the equa- 
tions of g be given parametrically in terms of r as parameter, for r on the 
closed segment (a, b) of the r-axis. 

Let ¢ be the r-coérdinate of the first focal point of H in the positive direc- 
tion from M. Let (t/, - - - , #3) be the r-coérdinates of the first, second, etc., 
focal points of H’ which lie in the positive direction from M’, where focal 
points are counted according to order. 

Let (¢—) be the r-coérdinate of an ordinary point of g which lies in the 
negative direction from #, and is very close to #, so that no focal points of H 
or of H’ lie between (¢—) and ¢. 

Let NW and k be respectively the negative type number and nullity of the 
invariant function J(z, w) evaluated for (z) taken at the point of g whose 
t-coérdinate is (¢—). 

THEOREM 8. In order that the index form Q(u) be positive [or be positive defi- 
nite| it is both necessary and sufficient that one of the following mutually exclu- 
sive weak [or strong | inequalities be satisfied: 

(i) t{=tsd, N [lor N+h-—1]=0, 

(ii) ii<ts#, N lorN+h-—1] $1, 

(iii) “a<tse, [or N+h—1] $2, 
(15.1) 

(m — 1) ietitgttea N lor N+h-—1] Sm-2, 

(m) tocar 7 ie 

Theorem 8 follows at once from Theorem 7 and Theorem 1, and the proof 
will be left to the reader. 


THEOREM 9. In order that the regular integral J take on a minimum along 
g it is necessary that one of the mutually exclusive weak inequalities (i), -- - , 
(m) of Theorem 8 be satisfied. 


THEOREM 10. In order that the regular integral J take on a weak proper rela- 
tive minimum along g it is sufficient that one of the mutually exclusive strong in- 
equalities (i), - - - , (m) of Theorem 8 be satisfied. 


THEOREM 11. Jn order that the regular integral J take on a minimum along 
g it is necessary that the inequality 


(15.2) te St 
be satisfied. 


* Bliss (3), loc. cit. 
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THEOREM 12. In order that the regular integral J take on a weak proper rela- 
tive minimum along g it is sufficient that the inequality 


(15.3) bani <# 
be satisfied. 


Theorems 9 and 10 are as close as possible to giving conditions which are 
both necessary and sufficient. Theorems 11 and 12 (corollaries of Theorems 
9 and 10) on the other hand are in general not at all close to giving conditions 
which are both necessary and sufficient. In order that the index form Q(z) 
be positive it is not sufficient, in general, that ¢/ <¢. In order that the index 
form Q(u) be positive definite it is not in general necessary that ¢,_1<¢. In 
the special case m= 2, that is, in the problem of the calculus of var ations in 
2-space, Theorems 11 and 12 are as close as possible to giving conditions 
which are both necessary and sufficient. We may state the facts here in the 
form of two theorems as follows. 


THEOREM 13. The classical Jacobi necessary condition in 2-space (that is 
condition (15.2)) is a sufficient condition in order that the index form be positive, 
and the classical Jacobi sufficient condition in 2-space (that is condition (15.3) 
for m=2) is a necessary condition in order that the index form be positive 


definite. 

THEOREM 14. The generalized necessary Jacobi conditions of Theorem 9 are 
sufficient conditions in order that the index form be positive and the generalized 
sufficient Jacobi conditions of Theorem 10 are necessary conditions in order that 
the index form be positive definite. 


Theorems 9, 10, 11, 12, and 14 follow at once from Theorem 8. 

Theorem 13 is somewhat more precise than Theorem 14 for the special 
case m=2. In 2-space the mutually exclusive conditions of Theorem 8 be- 
come the two conditions 
(i) uw=tst#, ON [forN+2-1]=0, 

(ii) =(m) we <tsh. 

It can be shown in 2-space that the strong condition (15.4) (i) is im- 
possible, that is, it never occurs. If ¢/ =¢ then h=2, and the strong condition 
N+h—1=0 cannot be fulfilled. Moreover, if t/ =¢ in 2-space, h=2 and N =0, 
so that the weak condition NV =0 is automatically fulfilled. Hence Theorem 8 
states more than is necessary to state in the special case m =2. In this case we 
need merely to state the inequalities between ¢/ and ¢ which occur in the 
first column of (15.4) without reference to the type numbers of the invariant 
function. Hence Theorem 13 is true. The proof of this fact requires a slightly 


(15.4) 
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more extended study of the invariant function.* For the problem of the 
calculus of variations in space, that is, for m>2, we cannot avoid bringing 
in the type numbers of the invariant function, and for all cases m>2, The- 
orem 8, and Theorems 9, 10, 11, 12, and 14 are the most precise theorems 
which can be stated. They are of course all true for the case m =2. 

We can also give conditions for a strong minimum as follows. 

THEOREM 15. Let J be a regular integral, and let the Weierstrass E-function 
E(z, r, 0) be positive for (z, r) taken along the closed segment of g between M and 
M"', where (c) is any set not (0) nor proportional to (r). Let one of the mutually 
exclusive strong inequalities of Theorem 8 be satisfied. Then J takes on a strong 


proper relative minimum along g. 


* Cf. Morse (4), loc. cit. 
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THE MOORE-KLINE PROBLEM* 


BY 
LEO ZIPPINt 


It has been shown by Moore and Klinef that in order that a closed sub- 
set M of the euclidean plane be contained in an arc of the plane, it is neces- 
sary and sufficient that (1) M be compact, (2) the maximal connected sub- 
sets (components) of M be arcs or points, (3) no inner point of any arc of M 
be a limit point of the complement (in M) of that arc. A closed point set with 
these properties we shall call a Moore-Kline set (or M. K. set) and we shall 
say that a topologic space has the Moore-Kline (M. K.) property if every 
M. K. subset is contained in an arc of that space. Our problem is the charac- 
terisation of spaces which have this property, in the universe of generalised 
continuous curves: i.e., complete, metric, separable, connected, and locally 
connected spaces.§ The characterisation which we give is, in an equivalent 
form, also valid for certain non-metric spaces developed by R. L. Moore, and 
the space of Aronszajn.|| The paper contains an extension to generalised con- 
tinuous curves of a recent theorem of G. T. Whyburn,§ with an independent 
proof. 

1. We shall prove for generalised continuous curves C the equivalence of 
the two following properties: 


A: If b is an end point of an arc m of C, then for every preassigned «>0 
there exists a 5>0 such that if y and z are points of (C—m)-S(b, 5), the set 
(C—m) -S(b, €) contains an arc yz. 

B: If D is an open connected subset of C and ab is an arc of C such that 
(ab—a) ¢D and ac F(D),** then D—(ab—a) is connected.}t 


* Presented to the Society, June 13, 1931; received by the editors November 27, 1931. 

¢ National Research Fellow. 

}¢ R. L. Moore and J. R. Kline, On the most general closed point-set through which it is possible to 
pass a simple continuous arc, Annals of Mathematics, vol. 20, p. 218. 

§ These, as is now well known, are locally arc-wise connected. See R. L. Moore, Bulletin of the 
American Mathematical Society, vol. 33 (1927), p. 141 (abstract) and Colloquium Lectures; K. 
Menger, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), p. 212; N. Aronszajn, Funda- 
menta Mathematicae, vol. 15 (1930), p. 232; C. Kuratowski, Fundamenta Mathematicae, vol. 15, 
p. 306. 

|| For references and the relation between these spaces, L. Zippin, On a problem of N. Aronszajn 
and an axiom of R. L. Moore, Bulletin of the American Mathematical Society, vol. 37 (1931), p. 276. 

{| Abstract, Bulletin of the American Mathematical Society, vol. 36, p. 631, No. 329. 

** Throughout, F(X)=X—X, the boundary of X. 

tt This will be recognized as an early plane axiom of R. L. Moore. 
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For, suppose that C has property B. Let m=a’'b be any arc of C, where a’ 
and b are its end points, and let € be preassigned. There is a subarc ab of 
(a’b) -S(b, 4€). In C—a’a cover every point of ab—a with a connected neigh- 
borhood of diameter less than 3. The sum D of these covering sets belongs 
to S(b, €), is open and connected, and contains a)—a but not a. Then, by 
property B, D—(ab—a) is connected, and it is locally connected since it is 
open in C. Therefore* it is a generalised continuous curve, and is arcwise 
connected. Let 5<p(b, F(D)).t Then if y and z are any two points of (C—a’b) 
-S(b, 5) there is an arc yz in D—(ab—a), therefore in (C—a’b)-S(b, €), and 
C has property A. On the other hand, if C does not have property B and, 
therefore, D—(ab—a) as above is not connected, there is a subarc ab’ of ab 
such that b’ is a limit point of at least two distinct components of D—(ab’—a). 
Let e<p(b’, F(D)), and it is readily seen that C cannot have property A. 


THEOREM. In order that a generalised continuous curve C have the Moore- 
Kline property it is necessary and sufficient that it have property A (or its equiva- 
lent, B). 

2. The condition is necessary. For if C does not have property A it must 
contain an arc m with end point b, say, and there must exist an e>0 such 
that, for every integer n >0, (C—m) -.S(b, 1/m) contains a pair of points y, and 
Zn for which (C—m)-S(b, €) contains no arc ynZn. But the point set m+)>y, 


+)°z, is obviously an M. K. subset of C, and by the M. K. property of C be- 
longs to an arc L. Then it is obvious that the point b belongs to a subarc bx’ 
of L-S(b, €) which contains infinitely many of the point pairs (yn, 2,), so that 
for some integer & there is an arc y,z; in (C—m) - S(6, €). 

3. The condition is sufficient. It is clear, from well known theorems, that 
an M. K. subset M of C has this simple character that the set V of maximal 
arcs of M is countable and is a null-family.{ We may therefore write V =>—m,, 
where m, is a maximal arc of M, and we shall call NW the arc set of M. It will 
be advisable to indicate the main thread of our argument. For an arbitrary 
M. K. subset M of C we find that there exists in C a tree (acyclic contin- 
uous curve) T which contains M. We add to T a properly chosen (inductively) 
countable set of arcs of C and show that in this sum there exists a tree T’ 
containing M and such that no point of a,:b:=m, is a branch point§ of T’. 


* We are using, as we shall in the sequel without explicit mention, a theorem of P. Alexandroff, 
Sur les ensembles de la premiére classe et les ensembles abstraits, Comptes Rendus, vol. 178 (1924), 
p. 185. 

t The distance of b from F(D). 

¢ A point set is a null-family if not more than a finite number of its components are of diameter 
greater than a preassigned «>0. 

§ A point of order at least three. 
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Then, inductively, we establish the existence of a tree 7* containing M such 
that no point whatever of the arc set N of M is a branch point of 7*. Fixing 
now on two arbitrary end points p and gq of 7* we construct a monotonic 
decreasing sequence of perfect continuous curvest Ki, Ke, - - - , such that 
each contains M and further such that for every integer 7 every point of 
N;=>-jm, is a cut point between p and q of K;. We are able to conclude that 
in their infinite product, []® K,, every point of N is a cut point between p 
and g and in consequence that NW is contained in an arc pq of []* K,.t Then 
we are finished if WN =M. While this is not generally the case, this final ob- 
stacle is obviated by a very simple device to which we at once proceed. 

3.1. Suppose that M™* is an arbitrary M. K. subset of C. It is clear that 
the set of points H which are end points of maximal arcs or are point com- 
ponents of M* is a self-compact totally disconnected point set. Suppose 
that N*, where N* is the arc set of M*, is not M*. Then the set of points 
M*—NX* is totally disconnected and locally self-compact, and contains a 
countable dense set (4). Let 4: be any arc with end point /; which has no 
point in common with N*, and is of diameter less than 1. On 4, there is a 
countable set of mutually exclusive arcs of C— M*, converging to i: let these 
be (t,;) and write t! =) > jf;. If t,/_1 has been defined, let /,- be the first point 
of (hz) which does not belong to >; ¢/. There is an arc ¢, with end point 
h, which is of diameter less than 1/m and has no point in common with 
W*+>"; | é/, and on this there is a countable set of mutually exclusive arcs 
(t,;) of C—M* converging to hp’: then t,/ =) jtn;. It is readily seen that 
M =M*+ )>-{t,. is an M. K. set which contains M* and is such that V=M, 
where N is the arc set of M. 

4. We deduce a simple consequence of property A. Suppose that ad is an 
arc of C such that 6 is a limit point of C—ab. Then there exists a sequence of 
points (b,/) of C—ab converging to b. Then this contains a subsequence (5,) 
such that there is an arc baby: ¢ C—ab of diameter less than 1/n. It follows 
readily that b is accessible from C —ab, and is an inner point of an arc abb’. 

4.1. It will be apparent that the simple continuous curves§ have the 
Moore-Kline property, and it will be suspected that they are in some way 
specially related to this property. We devote this and the next section to 
showing that if C has any local cut point|| it is a simple continuous curve. In 


+ A perfect continuous curve (hereditary continuous curve) is one whose every subcontinuum is 
a continuous curve. 

t We have chosen perfect continuous curves K, to insure that IIK, is a continuous curve. 

§ The arc, the simple closed curve, the open curve, or the ray. See R. L. Moore, Concerning 
simple continuous curves, these Transactions, vol. 21 (1920), pp. 313-320. 

|| The point x is a local cut point if there exists an open connected set D, and D—x is not con- 
nected. 
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the main body of our argument we shall be able to suppose that C has no 
local cut point. For, let y denote any local cut point of C, and D an open con- 
nected set such that D—y is not connected. There is an arc xyz such that 
xy—y and zy—y belong to distinct components of D—y. If, now, y ¢ D—<xyz, 
there is a sequence of points (v,) of D—xyz converging to y and such that 
either xy—y or zy—y (we shall suppose the first, the cases being entirely 
similar) belongs to a component of D—y which contains no point of >>. 
Then if (x,) is an arbitrary sequence of points of xy—y converging to y, for 
no # can v, and x, be arc-joined in D—yz. The contradiction with property A 
is immediate. Therefore there exists a subarc xyz’ of xyz =xx'yz’z such that 
every point of this arc is a local cut point. We have shown then that all local 
cut points are points of Menger-Urysohn order two, and that the set of these 
is open. 

4.2. Suppose, in addition, that C has at least one point g which is not a 
local cut point. There is an arc gy. Let g’ be the first point of gy in order gg’y 
which is a point of x’yz’. It is obvious that g’ is the point x’ or it is the point 
z’: the cases are similar, and we shall say that g’ is x’. Then we have the arc 
gx’'yz’. There is a point g’’ on gx’ such that g”’ is not a local cut point and 
every point of g’’x’ is a local cut point. If g’’ is not g it is an inner point of 
gx’, and we readily conclude that there exists an arc hh’, hh’-gg'’x'’ =h+h’, 
he <gg’’>j{ and h’ c <g’’x'>, so that the point h’ is not of Menger order 
two, and therefore not a local cut point. Then g=g’’. In view of §4 and using 
the argument above, it readily follows that g is not a point of C—gx’yz’. 
Therefore g is of Menger order one and is an end point of C. Then if C con- 
tains another local non-cut point f it is the arc fg, and if not it is a ray. 

Now if every point of C is a local cut point and also a cut point, C is an 
open curve. But if C contains one non-cut point, it contains a simple closed 
curve J and C is J. Then in every case C is a simple continuous curve. 

4.3. We signalise an immediate consequence of the arguments above. If 
C contains no local cut points and ab is any arc of C, then 6 ¢ C—ab and, by 
§4, there exists an arc abb’ =ab+5b’, where b’6—b cC—ab. 

5. We shall have frequent recourse to the following general lemma: in 
any complete metric space C, if P is a perfect continuous curvet and P,, n=1, 
2,---, 4s a null-family of perfect continuous curves whose sequential limiting 
set H is totally disconnected and such that P- P, 0, then P+ bry J is a perfect 
continuous curve. 


+ If gis an arc, <g> denotes the arc minus its end points. 
} It is understood that these are self-compact. 
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It is fairly obvious that H is a self-compact, totally disconnected subset 
of P, and that P+ >-/°P, is connected and closed. If we let (pn) be any set 
of points such that p~,¢ P-P,, then >>, is compact as subset of P, and 
pn(Pn, P.)f converges to zero as m becomes infinite, because (P,) is a null- 
family. Since C is a complete metric space, we readily conclude that >> P, 
is also compact, and P+ >-;°P, is a compact continuum. If this contains 
any subcontinuum not a continuous curve, the latter has a subcontinuum of 
condensation W. Since H is closed and totally disconnected, W contains a 
continuum of condensation W’ such that W’-H =0, and there is an integer 
n’ such that W’c P*=P+ >"; P,. Then P* is not a perfect continuous 
curve. But this contradicts the easily established fact that the connected 
sum of a finite set of perfect continuous curves is necessarily a perfect con- 
tinuous curve. 

5.1. Every M. K. subset M of a generalised continuous curve C belongs to 
a tree of C.§ Since the set of points which are end points of maximal arcs or 
are point components of M is a self-compact totally disconnected point set 
H, and the arc set N of M is a null-family, it is sufficient to know that there 
exists in C a tree which contains H. This is a simple theorem which we have 
had occasion to prove for locally compact continuous curves,|| and this 
proof may be followed with inessential modification. In fact, using connected 
neighborhoods to replace the more specialised compact continuous curves of 
that argument, one quickly establishes the existence of a perfect continuous 
curve on H, and this contains a subcontinuum irreducible about H. But it 
is obvious that a continuous curve irreducible about H, or more generally 
about any M. K. set, is necessarily acyclic, that is, a tree. 

5.2. If T is a tree irreducible about M, the end points of T must be 
points of M and every limit point of end points belongs to M. Now no inner 
point of an arc ab of M belongs to M—ab, and therefore every limit point of 
end points of T belongs to H. Then every limit point of branch points of T 
must also belong to H, and it follows that the set of branch points of T cannot 


+ The least upper bound to the set of distances p(n, px ) where p,/ © Pp. 

t It is believed that this is contained somewhere in the literature, but the author cannot place 
it. The proof, with the use of the Moore-Wilder lemma, for example, follows traditional lines. 

§ For locally compact continuous curves, compare Theorem 2, L. Zippin, On continuous curves 
and the Jordan curve theorem, American Journal of Mathematics, vol. 52 (1930), p. 332. 

|| A study of continuous curves and their relation to the Janiszewski-Mullikin theorem, these Trans- 
actions, vol. 31 (1929), p. 745, Theorem 1. 

{{ By a theorem of Wilson, used in the references above: if X is a closed subset of a compact 
continuum K, then K contains a continuum K* irreducible about X; i.e., no proper subcontinuum of 
K* contains all of X. 
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be dense on any arc of T. In particular, if ab is any maximal arc of M there 
must exist two inner points f and g, in order afgb such that no point of fg is 
a branch point of T. Also, the branch points of T on af, if they are not a vac- 
uous or finite set, must form a sequence converging to a; correspondingly, 
the branch points on gb if not in finite number converge to b. Further, no one 
of these branch points is of higher than finite order, or it is a limit point of 
end points (which is not possible). Moreover, if an inner point x of ab is a 
branch point, and cx is an arc in any of the branches of T at x (distinct from 
the two containing ax and bx respectively) there is a point c’ on cx—x such 
that c’x—x contains no point of M and no branch point of 7. 

5.3. This suggests the following “construction.” Let y be a curve of C 
consisting of the three arcs ax, bx, cx, where ax-bx=bx-cx=cx-ax=x. We 
wish to show that there is an arc c’b such that y-c’b=c’+6 and c’ exc, and 
such that no point of c’b is at a distance from xb greater than a preassigned 
e>0. By §4.3 there is an arc bb’ such that y-bb’=b (compare §4.3). By 
property A there is an arc yz, no point of which is at a distance greater than e 
from xb such that yexuc, zexb’, and y-yz=y+z. We shall say that yz 
“covers” points of <xz>. If the point b cannot be “covered” in this way, 
there is a point b’’ on xb such that b’’ cannot be covered but every point of 
<xb’’> can be so covered. There is a 5>0 such that any two points of 
(C—axb’’)-S(b’’, 5) are arc-joined in (C—axb’’)-S(b’’, €). There is an arc 
y's’ which covers the subarc x2’ of xb’’, such that no point of y’z’ is a distance 
greater than ¢ from xb and such that 2’ ¢ S(b’’, 46). It is immediate that the 
point b’’ can also be covered, and the arc c’b, above, exists. 

6. Let M* be an arbitrary M. K. subset of C. By §3.1 there is an M. K. 
set M > M*, such that M=N where N is the arc set of M: N=)¢m, in 
maximal arcs of M. By §5.1 there is a tree T irreducible about M. By §5.2 
there exists on ab=m, two inner points f and g, in order afgb, such that no 
point of fg is a branch point of T. Then T— <fg>=T,+T,, where T; and 
T, are trees containing a and b respectively and p(7;, T,)=p’>0; and 
M=M-T,;+fg+M-T,. By §5.2 the branch points of T, on <gb> form a 
sequencef of points (g,) converging to b, and each q, is of finite order: say 
jn+2. With g, is associated a finite set of branches (Q,;),7=1, - - - , jn: here 
a branch is to be understood as the closure of a component of T —q, contain- 
ing neither g nor b. Further, there is in Q,; an arc c,i’g, such that no point of 
Cai’ Gn—Qn is a point of M or branch point of T, (§5.2). Let 0<e<min (1, 
3p’). Then by §5.3, and an induction, there exists a set of arcs (c,/ 6), n=1, 


1 We assume explicitly that there are infinitely many branch points. 
t Read “the smaller (smallest) of the two (several) numbers... .” 
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2,---, and i=1, 2,--+, jn3 Cnfb-ab=b, Caf COni'Qn, and CnafbeS(qnb, 
e,/2").f Since the arcs (g,b) converge to 6, the arcs (c,/b) form a null-family 
converging to b and Px= >> Deca b is a perfect continuous curve.t We note 
that ab-P,=b and that P,-T;=0. There is, on the arc ¢n/ gn of Cui’ Gn, a 
point c,; such that ¢nign-Ps=0; and <¢nign> as subset of <c,/’g, > contains 
no point of M or branch point of T,. It is readily seen that (T,— > >> 
<Cnign >) +P. is closed and connected and contains M-T,. As subset of 
T, +P, which is “perfect,” this contains a tree T, irreducible about M-T,, 
and it is seen that no point of gb—b is a branch point of T;. By a precisely 
similar argument there is a perfect curve P,¢ S(af, «), P.-(ab+T7;) =a, 
such that in T7;+P, there is a tree T, irreducible about M-T7,, and no point 
of fa—a is a branch point of T,. Let T, designate 7, let T,=7.+m+T,,§ 
and let Pi=P.+m,+P,. Then we have shown that there exists a perfect 
curve P; ¢ S(m, €:) such that T)+P; contains a tree T; irreducible about M 
and such that no point of <m> isa branch point of T:. 

Let N.= >¢:m;, and suppose 7,1 constructed so that no point of 
<N,>|| is a branch point of 7,1. Let 0<€,<min[(3)*, 30(mn, Nn_1) >0]. 
By the argument above there exists a perfect curve P, ¢ S(m,, €,) such that 
in T,1+P, there exists a tree T, irreducible about M on which no point of 
<m,> is a branch point. From our choice of e¢, it is clear that no point of 
<N,> is a branch point of T,. Now since (m,) is a null-family with H (see 
§5.2) as its sequential limiting set, it follows that (P,) is a null-family with 
H as sequential limiting set, and T,+ >.’P; (n=0, 1, - - - , and the prime 
indicates that the summation is over values of 7>m) is a perfect continuous 
curve K,. It is seen that Ki, > Kasi > M. Then II°K; contains a tree irre- 
ducible about M: let this be T’. Now we know that (<N,>)-H =0, and from 
our construction (<N,>)-P; is 0 if 7>k. Then it follows that no point of 
<N;,> can bea branch point of K;,7>k. Then no point of <N> is a branch 
point of T’. 

7. We interrupt the course of argument to establish a needed consequence 
of both property A and the assumption that C is without local cut point. We 
prove A’: if x is an end point of an arc m of M, then for every preassigned e>0 
there exists a >0 such that if y and z are points of (C—N)-S(x, 5) they may 
be arc-joined in (C—N) -S(x, €). 


t For S(X, ¢) read the set of points whose distance from X is less than e. 

t We shall sometimes call these perfect curves, and sometimes “perfect.” 

§ It is remembered that m=ab. 

|| By an extension of terminology, whenever X is a point set whose components are arcs, <X> 
will denote the set of open arcs. 
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Let x denote an end point of an arbitrary arc m=x’’x of M. There is an 
open connected subset D* of C containing x, of diameter less than a preas- 
signed e, and such that «’’x- F(D*) =x’, where x’ is some inner point of x’’x. 
Let H* denote the set of points of M which belong to F(D*) or which are 
contained in D* and belong to an arc of M having at least one point in com- 
mon with F(D*). Let H’’ = H*—x'x. Now ~’ is not a limit point of H’”’ since 
H"' ¢M-—x''x'x. If tis any point of H’’—H’’, tc M-D* and we readily con- 
clude that infinitely many of the arcs of M are of diameter greater than 
4p{t, F(D*)}. Since this is impossible, we have that H’’ is closed. It follows 
that D*—D*-H"’ is open, and contains an open component D> xx’—x’; 
then D-H’’=0. Suppose that m’ is any maximal arc of M distinct from 
x’’x’x which has a point z in D. If m’ does not belong to D it has a point z’ 
on F(D) such that zz’—z¢ Dc D*. Now if z’ is a point of F(D*) it follows 
from definition that zz’¢ H’’, which is impossible since H’’-D=0. Then 
z’ is in D* and since D is a component of D*—D*-.H’’ we conclude that 
z’cH"’. But it is clear that in this case also 22’ ¢ H’’. Then our contradiction 
shows that if m’-D+0, m’ ¢ D. Now let B’’=N-D, where N is the arc set 
of M. We have shown that if B’’- m’~0, B’’ > m’. It is clear that B’’ > xx’—x’. 

We have to show that D—B”’ is connected. Otherwise B’’ contains a 
subset B which is closed relative to D and is such that every point of B is a 
limit point of at least two distinct components of D—B. Suppose that 
m'=yy'y’’ is an arc of B’’ such that the inner point y’ is a point of B. Then 
if some point w, in order yy’wy’’ say, is not a point of B there is a first point 
w’ in order ww’y’ such that w’ is a point of B. It follows at once that the arc 
yy’w’ does not have property A at the point w’. We may conclude that if B 
contains an inner point of an arc m”’ of M it contains the entire arc. Analo- 
gously, if B contains an inner point of x’x it contains xx’ —<x’. 

Now let N”’ be the set of those end points of the arc set N which are at 
the same time points of B: we have shown that this is not vacuous if B is not 
vacuous. Let ¢ be a point of N’’. Since ¢ is a point of D, there is a neighborhood 
U of t such that U ¢ D. Now although B is closed only relative to D, U-D 
is closed absolutely (that is, in C). Since Be N, it follows that U-N’’ is 
closed absolutely and U-N’’ is self-compact and countable. Therefore it con- 
tains an isolated point ¢*. Finally, if ¢* is an end point of an arc of B this arc 
will not have property A at the point /*, and if é* is an isolated point in B it 
is necessarily a local cut point of C. This establishes A’. 

8. We shall come at once to the principal argument of this paper and as- 


+ This establishes the local connectedness if we then regard D as an arbitrary neighborhood of 
any point of it. 
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sume, reserving §9 for its proof, that there exists in C a tree 7* irreducible 
about M and such that no point whatever of N is a branch point of T*.+ Then 
let p and q be arbitrary end points of 7*. We shall proceed to construct an 
arc, which we designate by p(N)q, which has the end points p and g and which 
contains N. 

Suppose that 7* contains a y¥-curve, y = px+cx+qx, and that c is an end 
point of a maximal arc of N which is contained in cx. If c is an end point of 7%, 
there is a point c’ and an arc cc’ such that cc’- T* =c. If c is not an end point, 
let cc’ designate an arc of 7*, cc’-cx=c. Let an e>0 be preassigned. We wish 
to show that there exists an arc st, st¢ S(cx, €)- {C—(N+cx)}, se <cc’>, 
andic <pq>. If, for any n, m,-cx+0, m, ¢ cx or some point of m, is a branch 
point of 7*. If m,-c#0, m, ¢ cx or c is not an end point of a maximal arc of N 
belonging to cx. Since x is a branch point it is surely not a point of N. There- 
fore, for any n, if m,-cx~0, m, ¢cx. Then there exists an e’ such that if, for 
some j, m;-S(cx, e’) #0, and also m;-cx=0, then 5(m,) <}e. 

Now by §5.3 there is an arc s’t’ in (C—cx)-S(cx, e’), s’¢ <cc’> and 
t'c <pq>.Ifs’ or?’ is a point of N, it is clear that there exists an arc ss’ and 
an arc tt’, where s is a point of <s’c>-(C—N), tisa point of <at’>-(C—N), 
such that the arc st in ss’+s’t’+2’t belongs to S(cx, e’). Suppose that m is 
any arc of N such that st-m+0. Then certainly m does not belong to cx, 
and m-cx=0. Also, m-S(cx, e’) #0. Then mc S(cx, €). Now if (m;,) denotes 
the set of arcs of (m,), where k ranges over some particularised subset of the 
positive integers, which have points in common with st, then st+ >°(m) 
c S(cx, €). Since (m;,) is a null-family, and each arc of it has a point on st, the 
sequential limiting set also belongs to st. Then there exists an open connected 
set D*, and st+ >}\m,=st+ ).m,¢ D* ¢ S(cx, €)-(C—cx). We must show, 
finally, that there is an arc st in D*.(C—N). 

But this is the proof of §7, with slightest modification. One begins at the 
third line of the second paragraph of that section, reading “Let H* - - - .” 
Then let H’’ = H*, and omit the next line which relates to a set which does 
not, in our new argument, exist. Now (st+)_m;,)-H’’ =0. Let D be the com- 
ponent containing st+ > m,, and D-H’’=0. In the next line omit distinct 
from x''x'x, and omit the last line of this and the last line of the next para- 
graph (these relating to x’’x’x). 

8.1. Now if pq is the arc pq of 7™ it is clear at once that either m: ¢ pq or 
m,:pq=0. If Ni=mc pq, let p(Ni)g=pq and 7T:*=T7,*=7*. If m-pq=0 
there is in 7* the y-curve i= pxit+cixi1t+ge where c; is the point a; or the 
point 6, so that cx; > m; clearly x; is not a point of N (being branch point of 


¢ Compare §6, where this is shown for <N>. 
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T*). If c: is an end point of 7*, there is a point ¢ and an arc cc; such that 
ce,: T* =c, and 6(cc:) <1 (compare §4.3).f If c: is not an end point of 7%, let 
cc, designate an arc of 7* such that cc:-cia1=c:. From §8 we may conclude 
that for any preassigned e>0, there is an arc sit; such that (1) siti ¢ S(cim, €) 
-(C—{N+c.x}). We may suppose, further, that (2) s: is the only point 
which s,¢; has in common with that component of (7*+<¢,c) —c; which con- 
tains c; then the arc s,c; of T*+c,c has c; only in common with cx, and 
only in common with 5,4; and (3) t,is the only point of s;4; which belongs to 
the sum of the two components of 7*—«, which contain # or g respectively; 
for definiteness we suppose that this is the component containing qg, and there 
is in 7* an arc tx} , where x{ (which may be 4) is a point of <g>. 

8.2. It is fairly intuitive that if y.z, is any arc of pg with x as inner point, 
then it is possible to choose the « above so that x/ ¢ <ym>+<a2>. 
Rigorously: there is an e’ such that pxg-S(x, €’) ¢ <yiz1> and a 6 such that 
if tis any point of 7*-S(x;, 5) then the arc tx; of T* belongs to S(x, e’). Let 
y’ and 2’ be points in order yy’ ¢ x2’ =% such that y’x2’ ¢ S(m, 5). Now 
T* —(<y'x,;>+<22’>) contains an at most finite number of components, 
Xo) %1, °° * » Xn, Which have any point in T*- {C—S(x, 5) }; one of these, say 
Xo, is a tree containing cm, and X»)-X;:=0, i=1,---, m. Let e<p(Xo, 
>-1X,). Then we shall suppose the ¢ of the previous paragraph to have been 
so chosen that 0<e<1, and 6(x:x/) <1, and we shall designate it by e:. 

8.3. Since s)t,;-¢:%, =0, it is clear that at most a finite number of the com- 
ponents of 7* —c,x; have points in common with s,t,. Then it is not difficult to 
define an arc, which we designate by si(*)4, and which has the following de- 
tailed structure: si(*)h=sit/s{t{’ --- sith, where siti, s{ti’,---, svt 
are non-degenerate arcs of 5:4; with end points only on 7,*,{ while t/s/, 
t{'s{’, - - - , 4s; are subarcs (or points) of T,* corresponding to different 
components of 7T)*—cim.§ Let p(Ni)gq denote the arc pxicisi(*)hay g, where 
pxtai ge p(No)g. Let 7:* be a continuum of T>*+5,(*)é irreducible about 
M+ (Ni)q. Then 7,* is necessarily a tree because the components of 
M+ (Ni)q are arcs or points.|| It is readily seen that 7,* is irreducible 
about M, that it has no point of WN as branch point, and that every point of 
Ni=m, separates p and q. 

8.4. We suppose, for induction, that ci, Site, Si(*)ti, p(Ni)g, and T,* 
have been defined for all kSnu—1 so that (14) cyx,o7T*; (24) Site Cc S(cux, 


+ It will be appreciated that, in this case, 7* and m, are locally identical at ¢. 

t To prepare for an induction we write To* for T* and p(No)q for the arc pg of T*. 

§ This will be recognised as traditional “procedure” from “first point on . . . to last point,” etc. 
|| One recalls that N- si =0. 
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1/k); (3x) T,* is irreducible about M and has no point of N for branch point; 
(4:) N,.= Yim; c P(N.) which is the arc Pq of T;*; (5,) for i<k, CX CEXE 
=0, or =xx, or there is a j, i<j<k, such that cia;-cxx, xx} (of Tj,);T 
(6x) (a) S(aped) <1/k, (b) xed -T,.* ¢ T*;F (7,) if x is any point of p(Ni)¢ 
which is a branch point of 7,*, then x is an inner point of an arc yixy2 of 
p(Ni)q such that if (C—T*)-y*+0, i=1, 2, then (yiw—x)-M=0, and 
yi —«x contains no branch point of T,*. The proof of (7:) is an easy conse- 
quence of the structure of s:(*)4:: we shall give the details in their proper 
place (see §8.8). 

8.5. Let ¢ be any point of T*_, which does not belong to (pN»-1)g. There 
is an arc ét’ of T*_, such that #t’- p(Nn-1)q=t’. Now suppose that ¢ does not 
belong to 7*. Then #t’ contains an arc a such that a-7*=0. Now if a does 
not belong to T*_, it has a subarc 6 and 8-T;_,=0. Since BcacT?_,, it 
follows that Bc p(N,-1)q. But #’-p(N,)q=t’. Then there must exist an 
integer j, 1 <j <n—2, such that ac T,*, i=j, but not in T}_,, where T* =T7™*. 
Then a hasasubarc ¥ such that y-7j_,=0, and y ¢ p(N;)q. Since y does not 
belong to p(Nn-1)q there is an integer k, 7<k<m—1, such that y ¢ p(Ni-a)g 
but not in p(N,)qg. Since pxrtaxig of p(Ni-qg=pxixég is contained in 
~(N,)q, it follows that y ¢x.x of T7_,. But y cacT,"*, and it follows from 
(6b) of §8.4 that y c 7*. The contradiction shows that tt’ ¢ T*. It shows also 
that every branch point of T#_; which belongs to p(Nx-1)q is a point of 7*, 
for if ¢’ be such a point we can obviously find for it an arc corresponding to 
it’ above. 

8.6. Now, either m, belongs to p(N,-1)g¢ or mn: p(Nn_-1)q=0. In the first 
case, let p(Nx)g=p(Nn-1)q and T,*=T,_,; the sets cn%n, etc., are vacuous. 
In the second case, there is in T*_, the y-curve, Wn=p%n+CnXn+Q%n, Where 
Cn is the end point a, or b, of m, so that ¢,%,2>m,. We have seen above that 
Cn%, ¢ T* and this is (1,) (of §8.4). It is obvious that Cn%n-Ca—1%n—1 iS Vacuous 
or it is the point x,. Let r be a subarc of ¢:%;-¢,%,, i<n—1. Then 7 does not 
belong to p(NV,-1)g, but 7 ¢ p(N;)q. Then there is a k, i<k<n—1, such that 
7 ¢ p(N;x-1)q but is not contained in p(N,)g. Then rex,x/ of Tj_,, and we 
see that (5,) holds. 

8.7. Let G(xn) be the component of T7_,—Nn-1 which contains x,, and 
pPn=p(T,_;—G(xn), Cnn) >O. Let €, be a number greater than zero such that 
(1’) €n<1/m, (2’) €n<4pn, and (3’)en<4e€,_1. We have a fourth restriction 
(4’) to impose upon e,, but it will be convenient to suppose this made and 
postpone for a moment its consideration. Now if the point c, of ¢,x, is an 
end point of T*_,, let cc, be an arc, 5(c"c,) <1/m, such that c"c,-T)_,=Cn.t 

t It is to be borne in mind that x;x;’ denotes always the arc of T*. 

t For this, and the next line, one follows §8.1 replacing 1 by 7. 
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Otherwise, let cc, designate an arc of T*_, such that c"Cn-Cn%n=Cn. Let Sata 
be an arc, defined in complete analogy with s\4, such that (1) Sata ¢S(¢n%n, 
én) -(C—{N+cnx,}), and (2) and (3) are parallel to (2) and (3) of §8.1. Then 
we may suppose that $,(*)tn =Sntn Sate’ - + + Sa*ttn; P(Nn)Q = PXnCnSn(*)enXn Q, 
where px,+2, q¢ p(N,-1)q; and 7,* irreducible about M+ (N,)q, have all 
been defined. Then it is clear at once that (2,), (3,), and (4,) all hold. We 
have established (1,) and (5,) in §8.6, so that there remain (6,) and (7,) to 
complete our induction. 

8.8. Let yixnye be the arc of (7,1)., Clearly we may suppose that 
5(yi%n2) <1/n. Then, as we have seen in §8.2, we may choose e, such that 
(4’) x, © <i%nye>, where the argument of that section permits us to ex- 
press this choice quite formally. Then (6,a) is immediately verified. Since 
x, is not x, we shall say for definiteness that x, ¢ <2%,jy2>. Now if xx, 
-(C—T*) =0, (6,b) is verified at once. But if x,x,/ -(C —7*) <0, then no point 
of <x,x,' > is a branch point of T7_, or a point of M. In this event, since 
T,* > p(N,)q and is irreducible about M it follows that 7,* contains no 
point of <x,x,/ >. Then (6,b) holds. 

To verify (7,) one bears in mind §8.5, that T*_,—p(N,»-1)q¢7*, and 
writes for p(N,)q its detailed structure: p(Nn)qg=pXnnSnte Sula’ Sn’ ++ - 
tinstnt,x,! gq. From the analogy with si, no point of<s,t, >+<s,/t/’> 
+--++-+<s't,> is a branch point of 7,*. On the other hand, 2x,¢, 
Ht! sf tl! sl! +tntns,'m T*. Again, pxn+x,q¢P(Nn1)g. It will be clear 
that we need only discuss points of c,S,+¢,x,, because these arcs are, in a 
sense, ambiguous. Thus, if c, was an end point of T*_, the point s, ¢c"c, of 
C—(T3_,—c¢n), and no point of c,s, can be a branch point of 7,*. If c, was 
not an end point of T77_,, the arc c,S, is an arc of T7_, and belongs to 7*. If 
t, is not the point x,/, the arc ¢,#, is a non-degenerate arc of points of 7*. 
But if ¢, is x, no point of st»x,’ =s*nt,x,/ is a branch point of 7,*. Then 
our induction is complete. 

8.9. Accordingly, we suppose 7,,*, Sntn, Sn(*)tn, Cn%n, to have been defined 
for all values of n=0, 1, 2,---. It may have happened, but is immaterial 
to the argument, that for some values of m, S,fn, etc., are vacuous: T,* is 
always defined. We have seen that c,x, ¢ 7*. Now if more than a finite num- 
ber of these are of diameter greater than a preassigned «>0, it follows from 
well known theorems of Wilder on trees that there must exist an arc X of 7* 
of diameter at least }¢ which belongs to infinitely many of these. But if 
X €C;x;-CxXx, i<k, then, for some 7 >i, X c xx}. But d(x;x})<1/j, and it is 
immediate that there is an » such that X does not belong to cix;, i >n. Then 
(c,x,) isa null-family, and it has the sequential limiting set H of (m,). Then 


t§ 8.4, for k=n—1: x, isa branch point of Tt_y and xn © p(Nn-1)q. 
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(Sntn) is a null-family with sequential limiting set H. To apply our lemma 
quite rigorously we let (s,t;) denote those arcs of (S,tn) which have a point in 
common with 7* and (s;t;) the set which do not. For the latter it is clear from 
the preceding section that 5(c;s;) <<1/j, so that the set (c;s;t;) isa null-family 
with limiting set H. Then T,=7,*+ )>’siti+ >.''cjsit; is a perfect con- 
tinuous curve, n=0, 1, 2,---, and l,>T,12M. Then][® I, contains a 
continuous curve I irreducible about M. Now m, separates T,,* between p 
and q. Since no point of m, is a branch point of 7,*, T,*—m, is the sum of 
two components P and Q containing p and qg respectively, and p(P, Q) =p’’>0. 
Then for every k, k>n, px of §8.7 will be less than p’’, and from restrictions 
2’ and 3’ on e, it follows by customary arguments that every point of m, 
separates p and qin I, : therefore in T. Now I contains an arc pg which we 
designate by p(N)q, and p(N)q>m, for every n. Then p(N)q>N, and con- 
sequently p(N)qg> N=M > M*, and M* is our original and arbitrary Moore- 
Kline subset of C. 

9. Then our principal theorem is completely proved when we have justi- 
fied the assumption of §8 that there exists in C a tree 7* irreducible about 
M and such that no point of N is a branch point of T*. We have seen in §6 
that there is a tree T’ irreducible about M which has no point of <N> 
= }> <m,> for a branch point. If no point of (an) or (b,) is a branch point 
of T’, then T’ is the tree 7*. We may suppose, possibly by a reordering of 
the arcs and a relettering of the end points of one of them, that the point d; 
of m, is a branch point of 7’; it will be convenient to let b designate the 
point b:. Now T’— <m,> =T+T°, where T and T° are trees, b is at least an 
ordinary point of T and T°> a, (or, possibly T° is a,). It will be convenient 
to let the term a branch of T designate the closure of a component of T —b.t 
Let (B,), m=1, 2, - - - , denote these branches.{ It is well to have in mind 
the discussion of §5.2: we shall conclude from it that if bx is any arc of T 
with end point b, since bx-(C—M)0, bx contains a sequence of arcs con- 
verging to b which have on them no point of M and no branch point of T. 

Choose an e, 0<e<min {1, 5(B:), 5(Bz), 49(7', T°) }. Let ¢ denote an end 
point, distinct from }, of Bi, and let ¢’ be a point of the arc bt such that 
bt’ ¢ S(b, €). Now at most a finite number of the branches of T are of diameter 
greater than ¢«/3. Then there exists a set L; which is the sum of a finite set 
of arcs such that (1) LZ, ¢ S(b, €) -(C—N),§ (2) each arc of ZL; has an end point 


T Strictly, 5 may not be a branch point, and generally there are other branches; for the moment 
only these sets will concern us. 

} Although we have assumed explicitly that these are in infinite number, we make the conven- 
tion that when a set B, does not exist, then it is the point b. 

§ By §7. 
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on bt’ and an end point on some branch B;, i>1, whose diameter exceeds 
e/3, (3) each branch B; of diameter greater than ¢/3 has at least one point 
in common with LZ). Let Bi, B,,, - - - , Bn, denote the branches which have 
a point in common with J: they are necessarily finite in number since 
L,-b=0. Then we may express T as the sum of two trees, T=J+J’, where 
J = >°B;, j=1, m, +--+, mz, so that b is of order k on J, and J’= >>’B; 
summed over all values of i not equal to 7 above. Then J’-L,=0, J’-J =), 
and 6(J’) <2e/3 since 6(B,) < €/3 if B; is a branch of J’. It will be seen that 
there exists in J a set of k arcs, Z,;, which contain no point of M and no 
branch point of J and no point of Li, Zu ¢ bt, Z1;¢ Bij =1, m, ---, mi), 
such that (J- }> <Z,;>)+L:=J’’+K: where the tree J’’ contains 6 and 
is of diameter less than ¢«/3 while the perfect curve Ki> L,+#. Then Ji;=J’ 
+J" is a tree, and 6(J:) <«. Let x; and y; be the end points of Z; in order 
bxyyit. We have the following relations: (1) M-T>M-Ji4+M-K,, (2) Ji:-Ki 
=0, (3) Ji-avy1=%1, (4) a1y1-Ki=y1. There exists an open connected set U; 
such that U;- (%1yi+ Ki) =0, and S(d, €-) >Ui: 9Ji— m1. 
9.1. Suppose we have defined 


Ih, = Kit+ ix. + Ket+ Yoxe + oa + Yn—1%n—-1 + Kat Ynin t+ Ja 


where two sets on the right are without common point unless they are ad- 
jacent, and in this case one of them is an arc and the only common point is 
the juxtaposed end point; and the open connected set Un, Jn—4n Unc Un 
c S(b, €n), where €,<(1/m). Further: K; is “perfect,” J, is a tree containing 
b, yx; is an arc of bt’ containing no point of M or branch point of T’,and| there 
is the order b%nYn%n-1- - - xyit't. Finally, M-T=M-I,. Let 0<€ny1<(1/n 
+1), and S(b, €n41) ¢ U,. Then we can define in S(b, €n4:) a set L, which is 
the sum of a finite set of arcs each with an end point on bx,, and an arc 
Xn4iVn41 Of bx, (in order: b¥n41Vn41%n), and a tree J,41, and an open connected 
set Un4:, and we can define in U, a perfect curve Kn4:, such that replacing 
Jn by KnsitJng and U, by Un4:, the resulting sets 7,4; and -U,4: complete 
the induction.f 

Now bi+ >-?K, is “perfect,” so that b+ >oxnyn+ >Kzn is “perfect” and 
this contains a tree Y irreducible about M -T. It is clear that b is an end point 
of Y. It should be clear also that Y+-m,+T° is a tree irreducible about M@ 
with no point of <N> as branch point, and on which the point b=), is not a 
branch point. Now P =bt'+ >-; L, is “perfect,” P¢S(b, ¢), and YeT’+P. 
Let X denote )oxnyn. 

If a, is an end point of T’, T° =a. Then let T/ = Y +m. If a, is an ordinary 


t The step by step details should be obvious from the preceding paragraphs, and we pretend 
merely to have given these a precise form. 
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point of 7’, it is an end point of T° and there exists a set of arcs of T° which 
we designate by X’, such that these contain no point of M or branch point 
of T°, and such that a is a point component of T°—<X’>. Then let 
Ti =T°+m+Y, Pi=P, and X:=X’+m,+X. If ais a branch point of 7’, 
therefore at least an ordinary point of T°, there exists, by precisely the argu- 
ment above, a perfect curve P’ ¢ S(a, €), and a set of arcs X’ such that in 
T°+P’ there is a tree Y’ irreducible about M-T° and (1) a; is an end point 
of Y’, (2) X’ contains no point of M or branch point of Y’ and a, isa point 
component of Y’— <X’>, (3) no point of Y’. <N> is a branch point of 
VY’. Let Pi=P+P’, X:=X+m4+X’, and Ti =VY+m4+Y'cT’+Pi: 
P,¢S(m,-¢). Then TY is irreducible about M, has no point of <N> and 
no point of m, as branch point, and a; and J; are point components of 
Ti -—<Xi>. 

9.2. Suppose 7,/_, defined. Then let G(m,) denote the component of 
T,1— >-1"'<X;> which contains m,. Let p,»=p(T,/-1—G(m,), m,)>0. 
Choose ¢€,, 0<€,<min (4p,, €/m). By precisely the arguments above there 
exists a perfect curve P, ¢ S(mz, €,) and a set of arcs X, such that in 7,/_1+P, 
there is a tree 7,’ irreducible about M which has no point of <N > and no 
point of V,,= >-{m; as branch point, and the points of E, where E, denotes 
di(ai+b,) are point components of 7,’ — )-7<X;>, the latter set con- 
taining no point of M or branch point of T,’. It is not difficult to see that 
r.=Ti/ + > P:> T4412 M is “perfect” and contains no point of WN, as 
branch point. Then by familiar arguments (§§6, 8.9) there is in []/T., a 
tree 7* irreducible about M with no point whatever of WN as branch point. 

We have justified our assumption in §8, and completed the proof of the 
Moore-Kline Theorem. It is not a difficult consequence of the self-compact- 
ness of a Moore-Kline set that the equivalence of the Moore-Kline property 
and property B can be extended to the non-metric spaces of Moore (see his 
Colloquium Lectures). 

10. If C is an arbitrary generalised continuous curve having the Moore- 
Kline property, and is not a simple continuous curve, and if M is an arbitrary 
Moore-Kline subset of C, then in order that two points x and y of C shall be 
end points of an arc xy of C containing M, it is necessary and sufficient that 
(1) « and y are not end points of the same arc of M (unless, trivially, M is an 
arc xy), (2) neither x nor y is an inner point of any arc of M, (3) neither x nor 
y is an end point of a maximal arc of M and at the Same time a limit point of 
the complement in M of that arc. Whether x and y belong to M or not, 
M+x+y is an M. K. set. Let us see, first, that if z is a point of an M. K. 
set M’ of C and is not a point of any arc of M’, then there exists an arc 2q, 
where gq is not determined, and zg > M’. For, there is some arc ab> M’. Ifz 
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is an inner point of this arc, then by precisely the argument of the first para- 
graphs of §9, there exists a tree 7*} containing M’ which has z as end point. 
Then, calling p the point z, it follows from §8 that there is an arc 2g> M’. 

To return to x and y. There is some arc vw > M. Since x and y are not end 
points of the same arc of M, there exist open connected sets D, and D, con- 
taining x and y respectively, D,-D,=0, and Mc D,+D,,. If either x or y is 
an end point of an arc of M one of them is, and let us assume that x is such 
a point and is end point of a maximal arc xz of M. Now D,—(xz—2) is an 
M. K. space, and from (3) above M-D,—(xz—2z) is an M. K. set, and z is not 
an end point of an arc of this set. There is in D,—(xz—z) an arc zg which 
contains D,-M—(xz—z), and gz+2x is an arc gx > M-D,. Similarly there is 
an arc q’y in D,, q’y > M-D,. Now C— { (xq—q) +(yq’ —q’)} is a generalised 
continuous curve (one recalls §7, for example) and contains an arc gq’. Then 
xq+qq’+q’y is the desired arc xy. 

It can be proved that if M is any M. K. set of C and is homeomorphic 
with a given set M* of a line segment a*b*, there exists in C an arc ab con- 
taining M and preserving that ordering of the points of M which is induced 
upon them by the homeomorphism.{ We shall not give this proof, for which 
the methods of the paper and the following additional property of C suffice: 
if xyz is any arc of C, every inner point y is accessible from C —xyz (we have 
seen this for the end points). With a proof of this last, which seems curious 
and of interest in itself, we shall conclude the problem. 

On the hypothesis of this section, it is clear that y is a limit point of C 
— xyz. There exists an open connected set D,, of arbitrarily small diameter, such 
that D,-xyz= <x'yz’>, where x’ and y’ are inner points of xyz, and D,-xyz 
=x’yz’. It may happen that <x’yz’> separates D,, but in this case every 
point of <x’yz’> and in particular the point y, is a limit point of every com- 
ponent of D,— <x’yz’>: otherwise property A cannot hold (compare §7). 
But then (D,— <x’yz’>)+y is connected. Therefore y+(C—-xyz) is con- 
nected and locally connected, and arcwise connected. Then some arc y*y 
exists, y*y-xyz=y. 

11. With modifications which we shall give, the methods of this paper 
yield the following theorem due, for locally compact continuous curves, to 
G. T. Whyburn: In order that every self-compact totally disconnected subset H 
of a generalised continuous curve C belong to an arc L of C, it is sufficient that 
no point of C be a local cut point. 


+ For the properties of 7*, see §9. 
} For euclidean spaces E,, as special case of C, compare the argument given by the author in a 
paper to appear in the American Journal of Mathematics, Generalisation of a theorem due to C. M. 


Cleveland. 
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We shall give the form of the proof, and dwell only on that part of it 
which differs a little from the arguments we have already met with. 

If R is any countable point set of C, and D an open connected subset, then 
D—-D.-R is arcwise connected (this is a simple form of the argument in §7). 
There is a tree T irreducible about H, and a countable set Q of points (q,) 
of H which is dense in H. Let a and 6 be arbitrary end points of T. If g, cab 
cT, let 71:=T and a(1)b=ab. Otherwise there is the y-curve, yi =ax%1+q:%1 
+bax;. Let an ¢ be preassigned. There is in S(g:x:)-{C—(Q+2:)} an arc st 
with s ¢ <2,g:> and ¢ the only point on X;, by which we designate the sum 
of those two components of T—x, which contain a or b respectively. There is 
in T an arc tx , where xj ison <ax,;> or <%,:b>; we shall suppose it on 215 
for definiteness. If pis any point of sq:—q:, we shall say that it is covered by 
an arc Spt, if s,¢ <pxi> and t,¢ <pgi>, Sptp-Xi1=0, and sptp-(Q+2:) =0. 

It is clear that for every point p such a covering arc exists, of arbitrarily 
small diameter. The arc gis is homeomorphic with the linear interval 
0<r31, and we let gq: correspond to r=0. The subset of gis corresponding 
to the points 1/2"-!>r21/2* we cover by a finite set P,, of arcs of diameter 
less than (1/2")e. Then in T+ )>P, there is an arc ax.g:x{b, and this is 
a(1)b.t There is in T+ >>P, a tree T; irreducible about H+a(1)b. 

It will be observed that a(1)b has been constructed to contain x. And 
this has been done so that it may be clear how, when a(m)b has been con- 


structed to contain Q,= > 19:, a(m+1)b can be constructed to contain 
Qn41. Suppose a(m)b and T,, defined. If gn41¢ a(m)b, let a(n+1)b=a(n)b. If 
not, consider Gn4i%n41- If Xn41°On =0, let G(gn41)f be the component of T,—Qn 
containing %n419n413 if Xn41 © Qn,§ let this be the component of 7, — (Qn —n41)- 
The inevitable induction follows closely §9.2, and the proof that the cus- 
tomary sets I’, are perfect continuous curves follows the arguments of §8.9. 
It seems to us that the remainder of this proof should be clear. 


UNIVERSITY OF TEXAS, 
AustTIn, TEXAS 


t It is clear that gim+xx1 +2{t+ts+ZP, is a cyclicly connected compact continuous curve 
containing 9,; if gq: is not an end point there is a simpler construction available, but in general we 
should need the one above also. 

t It is well, here, to recall §9.2. 

§ In this proof there is no “reduction” of the order of branch points, of §9. 





A DETERMINATION OF ALL NORMAL DIVISION 
ALGEBRAS OVER AN ALGEBRAIC 
NUMBER FIELD* 


BY 
A. ADRIAN ALBERT AND HELMUT HASSET 


1. Introduction. The principal problem in the theory of linear algebras is 
that of the determination of all normal division algebras (of order n?, degree 
n) over a field F. The most important special case of this problem is the case 
where F is an algebraic number field of finite degree. It is already known that 
for n=2 (Dickson (1)), *=3 (Wedderburn (1)), 2=4 (Albert (2)) all such 
algebras are cyclic.{ We shall prove here a principal theorem on algebras over 
algebraic number fields: 


Every normal division algebra over an algebraic number field of finite degree 
is a cyclic (Dickson) algebra. 

2. The history of our proof. It has been recognized for some time that the 
proof of the above theorem would require arithmetic-algebraic considerations 
rather than those purely algebraic. Albert (1) attempted to give such a 
treatment for the case »=4. Albert (2) later used the p-adic arithmetic the- 
orems of Hasse (1) on quadratic null forms and completed the case » =4. 

In his paper on p-adic division algebras Hasse (2) began his treatment of 
the proof of the principal theorem. He proved that every normal division 
algebra over a p-adic number field F, (a p-adic extension of F) is a cyclic 
algebra. 

Hasse (3) next treated cyclic normal simple algebras. He gave an in- 
variantive characterization of such algebras, and used his results to prove 
many algebraic properties of cyclic algebras. 

Let us now consider a normal simple algebra A of degree mu over F. 
Wedderburn (2) proved that A = M XD where M isa total matric algebra and 
D is a normal division algebra whose degree m is called the index of A. If 
we extend the coefficient field F of A to be any field K then the new algebra 
Ax with the same basis as A is well known to be a normal simple algebra. 
If the index of Ax is unity we say that K is a splitting field for A. If, in par- 


* Presented to the Society, April 9, 1932; received by the editors January 29, 1932. 

{ The writing of this paper was undertaken by A. A. Albert at the suggestion of H. Hasse and 
with his cooperation. 

t For references see the table of literature at the close of this paper. 
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ticular, K is a p-adic extension F, of F by a prime ideal or infinite prime spot 
p of F we designate A x by A, and call the index m, of A, the p-index of A. 

A normal division algebra is said to split everywhere if m,=1 for every p 
of F. It is obvious* that if A splits everywhere and if K is an algebraic exten- 
sion of F of finite degree, then also A x splits everywhere. 

With the above definitions in mind we can now pass to further results of 
Hasse (3). He proved that the p-index of A is different from unity for only a 
finite number of p’s in F. Hasse also proved (his Theorem (3.11)) that a 
cyclic algebra splits everywhere only when it has index unity. It is these two 
results, the latter used only for prime degree, that lead to the proof of the 
principal theorem. 

At the time (April, 1931) when Hasse presented his paper (3) to these 
Transactions he had also outlined a proof off the following existence theorem. 
Let A be a normal simple algebra of degree over F. Then there exists a 
cyclic field C of the same degree m over F such that Ac splits everywhere. 
Hasse then conjectured that it followed that Ac is a total matric algebra. As 
an immediate consequence A is cyclic with a sub-field equivalent to C. 

Hasse had thus reduced the proof of our principal theorem to the proof 
of his conjecture. He attempted to prove this latter result by the same method 
which had been successful for a cyclic algebra A, but did not succeed in this 
attempt at first. Later (October, 1931) he could however use his results to 
prove the principal theorem for the case where A has a splitting field with 
regular abelian group and degree m. Albert used Hasse’s communicated result 
to prove the principal theorem for m= 2°. Albert also proved that F could be 
extended to K over F such that a normal division algebra A, of degree n= p° 
over F, p a prime, has the property that A x over K is a cyclic normal division 
algebra over K. Albert communicated these results to Hasse. They were very 
close to the principal theorem. 

Shortly before this time (October, 1931, presented, September, 1931) 
Albert (3) published certain algebraic theorems (amounting to the latter 
result just mentioned) from which the proof of Hasse’s conjecture follows 
immediately. When these theorems as well as the above mentioned com- 
munication from Albert were still unknown to Hasse and throughout 
Germany, while Hasse’s existence theorem (even yet unpublished in com- 
plete form) was still unknown to Albert (November 11, 1931), R. Brauer, 


* For every field K, contains some Fp, a splitting field for A. 

t By stating the existence of a C with proper p-degrees. In fact Hasse (3) proved that the - 
degrees of C must be merely multiples of the p-indices of A. The existence theorem is then a generali- 
zation of Hasse (4), (5) and a complete proof will be published elsewhere. 
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Hasse, and E. Noether succeeded in completing a proof of Hasse’s conjecture 
and hence of the principal theorem.* However they used a reduction not as 
simple as the one by Albert already in print. The authors of the present article 
feel that it is desirable to show how the proof of the main theorem is an im- 
mediate consequence of Hasse’s arithmetic and Albert’s algebraic results 
(first proof). We shall also give a new proof (of the algebraic part) using the 
line of Albert’s reasoning but shorter than the Albert auxiliary theorems be- 
cause of the omission of results extraneous to the problem being treated here 
(second proof). 

3. The first proof. Hasse reduced the proof of the principal theorem to the 
proof of the 


AUXILIARY THEOREM. A normal division algebra D of degree m over F splits 
everywhere only if m=1. 


For if m1 it has a prime factor p>1 and we may write m= p‘q, (p, g) =1. 
By Albert (4), Theorem 21, Albert (3), Theorems 12, 13, 9, there exists an 
algebraic field K over F such that Dx=M XB where M is a total matric 
algebra and B is a cyclic division algebra of degree p over K. But D splits 
everywhere. Hence so does B, a contradiction of Hasse’s result (3), Theorem 
(3.11), which statés that then B is a total matric algebra. 

4, The second proof. We shall use as a fundamental lemma in our proof 
of the above Auxiliary Theorem the Theorem 14 of Albert (4). We use the 
notation A~D (read A is similar to D) to mean that A is the direct product 
of the division algebra D and a total matric algebra. The announced funda- 
mental lemma is then 


Lemma 1. (Index reduction theorem.) If one passes from a reference field 
F to an algebraic extension K of degree r over F the index m of a normal simple 
algebra A over F is reduced by a divisor of r. That is, if A~D where D is a 
normal division algebra of degree (index) m over F then Ax~D’' where D’' is a 
normal division algebra of degree (index) m'’=m/s over K with s a divisor of r. 


Coro.iary. If K is a splitting field of a normal simple algebra A, the 
degree of K is divisible by the index of A. 


This is the case m=s of Lemma 1. We also have the well known (cf. 
Dickson, pp. 137-138) 


Lemma 2. Every normal division algebra D over F has splitting fields of 
finite degree over F. 


* In a paper published in the Hensel Memorial of the Journal fiir Mathematik. 
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We may now prove our Auxiliary Theorem. We assume as before that 
m1, m= pq, (p, g) =1 where is a prime. 

(1) By Lemma 2 there exists a splitting field K for D of finite degree. 
Let T be its galoisian field (the normal field of degree pr over F, (r, p) =1, 
which is the composite of K and all of its conjugate fields). By the first 
Sylow theorem* there exists a sub-field F’ of T of degree r over F such that 
T expressed as a field over F’ has degree p’. By Lemma 1, since r is prime to , 
the index reduction factor divides g, that is, the index of Dy. is m’= pq’. 
Also Corollary 1 states that m’ divides p” since T is a splitting field for Dy. 
Hence m’ = p*, that is Dp- ~ D’, a normal division algebra of degree p* over F’. 

(2) By the third Sylow theorem} there exists a series F’=Fj, 
F!,---, Fd =T of fields between F’ and T such that each F/,, is cyclic of 
degree p over F,. The indices m, of the extensions D;, start with 
my =m’ = p*, and form, by Lemma 1, a decreasing series of powers of p in 
which each of the powers f’, - - - , p, 1 must occur once. Hence, for one p, 
m, =p, m',4:=1. We have thus reduced our considerations to the case of a 
normal division algebra B (~D;,,) of degree p over Fj, with the cyclic 
splitting field F{4: of degree p over F,. 

(3) Since D splits everywhere so do Dy-, D’, D;,, B. But Hasse (3), 
Theorem (3.11), states that then B is a total matric algebra, a contradiction 


of our proof in which B was obtained as a normal division algebra. 
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ADDITIONAL NOTE TO THE AUTHOR’S “THEORY OF 
CYCLIC ALGEBRAS OVER AN ALGEBRAIC 
NUMBER FIELD”* 


BY 
HELMUT HASSE 


Unfortunately, there has been an embarassing misunderstanding con- 
cerning the proof corrections of my above mentioned paper. As a consequence 
of this, I have not been able to cooperate in the correction. I wish, therefore, 
to make the following corrections and additions: 

Page 172, line 16, read “Kap. III, 4, 5)”. 
footnote f, line 5, read “(see the footnote f on p. 171).” 
Page 173, line 13, replace “reverts to” by “is equivalent to”. 
line 16, for “N(c)” read “N( )”. 
Page 174, line 5, put “for” between “except” and “an”. 
————- line 21, read “field” instead of “corps”. 
——— footnote §, line 1, put “have” between “I” and “adjoined”. 
Page 175, line 11, read “The prime spots p for which, at most, the symbol 

((a, Z)/p) is different”. 

——— in (3.10) replace the exponent wu by —u. 

——— line 17, omit “shall”. 

——— line 18, replace “deal with” by “pursue”. 

Page 176, in (4.4) omit the bar over Z (twice). 

Page 177, line 3, omit the comma after (mod ). 

Page 178, in (6.3) read “((a, Z)/p)”. 

Page 179, last line, read “exponent 1.” 

Page 180, footnote {, read “In lectures at the University of Géttingen, 1929- 

30.” 

—~——— footnote §, read “In a separate paper; in part also in van der Waerden 

(1 Kap. 17).” 

Page 181, line 5, read: “(2, 3 Kap. III, 4, 57).” 
adjoin the footnote “} That the algebras considered by Dickson (5) 
were actually crossed products and hence not “new” was pointed out by 

Albert (0). Moreover, Albert (3, 4) has also already given some of the 

essential facts concerning crossed products.” 
Page 183, line 8, read “substitution”. 


* These Transactions, vol. 34 (1932), pp. 171-214. 
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line 11, replace “relation reverts to” by “substitution is equivalent 
to”. 
last line, at the end adjoin “(see p. 178)”. 
Page 185, line 3, read “u” instead of “n”. 
line 19, read “Z” instead of “Z”. 
Page 187, line 1, put a footnote mark f after A. 
line 3, read “Dz” instead of “Dz”. 
last line, read “yz =0” instead of “yr #0”. 
adjoin the footnote “j Artin (2), Brauer (3), van der Waerden 
(1 Kap. 16).” 
Page 188, footnote *, line 6, after (11.4) adjoin, “and also the proofs of 
Noether given in van der Waerden (1 Kap. 17)”. 
same footnote, lines 8 and 9, omit “perfect”. 
same footnote, after line 11, adjoin as a new paragraph “(11.3) holds, 
moreover, in the general case without any restriction, when the supposi- 
tion is adjoined that A is the algebra similar to D of the least degree which 
contains a corps isomorphic to Z.” ’ 
same footnote, lines 13-14, replace by “Noether.” 
Page 189, line 22, read “For” instead of “Now”. 
Page 190, line 1, read “A, in” instead of “a, of”. 
Page 191, line 3, read “cs?” instead of “c?”. 
line 23, instead of “This” read “If these » idempotents can be in- 
serted in a set of m? matrix units of which they are the diagonal units, as 
will be shown later (p. 193), this”. 
line 24, omit “to a set . . . and so”. 
Page 192, lines 4, 6, 12, read “Z®” instead of “Z2”. 
Page 193, line 13, omit, “by the way”. 
lines 15-16, instead of “I do not... following” read“ ,hence the 
supplementary statement required on p. 191 for the validity of (12.4 2) is 
correct”. 
line 17, replace “deduced” by “constructed”. 
line 21, read ae 


line 23, read “zer,s,r e”. 
line 25, read “(12.4 7)”. 
Page 194, line 6, omit the comma at the end. 
line 8, read “Z =ez”. 
line 10, read “fistir =lsras,rds,r,”. 
after line 10, adjoin “where ads,7 =eas,r and ds,r =eds,r are the ele- 
ments in Z =eZ =eZ corresponding to as,r in Z and ‘ds,r in Z.” 
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line 11, read “Therefore, really,”. 
line 12, read “aa”. 
line 30, read “(Brauer 2a, 3)”. 
Page 195, line 16, read “g;=0 (mod 1/p})”. 
line 28, read “(13.4 1)”. 
Page 196, lines 16, 29, 30, read “ed” instead of “e*”. 
line 23, read “results, provided that e and the other idempotents 
arising from the decomposition of Z, can be inserted in a set of matrix 
units of which they are the diagonal units, as will be shown later (p. 197).” 
Page 197, lines 5, 6, 7, 9, read “ep” instead of “e*”. 
line 17, omit “we have in particular that”. 
line 18, read “e®ug =uge®.” 
after line 18, adjoin “From this relation it follows that 


és,r = Ug ure 


is a set of k? matrix units in A, corresponding to the e° as es,s, hence the 
supplementary statement required on p. 196 for the validity of (14.1) is 
correct”. 
line 19, replace “deduced” by “constructed”. 
Page 198, footnote f, line 1, read “Kap. III, 4, 5)”; replace “revert” by “a- 


mount.” 
Page 199, in (15.4 1) read “cs#+»” instead of “c™**””. 
line 15, read “cs” instead of “cs”. 
line 23, replace “=” by “~”. 
line 27, replace the second “=” by “~”. 
Page 200, line 21, read “(3.10)”. 
Page 201, line 2, read “((8,, W*)/p)”. 
line 3, put a semicolon after (16.3). 
in (16.6 3) read “=” instead of “=”. 
Page 202, line 15, put the footnote mark f after “an”. 
Page 203, line 25, read “by (3.1), (3.2)”. 
line 29, read “by (16.3), (16.4)”. 
Page 204, in (17.10) on the right-hand side replace “p” by “q”. 
line 27, read “(16.8)”. 
Page 205, line 9, read “A,” instead of “A”. 
Page 207, line 31, replace “(15.4)” by “(15.2)”. 
Page 208, line 13, read “cyclic algebra”. 
line 19, read “(15.5)”. 
Page 209, last line, read “Z”. 
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Page 210, line 1, read “Z”. 7 
line 3, read “A~(8, Z, S), A~(, Z, S)”. 
line 4, read “(13.1) and (15.2),”. . 
line 5, read “A X A =A ~(8, Z, S) =(a, Z, S)”. 


line 8, read 
8, Z, § B, Z. 
-)+¢ 


p 
a,Z,S Te 
<a 

p p 

line 14, read “(13.1) and (15.2)”. 

Page 212, under A. A. Albert add the following: 

0. Normal division algebras in 4p? units, p an odd prime. Annals of 
Mathematics, vol. 30 (1929). 

3. The structure of pure Riemann matrices with non-commutative mul- 
tiplication algebras. Rendiconti del Circolo Matematico di Palermo, vol. 
55 (1931). 

4. On direct products, cyclic division algebras, and pure Riemann 
matrices. Transactions of the American Mathematical Society, vol. 33 
(1931). 

under R. Brauer add the following: 

2a. Uber Systeme hyperkomplexer Gréssen. Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 38 (1929), p. 47-48. 

under L. E. Dickson add the following: 

5. Construction of division algebras. Transactions of the American 
Mathematical Society, vol. 32 (1930). 

Page 213, under H. Hasse add the following: 

15. Beweis eines Satzes und Widerlegung einer Vermutung tiber das 
allgemeine Normenrestsymbol. Nachrichten von der Gesellschaft der Wis- 
senschaften zu Gottingen, 1931. 


~ 
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ONE-SIDED MINIMAL SURFACES WITH 
A GIVEN BOUNDARY* 


BY 
JESSE DOUGLAS 


1. HisTorICcAL 


One-sided surfaces present themselves quite naturally in the theory of 
minimal surfaces; they were first studied systematically by Sophus Lie? under 
the name of “Minimaldoppelflaichen.” 

Lie had interpreted the formulas of Monge for a minimal surface in the 
now well known geometric way: that every minimal surface can be generated 
by translating one minimal curvef along another. An equivalent construction 
is to take the mid-points of all line segments whose ends lie respectively on 
any two fixed minimal curves 1, wz; their locus is a minimal surface, which 
is real whenever ju, ue are conjugate complex. If wu; and we coincide in a min- 
imal curve yu, this construction becomes the taking of the locus of the mid- 
points of all chords of wu. The resulting minimal surface, real whenever yz is its 
own conjugate complex curve, is of the type designated as “Minimaldoppel- 
fliche” by Lie. If this surface is not periodic, i.e. does not go over into itself 
by a certain translation and its repetitions, then it is a one-sided surface in 
the sense of topology: a material point moving continuously on the surface 
can pass from any position to that directly beneath without crossing over 
any boundary of the surface (Mébius strip); or, if we ascribe a certain arrow 
to the normal at any fixed point and follow the continuous variation of this 
sensed normal as the point moves on the surface, it is possible to describe a 
closed path which will reverse this arrow. In particular, the surface cannot be 
periodic if it is algebraic; therefore every algebraic double minimal surface is 
one-sided. Algebraic character can be secured for the surface by taking the 
minimal curve pu to be algebraic; this in turn can be done by taking as alge- 
braic the arbitrary function f(¢) in the Weierstrass formulas for a minimal 
curve :§ 


* Preliminary communication presented to the Society, October 25, 1930; Bulletin of the Ameri- 
can Mathematical Society, vol. 36 (1930), p. 797. Received by the editors June 3, 1932. 

1S. Lie, Beitrége sur Theorie der Minimalflichen, Mathematische Annalen, vol. 14 (1878), 
p. 331; vol. 15 (1879), p. 465. 

t A minimal curve is a curve (always imaginary) of zero length: dx? +dx? +dx? =0. 

§ W. Blaschke, Vorlesungen iiber Differentialgeometrie, Berlin, 1921, vol. 1, p. 30. 
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1 = i(s-y' -*y), 


2 
1+? 
t= f - if +——f", 


v3 = — i(f’ — if”). 


Another point of view as to double minimal surfaces is contained in the 
formulas of Weierstrass for a (real) minimal surface: 


1 = x f (1 — u*)F(u)du, 
x2 = w f i + u?)F(u)du, 


x3 = wf 2uru)du, 


The same surface will be represented if we use instead of F(u) the function 


o< 1 
G(u) = — <7 _ -), 
u u 


the bar denoting the conjugate complex function. In fact, F and G correspond 
to the two different modes of generation of the minimal surface by transla- 
tion of a minimal curve (the second minimal curve may be translated along 
the first as well as the first along the second). The condition for a double min- 
imal surface is that these two modes of representation be identical: 


1 
(1.1) F(u) = -=7( --). 
u* 


uU 


Then, unless the surface is periodic, it will be one-sided in the topological 
sense. 

A simple example of a one-sided minimal surface was given by L. Hen- 
neberg* and is named after him; it is defined by 


1 
F(u) =1-—-—, 
u4 


easily verified to satisfy the condition (1.1). 


* L. Henneberg, Ueber solche Minimal flichen die eine vorgeschriebene ebene Curve zur geoditischen 
Linie haben, Zurich, 1875. 
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For further information as to one-sided minimal surfaces the reader is 
referred to the treatises of Darboux* and Scheffers. f 


2. THE PROBLEM OF PLATEAU FOR ONE-SIDED MINIMAL SURFACES 


The purpose of the present paper is to solve the problem of Plateau for 
one-sided minimal surfaces: given a closed contour T, to prove, under ap- 
propriate sufficient conditions, the existence of a one-sided minimal surface 
bounded by YT. 


C B 


Fig. 1 


Contrary to what one might surmise off-hand, no very complicated con- 
tour is required in order to get a one-sided minimal surface. If the soap-film 
experiment is performed with the contour indicated in the figure (where the 
double point is only apparent, the arc AB passing above the arc CD) then 
the film obtained will be topologically equivalent to a Mébius strip, whose 
form the reader will find easy to visualize. Certainly, there also exists a min- 
imal surface bounded by the same contour having the ordinary topology of a 
circular disc; but this other surface is self-intersecting, and it is rather the 
one-sided surface which is obtained in the actual experiment. 

The present writer introduced into the Plateau problem a certain func- 
tional A(g), by means of which were given the first general solution of the 
problem for the case of a single contourf and for the case of two contours.§ 
The governing thought of the present paper is that the problem of a one-sided 
minimal surface bounded by a given contour may be regarded as a limit form 

* Lecons sur la Théorie Générale des Surfaces, Paris, 1887, pp. 340-364. 

| Einfiihrung in die Theorie der Flichen, Leipzig, 1902, pp. 256-260. 

t J. Douglas, Solution of the problem of Plateau, these Transactions, vol. 33, No. 1 (January, 
1931), pp. 263-321. 

This paper will be cited hereafter as One Contour. 

§ J. Douglas, The problem of Plateau for two contours, Journal of Mathematics and Physics of the 


Massachusetts Institute of Technology, vol. 10, No. 4 (December, 1931), pp. 315-359. 
This paper will be cited hereafter as Two Contours. 
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of the two-contour case when the two contours become coincident. This may 
be seen by imagining a two-sided covering surface laid over the one-sided 
surface; the covering surface has two boundaries coinciding in I’. The present 
paper follows out this idea, adapting the methods and formulas of the two- 
contour case to give an existence theorem for the one-sided minimal surface. 

In the one-contour case the minimal surface was represented as topo- 
logical image of a circular disc, in the two-contour case as image of a circular 
ring. It is necessary to have a normal region on which any surface homeo- 
morphic to a Mébius strip can be represented topologically. Such a region is 
obtained by taking a ring bounded by two concentric circles |z| =1, |z| =q 
(q¢ <1), and regarding as identical with one another any two points of the ring 
elliptically inverse with respect to the concentric circle of radius g'/?; we may 
also say that we consider as a single element the pair of points (z, —q/zo) 
(notation: the subscript zero is used systematically in this paper to denote 
the conjugate complex quantity). The point —g/z» is the symmetrical image 
in the origin of the point inverse to z with respect to the circle of radius g'/? 
(meaning of “elliptically inverse”). 

The two points thus associated in a pair will be termed equivalent. 

If the ring be projected stereographically on the sphere having the circle 
of radius g'/? for equator, then the ring becomes a zone of the sphere, on which 
equivalent points become diametrically opposite points. The sphere with 
diametrically opposite points regarded as identical is a well known example of 
a one-sided manifold, and the zone upon it is topologically a M6bius strip. 

A one-sided surface will be represented by writing the space coérdinates 
x; of an arbitrary point equal to real-valued continuous (not at all mono- 
genic) functions x; =/;(w), of the complex variable w ranging over the circular 
ring (or spherical zone), provided the functions f; take the same value for w 
and —g/w». 

The functional A(g; q); definitions of m(T) and#i(I'). Given the contour 
I, we can associate with it two positive numbers m(T), m(T); the first per- 
tains to I’ regarded as boundary of surfaces topologically equivalent to a 
circular disc, the second arises from considering I as boundary of surfaces of 
the topological type of a Mébius strip. 

In the one-contour case we defined 


(2.1) m(T) = min A(g). 
The functional A(g) depends on an arbitrary parametric representation of I: 


xi = gi(z), 


where the complex variable z ranges over the unit circumference. If RF;(w) 
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is the harmonic function on the unit circular disc determined by the boundary 
values g;(z), then 


x; = RF;(w) 
defines a harmonic surface bounded by I. Let the first fundamental form of 
this surface be 


ds? = Edu? + 2Fdudv -+ Gado’; 
then, by definition, 


(2.2) Aig) = f f E+ Gade, 


do being the element of area of the circular disc, over which the double in- 
tegral is to be taken. With the help of Green’s theorem, the more explicit 
formula was obtained :* 

1 . dzdé 
(2.3) A@=—f f Lee - sh 

4nJcoJe ini (s ~ ¢7° 
where z, ¢ vary independently over the unit circumference C. 

For the case of two contours the generalization of A(g) is 


2.4) AG gia = f f E+@do 


1 n 
(2.5) -- xf Y [gei(s) — galt) P(e, £; g)dedy 
Ca 


4r ap Cg i=1 
(a, 8 = 1, 2), 
where 
(2.6) P(z,5;9) = — sto m+ > — P(S, 33 q)- 
2logg 2% = mam (g?"3 — £)? 
Here the two contours I’;, l’, are represented parametrically in the form 
(2.7) wi = giz), «i = gei(z) 


where z moves respectively over the circumferences of the circles C,(|z| =1) 
and C;(|z| =g) in the sense which keeps the interior of the ring bounded by 
these circles on the left. EZ, F, G are the fundamental quantities of the doubly 
connected harmonic surface determined by the boundary values (2.7), and 
the integration in (2.4) is over the ring CiC>. 


* Two Contours, formula 3.8. 
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The identification of equivalent points of the circular ring enables us to 
pass directly from the two-contour case to that of a one-sided surface. If z 
is on the unit circumference, then z)=1/z and therefore the equivalent point 
is 2’ = —g/29= —qz, then z= —2’/q, hence 


° z 
(2.8) g2i(z) = gu(- =). 
q 


In terms of the polar angle @, 
(2.9) g2(9) = gi1(0 + =). 


If, then, the contour IT is represented parametrically by reference to the unit 
circle in the form 


(2.10) xi = gi(z), 


the representation of I’ as image of the inner circle C, of the ring is deter- 
mined: 


(2.11) n= 0(-4). 


(2.10) and (2.11); taken as boundary values, determine a harmonic vector 
function in the circular ring, which evidently takes identical values at 
equivalent points, since the elliptical inversion of the ring into itself converts 
the boundary values into themselves, and also converts a harmonic function 
into a harmonic function; it need only be remarked in addition that a har- 
monic function is uniquely determined by its boundary values. 

This harmonic vector function therefore defines a one-sided harmonic sur- 
face bounded by I, and now the natural definition for the functional A is 


(2.12) Aisa) = 4 f [ HEF Gade, 


where the integration is over the circular ring, and the additional 3 factor is 
meant to allow for the fact that the surface is obtained twice, each point with 
its antipodal, when the element do varies over the whole circular ring. 

This definition is equivalent to 


(2.13) A(g; q) = 44[g(6), g(0 + =); 4], 
the A of the two vector arguments and g referring to two contours. 
To obtain A(g; g) explicitly in terms of its arguments: g the variable 


parametric representation ot I’, and g the real parameter >0, <1, we make 
the substitution (2.8) in the formula (2.5) for A (gi, ge; g), and find, after some 
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reduction, 


1 n 
(2.14) A(gia) = = ff Diese) — ei}? OG, £5 ads a, 

4a JoJdec im 
where (the different senses in which C, and C, are described must be taken 
into account) 


(2.150) Q(z, $3q) = P(z,f;q) + qP(z, — 9659), 
or, by (2.6), 


= q” - q” 
G9) id= 2 tC iP & b-- OP 
A(g; q), as defined by (2.14), is the fundamental functional for the theory 
of minimal surfaces of the topological type of a Mobius strip. The function Q 
which figures in its expression amounts essentially to an elliptic function of 
periods 27, 27 log q. 
We can now define, analogous to (2.1), 


(2.16) m(T) = min A(g; q), 








where the minimum is with respect to all parametric representations g of T 
and all values of g,0<q<1. 


Concretely, m(T) is the minimum area of all surfaces homeomorphic to a 
circular disc which are bounded by I’, and m(T) the minimum area of all sur- 
faces homeomorphic to a Mdébius strip which are bounded by I. Now, al- 
though the minimal surfaces obtained in this paper will, as a matter of fact, 
have the least area of all surfaces of the same topology bounded by I, we 
shall not be concerned primarily with this least-area aspect, taking rather the 
Weierstrass formulas: 


n 


x: = RF(w), DOFi?(w) = 0, 
i=1 
as definition of a minimal surface. For us, therefore, m(I') and m(T) are 
certain definite positive real numbers determined by the contour I according 
to the definitions (2.1), (2.16). 
If g=0, the formulas (2.14), (2.15) give 
dzd¢ 


, ih wick Te.(z) — g(t) ]2 - 
2.17) AgO=— ff Le) — soho, = 4@. 


From this we conclude that always 


(2.18) m(T) < m(P). 
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Suppose that we are in a case where the strict inequality holds: 
(2.19) mT) < m(T); 


this happens, for instance, with the contour in Fig. 1. Then we are in a posi- 
tion to state the main theorem of this paper. 


THEOREM I. Let T denote any Jordan curve in euclidean space of n dimen- 
sions with m(T) finite and m(T) <m(T). 
Then there exists a ring bounded by two concentric circles 


|z| = 1, |z| =4q, 0<q<1, 


and n functions F (w) of the complex variable w having the following properties: 
(i) F(w) is holomorphic in the circular ring; 


a n(-4) = rae 


Wo 


n 


(iii) Fi? (w) = 0; 


t=1 
(iv) x;= RF (w) attaches continuously to boundary values 
x; = g,(0) on| z| = 1, z= e*, 
x; = gi(O + 7) on| 2| =q, 2 = ge, 
each of which is a parametric representation of T. . 
In other words, the equations x;= RF (w) represent a one-sided minimal sur- 


face bounded by I. 
The area of this surface is equal to m(T). 


An interesting new theorem concerning one-sided minimal surfaces will 
be proved in §6 as a corollary of this main theorem. It is 


THEOREM II. Let T be any contour, and suppose the minimal surface M of 
the topological type of a circular disc which is determined by T to have in its 
interior a singular point (branch point) of even order, i.e. a point where (the 
equations of M being x;= KF (w)) 


>| Fi (w) |? = 0, D | Fi (w) |? =0,---, d | Fr (w) | * = 0, 


t=1 


> | FO) (w) | 2>0. 
i=l 


Then there exists a one-sided minimal surface M bounded by Y. 
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The area of M is less than the area of M (unless the area of M is infinite; 
then so is the area of M). 


It is this theorem which would assure us a priori of the existence of a one- 
sided minimal surface bounded by the contour shown in Fig. 1. For the sur- 
face M determined by that contour is readily visualized to have the general 
form of the Riemann surface for z'/?, with a branch point of second order in 
its interior. 








3. THE MINIMIZING REPRESENTATION OF A(g; q) 


To represent the contour I we are using two concentric circles C and C, 
of radii 1 and g<1. Let 6 denote the polar angle on each circle; then if 
x;=g,(0) is a parametric representation of I’ as topological image of C, its 
representation as image of C, will be determined as x;=g;(@+7). Thus a 
representation of I is completely determined by the vector function g and | 
the value of q: [g; q]. 








Now, we have seen in my previous papers on the problem of Plateau that 
the totality of parametric representations g of I’ is a compact Fréchet L-set, 
provided we include certain exceptional representations called improper and 
degenerate according to the following definitions: 
(i) Improper of the first kind: an arc of I less than all of T corresponds to 
a point of C. 
(ii) Improper of the second kind: an arc of C less than all of C corresponds 
to a point of I. 
(iii) Degenerate: all of C corresponds to a point of I’, and all of T toa 
point of C. 
The range of values of g is compact provided we include the extreme 
values 0 and 1. 
Therefore, with the inclusion of these exceptional forms of g and values of 
g, the composite elements [g; g] form a compact closed set. . 
On this set A(g; q) is a lower semi-continuous functional. For, by the form h 
of definition (2.12) of A(g; q), ‘) 


A(gig) = 4 f [ KE+ Gao, | 


















where the domain of integration is the ring R between C and C,. If instead, | 
we take the ring R’ between C’ and Cj of radii 1— «and g/(1—) respectively, 1) 
then the resulting functional A.(g; g) has a uniformly bounded integrand; 4 
consequently it is a continuous functional by the theorem that one may pass 
to the limit under the sign of integration if the integrand stays uniformly 







= “ 
nec 
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bounded. By definition, 


A(g; q) = lim A.(g; q), 
€—0 


and the approach is always in the increasing sense, for diminishing the value 
of ¢ adds positive elements 


1 1 - Ox; Ox;\? 
pe + ode > ESE) + (Ge) joe 


to the integral. Now the following is an easily proved theorem:{ if A, a 
functional on any Fréchet L-set, can be represented as the limit of a continuous 
functional on that set which approaches to A in increasing, then A is lower semi- 
continuous. Hence the stated lower semi-continuity of A(g; q). 

In Fréchet’s thesis{ it is easily shown that a lower semi-continuous func- 
tional on a compact set attains its minimum value. Therefore, there exists a 
representation [g*; g*] of ' for which the minimum value m(T) of A(g; q) is 
attained. 

Exclusion of improper representations. However, to secure the compact- 
ness of the set [g; g] we have found it necessary to adjoin certain improper 
representations. We have next to exclude the possibility that it is for one of 
these improper representations that the minimum of A(g; q) is attained. 

First, suppose g~0, +1. Then, if g is improper of type (i), 


(3.1) A(g;gh = +. 


For if the expression (2.14) for A(g; g) be expanded according to the formula 
(2.15) for Q(z, £; g), the expansion contains for m=0 the term 


1 
3.2 —{ i\2) — 83 c " 
(3.2) rot A Dl sO) ae 
and if />0 is the length of the chord of the arc of I’ that corresponds to the 
point P of C, then for z and ¢ near to P this integral has asymptotically the 


form dadt 
z 
sje (@— 5)? 


The order to which the integrand becomes infinite for z = ¢ secures the result 
(3.1), the indefinite integral being /* log (z—¢). 

Therefore the minimizing representation of A(g; g) cannot be improper of 
the first kind. 

t One Contour, p. 282. 

tM. Fréchet, Sur quelques points du calcul fonctionnel, Rendiconti di Palermo, vol. 22 (1906), 
pp. 1-74. 
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Next, it cannot be degenerate, type (ii). We prolong the definition of 
A(g; q) to degenerate representations by lower semi-continuity: if ga denote 
a degenerate representation, 


A(ga; q) = lim inf A(g; q) for g— ga. 


Returning to the formula (2.14) as expanded by (2.15), we see, since the vec- 
tor function ga is a constant (reduces to a point), that every term m0 
vanishes, while the term m=0 is simply (3.2) or A(g), whose inferior limit 
for gga is m(T). Hence 

(3.3) A(ga;q) = m(T) (0<q< 1). 


But by the basic hypothesis, m(T) > m(T). Hence the representation for which 
the minimum 7(T) is attained is certainly not degenerate. 

Consider next the case g=0. We have immediately, by (2.14), (2.15) and 
(2.3), 


(3.4) A(g; 0) = A(g), 


and for every g, A(g)=m(T) >m(T). The possibility of a minimum occur- 
ring for g=0 is thus eliminated. 

Finally, we have to consider the possibility g=1. If g becomes 1 in the 
formulas (2.14), (2.15), then each term approaches the positive real quantity 
A(g), provided g does not at the same time become degenerate. Hence, for g 
non-degenerate, 

(3.5) A(g;s1)= + (g # ga). 

On the other hand, if g stays degenerate, gz, while g—1, then it will be 
seen from (3.3) that A(g; g) stays constantly equal to m(TI’), and this is the 
least limit that can be approached by A(g; qg) if simultaneously gga and 
qg—1. By lower semi-continuity, then, 


(3.6) A(ga; 1) = m(). 


(3.5) and (3.6) show that the minimum m(T) cannot be attained for g =1. 

Of all the improper representations, there remains now only type (ii) with 
0 <q<1. We shall not be able to exclude this, and so make certain that the 
minimizing representation of A(g; g) is proper, until we have proved in the 
next section that the vanishing of the first variation of A(g; q): 


5A(g; g) = 0, 
leads to the condition for a minimal surface: 


Di? (w) = 0. 
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4. VANISHING OF THE FIRST VARIATION OF A(g; q) 

We have now established the existence of a minimizing representation 

[g*; 9*] of A(g; 9): 
A(g*; q*) = m(Y), 

where 0 <g* <1 and g* is proper, or possibly (what will later be excluded) im- 
proper in the manner that g* stays constant on certain arcs of C(in either 
event g* is continuous). 

The next step is to express the vanishing of the first variation of A(g; ¢) 
for [g*; q*]. 

To this end we use the method known in the calculus of variations as 
“variation of the independent variables.” In fact, the following variation of z 
and ¢ will lead most elegantly to the desired result: 


(4.1) 2’ = 2+ d2°V(z, w; q), 


where } is a real parameter, w any point interior to the ring C, C, (¢<|w| <1), 
and V(z, w; q) is the following function: 


bed (- 1)™q™ 
aut (- 1)™q"z — w 


ty 1 1) 


‘Gc or 





(4.2) V(z, w;q) = 





Justification of the special variation. The introduction of the variation 
(4.1) necessitates the following remarks. 

The only kind of variation of the independent variable z that we have the 
right to use is one which converts the unit circle into itself in a monotonic 
continuous way; we imagine that the attached value of the vector function 
g(z) is transported along with z, and so we pass from one representation of [ 
as topological image of C to another. 

Now the variation which has been proposed above does not convert the 
unit circle C into itself at all, let alone in a monotonic continuous way. Its 
use therefore requires justification. 

Let us, as usual, employ the subscript zero to denote the conjugate com- 
plex quantity; then if \ is a real parameter, evidently 


Al2V(z, w; g) — 20V (zo, wo; 9)} 


and 


iN{2V(z, w; g) + 20V (zo, wo; 9)} 
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are pure imaginary quantities. Therefore the exponential of each of these 
quantities defines a rotation about the origin through an angle which is a 
function of 2(w fixed) ; consequently the transformations 


(4.31) z exp [r} V(z, w; q) — 20 V(Z0, wo; g) } |, 
(4.32) z exp [id{2V(z, w; q) + 20V (zo, wo; q)} ] 


convert a point on the unit circumference into a point on the unit circum- 
ference. 
Furthermore, for \=0 these transformations reduce to the identity, for 
which 
dv = diog:’ ; 
onan it = (z = e'®), 
dé d log z 
Now d log 2’/d log z is a function which is regular except when one of the 
denominators in the expression (4.2) for V(z, w; g) vanishes. But by the 
restriction on the fixed point w, 


(4.4) q<|w| <1, 


these denominators stay uniformly bounded away from zero when z describes 
C; hence for any fixed w subject to (4.4), all z on C, and alla sufficiently near 
to zero, we have 


de’ 
(4.5) — nearly = 1, therefore certainly > 0. 


Consequently for any fixed w interior to the ring (4.4), and all sufficiently 
small A of either sign (the smallness of \ depending on the position of w), 
the transformations (4.3) are monotonic continuous of the unit circumference 
into itself. 

If we apply, say, the first transformation, (4.3,), to [g*; g*], obtaining 
|gx*; g*}, then the value of A (g,*; g*) is a function of \, Ai(A), with a minimum 
at A=0 relative to some interval about that point. If, therefore, A:(A) be 
expanded in powers of \, as can be done: 


(4.61) A,(A) = A(g*; q*) +AVit-:--, 
then 
(4.71) Vi = 0. 


+ A detailed function-theoretic justification, based on classical convergence theorems, is in One 
Contour, §§13, 14. 
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Similarly, with the use of (4.32), we have 
(4. 62) A2(d) = A(g*; g*) + AV2+:--, 
whence 
(4.72) V2=0. 


The expansions (4.6,), (4.62) depend on the expansions in powers of \ of 
the transformations (4.3;), (4.32): 


(4.8;) 2s =2+X{2°V(z, w; q) — 220V (zo, wos g)} +---, 
(4. 8s) 2=st+ ir{2?V(z, W; q) + 220V (Zo, ‘Wo; q)} +---. 
It is evident that the values Vi, V2 obtained for the coefficient of \ in the 


expansions (4.6;), (4.62) would be the same if we kept only the linear part of 
the expansions (4.8;), (4.82) : 


(4.9;) 2=zt+ A{2°V(z, W; gq) — 220V (20, Wo; g};, 

(4.9.) 2 =s+ ir{ 227 (z, w; qg) + 220V (Zo, wo; q)}. 

And now if we use the variation 

(4.10) = (4.1) : 2’ = 2+ d2°V(z, w; q), 

formed by taking as coefficient of the parameter \ one-half the sum of the 
corresponding coefficients in (4.9), (4.92), it is evident that we shall get on 
expanding A (g,*; q*) 


(4.11) A(g*; q*) +A +++, 


VitVe 
) 


~ 


and from (4.7;) and (4.72) it follows that we have the right to put the coeffi- 
cient of \ so obtained equal to zero. 

The use of the variation (4.10) being thus proved permissible, we next 
apply it, as well as the same transformation in ¢, 


(4.12) =F +rAI7V(E, w; 9), 

to the functional A(g; g) (formula 2.14) with 

(4.13) [gs a] = [s*; 9*]; 

then expanding in powers of \ and annulling the coefficient of the first power 


of \, we have (where through the rest of this section the substitution (4.13) 
will be understood) 


+ The above argument is the same as that used in Two Contours, pp. 332-334. 
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0= J _ De®) - a)? 
- [2°0,(z, $3 g)V(z, w; g) + £7Or(z, £; DV(E, w; g) 
+ 220(z, £; —V(z, w; g) + 2°0(z, 5; g)V.(z, w; 9) 
+ 2¢0(2, $3 DV (E, w; g) + £70(z, $3 DV ef, w; g) |dzde. 


The function Q(z, £; g) is evidently homogeneous of the minus second de- 
gree in z, ¢, so that we have Euler’s equation: 


(4.15) 20.(z, £5 9) + $Qx(2, £3 9) + 20(2, £5 g) = 0, 
with whose help the condition (4.14) simplifies to 


-f Dies) — Ol? 


C i=l 


(4.14) 


- [2°Q(, 55 g)Ve(z, w; g) + $0, $5 g)Ve(F, w; 9) 
— 20r(z, $5 g)V(z, w; g) — 2f0,(2, $5 9)V (5, w; g) ]dede. 
Now the variation of A(g; qg) is also zero when we vary q away from q*, 
keeping g* fixed; i.e. 
OA(g; 
(4.17) IAG D 9, 
dq 


or 


C i=l 


n re] 
(4.18) 0= f Dle) — sit ]-5- Oe, £5 weed, 


for [g; 9] = [g*; 9*]. 
At this point, we need to make use of the following identity governing the 
functions V and Q: 


wO(z, Ww; gos, Ww; q) coins 2°0(z, 53 q)V.(z, Ww; q) 
(4.19) — £0(z, £5 DVS, w; g) + hOr(z, £5 g)V (2, w; 9) 


0 
+ 2£0.(2, 6; DV (5, w3 9) +49 ago 659). 


V and Q are essentially elliptic functions with periods 27, 27 log g, and the 
identity is tantamount to the Weierstrass partial differential equation for 
9(u; w:, Ww.) considered as a function of all three arguments. In order not to 
interrupt the thread of argument, the consequences of this identity will be 
drawn immediately, and its proof postponed to the next section. 
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If we multiply (4.16) by —1, (4.18) by g, and add, then we get as factor 
under the integral sign precisely the second member of the identity (4.19); 
replacing this by the first member and dividing out w?, we obtain 


4.20) ff Slee) - e620, w5 MOG, w adsa = 0. 
cvYCc i=l 
This we readily show to be the same as the condition for a minimal sur- 
face: 


n 


(4.21) Di? (w) = 0, 
i=1 
as follows. 
Let x;=RF,(w) be the one-sided harmonic surface determined by the 
representation [g; q]; the formula for F,(w) is easily found from the corre- 
sponding formula in Two Contours by putting 


2 
gi(z) = g(z), go(z) = #( - =), 
q 


: 1 
Fw) = ee | gi(z) V(z, w; g)dz + ci, 
T 


x 


q”™ 
Y(z, w;q) = 2. 
ceaill (- 1)"q™2 —w 


+ d(- D4 


m=l 








= (— 2)9y"e 
1 dz 1 
(4.24) ee ts gi(z)— = = f sas. 
ride z 2rJc 
The function Q(z, w; g) is exactly the derivative of Y(z, w; q) as to w: 
= ) , 
(4.25) Q(z, w;q) = — V(z, w; gq) 
Ow 
(verify by (2.15)), so that we have, by differentiation of (4.22), 


1 
(4.26) F/(w) = — f 006, w; q)dz. 
TiJdc 


Tt Loc. cit., formulas 4.5 and 4.7 
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Rewriting this as 


1 
(4.26) Fw) = f e(NO(E, w; de, 
Tv Cc 


and multiplying with the preceding, then summing for i from 1 to m, we get 


n 1 n 
(4.27) SOF/(w) = — — f f Des)e(HOls, w; glk, w; q)dede. 
T° JcvC 


i=1 i=1 


The value of this is not changed if we write it 


(4. 28) SF! (w) = — | Dlelz) — gil) ]}?0(z, w; gOS, w; g)dade, 


i=1 2x C i=l 


the terms g;(z)?, g:(¢)? contributing zero since 
(4.29) foc, wade =0, foc, wi adr = 0 
Cc Cc 


(the indefinite integral is a uniform function). 


The comparison of (4.28) with (4.20) establishes the result (4.21): >-7_, 
F /?(w) =0. 

Exclusion of improper representation, type (ii). Finally, the condition 
(4.21) enables us to exclude the one remaining possible type of improper 
representation, in which an arc of C less than all of C is made to correspond 
to a point of I’. For (4.21) implies, with the help of a well known theorem of 
Fatou and the Schwarz symmetry principle, that RF,(w), fori=1,2, - - - , n, 
cannot be constant on an arc of C without being constant on all of C. The 
simple discussion was given in One Contour (p. 301) and need not be repeated 
here. 

To sum up, we have proved the existence of a one-one continuous cor- 
respondence between I and C, furnishing a parametric representation of I, 
x;=gi*(0), such that this together with x;=g*(0+7) on a certain concentric 
circle of radius g* determines, when taken as boundary values, » harmonic 
functions x;=F;,(w) obeying the condition >-7_, F,/2(w) =0, and defining 
thus a minimal surface of the topological type of a Mébius strip bounded by 
I’; the one-sidedness of the surface results from the condition F,(—g/wo) 
= F,(w) implied by the relation between g*(9+7) and gi*(6@). 


5. PROOF OF THE FUNDAMENTAL IDENTITY 


In this section we give the postponed proof of the identity (4.19) which 
played the decisive part in the argument of the last section. 


CSTE OTE FO) Ss 


CEN eT Glin 
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We start with the algebraic identity 





rs) { . q”™ q” \ 

——_ WwW . . 

dw [w— (— 1)"g"z]? [w — (— 1)"q"s}? 
— 2q°™ 





Ts = (= ngne]® [w — (— 1) qs)? 
ou ¢3. lb » 2q*" 
[s — (— 1)*-"gr-"g}* [w — (— 1)*g*t}? 
2(—1)mmge—am (= 1) g™ 
[s — (— 1)-*q~-"¢}* [w — (— 1)*q"s]}? 
po _— (- 1)"q" 
[= — (— 1)-™g—mr]® [w — (— 1)ge]?” 








+ 2: 





+ 2: 


whose verification is merely a matter of calculation. If the indices m, m are 
made to vary independently from — to +, then the pairs of indices 
n—m, mand n—m, n will do the same, so that by summation we have 


wo 


ss 2 = 3 [w — age 








Ow [w —(- 1) ™q™z |? 


2. q”™ . 
e 2 poe pw? 2 foe De 
q” = 2q°" 
[z — (— 1)"g"¢}? 2 [w — (— 1)"9"¢]? 
2(- 1) ™q?™ = (- 1)"q" 
[z — (— 1)" 2 [w — (— 1)"g"z]? 
— 2q™ = (- yp 


> 


[s—(—1)"g"}* Ate [w — (— 1)*g"¢]? 


2q° n 


























+ 2f- 


Rewriting the defining formulas of the functions Q and V: 


(5.3) Q(z, c5 q) - Xu [< ee — 1) qm]? 


eT nk - : ar = 
(5.4) V(z, w;q) = zu (— 1) "9" — _* u {- — (— 1)"q"w Zz }, 











we observe that the two-way infinite sums appearing in (5.2) are the same as 


+ Cf. Two Contours, last formula on page 346, from which the present one can be derived by the 
following replacements: 2m by m, 2n by n, q by. —g. 





1932] ONE-SIDED MINIMAL SURFACES 


these functions and their derivatives: 


o — qm 

.5) Q.(z, 5 q) - > [< —(— aioe 

) 2 _— 1 mp~2m 

5.6) O;(z, g5 q) = p [s arenes : 

) ve 1)™g™ 

: .7) Vo »W; ons 3 
' died 2. [w — (— 1)"q"s]? 
oo 2q?™ 

2 ees? 


; x 2q?™ 
: 9) J tw(f, Ww; q) ” yA [w a (- 1y™gne]®” 














5.8) Viw(2z, w; Q) = 





so that, by substitution, 


0 
Fy (Ot w; QO(t, w; q)} 
Ww 


5.10) = — 2°0(2, 5; g)Vewl(s, w; g) — £70(2, £3 g)Viwl(F, w; g) 
+ 2£O¢(z, £5 q)Vw(z, w; q) + 2£0.(2, £; q) Volt, w; 9). 


Integrating with respect to w, 


wO(z, w; g)O(f, w; q) 
(5.11) = — 2°O0(z, 5; g)V.(2z, w; g) — §°0(2, 5; DVS, w; g) 
+ 2£0-(2, $3 DV (z, w; g) + 260.(2, 5; DVS, w; g) + ¥(2, £5 9), 


where $(z, ¢; q) is the constant of integration. 

To determine ¢(z, ¢; g) we expand each member in a Laurent series of w 
and identify the terms free of w. 

The Laurent expansion of Q is 


4 


1 
(5.12) (sz, w;3q) = — _—y; 
e ® sw 2. 1+ (— 1)"q™ w™ 


m a 





1 ~ m t= 
(5.12’ 3 -— at 
5.12’) Q(s, w; 9) = 2 poy sag ge 





from which it is easy to calculate that the term independent of w in wQ(z 


w; g) O(F, w; g) is 
(5.13) 


’ 


1 i — m*(—1)"q"™ 32” 


55 ame [1+ (— 1g") g* 
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and this is recognized to be the same as 
7 i) 
(5.14) q — Q(z, £5 q)- 
dq 


By (5.4), the term free of w in the expansion of V(z, w; g), V(¢, w; q), 
V (2, w; 9), Ve(¢, w; 9) is, respectively, 


hence the term free of w in the second member of (5.11) is 
Q(z, 65g) + Oz, £5 g) + SOx(z, £3 9) 
+ 202(2, £3 q) + (2, £5 9). 
But Q(z, £; g) is homogeneous of the minus second degree in z, ¢, so that, by 
Euler’s equation, 
(5.16) 20(2, £3 9) + SOr(2, £5 g) + 202, £5 q) = 0; 
therefore the comparison of the terms free of w in the two members of (5.11) 
gives 


(5.15) 


C) 
(5.17) o(2,65 9) = q=— O(2, £5 9). 
oq 


Substituting this in (5.11). we have finally the desired identity (4.19). 


6. EFFECT OF SINGULAR POINTS OF THE TWO-SIDED MINIMAL SURFACE 
ON THE EXISTENCE OF THE ONE-SIDED MINIMAL SURFACE 


In Two Contours the fundamental functional A(g., g2; g) was expressed 
in terms of the Fourier coefficients of g; and g2:+ 


Ta? 
A(gi, 82; q) = 
(6.1) - 


- m=1 


— log q 
(1 + g?") (atin + bin + doin + bon) a 49” (@imdem + bimbem) 
_— , 
‘ 1 ian g* 





the letters a, a, b representing vectors @;, Qiim, Drim, Gein, Ovim (i=1, 2, - - - , n) 
defined by the following formulas: 


+ Loc. cit., formula (5.4). Correction: in the formula as there given the coeflicient 4 should be 
deleted from the first term. This has as consequence the same correction in (5.6) and the first formula 
on page 359, also the removal of the term 37a? from (5.7), (5.8) and the second formula on page 357, 
none of which affects any result or proof of the cited paper. 
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1 2r 1 2n 
— f gi(0)d9 — — f go(0)d8, 
2r Jo 2r Jo 


1 2 1 2r 
—{ gi(9) cos m0d0,  bim = — gi(@) sin méd@, 
TT 0 Tv 


0 


0 


1 2r 1 2n 
dom = —f g2(0) cos méd0, bem = — go(9) sin mOd6. 
Tv 0 us 


The connection between the present case of the one-sided surface and the 
two-contour case is expressed by the formulas 
(0) = g(4), g2(@) = g(6 + 7), 


(6.3) 
A(g; q) = $A(g:, g2; 9)- 


Hence, indicating the (vector) Fourier coefficients of g(@) by am, bm, we have 
evidently 
Qim = Gm, Dim —_ Pus 


(6.4) 
dem = (- 1) "6a, bom (-— 1)"bn, 


so that by (6.1) we obtain 


er = 1 — (— 1)"q™ 
A ; oo ia 5.7 
(9 => dm fico + bn*) 





1+ ? 
=- Time ree (a;? + 632) 
2 (1 q 1+ 


i+q a 
+ (a $b 44 o£ (at + bt) +> 


To study A(g; q) in the scan of g=0, we expand and rearrange 
this development according to powers of q, getting, after a little calculation, 
A(g; q) = A(g) + mh q(ai? + b1*) + g?[(a:? + 61°) — 2(a2* + be”) | 
+ g*[(ai? + bi?) + 3(a3* + b3*) | 
+ q*[(ai? + bi?) + 2(a* + b2*) — 4(ay? + b,°)] 
+ g°[(ai? + bi*) + 5(as? + 65%) | 
+ g*[(a:? + 6:2) — 2(as? + b2*) + 3(as + bs) — 6(a6* + b¢*) | 
+ g?[(a:? + 6,2) + 7(a;? + 57*)] 
+ g®[(ai? + 12) + 2(as? + b2%) + 4(as? + by?) — 8(as? + bs*)] 
+... # 
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(It is to be recalled from One Contour that 


A(g) = -. > om(an? + bn?).) 
m= 1 
The coefficients of the various powers of g depend on the divisors of the ex- 
ponent; they contain only positive terms if the exponent of g is odd; while 
when this exponent is even, the term corresponding to any divisor of the ex- 
ponent is + or — according as the codivisor is even or odd. These remarks 
describe completely the law according to which the series proceeds. 

Let go be the minimizing representation of A(g) and M the minimal sur- 
face determined by go, whose existence was proved in One Contour; M is an 
ordinary two-sided surface, being a continuous image of the unit circular disc. 
The equations of M are 
x; = RF,(w), 


I (w) = > (aim — ibin)w™ 


m=0 


(6.7) 


(i the index running from 1 to m not to be confused, of course, with 7 the 
square root of —1), where dim, bim are the Fourier coefficients of go;(4). 
Suppose now that M has a singular point (branch point) of the second 


order, corresponding to the center of the unit circle, w=0. This means, with 
the vectors dm, bm», that 


(6.8) a;? + b,? = 0, as? + bs? > 0. 
Since A (go) =m(T), we see that the expansion (6.6) then begins as follows: 
(6.9) A(go; q) = m(T) — 2mq?(ao? + bo?) +---. 

For sufficiently small g these first two terms are dominant, and since the 
coefficient of g? is negative, we see that we have for all sufficiently small q 
(6.10) A(go; q) < m(T); 
thus A(g; g) takes values less than m(T), consequently 
(6.11) m(T) = min A(g; q) < m(P), 


which is our fundamental sufficiency condition, ensuring therefore the exist- 
ence of a one-sided minimal surface MW bounded by I. 

That the singular point was supposed to correspond to w=0 is evidently 
no restriction at all, since go(@) is subject to arbitrary linear transformation} 


t One Contour, §6. 
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and two of the three arbitrary constants may be used to bring the singular 
point, wherever located in the interior of M, to correspond to w=0. 

The same reasoning evidently extends to the case of a singular point of 
any even order 2k: 


a;? + b,? = 0, ao? + bo? = 0, +--+ , doi? + dox-1? = 0, 
(6.12) dx? + bo,? > 0, 


the expansion of A (go; g) then beginning 

(6.13) A(go; q) = m(T) — 2kwq?*(ax2 + ber?) + ---, 
so that again for all sufficiently small values of g we have 
(6.14) A(g0; 9) < m(T), 

and therefore 


(6.15) mT) < m(L). 


In sum, we have (in the most important case of finite m(IT)) the result 
stated in §2 as Theorem II: if the minimal surface M determined by a 
contour T' has in its interior a singular point of even order, then a one-sided 
minimal surface M bounded by T exists; the area of M, moreover, is less than 
that of M. 

Evidently this theorem applies to the contour in Fig. 1, where the sur- 
face M has the general form of the Riemann surface for 2”, with a branch 
point of second order in its interior. 

Examples in four-dimensional space are even easier to construct; for in- 
stance, the contour 


(6.16) x, = cos 20, x2. = sin 20, x; = cos 30, x, = sin 30 
bounds the minimal surface 
Xx, = p? cos 20, x2 = p? sin 20, 


(6.17) : 
x3 = p? cos 30, x4 = p* sin 38, 


on which the origin is a singular point of second order; the same contour is 
therefore the boundary of a one-sided minimal surface. 
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7. ARBITRARY JORDAN CONTOUR 


In all the preceding it has been assumed that m(T) is finite (therefore also 
that m(T) is finite, by the inequality m(T) <m(T)). If the contour [ is suffi- 
ciently crinkly and tortuous, then m(T) = +, or A(g)=+ © (consequently 
m(T) = +, or A(g; g)=+, by formulas (2.14), (2.15)), and it remains to 
consider the question of the existence of M for this case. 

The discussion is not hard to carry through along the lines of the treat- 
ment of the similar question in Two Contours, §11, and we give only the 
results. 

Define 


(7.1) e() = m(L) — m(T); 


this definition is evidently significant so long as m(T) is finite, and gives a 
value of e([) 20 (<+ ©). We can then define, regardless of whether m(T) 
is finite or +: 


(7.2) él) = limsupe(’) 20 (S$ + &), 


where the variable contour I’ approaches I in every possible way subject 
only to the condition that m(I’’) shall always be finite. 
If now, with m(T) = + ©, we have 


(7.3) a(I’) > 0, 


then by regarding I as limit of approaching contours I’ with finite m(T), it 
can be proved that a one-sided minimal surface M exists bounded by I; the 
area of Mis +o. 

If we shear off any strip, however narrow, all along the edge of M, then 
the remaining part of W has finite area less than (or equal to) that of any 
other surface of the topology of a Mébius strip with the same boundary.+ 
The infinite part of the area of M may thus be said to lie altogether on the 
edge of M, which is perfectly regular in its interior but becomes infinitely 
curly towards its boundary. 

Imagine, for example, a very thin tube about the curve of Fig. 1, and in 
this tube a highly crinkly and tortuous contour I’, so that m(T') = +, this 
contour following the general course of the original curve. Such a contour 
would be the boundary of a one-sided minimal surface of infinite area. 

On the basis of the above considerations, the restriction of finite m(T) 
can easily be removed from the singular point theorem of the preceding sec- 


t Cf. J. Douglas, The least area property of the minimal surface determined by an arbitrary Jordan 
contour, Proceedings of the National Academy of Sciences, vol. 17 (1931), pp. 211-216. 
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tion. If m(T’) = + ©, the surface M still exists; suppose it has a branch point 
of even order 2k corresponding to w=0. 

In the formulas (2.14), (2.15) for A(g; q), let us separate the term m=0 
from the others, writing 


1 n dzd 
A(g; q) “J. a Diels) — gilt) }? = 


i=1 (s — ¢)? 


(7.4) 





! . 2 = i % 
+o Jf D leis) — gi(s)] bm dsdf, 


én m=—2 |2 — (— 1)"q"5 J? 


the accent attached to the last summation sign indicating the absence of 
m=0. The first term is A(g), the second is a finite-valued continuous func- 
tional, if I remains in any given finite region of space, on account of the 
uniform boundedness of the integrand; we denote this functional by — B(g; ¢), 
writing 


(7.5) B(g; q) = A(g) — A(g; 9). 


Let I’ be any contour with finite m(T’’), and let g/ be the representation 
of I’ for which m(T’’) is attained; then 


A(go) = m(I"), 


while evidently 
A(go 5 q) 2 m(T"), 


hence, for all q, 
(7.6) B(go ; q) S m(I’) — m(I"), or e(T”). 

Suppose now that I is a contour with infinite m(T), and let any sequence 
of contours I’ with finite m(I’’) approach I as a limit so that e(I’’) approaches 
a limit, lim e(I'’). By One Contour, §19, a subsequence of these contours I’ 
can be selected so that g¢ tends to go, the representation of I which gives 


the minimal surface M. Let I’ vary only in this subsequence; then, with ¢ 
any fixed value, (7.6) holds continually during the limit process, while 


lim B(go ; g) = B(go; 9) 
by the continuity of the functional B. Consequently 
B(go;q) < lime (I”), 
and a fortiori 


(7.7) B(go; q) S lim sup e(T’), or &(T). 
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Now by the definition (7.5) and (6.6), we have the expansion of B in 
powers of q: 
B(go; q) = | — q(as* + bi’) 

+ q?[— (a1? + bi®) + 2(a2? + b2*)] 
_ @{ (a? + b,?) + 3(a3” + b3?) | 
+ g*[— (ar? + bi?) — 2(a2? + be”) + 4(ay? + 5,2)] 
phe oe i, 

where a, } are the Fourier coefficients of go, which figure also in the equations 


of M: 
x; = RFi(w), Fi(w) = SO(aim — ibim)w™. 


m=0 
Under the condition of a singular point of order 2k on M at w=0: 

(7.9) a,? + b,? = 0, ao? + bo” = 0,- ++ , dori? + Dox_1? = O, 
a2.2 + bo? > 0, 

the expansion (7.8) begins as follows: 


(7.10) ~B(go; q) = 2kw(aex7 + box*)q?* +---. 


For sufficiently small g, the positive leading term gives its sign to the 
power series, so that for sufficiently small q¢ 


(7.11) B(go; q) > 9; 
hence, by (7.7), 
(7.12) ar) >0. 


But this is the sufficient condition (7.3), which ensures the existence of a 
one-sided minimal surface M bounded by I. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
CAMBRIDGE, Mass. 





ON THE SUMMABILITY OF FOURIER SERIES. I* 


BY 
EINAR HILLE anp J. D. TAMARKIN 


1. Introduction. The present paper is the first of a sequence of memoirs 
that the authors intend to devote to various aspects of the theory of sum- 
mability of Fourier series and of associated series. In this first paper we 
consider the application of the Nérlund means to such series, and we derive 
sufficient (partly also necessary) conditions that such a method of summation 
be effective with respect to these series in one sense or other to be described 
below. 

Let A denote a regular method of limitation (summation) defined by a 
triangular} matrix % =||a,,||, and the infinite set of equations 


(1.01) yn = DodmnXn (m 
n=0 

which codrdinate a new sequence {ym} to a given sequence {x,}. The as- 
sumed regularity of % implies that lim y,,=lim x, whenever the latter limit 
exists as a finite quantity. The sequence {x,} is limitable A to the limit ¢ if 
lim y, =&. If x, denotes the mth partial sum of a series, and lim y, =, the 
series is said to be summable A to the sum ~. We denote by <4 the class of all 
regular triangular matrices %. 

We shall be concerned with a sub-class N of ¢e4 consisting of matrices 2. 
Each matrix % is defined by a sequence of complex numbers { p,} such that 


(1.02) Pr=potpit-:::+pr #0. 
The elements @,,, of It are defined by 


— < ? 
(1.03) ann = {’ orati 
0, n>m, 


so that the generalized limit of the sequence {x,} is taken to be 


(1.04) (N, p,)-lim x, = lim Po paxo + Pa-iti + +++ + Porn) 


no 


* Presented to the Society, September 7, 1928, and March 25, 1932; received by the editors 
April 19, 1932. Some special cases of the results of the present paper were communicated to the Na- 
tional Academy of Sciences on November 7, 1928, see [4]. Here and below numbers in square brackets 
refer to the Bibliography at the end of the paper. 

+ The matrix is of course an infinite square matrix. The word triangular refers to the fact that 
all the elements above the main diagonal are zero: dmn=0 if n>m. 
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provided this limit exists. The conditions of regularity are 


(1.05) >| pel <Cl| Pal, prn/Pa 0, 
k=0 
where C denotes a fixed positive constant. 

Such a definition of limitation was first given by G. F. Woronoi [8] who 
assumed that p, >0 and that n~«P, is bounded for some value of a. Woronoi’s 
note was scarcely observed at the time of its appearance and was, at any rate, 
soon forgotten. It is customary nowadays to attach these definitions of 
summation to the name of N. E. Nérlund [6] who proved some important 
properties of such means assuming ~, >0 and p,/P,—0. We conform to this 
usage in the following. We use the symbol (N, p,) to denote the Nérlund 
method of summation defined by the sequence { ,}. 

It is occasionally of interest to compare the definition (1.04) with the fol- 
lowing: 

(1.06) (R, p,)-lim x, = lim P'(poxo + pivi +--+ + prtn), 


u— 


subject to the regularity condition 


(1.07) >| pl <cl| Pl, | Plo, 

ke=0 
which definition played a réle in the early development of the typical means 
of M. Riesz (cf. G. H. Hardy |2]). 

We shall consider four different classes of trigonometric series which will 
be referred to by the symbols L, L, L' and L’ in the following. With each such 
series there is associated a sum-function defined almost everywhere, e.g. the 
Abel-Poisson sum of the series. We use the same symbol for the class of sum 
functions as for the corresponding class of series. Thus LZ denotes both the 
class of all measurable functions, periodic with period 27 and integrable in 
the sense of Lebesgue over the interval (— 7, 7), and the class of all Fourier- 
Lebesgue series, the association being 


oa 1 ‘“ 
(1 ~O8) f(x) ~ Do he**, Je = ~ f f(He nitdt. 
—«2 La —_fr 


The conjugate series of the Fourier series of f(x) is 
(1.09) — i > sgn (n)f, en**, 


the corresponding sum-function being 
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(1.10) fla) = — Stim Ye +) - fle - 9) cot a, 


which exists almost everywhere. The class of all such series or functions is 
denoted by L. If f(x) is of bounded variation, the series 


(1.11) i Fnfers, 


+00 
(1.12) > | 2| fren 


are members of the classes L’ and L’ respectively, the corresponding sum 
functions being f’(x) and 


~ 1 ° iy? 
(1.13) f’(x) = —— lim f [f(x+) + f(x -d)- 24(2) sin 4| dt 
4n 0 J, 2 
respectively. 
2. The effectiveness problem. Now let T be a class of trigonometric series 


+o 
(2.01) YF, eniz, 


each series having an associated generalized sum-function F(x). In the sequel 
T will be one of the four classes defined above, but the following considera- 
tions have a sense in more general cases. Put 


+n 
(2.02) F,(x) = >OF.e** 


k=—n 
and substitute 
xX = F,(x), Yn = Tm(x, F) 
in (1.01) so that 
+m m 
(2.03) m™(x,F)= > { pe ann Fs ebiz, 
k=—m n= | k | 
Let Ey be a point set in the interval (—7, 7) defined for each function 
F(x) ¢ E and such that, at every point x ¢ Er, F(x) has a finite definite value 
and satisfies a prescribed condition of regularity. Zr will usually vary from 
one function to the other in T and may be vacuous. 


DEFINITION 1. The method of summation A is said to be (Z, Ev)-effective if 


(2.04) lim tm(x, F) = F(x) 


moO 


whenever F(x) ¢ T and xc Ep. 
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We are not aware of any general attack on this ({, Er)-effectiveness prob- 
lem, and we are not able to solve it in its generality. But in view of the im- 
portance of this range of questions we consider it worth while to solve the 
problem for subclasses of ¢4 and for particular choices of T and Er. Thus in 
the present paper we are concerned with the class N, and in order to get satis- 
factory results we have to impose fairly severe restrictions on the generating 
sequence {,} some of which are undoubtedly due to imperfections of the 
method. 

The class & will be any one of the four classes L, L, L’ and L’ mentioned 
above. We consider six different types of sets Er, viz. two in connection with 
each of the classes L and Z and one for each of the classes L’ and L’. These 
are the sets of (*)-regular points where the asterisk represents one of the six 
symbols F, L, PF, L, L’ and L’. These sets will now be defined. In the following 
f(x) ¢L and the set of values of x for which f(x) does not have a finite defi- 
nite value is disregarded. The following notation will be employed: 


(2.05) f(x +0 + f(x — 4) — f(x) = od, 
(2.06) f ¢(s)ds = ¢,(2), 


(2.07) f | o(s) | ds = (2), 
(2.08) f(xax+) -—f(x-d) =v, 
(2.09) f ¥(s)ds = yall), 


(2.10) f | ¥(s)| ds = W(t), 
(2.11) f(x +4) — f(x — ) — 2tf'(x) = x, 
(2.12) f | d.o(s)| = do(t), 


(2.13) J | dax(s) | = xo(#). 


In the last three formulas f(x) is supposed to be of bounded variation and we 
disregard the set of measure zero in which f’(x) does not exist as a finite num- 
ber. 

DEFINITION 2. A point x for which f(x) has a finite definite value is said to be 

(i) (F)-regular if o(t)—0 with t; 

(ii) (L)-regular if &(t) =o(#); 
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(iii) (F)-regular if it is a point of continuity of f(x) and f (x) exists and is 
finite (see formula (1.10)) ; 

(iv) (L)-regular if Y(t) =0(t) and f (x) exists and is finite; 

(v) (L’)-regular if f(u) is of bounded variation in (— 7, 7), f'(x) exists and 
is finite and xo(t) =o(t); 

(vi) (L’)-regular if f(u) is of bounded variation in (— 7, 7), f ’(x) exists and 
is finite (see formula (1.13)) and o(t) =o(?). 


We designate the set of (*)-regular points with respect to a given function 
f(x) in the interval (— 7, 7) by E(*; f). We have clearly 
(2.14) E(L; f) > E@; f) > EF; f), 
(2.15) E(L; f) > E(F; f). 
It is well known that the sets E(L; f), E(L;f), E(L’; f) and E(L’; f) all have 


the measure 27. 


DEFINITION 3. A method of summation which is (Z, Er)-effective is said to 
be 

(i) (F)-effective if T=L, Ep = E(F; f); 

(ii) (L)-effective if T=L, Er =E(L; f); 

(iii) (F)-effective if T= a Er= EF; f); 

(iv) (L)-effective if == L, Er=E(L;f); 

(v) (L’)-effective if I=L’, Ep =E(L’;f); 

(vi) (L’)-effective if = =i’, Er=E(L’;f); 

(vii) Fourier-effective if it is effective in the sense of (i)—(vi) simultaneously. 


The obvious implications between the different types of effectiveness are 
. 16) (L) > (F), 
.17) (L) > (PF). 

3. Summary of the results. The main result of our investigation is 


TueoreM I. A regular Nérlund method of summation (N, p,) is Fourier- 
effective if the generating sequence { p,} satisfies the following conditions: 


(3.01) n| pn| <C| Pal, 


(3.02) DF | pe — perl <C| Pal, 
k=1 


P 
| | el p.l, 


(3.03) > 


k=l 


where C is a fixed constant independent of n. 
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These conditions are certainly not necessary in general, but they are 
partly necessary in what is perhaps the most important case, as is shown by 


THEOREM II. If p,>0 and { p,} satisfies (3.01) and (3.02), then condition 
(3.03) becomes necessary as well as sufficient for the regular method (N, p,) to 
be (F)-effective. 


The proofs of these theorems occupy §§4-8 and §9 respectively. §9 also con- 
tains a more detailed study of the method (VN, #,) in the case where p, >0 and 
p, is ultimately monotone, or in the more general case where conditions (3.01), 
(3.02) are satisfied (local sufficient conditions for summability when (3.03) 
does not hold and determination of the order of the Lebesgue constants to- 
gether with construction of methods with given order of growth of the Le- 
besgue constants). §10 contains special examples. §11 contains some results 
based on the fact that any definition of summability which includes (C, 1) 
(in the terminology of W. A. Hurwitz) is also Fourier-effective. 

4. Basic formulas. We assume f(x) ¢ L, 


2% 


(4.01) f(u) ~ Yfret 


—€) 


and put 


(4.02) Sn(x) = fe ym, 


(4.03) Sa(x) = — iF (k) fi e**, 

(4.04) on(X) = Sa(x) + is, (x) = fot+2 Dect. 

We form the nth (N, p,)-mean of the sequence { F,,(x) } 
T(x, F) = - YS peFi(s), 


n k=O 


substituting for F,(x) successively s.(x), 5.(x) and ox(x), and we denote the 
results by V,.[f(x), p,], Na[f(x), p,] and N,[f(x), p,] respectively. We write 


MN. Lf(x), p) = fie + MN, (é)dt 
f “fla + #) [Ni + iN, (0 Jdt 


N,[ f(x), pr] + iN, [f(x), pr]. 
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Putting 
(4.06) Ba) = Dopre*#* = Sop, cos kt + i Dopx sin kt = C(t) + iS, (0), 
k=0 k=0 k=0 


we have 


Nall) = Nall) + iN.) = 
(4.07) 


Sadist] 


QrP,, k=0 m=1 


: I(? i -) (n+1/2)i By, (2) t | 
= ,=—a-—) pnt) — cot — 
2a 2 R 2 


N,(t) i{4nP, - Sh feonsimg (p — etortinng,(— 4} 
(4.08) ane 
{2"P, sin <\ {€,(¢) sin (wm + 3)t — S(t) cos (n + 4)e}. 


We note also that 
1 * in (k t 
(4.09) Y,(t) = + eer. 


2nP, k=0 sin 3t 


which shows that 
(4.10) f N,(é)dt = 1. 


Assuming f() to have a finite definite value for «=x, and using the notation 
of (2.05) together with the fact that N,(é) is an even function, we get 


(4.11) Wals(o), po] = $02) = fF oN sat. 
0 
The conjugate function f(x) is defined for almost every x, in particular for 


x¢ E(L;f), by 


* 1 


(4.12) f(x) = - fiw cot <a 


— lim 
2n <0 
(see (1.10) and (2.08)). It follows that for x ¢ E(L; f) 

(4.12) Halp(2), po] — Kx) = him f vON.ar, 


where 
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“a 1 t 
= N,(t) + — cot — 
2r 2 
t —1 
{ 42? sin - f e—(nt 1/0, (2) + e(mtpity (— t)} 


t —1 
a= {2"P, sin =} {S,n(t) sin (n + 3)t + ©, (0) cos (n + 4)t} , 


We now pass over to the derived series and to its conjugate series, i.e. the 
series 


+20 
(4.15) i> kfre***, 


+00 
(4.16) > | &| fee*2, 


assuming f(u) to be of bounded variation in (—7, 7). The mth partial sums 
of these two series are s,/ (x) and 5,/ (x) respectively (see (4.02) and (4.03)). 
The nth (N, p,)-mean of the sequence {o,/ (x) } is 


(4.17) RL [f(x), p] = f "Radel + 1) = Ni [f(x), po] + iN. [f(2), pol, 


where the prime denotes differentiation with respect to x and the symbols 
have the sense defined above. Assuming /’(x) to exist, we get 


(4.18) Ni La), p] —f'() = f Nn(t)dx(t). 
Further, 
¥! [f(2), p.] = f Haat) 


0 


“— a ~ 1 Ca 
- f .()db() + J Faas — = f cot 5 at). 


er ee ee ‘0s aK 
-— — = — cot — -— sin — , 
“9 | co : — 2 oe ate oad” 
At an (L’)-regular point (¢€) =0(e€) since this estimate holds for ¢o(e). It 


follows that the first term on the right tends to zero and the second one tends 
to f ‘(x) as e—0. Hence 


(4.19) He [f(x), po] — F(x) = f 


0 


1 


in v 
¥(do(t) + f W,()do(t) + 0(1) 
l/n 
at (L’)-regular points. 
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5. Preliminary lemmas. The subsequent discussion will center around the 
singular integrals in formulas (4.11), (4.13), (4.18) and (4.19). It will be as- 
sumed throughout that the sequence { p,} satisfies conditions (1.05) so that 
(N, p,) is a regular definition of summation. 

Formula (4.11) offers the simplest problem especially when xc E(F; f). 
Necessary conditions in order that the integral in (4.11) shall tend to zero 
for every f(u) ¢L at all points x ¢ E(F; f) are well known. One condition is 
that 


8 
(5.01) f N,(t)dt > 0 


as n+», (a, 8) being any closed sub-interval of (0, 7) not containing the 
origin. This condition is satisfied by virtue of regularity conditions (1.05), 


and (4.09), since — 
8 sin (n $)t 
— sin ( + 4)¢ di =0 
n 02 Ja sin (t/2) 
for any fixed a, B provided 0<a<BSr. 
The second, and more restrictive, condition is that 


(5.02) f | V(t) | dt <C 
0 


for some finite C independent of n. This condition is not satisfied merely by 
virtue of regularity conditions, and the crux of the problem is the investiga- 
tion of (5.02). 

In the discussion of this and analogous integrals we can disregard the in- 
tervals (0, 1/m) and (4, z) for a fixed positive 6 if x and { p,} respectively are 
suitably restricted. This follows from the following lemmas. 


Lema 1. We have 
(5.03) N,(t) = O(n). 
The same estimate holds for N,(t) and N,,(t). Further 


pat 1 t 
(5.04) N,() = cot 7. + O(n). 
us 


By definition 


1 n k . 
so that 
n 2 1 n 
| 2.(t)| < D(2k + 1)| Pax | gees Di | pa-e| « 


2x|Pa| ino 2n|Pn| tao 
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This estimate together with (1.05) shows that (5.03) holds. The estimates for 

the other functions follow from their definitions together with (5.03). 
Lemma 2. If xc E(L;f), then 


I/n 

5.05 t)N,(é)dt = o(1). 

(5.05) J (0) Na(t)dt = 0(1) 

If f(u) is of bounded variation in (— 1, 7) and xc E(L’;f), then 
1/n 

(5.06) f N,(t)dx(t) = o(1). 


In view of Definition 2, Lemma 1, and formulas (2.07), (2.11) and (2.13) 


f SON alas of ne(—)} = 0(1), 
0 nN 

l/n f 1 
f N,(t)dx(2) of md —)t = o(1). 


Lemna 3. If x¢ E(L;f), then 
l/n 
(5.07) ; lim V,.(t)W(d)dt = o(1). 
€—0 € 
We have 
l/n foe l/n - 1 l/n t 

lim V(t)N,(t)dt = lim f ¥(t)N,(é)dt + — lim ¥(t) cot — dt. 
€—0 e—0 € €—0 2 


€ Qn € 


Here the first expression on the right is 


of) = 


by Definition 2 (iv), Lemma 1, and formulas (2.08) and (2.10), whereas the 
second expression is 0(1) since f (x) exists (cf. formula (4.12)). 


Lemma 4. If xc E(L’; f), then 


lj/n 
(5.08) f W.(t)do(t) = o(1). 


By Definition 2 and Lemma 1, 


I/n 1 
f F.oaoto| te 04 no(—) t o(1). 
0 n 
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Lema 5. If {p,} satisfies the condition 


(5.09) | >| pi — pr-s| = 0( Ps), 
then = 
(5.10) B.(t) = o( Pp) 
uniformly in t for0 <8 |t| <7. 
We have 
$.() = Dover - Ee — peri) St + PaSn 


k=0 k==0 


where 

e(etbDit 4 
(5.11) Ss, = —————- 
et — 1 


Hence by (1.05) and (5.09) 
n—1 1 1 


where the “o” refers to n—~ and is independent of ¢, and the “O” refers to 
i—0 and is independent of m. This proves the lemma. *, : 

Condition (5.09) certainly holds if conditions (3.02) and (3.03) of Theorem I 
are satisfied. Indeed, then | P,| — ~, and if 


W,= dk | Pe ~ pi-r| = O(P,), Wo = 0, 


k=l 


then : 
n n n—1 W;, W 
V,= — peil = —(W;, — Wy_;) = semper ee 
2| be Pr-s| us k k-1 “went. 


from which the conclusion follows immediately. The conclusion holds if only 
(3.02) is satisfied and | P,|—>0 . Otherwise (still under assumption of (3.02)) 
it is readily found that the series )) 7° | p:—px-1| converges, and 


m+p 1 
(5.12) | pe — pe-a| = (—), 
. m 


k=m 


Lemma 6. If { p,} satisfies condition (5.09), then the integrals 
5 . "Ne d. ’ N. d , "Ne d ? . 
(5.13) f ()p(t)at J (y(a)at f ()dx() f Wa(t)d6(t) 


tend to zero as n—>© , 5 being fixed >0. 
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We have merely to show that the kernels tend to zero uniformly in #, 
0<éSiS<7,asn—. But this follows from Lemma 5 together with formulas 
(4.07) and (4.14). 

The discussion is consequently reduced to the interval (1/n, 5). 

6. Estimates of the kernels. We have to find suitable estimates for the 
kernels V,,(é) and W,,(¢)in the interval (1/m, 5). Such estimates can be found by 
fairly crude methods which nevertheless give rather accurate results provided 
the sequence { p,} is sufficiently regular. Since %,(¢) enters in both kernels we 
start by estimating this function. 

We put 


(6.01) | Pn} = Tn, Re = 79 4. ry + “eo + Fins 
and introduce the step functions 
(6.02) r(u) = rtuj, R(w) = Riu} 


where [z] as usual denotes the largest integer <u. Finally we put 

(6.03) Vo=0, V.= >I Pe— perl, V(u) = Vey. 
Consider 

(6.04) B,(t) = DS preti =X,+2: (¢>0) 


k=0 


where & ranges over the integers <7=[1/t] in D, and over the integers >r 
but Sm in 2. It is clear that 


1 


(6.08) inte Sinl « Taeko x(—). 
k=O k=0 t 
Further, 
n—1 
22 = — PS + Ye = Prri)Sk + PoSn 
ket 


where S; is defined by (5.11). Since |#5;] <7, we get 


n—1 
(6.06) =I al+ Lleol +l ol} 


or 


(6.07) iz2| < *{ (-) +r(n) +V(n) — v(— - i). 
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The same estimates apply for <0. Consequently 


(6.08) |8.(+ | < R(~) + =44(—) + 00 + V(n) - v(— - 1) 
ee ae t t i ' 


and referring to formulas (4.08) and (4.14) we see that 


| Wn (2) | \ 


| ¥,.(4) | 


hl 9 ley Wy add a 
—_—— — — _ n _ —_—— , 
2t| P| t LNG " . t 
By virtue of (1.05) this estimate implies the existence of a positive constant 
A such that 


| v.(é) | 
| (2) | 


< 


(6.10) ; < A{Mul) + Maal) + Maal) + Mul}, 


where 


M(t) ; R( - ) Ma2lt) : ( : ) 
ni — SS a n2 = Ti & 
(6.11) tR(n) t t?R(n) t 


r(n) 1 fi 
M,3(t) = PR(n) ’ M,4(t) = PR( -f V(n) —_ v(— —_ 1)\ e 


7. The Fejér cases. In order that 


6 


(7.01) o(f)N,(d)dt = o(1) 


l/n 
at (F)-regular points it is sufficient that 
é 
(7.02) f | Va(t) | dt <C, 
1 


- jn 
and in order that 


é 
(7.03) f V()N,(t)dt = 0(1) 
l/n 
at (F)-regular points it is sufficient that 


6 
(7.04) f | V(t) | dt <C. 


/ 


That conditions (7.02) and (7.04) are satisfied under the assumptions of 
Theorem I follows from 
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Lemma 7. If the sequence { p,} satisfies conditions (3.01), (3.02) and (3.03), 
then 


é 
(7.05) f Man(t)dt < M (m = 1, 2, 3, 4). 
1/n 


Property (7.05) in the cases m=2, 3, 4 holds if we assume only that conditions 
(3.01), (3.02) are satisfied. 


For m=1 we have 


. 1 é 1\dt 1 n ds 
(7.06 M,,(t)dt = —— —}_ = — Sos 
, ) J. ( ; R(n) f. R( t ) t R(n) a RY 


which is bounded if and only if 
§ & mh 


R, k=l k 


is bounded, and this is implied by and implies condition (3.03). 
For m=2 we have simply 


fu (dt = — f (-)¢ a soa 
n = es Say Canmates ¥ 
m 2 RO Jam Ne) ~ Row aa s <1. 


For m=3 


é r(n) ¢* dt Nr», 
f M3(t)dt = <> — < 
1/n R(n) l/n 2? R, 


which is bounded by virtue of (3.01). 
Finally for m=4 


5 1 5 1 dt 
J BAe = wJL" 7 o(— ° ) |e 


jn 


1 n 1 wo 
= a JV) — VO ~ Das < = f" [vem — veo) 


1 fr" 1 2 , 
o— sdV(s) = — k = i. 
Rod, MOM R, Bele pel 
which is bounded by (3.02). 
We have consequently proved that part of Theorem I which refers to 
(F)- and (F)-effectiveness. 
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8. The Lebesgue cases. The problem which confronts us in the four 
Lebesgue cases, (Z), (L), (L’) and (L’), is of the following form: w/(é) is a 
function of bounded variation such that 





(8.01) wo(t) = f | dw(s)| = o(#); 





find sufficient conditions in order that 





(8.02) f " K()de(t) = o(1).* 
l/n 





In the four cases the symbols have the following meaning: 








































Case K, (4) w(t) 
(L) N,(2) $1(t) 
(Z) Y,(2) vi(t) 
(L’) N,(?) x(#) 
(L’) V,.(t) $(t) 




















In order to prove the remaining part of Theorem I it is consequently sufficient 
to prove 


Lemna 8. If {p,} satisfies conditions (3.01), (3.02), (3.03) of Theorem I, 
and if w(t) satisfies (8.01), thent 






Cy 
(8.03) f _Man(i)dent) = (1) (m = 1, 2,3, 4). 





Property (8.03) in the cases m=2, 3, 4 holds if we assume only that conditions 
(3.01), (3.02) are satisfied. 


We have 


8 1 8 1\1 
(8.04) f Mailt)dwo(t) = R@ ' R(—)— dwo(t) 
lj/n 1jn A 


-afla(2) oo, + fm a(2)a~ fant ax) 


* By this notation we mean to say that, being given an arbitrarily small ¢>0, we can find a 
5=6(c) and an mo=no(«) such that the left-hand member of (8.02) will be <e in absolute value 
for n2 Mo. 

t The integrals here are taken in the sense of Stieltjes- Young while the interval of integration 
is always assumed to be closed. For the justification of the integrations by parts extensively used 
in the subsequent discussion we refer to the recent paper by Evans [1], Lemma II, p. 217. 
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Here the integrated part is 0(1) since (8.01) holds and R(n)—, by (3.03). 
The second term is 


ais LE) fa ff Ae} = 


by (3.03). The third term is 


ais See) of 0} =. 


This settles the case m=1. Next we have 


. 1 . 1\ 1 
f M n2(t)dwo(t) oS oases A> -)> dw (t) 
lj/n R( n) 3 


1 1 1 6 6 1 dt 
. Efe!) wen | +2fi (jes 
5 1 1 
-— f wo(t) — dr (—)} : 
1/n i t 


Here the integrated part is 0(1) by condition (3.01). The second term is 


1 é 1\ di 1 . 
ave " (5)3} = at f sash = o(1). 


The third term in (8.05) is 


Law Jace) ~ bas S11} 


= of Dela — nal} =o(1), 


R(n) ini 


the sum being O(R,) by assumption (3.02). Hence (8.03) holds for m=2. 
For m=3 


Ma3(t)dwo(t) = af = dol) 
l/n R( n) 


(8.06) r(n) ‘ 7” 
= rf [wo(é)¢- .. +2 f -entgesat\ = o( R. 


by assumption (3.01). 
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Finally we have for m=4: 


f Mos(#)deoo() = = J [ve a) - v(— * 1) |= dost 
(8.07) = rani like y v(— =~ 1) | eeu) 
va flo —o(5 fe [at (= 


The integrated part is o(1) by (3.02).* The second term is 


sf [ro -r(4-] 8} «0 


the same being true for the third term (cf. end of §7). This completes the 
proof of Lemma 8 and hence also of Theorem II. 

9. The semi-monotone case. The conditions of Theorem I are sufficient 
but certainly not necessary. In §11 we shall encounter Fourier-effective defi- 
nitions (N, p,) which do not satisfy conditions (3.01), (3.02). Condition (3.03) 
on the other hand seems to have intrinsic character. This is shown, at least in 
part, by Theorem II, the proof of which will be now given. Conditions (3.01), 
(3.02) are certainly satisfied if p,>0 and the sequence { p,} is monotone de- 
creasing. We designate as the semi-monotone case the one where ~,>0 and 
conditions (3.01), (3.02) hold. This is the hypothesis of Theorem II, which 
will be assumed now. Hence we have 


(9.01) np, = O(Pn), Vn = O(P2), 









ee i pe ee sy ee 





Bg se 



















whereas 








(9.02) “a © 2 hw: 


n> 2 P, k=l k 





Se eS ecko 





Under these assumptions we shall prove that 


ee? 


(9.03) lim fi N,(t)| dt = + ~, 
no 0 





which suffices to prove Theorem II. We use the notation of the preceding 
paragraphs except for the modification that p(w) and P(x) will replace r(u) 
and R(u) respectively. 







BS ee Oe 











* This is obvious when R,— ©. Otherwise we use (5.12) to show that V(n)—V(1/6— — 
and so the conclusion still holds. 
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In order to prove Theorem II we have to give a more careful estimate of 
N,(t). For this purpose we estimate €,(#) and S,(é) separately for ¢>0. Pro- 
ceeding as in §6, we write 


(9.04) C(t) = Zu + 2i2z, Salt) = Zar + L22, 


where OSk<Sr in Zy and Yn, and r<kSm in Ye and Ye, and obtain the 
estimates 


1 1 
(9.05) 21 > P,cos1 > . P(-), 


(9.06) — *{o(—) + vm) + vi@) - v(——1)}. 


Then 


fiimola> f | V(t) | de 
0 lj/n 


1 | sin (n+ 4) 1 L2dt 
> f | ( 3) | Sud! -f 21 
1 t 1/n 





~ . t 
” P, sin — =P, sin — 
2 ? 


_ f | Sie | dé - f | Se2| de 
1/n t 1/n t 


2xP,, sin — 2rP,, sin — 
2 2 


Lemma 7 together with (9.06) shows that the last two integrals are bounded. 
Further 

1 221 1 i dt 1 a at 

a. ae x fl inka |“ 

J. . ft 2PaJ ijn ~~ 2Pr J pp Lo — t 

2xP,, sin 4 


(9.08) 


. = Vksin ki Pui ftsins 
‘f di< ds<1. 


2P,, k=l n t 2P, 0 5 


By an analogous argument (Lemma §8) it is readily proved that 


08’ f ” te (t)dt = o(1 
(9.081) tn 20 P, sin n° =<), 


provided x ¢ E(L; f). 
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It remains to consider 


f —— Yidt > f | sin n+ tlP(—)= 


/n jn t t 


1 1\\ dt 
>t p 2(4)2, 

2 Jz, t t 
where E, is the subset in (1/n, 1) where | sin (n+}4)t| 24. This set consists of 
a number of intervals J, J2, - - - , Im, where the enumeration proceeds from 
left to right. With the exception of the first and possibly also of the last in- 
terval they are all of the same length, 2A say, and are separated by intervals 
of length A. Suppose now that J, is kept fixed but all other intervals are moved 
to the left until they abut upon each other. Denote the interval into which /, 
is carried by J,. In this process J; is shifted a distance 5, =(&—1)A to the left, 
so that its left end point falls at (2k—3/2)A. It follows that any point in J, 
has a distance from the origin which exceeds two thirds of the distance from 
the origin of the corresponding point in J,. Hence 


1\ dt 1 ds 
Co -e 
Tk t t Jk stops std, 
Ss 1 s ds 2 2\ ds 
f dae “>ifP Cd 
ye \SHER sJS+E 5S 3 Jz, \3s/ 5 


1\ di 2 = 2\ ds 
(Gis Bi 
EZ, t t 3 k=l Jk 3s/ s 
2 pe 72\ds 2 ps du 
-—f p(=)=- = P(u)—; 
3 In 3s Ss 3 a Uu 


where a is a quantity near to 1 whose numerical value is of no importance. 
We have consequently 


1 | sin (n + 3)t| 1 an/3 du 
(9.09) f - felt > — f P(u)— - 


- P, sin — : 
2 





sin — 
2 








In order to complete the proof of (9.03) we have now merely to show that 


(9.10) P(*) > 6P(n) 
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with a fixed positive @. Indeed, if this is the case the preceding discussion 
shows that the left-hand side of (9.07) cannot remain bounded as n>. 
But (9.10) is a special case of the following 


Lemma 9. If ~,>0 and np, <CP,, for every n, then 


v 1 
(9.11) 0O<ex—z— 
u € 


implies the existence of a 6 =6(e) such that 


P(v) 1 
(9.12) 0<6s—s<—- 
P(u) 6 


We may suppose 1 <u <v without loss of generality. Then if u<w, 


{wl P, [w] 
P(w) — P(u) = p(ut+i1)+---+p(w) <c>d = < CP(w) log [ul 


[uJ+1 
We can then choose a \ >1, independent of uw, such that 
[w) 1 


Clog—~- <— for wS du, 
* Tu] > 2 


and consequently 

(9.13) P(u) <= P(w) < 2P(u) ifu Ss w Ss du. 

Hence if m is the least integer for which v<\"u we have 
P(v) < 2™P(u) 

which suffices to prove the lemma. 


Hence (9.10) holds and we have finished the proof of Theorem II. A par- 
ticularly important special case of this theorem is the following 


THEOREM I]. If p,>0 and p, is ultimately monotone decreasing, then con- 
dition (3.03) is necessary and sufficient for (F)-effectiveness of the method 
(N, p,), and if this condition holds, the method is Fourier-effective as well. 


The assumptions imply that (3.01) and (3.02) hold so that Theorem II 


applies. 
It follows from the proof of Theorem II together with Lemmas 7 and 8, 
and formula (9.08’) that if p, >0 and (3.01) and (3.02) hold, then 


(9.14) lim V,[f(x),P>] = f(x) 


n+ 2 


at an (L)-regular point if and only if 
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lim — 
n+ @ P,, l/n sin 4 


_- ote > px cos atk otoat =0 


kt 


which is the case if and only if 


1“? dt 
(9.15) lim — sin nt { > pe cos us} o( * = 0. 


ne Land lin ktS1 
But we can go a step further, as is shown by 


THEOREM III. Let p,>0, and suppose that (3.01) and (3.02) are satisfied 
Then 
1 7? 1 dt 
(9.16) lim — sin nt P(-) ¢() — = 
neo in’ i/n t t 
is a necessary and sufficient condition in order that (9.14) shall hold at an (L)- 
regular point. 


Remark. Similar criteria are obtainable in this case for the summability 
of the conjugate, the derived, and the derived conjugate series. 

The difference between the two expressions under the limit signs in 
(9.15) and (9.16) is O(5,) where 


(9.17) n= —f[ Deol s@| a, DO = Cpr. 
P ktS1 


n 1/n 


The usual integration by parts gives 
1 


8 . ‘ 
én = 5 { DOO) In - f nee - f _a¢ota0o} 


fe (zo + f ‘(bat — f ‘ean(o)t 
a ( [AD@) Jim — J 'aD(0) ' 


where the last step follows from a second integration by parts. But 


cow -of0(3)} 


é n 
0< - f dD(t) S Dok? k?p, < Pp 
lj/n k=l 


which shows that 6, = 0(1), and proves the theorem. 
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The following sufficient condition for (N, ~,)-summability is analogous 
to a well known convergence criterion due to Lebesgue. 


TueorEM IV. If p,>0 and if {p,} satisfies (3.01) and (3.02), and if, for a 
particular xc E(L; f), 


(9.18) lim = - («+ “)- | P (—)= =o, 


then (9.14) holds. 


Formula (9.16) is our point of departure. A glance at the proof of Lemma 1 
shows that we can replace 1/n by +/n=7 in the lower limit of this integral. 


Now 
of (sin ny P (— ) oo 


ds 


” f- (sin ns) [$(s) — o(s + ole(— =). s 
+ fein ns) |? (-) ~ P(- 3 ) aaied oS 


jae = -) o(s + 7 o™ er 


s P 

"(sin ns) (—- cede re 
1 

+ “Gin ns)P(—) (3) — 


= lie. 
k=l 


The estimates of these various expressions follow standard procedure so we 
can restrict ourselves to a mere outline of the argument. U, will tend to zero 
after division by P, by virtue of (9.18). Next, for 0<a<, 


8 
P(8) — P(a) = f p(dt + Of p(a)} +.0{p(6)} 


so that 


Us = 04 fleet ols fi soak +of J joe + | o(— )=} 
+04 flee +nlo(—) Fh. 
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The usual method of integration by parts leads to a number of expressions 


each of which is almost immediately seen to be 0(P,). The only term which 
causes difficulties is 


[fae [pommel EL pon) a0 


as is seen by interchanging the order of the two integrations. Further 


7 of floe+n| r(—-)—~—} 





since x ¢ E(L; f). Finally U, and Us are o(1), the former because x ¢ E(L; f), 
the latter because the length of the interval of integration tends to zero. This 
completes the proof of Theorem IV3. 

We finish the discussion of the semi-monotone case with a remark on the 
Lebesgue constants of the corresponding kernels V,,(¢). Lemmas 7 and 9 plus 
formulas (7.06), (9.07) and (9.09) prove 


TueoreM V. If p,>0 and the sequence { p,} satisfies conditions (3.01) and 
(3.02), then there exist positive constants A and B independent of n such that 


(0.19) Agim) < f "| Walt) | dt < BO(n), 
where 


1 7” P(u) 
(9.20) om) => f aw. 
P, 1 Uu 
We have clearly 
(9.21) Q(n) S log n. 
On the other hand, if Qo(w) is a given logarithmico-exponential function, 
positive and continuous for 0<«, which becomes infinite with u and which 
satisfies the inequality 


(9.22) Qo (1) <—, u> 0, 


then we can construct an example of a definition of summability (N, ),) 





780 EINAR HILLE AND J. D. TAMARKIN [October 


such that (9.19) holds with Q(m) replaced by Qo(m).t We have merely to take 
(9.23) po = Po(1), Pa = Po(m + 1) — Po(n), 
where 


1 ° & 

(9.24) P(u) Oo(u) exp { = : 
The functions Pj (u)/Po(u) and Pg’ (u)/Po(u), being logarithmico-exponen- 
tial functions, are ultimately of a constant sign and monotone. The conditions 
on Q(u) ensure that Pj (u) is always positive and tends to zero as u->&. 
Since Pj’ (u) ultimately keeps a constant sign, this sign must be negative. 
It follows that »,>0 and ultimately monotone decreasing. Hence the se- 
quence { p,} satisfies the conditions of Theorem V, and a simple calculation 
shows that the function Q(m), computed from formula (9.20) for this choice 
of {p,}, differs from the given function Qo(m) by a quantity which remains 
bounded as n>. Thus (9.19) holds with Q(m) replaced by Qo(m). It is 
clear that the assumption that Qo(u) be a logarithmico-exponential function 
can be replaced by less stringent conditions. 

10. Examples. We shall give some illustrations of the preceding results. 
We begin by taking 
(10.1) pn = (n + 1)-**2, R(a) > O. 


For real values of a between 0 and 1 the corresponding method (VN, ,) is 
equivalent to (C, a). It is easily seen that the conditions of Theorem I are 
satisfied by this sequence, so the method is Fourier-effective. 

The case a=0 leads to a definition of summability (N, p,) which is not 
(F)-effective, since the sequence is monotone decreasing, but (3.03) is not 
satisfied. The method (N, (v+1)-') is clearly equivalent to the method of 
summation defined by 

1 Xo x1 Xn 
(10.2) no ptt a + at 
called harmonic summation by M. Riesz [7]. It follows that the harmonic 
means do not define an (F)-effective method of summation.{ A necessary and 


+ Some time ago one of the authors mentioned the problem of constructing a method of summa- 
tion with preassigned rate of growth of the corresponding Lebesgue constants to Dr. R. P. Agnew 
who then proceeded to construct methods of summation equivalent to convergence having this 
property. 

¢ We are indebted to Professor M. Riesz for the information that this result has already been 
found by one of his former pupils, Dr. N. K. A. Juringius, who, however, to the best of our knowledge, 
has not published any proof. 
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sufficient condition that the mth harmonic mean of a Fourier series shall con- 
verge to f(x) at an (L)-regular point is by Theorem III that 
6 


1 : 1 dt 
(10.3) lim —— sin nt log — o(#) — = 0; 
ne log n J 1/n t t 


a sufficient condition is by Theorem IV 


1 5 T 1 dt 
(10.4) lim f o(: “> *) — ¢(2) ng ~— 4 = 0. 
n 


ne logn J s/n 
It is clear that we can also consider sequences of the form 
(10.5) pn = (n + 1)-**#[log (n + €)]-- + [logu(m + e)]™. 


The corresponding method (NX, #,) is found to be Fourier-effective if R(a) >0, 
but not even (F)-effective if a=0 and the other a’s are real. 

An example of a Fourier-effective definition (N, p,) which satisfies (3.01) 
and (3.03) but not (3.02) is given by 


p, = 1, or 2, according as vy ¥ m*, or vy = m’? (m = 1, 2,3,---). 


Indeed, this definition sums any series which is summable (C, 1) and whose 
partial sums are o(n'/”). It is well known that for the classes of trigonometric 
series which we are considering the partial sums are o(log m) at (*)-regular 
points. 

11. Applications of the relative inclusion theory. It is well known that the 
arithmetic means of the first order, (C, 1) =(N, 1) =(R, 1), define a Fourier- 
effective method of summation. It follows that if a regular method of sum- 
mation A, defined by the matrix %=||ana||, includes the method (C, 1), i.e. 
if every series summable (C, 1) is also summable A to the same sum, then A 
is also Fourier-effective. 

Putting 


(11.1) Vn = y Aeatie, 
n=0 
11.2) : > 
. Zn = x ’ 
' n+l no 


we find that the transformation from the sequence {z,} to the sequence 
{ym} is given by 


(11.3) Yn = T% + 1)(@mn — Om n¢i)2n + (m + 1)dmmZm. 
n=O 
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Applying the Silverman-Toeplitz conditions to this transformation we find 
that it is regular if and only if 


m—1 
(11.4) Do + 1) | @mn — Om ngi| + (m+ 1)| amm| < Ct 
n=0 
independent of m, the other conditions being satisfied by virtue of the as- 


sumed regularity of A. 
If in particular A = (N, p,) or (R, p,), condition (11.4) becomes 


n—l 
(11.5) n| po| + Li(n — k)| pe — Parl <C| Pal, 
k=l 


n—1 
(11.6) Lek + 1)| pe pass] + (w+ 1] Pal <C] Pal 
respectively. 

Condition (11.5) is satisfied if, e.g., {p,} is any monotone increasing 
sequence subjected to the regularity condition p,/P,—0. Such a sequence 
satisfies (3.03) automatically, and (3.02) only if it also satisfies (3.01), i.e. 
if np, =O(P,.). Thus we see that both (3.01) and (3.02) may be violated by 
a Fourier-effective method (JN, ?,). 

Conditions (11.5) and (11.6) throw an interesting light on Theorem II,. 
We have seen that (3.03) is necessary and sufficient for Fourier-effectiveness 
if p.>0 and #, is ultimately monotone decreasing. Such a sequence {,} 
certainly satisfies (11.6) so that if P,+ the method (R, p,) defined by the 
same sequence is Fourier-effective without further restrictions. In particular, 
(N, (v+1)-) is not (F)-effective, whereas (R, (v+1)~') is even Fourier-effec- 
tive. For an application of the latter, the logarithmic means, to the sum- 
mability of Fourier series, see G. H. Hardy [3], who gives reference to earlier 
investigations in the field. 
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CANONICAL FORMS FOR SYMMETRIC LINEAR VECTOR 
FUNCTIONS IN PSEUDO-EUCLIDEAN SPACE* 
BY 
R. V. CHURCHILL 


1. Introduction. It is our purpose to find orthogonal directions which are 
determined by the symmetric linear vector function in pseudo-euclidean 
four-space such that, when referred to these directions, the function is de- 
scribed by a minimum number of independent scalars. We use the canonical 
forms found in this way to examine the structure of this function. 

Algebraically our problem is that of reducing a matrix with the symmetry 
properties shown in (2) below to canonical forms in which a minimum num- 
ber of independent elements appear, under linear transformations which 
leave the quadratic form —(x")?+(x*)?+(a*)?+(x‘)? invariant. Although 
geometric methods are used, the algebraic as well as the geometric form of 
the results is given at the end (§9). 

Canonical forms for symmetric linear vector functions are also canonical 
forms for symmetric tensors of the second rank. The prominent réle played 
by tensors of this type in physics where the space is pseudo-euclidean lends 
importance to the problem of determining the nature of canonical forms for 
these tensors. In fact this problem presented itself to the author in attempting 
to extend the results of a studyt of the Riemann curvature tensor in E, to a 
pseudo-euclidean four-space. The extension depends upon the canonical 
forms for the once-contracted Riemann tensor, a tensor which is symmetric 
and of second rank. The present paper shows that these results can not be 
extended without many changes, because the symmetric tensor has a struc- 
ture much more complex in pseudo-euclidean than in euclidean space. 

Canonical forms are known for antisymmetric linear vector functions in 
pseudo-euclidean four-space.{ These forms apply to antisymmetric tensors 
of the second rank, another group of important tensors in physics. 

In E, a symmetric linear vector function takes its canonical form when it 
is referred to its m mutually perpendicular invariable directions.§ Algebraic- 
ally the result is that a symmetric matrix A is reducible under an orthogonal 
transformation with matrix B to a canonical form BAB-' in which all ele- 


* Presented to the Society, November 28, 1931; received by the editors April 15, 1932. 

7 R. V. Churchill, these Transactions, vol. 34 (1932), p. 126. 

¢ G. Y. Rainich, Electrodynamics in the general relativity theory, these Transactions, vol. 27 (1925), 
p- 111; also see p. 113 for references to the corresponding problem in E,. 

§ See D. J. Struik, Grundztige der mehrdimensionalen Differentialgeometrie, 1922, p. 33, or a re- 
view of this case by R. V. Churchill, loc. cit., p. 139. 
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ments not in the principal diagonal are zero.* This same form is obtained in 
one of the cases in the present paper. 

2. The function. The scalar product of two vectors x and y in our four- 
dimensional pseudo-euclidean bundle is given by 


xy = — aly + aty? + xty? + xy! 
in terms of contravariant components referred to a pseudo-cartesian coérdi- 
nate system. There are three kinds of vectors: those with positive, negative, 


and zero squares. By introducing the coérdinate vectors i=(1, 0, 0, 0), 
7=(0, 1, 0, 0), k=(0, 0, 1, 0), 2=(0, 0, 0, 1), x can be written 


x= elit x27 + x3k + xl. 


The coérdinate vectors are mutually perpendicular, that is, their scalar 
products vanish; their squares have the values 


P= -1,7=kR =P =1. 


If \ and yp are arbitrary scalars the family of vectors Ax is called the 
direction of x, and Ax+y the plane of x and y. Our space has three types of 
planes: those containing no directions of zero square, like the k, / plane, those 
containing two such directions, like the 7, 7 plane, and those containing only 
one such direction, like the 7+/, & plane. The third is called the singular type 
of plane. 

A linear vector function f(x) assigns a vector to its vector argument and 
has the linearity property 


f(x + wy) = Af(x) + wf(y); 
f(x) is symmetric if 
(1) S(x)y = f(y)x. 


Our function is determined by the way it transforms the codrdinate 
vectors. Let f," (n=1, 2, 3, 4) be the contravariant components of f(z), and 
fo", {2 , f# the components of f(7), f(z), and f(J) respectively. For example, 


f(i) = fdit fej + fek t+ fel. 


When x is written in terms of the codrdinate vectors the expansion of f(x) 
shows that the components of the vector f(x) are 


Daf? x* (a, p = 1, 2, 3, 4). 


The numbers f,,” are the mixed coefficients for the linear vector function; in- 


* This result seems to deserve more prominence than it is given in algebra; it is not mentioned 
in some of our best known text books. 
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cidentally, they are the mixed components of the symmetric second-rank 
tensor f(x) y. 

Since f? =f(z)j and f? = —f(j)i, etc., the symmetry property (1) becomes 
fot = —f and f,? =f (m, n=2, 3, 4), so the scheme of coefficients for f(x) 
can be written 


i 4 Ht ft 
= f 2 ff 2 f 2° ff: 
—fi fe fe fs 
on f i! f 2! f 4 fi 


If f(x) =Ax where d is a scalar, then x belongs to an invariable direction of 
f(x). Similarly if f(x) =Ax+py and f(y) =\’x+y"y the plane of x and y is 
invariable. It is known that every linear vector function in four-dimensional 
space has at least one invariable plane.* We use this fact as a working basis 
for finding canonical forms of f(x). The problem is divided into two cases ac- 
cording to the types of the invariable planes. 

3. Case I, in general. Suppose f(x) has an invariable plane of a non- 
singular type, a plane containing either two or no directions of zero square. 

If there is an invariable plane containing no directions of zero square then 
coérdinate axes can be found so that the new & and / vectors lie in this plane. 
The new i, j plane is also invariable, for f(i)k =f(k)i =0 because f(k) =Ak+wl; 
similarly f{(i)/ =0 and f(j)k =f(j)l=0 so f(z) and f(j) are perpendicular to the 
k,l plane and hence they lie in the i, 7 plane. 

If f(x) has an invariable plane containing two directions of zero square 
the new i, j vectors can be made to fall in this plane. Then by using the sym- 
metry property in the same way as before we find that the new &, / plane is 
invariable, so this case reduces to the one just considered. 

The invariable k, / plane is an E, to which f(x) is confined when x is a 
vector in this plane; hence f(x) has at least two perpendicular invariable 
directions in this plane. t 

Let codrdinates be transformed again so that the new & and / vectors fall 
along these invariable directions while 7 and 7 remain unchanged. If 3, w, be 
the multipliers of k, / our function is described by the equations 


(3) fl) =ait+ Bj, fG)=Bitry, fh) =osk, f() = wd, 


I|far|| = 


*G. Y. Rainich, loc. cit., p. 109. 
Tt D. J. Struik, loc. cit. This is easily proved for E:, however, by the method used below to ex- 
amine the 7, 7 plane for invariable directions. 





1932] VECTOR FUNCTIONS IN PSEUDO-EUCLIDEAN SPACE 787 


where 8’ = —8 since f(i)j =f(7)7.* We have now found new coérdinate vectors 
which reduce the scheme of coefficients (2) to 


epee 
-~— +6 G 
0 0 w 0 
| @¢e8 « 


(4) 


Let us examine the i, 7 plane for new coérdinate vectors which will reduce 
the number of independent scalars in the scheme 


a 8B 
-6 fF 


for f(x) in this plane. A vector x1i+x?j belongs to an invariable direction if 
there is a scalar w for which 


S(x'i + x77) = w(x!i + x77). 
According to (3) the scalar form of the last equation is 
aa — w) — 2°98 = 0, 218 + x*%(y — w) = O. 


(5) 


These equations have solutions other than x!=x?=0 if 
(6) w? — w(a + y) + ay + 6? = 0. 
Let w:, w. be the roots of (6); then the discriminant is ¥? —4y2 where 
(7) Viz=aty=artor, $2 = ay + & = wwe. 
Now in the i, 7 plane the Lorentz transformation or rotation of axes can 
be written in the vector form 
(8) i’ = isecO+j tan, 7’ = itané + j sec, 


or in scalar form by multiplying by x. Inversions of axes must be added to 
make the transformations complete. Under (8) the coefficients in (3) trans- 


form as follows: 
(9) a’ = o’a — lorB — r*y, B’ = or(y — a) + (0? + 7°)8, 
y' = oy + 2o78 — 7a, 


where o is written for sec 6 and 7 for tan @. y; and y2 are invariant under (8) 
and inversions; in fact they are invariant under the general Lorentz trans- 


* When w;=«, every direction in the k, / plane is invariable; this is the only case in which there 
are more than two such directions. 
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formations in our four-space since they represent the sum and product of 
two roots of the characteristic equation of f(x). 

4. Case I, when ¥? >4y.. If y2 >4y- then (6) has distinct real roots wu, 
w, and the 7, 7 plane contains two invariable directions. Let ~, g be vectors 
along these directions, so that f(p) =wip and f(q) = «ng. Since f(p)qg=f(q)p it 
follows that 

S(p)a — FOP = (wi — w2)pq = 9, 

and hence pg =0, so the directions are perpendicular to each other. 


We can now select new 7, j vectors, using (8), so that they fall along these 
directions, and our scheme (5) reduces to 


W1 0 


(10) O we 


The form (4) reduces to our first canonical form with all elements not in the 
principal diagonal equal to zero, so f(x) is described by the canonical form 


(11) f(x) = wrxli + wox?] + wzx2k + wyx'l. 


In this case then f(x) has four mutually perpendicular invariable directions 
and when referred to these directions it can be described in terms of four 
numbers in place-of the original ten used in (2). 

5. Case I, when ¥? <4y2. In this case (6) has imaginary roots and f(x) 


has no invariable directions in the 7, 7 plane. According to (9), however, a’ 
can be made to vanish if 


(12) vy sin? @ + 28 sind —a 


Likewise y’ =0 if 
(13) vy + 28 sin@ — asin? @ = 


Since ¥? <4y2 the discriminant of each of these equations is positive; 
moreover it is impossible for either to have a root sin @=1 or sin @= —1. If 
sin 9=s is a root of one of them then 1/s is a root of the other when s0. 
If s=0 satisfies one, then the second root of this equation is such that sin?@ >1 
while the only root of the other satisfies sin? 6<1. Hence there are just two 
real principal angles @ which make a’y’ =0. 

Suppose one of the coefficients a or y, say a, has been made to vanish. 
When (12) is written in terms of the new coefficients we find that there is no 
second angle which makes the coefficient a’ vanish, while there is just one 
angle which makes 7’ vanish. 

It follows that unique directions for the codrdinate axes can be found for 
which a’ =0, and also unique directions can be found for which y’=0. By 
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taking new i, 7 vectors along one of these pairs of directions, and noting that 
the coefficients become equal to the invariants y and (y2)"/?, the scheme (5) 
can be reduced at pleasure to one of the two canonical forms 
0 ve viva 
(14) 1/2 , 1/2 
—Yo Wi — 0 

We have shown in this case that there are two directions in the i, 7 plane, 
one of positive square and one of negative square, which f(x) transforms into 
perpendicular directions. When 7 or j is taken along one of these directions 
f(x) can be described, respectively, by the forms 


f(a) = (xj — xt”? + dix?j + worth + ext, 
fla) = (xj — tie”? + vixti + worth + cel. 


6. Case I, when ¥? =4y2. In this case w; = w:. One new canonical form is 
needed together with the three already found. If 8 =0 the form (5) reduces to 
a special case of the canonical form (10), and since every direction in the i, j 
plane is invariable with multiplier w; the same form is taken for every set of 
coérdinate axes in this plane. 

If 80 it follows from (12) and (13) that when a?<v+?, f(x) takes the 
first form of (14) with y2!/? = y,/2; and when a?>7? it takes the second form 
of (14). If 80 and a?=7? then a+7y=0 and w,;=w:=0. The scheme (5) 
becomes 

a Qa 
bie aa 


and under the transformations (9) this can be changed only to the extent of 
replacing a by any number different from zero. In particular it can be put in 
the canonical form 


(15) Ricca cae 4 
: bas ia 


Under (15) every vector in the 7, 7 plane transforms into the i+ direction and 
fi+j) =0. 

7. Case II. Suppose f(x) has no invariable plane of the non-singular type. 
Then it has at least one invariable plane containing just one direction of zero 
square. 

We take the vectors i+-j and & in this plane;* then 


Slit j) = wilt + j) + ek, f(k) = Mi +7) + wk, 


* For the proof that this can be done, see G. Y. Rainich, loc. cit., p. 111. 
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where w, €, A, w are scalars. But «=O because f(i+/j)k =/(k)(i+7). Also due 
to the symmetry of f(x) the i+j, / plane, which is absolutely perpendicular 
to the 7+, & plane, is invariable so that 


Sli + j) = wri + 7), fl) = Mi + 9) + wh, JD = Hi + 7) + wd. 


An examination of the i+ , k plane shows that in addition to the direction 
of i+j the direction of \(i+j)+(u—:)k is invariable, with multiplier yu. If 
uw, this direction has a positive square. Likewise in the 1+ j, / plane the 
direction of 5(i+7) +(ws—,)/ is invariable with multiplier w,, and its square 
is positive if w,#w,. The two directions thus found determine an invariable 
plane of the non-singular type, so the conditions of Case II are not satisfied 
unless up =; OF ws =, or both. 

The first two cases not being essentially different, we take u = w, and treat 
= @; = a as a special case; hence 


Si+ jf) = wi +f), f(k) = Mi + 9) + ork, f(D) = Hi + 7) + wd. 


If w,=, the direction of 5k —N is invariable with multiplier w,, and we have 
seen that if w,~w, the direction of 6(¢+ 7) -+(ws4—,)/ is invariable with mul- 
tiplier w,. Hence there is always a direction of positive square which is in- 
variable with this multiplier. We take a new / vector in this direction, and 
keep 7+ 7 fixed, so that 


In the three-space perpendicular to this new / we select new vectors 7, 
j, k so that the sum of 7 and j is the vector i+ in (16). Then f(x) is determined 
by the equations 


(17) S(t) = pit (op — wi)j — nk, fj) = (1 — p)i + (2er — p)j + 2h, 

— Sh) = i + 9) + wrk, SQ) = wal. 
The coefficients here are reduced to the number shown with the aid of (16) 
and the symmetry property (1); also, the second coefficient in f(%) is neces- 
sarily w, since the i+j, k plane must have the direction of i+] as its only in- 
variable direction in order to satisfy the conditions of Case IT. 

We can simplify (17) by introducing the new function 


o(x) = f(x) — wx. 


(x) and f(x) have the same invariable directions but different multipliers; 
they also have the same invariable planes. According to (17), 


(18) o(i) = Si + 7) — nk, OG) = — Si +7) +k, Ok) = fi +4), 
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where {=p—w,. The function ¢(x) transforms every x in this 7, 7, k space into 
a vector in the i+j, k plane, and every vector in this plane into the i+j7 
direction; it reduces vectors in this direction to zero. In this space the only 
invariable direction of ¢(x) is that of i+ 7, and the only invariable plane is 
that of 7+7, k. 

Two perpendicular vectors can be found, however, which transform under 
¢(x) into vectors with a common direction perpendicular to both vectors, 
giving a transformation like (18) with ¢=0. The first two of the vectors 


m’ = (£7 + 4n?)i + £77 — 2gnk, 
n’ = Inj + tk, p’ = — Sit 7) + 2nk 


transform in this way; that is, if m, , p are codrdinate vectors taken along 
m', n', p’, respectively, then 


(19) o(m) = — 'p, o(n) = n'p, o(p) = 1’ (m+n), 
where mn =mp=np=0, —m*=n* =p? =1, and 
n! = 2n?/(¢? + 4n?)*/?. 


When the Lorentz transformation (8) is applied to m and n the new coGr- 
dinate vectors can be selected so that the coefficient 7’ in (19) transforms into 
any number except zero. Let i, 7 be the new vectors in the m, m plane for 
which this coefficient becomes unity and let p be called k; then 


(20) $(i) = — k, oj) =k, o(k) = i+). 


It follows from (20) that the only vectors in this three-space for which 
$(x)x=0 are vectors in the planes of i, 7 and 7+j, k. Except for rotations in 
the i, 7 plane the directions of the codrdinate vectors in (20) are the only 
distinct mutually perpendicular directions for ¢(x) such that two of them 
transform into the third. Hence the form (20), with coefficients unity, is 
unique. 

Since f(x) = (x) +x this codrdinate system reduces f(x) to the following 
canonical form: 


(21) fli) =wmi-k, fG) =ojgtk, fl) =itjtok, fl) = wd, 


where w;, w, are the multipliers of the invariable directions of +, l. 

8. Geometric formulation of results. We have seen that in Case I f(x) 
has at least two invariable directions of positive square, and in Case II it has 
one of positive and one of zero square. Thus we have proved the following 
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THEOREM. Every symmetric linear vector function in pseudo-euclidean four- 
space has at least two perpendicular invariable directions and at least one of 
its invariable directions has a positive square. 


The multipliers of invariable directions are the real roots of the charac- 
teristic equation of f(x). A classification of the forms for f(x) for different 
cases of invariable directions is essentially a classification according to the 
roots of this equation. 

If f(x) has at least two invariable directions of non-zero square then the 
scheme of coefficients (2) for f(x) can be reduced to the form (4). According to 
(10), (14) and (15), this form (4) can always be reduced to one of the canon- 
ical forms 

1/2 


v2 
v1 


v1 ve 
1/2 
:) : " (d) 
tc 0 0 0 0 


| 0 0 0 W4 0 a4 


























If f(x) has only one invariable direction of non-zero square, then, accord- 
ing to (21), the scheme (2) can be reduced in a unique way to the canonical 
form 

Ww) 0 -1 
0 1 1 0 
1 1 wo, O 
0 0 0 


(II) 


Except when there are planes or spaces of invariable directions (equal w’s 
in (I)), f(x) has either just two invariable directions both of positive square 
and it takes the form (Ib) or (Ic), or just one of positive and one of zero square 
(form (II)), or just two of positive and one of zero square (form (Id)), or 
three of positive and one of negative square (form (Ia)). 

f(x) can always be reduced to one of the five forms (I), (II). The axes 
which reduce f(x) to one of these forms are uniquely determined except when 
equal multipliers w appear in (I), in which case there is a family of codrdinate 
systems any one of which can be used. 
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By methods similar to those used above it can be shown that the set (I) 
can be replaced by an alternate set 


1 


(a) 


0 0 
0 0 0 ws 


























so that, in Case I, f(x) can always be reduced to one of these forms. But when 
d and ware defined in terms of invariants it must be understood that pu = Y2/ yr 
and A=yi—y2/y1 except when y,=0. If ¥:=0, ¥2+0, then (I'd) is to be 
used. If ¥:=y2=0 either (I’a) with w,=0 or else (Id), which is (I’b) with 
—\=y=1, must be used; since there is no choice here it is necessary to add 
(Id) to the set (I’) when the latter is given in terms of invariants. 

9. Algebraic formulation of results. To give the results in terms of matrices 
let F be the matrix (2) and let A be the matrix of the Lorentz transformation: 


Xi= ¥ ja;‘x) (i, 7 =1, 2, 3, 4) with —(x")?+ (a?)?+ (23)?+ (x4)? invariant. 


For every F there is either an A such that AF A-' takes the form (4) or an A 
for which it takes the form (II). If it takes the form (4) there is also an A 
which makes AFA~-' take some one of the forms (I), and an A which makes 
it take some one of the forms (I’). The literal elements in (I) and (II) are 
values of invariants of F under the transformations AFA". 

To state our results in terms of quadratic forms it is only necessary to 
note that we can write f(x)x= >0;; fijx'x’ where f;;=f, if 7¥1, fa=—f?, 
and fi;=f ii. 

Given two quadratic forms )oijfiin; and >oijgimin; (i, 7=1, 2, 3, 4) 
where the form g has signature 2. There is a real non-singular linear trans- 
formation of the n’s which reduces g to the form 


22) —or ta? +n? +f. 


According to our results it is always possible to follow this transformation by a 
second which will leave the form (22) invariant and reduce the form f to some 
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one of the five forms 


V2 
— win? + won? + wane? + wane’, 22 nine + Yin? + wan? + wan’, 


1/2 
— vin? + 22 nine + wan? + wan ?, — 1° + 20192 — 1? + wan? + wand, 
wi(— 9? + 9? + 92%) — 2mims + 2nem3 + wane. 
The coefficients here were read from the five forms (I), (II) after changing 


the signs of the elements in the first column of each matrix in (I), (II). Here, 
as before, the alternate forms (I’) can be used in place of (I). 


UNIVERSITY OF MICHIGAN, 
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TYPES OF INVOLUTORIAL SPACE TRANSFORMATIONS 
ASSOCIATED WITH CERTAIN RATIONAL CURVES* 


BY 
AMOS HALE BLACK 


INTRODUCTION 


The purpose of this paper is to find and discuss the involutorial trans- 
formations belonging to the special complex of lines which meet a rational 
curve r of order m, and having a pencil of invariant surfaces | F,,| which con- 
tain the curve as an (w—2)-fold basis element. If 2 =2 the curve r,, is not 2 
basis curve. A pencil of quadrics and any rational curve always lead to a re- 
sult contained among those found by Montesano.{ The remaining admissible 
cases are as follows: 


I. The pencils of surfaces of order n, m=>3, which contain a straight line as 
an (n—2)-fold basis element. If m =3, in any plane containing the line there 
is a plane Cremona involution of order seven having for fundamental points 
four triple points which are not on the line and three double points which 
are on the line. The space involution is obtained by revolving the plane 
about the line. This case has already been treated.{ 

II. A pencil of cubic surfaces which contain simply (a) a conic, (b) a ra- 
tional cubic, (c) a rational space quartic, (d) a rational space quintic. 

III. A pencil of quartic surfaces which contain doubly (a) a conic, (b) a 
space cubic. 

A pencil of cubic surfaces cannot contain as basis curve a rational curve 
of higher order than five, because it would necessarily contain all the quadri- 
secants. A pencil of quartic surfaces cannot contain doubly a basis curve of 
higher order than three, because it would necessarily contain all the trise- 
cants. Similarly, pencils of surfaces of degree greater than four are inad- 
missible since they would necessarily contain all the bisecants. 

In this paper we shall discuss the transformations defined in II and III. 
We shall, however, confine ourselves to the case where the residual intersec- 
tion of any two surfaces of the pencil is not composite, except in II(d) and 
III(b) where the residual is necessarily composite. 


* Presented to the Society, September 2, 1932; received by the editors May 15, 1932. 

Tt Montesano, Su una classe di transformaszioni razionali ed involutorie dello spazio de genere arbi- 
trario n e di grado 2n+1, Giornale di Mathematiche, vol. 31 (1892), pp. 36-50. 

t Miss E. T. Carroll, Systems of involutorial birational transformations contained multiply in spe- 
cial linear complexes, American Journal of Mathematics, vol. 54 (1932). 
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It can be shown that III(a) can be transformed into II(a) by means of a 
quadratic involution. 

The transformation III(b) is the most interesting of all the cases treated 
because it has a new kind of singularity. The other transformations have a 
finite number of parasitic lines, but the transformation III(b) has an infinite 
number of parasitic lines lying on a ruled surface in addition to ordinary 
parasitic lines. 

Given a rational space curve 7, defined by a homogeneous parameter 
(A, w) and a pencil of surfaces | F,,| :7."-*. If we make the points of the curve 
and the surfaces of the pencil projective, then any point P(y) in space will 
uniquely determine a surface F,, of the pencil, a point O(z) on 7m, and a line 
PO of the complex of lines which meet 7,,. The line PO will cut F, in P, O*-? 
and a third point P’(x). We define P’(x) as the image of P(y). Conversely, if 
we choose P’ as the initial point we determine the same surface F,, point O, 
and line of the complex. Hence P is the image of P’. The transformation is 
then involutorial and on a general line of the complex is one pair of points 
P, P’ in involution. 

Let the pencil of surfaces | F,,| :7,"-? be 


(1) mF (x1; %2, X3, X4) — AF’(x1, xe, 3, Xs) = uF (x) — AF’(x) = O. 


Call the residual base curve of the pencil y. Since r,, is rational the coérdi- 
nates of any point O(z) are 

(2) xi = 3A, u) (¢ = 1, 2, 3, 4) 
where z,(A, u) is homogeneous and of degree m in (A, »). Any point on the line 
joining P(y) to O(z) has coérdinates 

(3) Xi = pyi + 02; (i = 1, 2, 3, 4). 
The value of p/o for P’(x) is given by 

(4) uF (py + oz) — AF'(py + oz) = 0. 

Since P is on (1) and O is on (2) we find 


p[uF(z, y) — AF’(z, y)] + o[uF(y, 2) — AF'(y, 2)] = 0 


where F(z, y), F’(z, y) are the first polars of F(y), F’(y) with respect to (z), 
and F(y, z), F’(y, z) are the first polars of F(z), F’(z) with respect to (y). 
Hence p/o = —R/M, where 

R= uF (y, z) — AF'(y, Z), 

M = pF(z, y) — AF"(s, y). 
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The involutorial transformation is therefore expressed by 


(5) x; = y,R — 3;M (i = 1, 2, 3, 4) 


where \/u=F(y)/F’(y). 

If M(y) =0, P and P’ coincide, hence M =0 is the equation of the surface 
of invariant points. 

At any point O of r,, each tangent plane of the associated surface F, inter- 
sects F,, in a curve C,:0"-'. The whole C, is transformed into the point O. 
Conversely, the image of O is C,. As the point O describes r,, the C, generates 
the surface R=0. 

With point O on r,, as vertex draw the cone K of bisecants of r,,. On each 
generator of K lies one point P’, the image of O. Then the F,, associated with 
O and K intersect in 7,, and a residual curve C’ which is the part of the image 
of r,, lying on K and F,,. Since 7,, is rational, the equation of K is homogeneous 
and of degree (m—1)(m—2) in (A, uw) and of degree (m—1) in (x). The image 
of rm lying on the bisecants of 7, is a surface R’ =0 and is obtained by elimin- 
ating the parameters (A, u) between K and F,. Thus the total image of r,, 
is R+R’. 

On each generator of the rational cone with vertex P on y and standing on 
rm is one point P’, the image of P. The locus of P’ is a curve C’’. As P traces 
y the curve C”’ generates a surface I’ which is the total image of y. Since any 
surface of the pencil (1) is invariant then the image of F, must contain F, 
and the images of 7,, and y. Then the equation of IT is obtained by finding 
the image of F,: 

F, ~ F,RR'T. 

We shall consider II(c) in detail. 


Case II(c) 


1. Equations of the transformation. We have a pencil of cubic surfaces 
| F3| :74. The residual base curve 7s is of order five, genus one, and inter- 
sects 7, in ten points. From (5) the equations of the transformation are 
(6) Tog: x4 = yiRog — 2i:Miz (i = 1, 2, 3, 4) 
where 
(7) Rog = F'(y)F(y, 2) — F(y)F'(y, 2), 

Miz = F'(y) F(z, y) — Fy) F(z, 9). 

M;,,=0 is the equation of the surface of invariant points. 

2. Images of the fundamental elements. The image of O(z) on r, lying in 
the tangent plane of FO, the surface of the pencil associated with O, is a curve 
C;:0?. As O describes r, the C3:O? generates the surface Res. In the direction 
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of the two tangents of C;:O? at O the point O is invariant. Hence two sheets 
of Res and M;; have this plane for a common tangent plane. Thus two sheets 
of Res touch two sheets of M,; along rs. However, the point O for these two 
sheets is a binode and counts for six in the intersection of Res and Mj. 

Let LZ be an arbitrary point on 73. 

The point O has image P’ on OL, the residual point of intersection of OL 
and F,. As L describes r,, OL generates a cubic cone K3, with one point P’ 
on each generator. The locus of P’ is then a curve of order 3+the number of 
times OL is tangent to F; at O. Given L, the tangent plane at O meets 7 in 
two points K,, Ke; given K, there is a unique point L. This (1, 2) correspon- 
dence on 7 has three coincidences, and the locus of P’ is Cs:0°, p=0. As O de- 
scribes 7, the C, generates a surface Ro/ =0. 

The equation of R2/ may be obtained by eliminating the parameter be- 
tween the cone K3(X, uw, x) =0 and F;=pF(x) —AF’(x) =0. 

Each point P’ of C; is perspective from O, hence O is invariant in the three 
directions of the tangents to C, at O. Thus three sheets of Rei are tangent 
respectively to three sheets of M,; along rs. 

The tangent line to 7, at O lies on K; and also in the tangent plane to Fo. 
Hence C;:0* and-C,:O* intersect in one point. As O describes 7, this point 
generates a curve 6;; which lies on both Rog and Roy . 

The image of any point P on ¥; is a curve Cy which lies on the quartic 
cone K, with vertex P standing on ™, cuts each generator in one point, and has 
five branches passing through P. Thus P~C,:P’. As P traces ys; the Cy 
generates a surface I';; whose equation may be found by finding the image of 
any F; of the pencil: 

Ps ~ F2RogRai'T 5. 


The point P is invariant in the directions of the five tangents of Cy, at P. 
Hence five sheets of I';; are tangent respectively to five sheets of M,; along y;- 

3. Determination of the parasitic lines. On any F; lie twenty-seven lines. 
Whenever one of these lines passes through the associated point O on 7 it is 
parasitic. It is desired to know at how many points O on 7, a line on Fo passes 
through O. To do this we map the cubic surface on the plane by means of 
cubic curves through six basis points 1, 2, 3, 4, 5, 6. In this plane a conic 
C2:1 2~n" on F; and a curve of order seven C7:12273°4°5°63~y, on F;. 
[C2, Cz] =10 points. Therefore [7;, y;]=10 points, as already indicated. 

Consider any line / on any F; of the pencil. This line meets any other 
surface Fj of the pencil in three points, and since F;, F;' intersect in rq, Ys, 
only these three points must be on 1, y;. Hence the lines / may be classified 
as follows: 
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A. Lines which meet 7; three times, do not meet 7s. 
B. Lines meeting 7, twice, meeting y; once. — 

C. Lines meeting r, once, meeting y; twice. 

D. Lines which do not meet 7;, meet y; three times. 

We find 

2 conics, conics containing 1, or 2, and 3, 4, 5, 6, meet C2 in three points, 
do not meet C;. 

Hence there are two lines A on F3. 

4 conics, conics containing 1, 2, and three of 3, 4, 5, 6, meet C; twice, meet 
C; once. 

6 lines, joins of 3, 4, 5, 6 by pairs, meet C, twice, meet C; once. 

Hence there are 4+6=10 lines B on F;. 

2 lines, images of 1, 2, meet C2 once, meet C; twice. 

8 lines, joins of 1, or 2, to 3, or 4, or 5, or 6, meet C2 once, meet C; twice. 

Hence there are 2+8 = 10 lines C on F;. 

1 line, join of 1, 2, does not meet C2, meets C; three times. 

4 lines, images of 3, 4, 5, 6, do not meet C2, meet C; three times. 

Hence there are 1+4=5 lines D on F;. 

In all there are 2+10+10+5 =27 lines on F;. 

The lines D do not enter the problem since they do not meet 7. 

Given point O on ™. There are two lines A on Fo. Each line meets 7, three 
times, hence there are six points K. Conversely, given a point K, there is one 
line A, the trisecant of r, through K. This line will determine one surface of 
the pencil, hence one point O. Then there is a (1, 6) correspondence between 
the points O and K. Since 7 is rational there are 1+6=7 coincidences. Hence 
there are seven parasitic lines which are trisecants of 7, but do not meet y;. 
These lines are simple on Res, M17; double on Rz2i ; do not lie on Ts. 

Given point O on 1, there are ten lines B. Each line meets r, twice, hence 
twenty points K. Conversely, given a point K there are five points O. To 
show this we construct the two cones with common vertex K, K; standing on 
r, and K;, standing on ys. These cones intersect in fifteen lines of which ten 
are lines joining K to the ten points common to 7%, Ys, hence only five lines 
B. Each line will determine one point O. There is a (5, 20) correspondence be- 
tween the points O and K, hence 5+20=25 coincidences. There are twenty- 
five parasitic lines which meet 7, twice and meet y; once. These lines are 
simple on Res, Miz, Rey , and Ts. 

Given a point O there are ten lines C. Each line meets 7, once, hence ten 
points K. Conversely, given a point K, there are five lines C, the lines joining 
K to the five apparent double points of I’;. Hence there is a (5, 10) correspond- 
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ence between the points O and K, and 5+10=15 coincidences. There are 
fifteen parasitic lines which meet 7; once and meet y; twice. These lines are 
simple on Res, M17; double on T;;; do not lie on Roy. 

In all there are forty-seven parasitic lines distributed as follows: All are 
simple on Res and M,;; seven are double on R2/ , do not lie on T;;; fifteen do 
not lie on Re; , are double on T;;; the remaining twenty-five are simple on 
both Roy and T3;. 

4. Table of images. We have the following table: 

A general plane ax, + bx2+¢x;+day~So9. Since So» is linear in Reg and M,;, 
the forty-seven parasitic lines are all simple on S29. At each point O of 1; 
three sheets of S2» have for common tangent plane the tangent plane of Fo. 


S, ~ Sut r’ + M4478, 


where the / in the multiplicity of 7; means only that the multiplicity is due to 
contact. 


rp~ Regi ry 47g + Ray? ***825g7 8°; 


%™~ I's: rior sty t25g 15g"; 


M7: parity e47g. 


The Jacobian is 
Ju: = Re Ri Vs 


CasE II (a) 


5. Equations of the transformation. Let 72 be defined as the intersection 
of the quadric surface H2(x) =0 and the plane z. The pencil (1) is | Fs| 72. 
The residual base curve is y:, genus five, meets 72 in six points, and meets 7 
in a seventh point Q not on re. From (5) the equations of the transformation 
are 


(8) Iz: x; = yiRie t+ iM (i = 1, 2, 3, 4), 
where 

Rig = F'(y)F(y, 2) — FQ)F'G, 2), 

Mu = F'(y) F(z, y) — FQ)F'G, 9). 
M ;,=0 is the equation of the surface of invariant points. 


6. Images of the fundamental elements. The image of O(z) lying in the 
tangent plane of Fo is a curve C;:O? which generates the surface Ris as O 


(9) 
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describes r2. The point O is invariant in the directions of the two tangents to 
C; at O, hence two sheets of Rig and M,, have a common tangent plane at all 
points of re. 

The plane 7 intersects the pencil | F3| in r2 and a pencil of lines |d| whose 
vertex is Q, and which is projective with the points of re. Let L be an arbitrary 
point on re. The point O has image P’ on OL, the intersection of OL and dz, 
the line of |d| associated with L. As L describes rz, P’ generates a conic 
C.:000,0.0; where O; (i =1, 2, 3) are the points where dz; passes through L. 
As O describes r2, C2 generates the plane 7. Thus the total image of 12 is 
Rit. 

The tangent to r2 at O is a line OL, L=0, and lies in the tangent plane of 
Fo at O. Thus C3:0? and C::0Q0,0,0; intersect in one point P’. This point 
is the point of intersection of the tangent of rz at O and do. As O describes rz 
the point P’ generates a curve 6; which has a node at Q and touches rz at the 
three points O,, Oz, O;. This is Lehmer’s nodal cubic,* and lies on Rig and 7. 

The image of a point P on y; is a C;: P*. As P describes 7, Cs generates a 
surface I'3;, whose equation is found from the image of any F;. F;~F;RigtT'a1. 
Since P is invariant in three directions, three sheets of I's, are respectively 
tangent to three sheets of My along 7. 

Any plane passing through Q will intersect ; in six other points which lie 
on a conic. f 

7. Determination of the parasitic lines. We recall that all lines must meet 
the basis curves fe, yz in three points. In the plane C2:1 2 3 4~r2 on F; and 
C7: 122232425°6?~y7 on F3, hence [C2, C;]=8 points and C; is of genus five. 

Now we find that there are three parasitic lines which meet rz twice and 
meet 7 once. These are the lines joining Q respectively to O,, O2, O;. They 
are simple on Rie, 7, Mu, and T's;. There are twenty-six parasitic lines which 
meet 72 once and meet ; twice. These lines are simple on Ris, Miu; double on 
T'3:; do not lie on z. 

8. Table of images. We have the following table: 

Sim Sarin ry 7298 ; 


ro™ Rigi ry ty 5298 + mire3g; 


Y™~ T'31: rh tte 36268° ; 
My ° rity 29g. 
The Jacobian is Jo=Rie’r T31. 


* D. N. Lehmer, Constructive theory of the unicursal cubic by synthetic methods, these Transactions, 


vol. 3 (1902), pp. 372-376. 
+ R. Sturm, Synthetische Untersuchungen tiber Flichen dritter Ordnung, Leipzig, 1867, p. 229. 
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Case II(b) 


9. Equations of the transformation. Let r; be a space cubic curve. The 
pencil (1) is now | F;| :73. The residual base curve is ys,  =3, and intersects 
r; in eight points. From (5) the equations of the transformation are 


(10) To3: 4; = yiRoe — 2iMi4 (¢ = 1, 2, 3, 4), 


where 


Re = F'(y)F(y, 2) — F(y)F'(y, 2), 
(11) 
My, = F'(y) F(z, y) — F(y) F(z, y). 


M,,=0 is the equation of the surface of invariant points. 

The image of 7; lying in the tangent planes of Fy is Re. Again two sheets 
of Re and M,, are tangent along 73. 

The image of a point O on 7; which lies on the bisecants of 73 is a C,:0*. 
As O describes 7; the C, generates a surface Ri =0. Two sheets of Ri are 
respectively tangent to two sheets of My, along 75. 

The locus of the point common to C;:0? and C,:0? is a curve 67 lying on 
Re» and Rg. 

The image of a point P on yz isa C;: P*. As P traces yz the C; generates a 
surface Iss. Four sheets of I's. are respectively tangent to four sheets of 
M,, along Ye. 

} 10. Determination of the parasitic lines. In the plane C2:1 2 3~r; on F; 
and C;:1222324°5%6' (p =3)~7. on F;. Hence [C2, C;] =8 points. 

We find that there are thirty-eight parasitic lines distributed as follows: 
All are simple on Rx and M,,; sixteen are simple on both Ri and T3.; twenty- 
two do not lie on Rs’ , are double on Tye. 

11. Table of images. We have the following table: 


Si ~~ Soa rity 138g; 


ru™ Rooi ry 138g a Rise ty*16¢ ; 


ve ~ V's6: ri otstyt'16g22¢" : 
M igi *ty'38g. 


The Jacobian is Jss= Reo® Rs Ts6. 
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. Case II(b’) 


12. If rs is a rational plane cubic then the plane 7 of r; factors out of the 
transformation and (10) reduces to 


(12) Too: x; = yiRo — 2:Mis (i = 1, 2, 3, 4) 
where Ro, M3 are given by (11) after factoring out 7. M,;=0 is the equation 
of the surface of invariant points. R2 =0 is the total image of r;. The image of 


ve is a surface I'y. There are only thirty-three parasitic lines and they are all 
simple on Rx, M,3; and double on Ip. 


Si~ Soot rh y'33g; 
3 Ray. ht tyi33g; 


Y¥6™ Pigott 8338%; 


M3: re ityt33g. 


The Jacobian is J = Ro,” Tx. 


Case II(d) 


13. Equations of the transformation. The pencil (1) becomes | F;| :7;. The 
curve r; has one quadrisecant /, hence this line lies on every surface of the 
pencil. The residual base curve is a space cubic 3; which meets r; in eight 
points, but does not meet /. From (5) the equations of the transformation are 


(13) T3532 i = yiRsa — 2:M a0 (i = 1, 2, 3, 4), 
where 

Ra = F'(y)F(y, 2) — F(y)F’(y, 2), 

Mo = F'(y)F(z, y) — F(y)F'(z, 9). 


Again M2=0 is the equation of the surface of invariant points. 

14. Images of fundamental elements. The image of a point O on r; lying 
in the tangent plane of Fo at O is a C3:0?. As O describes 7; the Cs generates 
the surface Rs. Two sheets of R;, and two sheets of Moy have a common 
tangent plane along r;. 

The image of a point O lying on the bisecants of r; is a Cs:O0*. As O de- 
scribes rs the Cs generates a surface Ry. Four sheets of Ryo are respectively 
tangent to four sheets of M2. along 75. The total image of 7; is Rss +Rad . 

The tangent line to r; at O cuts C3:0? and Cs:0' in a common point. As 
O describes 7; this point generates a curve 6,5; which lies on both Ry and Ry. 

The image of a point Q on /is a C;:Q*. As Q describes /, the C; generates a 


(14) 


aS aaah nd Pee, Ee eae 


RR REE BR 0 PRD EL WL BUTE NOTORIETY 
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surface Ly. Two sheets of Z, are tangent respectively to two sheets of Moo 
along /. The equation of Z, is found as follows: The plane through / and O 
intersects Fo in / and a residual conic C2 which is the part of the image of / 
which lies on Fo. We obtain the equation of LZ, by eliminating the parameter 
(A, u) between the equations of the plane and Fo. 

The image of a point P on 7; is a curve Cy: P®. As P describes y3 the Cu 
generates a surface I’. Six sheets of I’, are tangent respectively to six sheets 
of M2 along ys. The equation of I’, is found from the image of any F;. Thus: 
F3~F3RyRad LiT 28. 


15. Determination of the parasitic lines. In the plane a conic C2:1~r; 
(p=0) on F;; a conic C/:2 3 4 5 6~/ on F3; a quintic C;:1222324°5°62~y; 
(p=0) on F;. Hence [C2, C/ ]=4 points, [C2, C;] =8 points, [C/, Cs]=0 
points. 

In the present problem seven types of lines enter: 


. Lines which meet 7; three times, do not meet / or 3. 

. Lines which meet r; twice, do not meet /, meet y; once. 
’, Lines which meet 7; twice, meet / once, do not meet 3. 
. Lines which meet r; once, do not meet /, meet y; twice. 
. Lines which meet 7; once, meet / once, meet 3; once. 
*. Lines which do not meet 7;, meet / once, meet y; twice. 


. The line / itself which meets r; four times, does not meet 73. 


There are no lines C, and lines F do not enter the problem. From the map, 
and then the number of coincidences on r; we find the following: There are 
eighteen parasitic lines of type A, twenty-four of type B, two of type D, 
eight of type EZ. 

The map fails to give the number of times / is counted as a parasitic line. 
We shall determine this in another manner. Denote by Q; (¢=1, 2, 3, 4) 
the four points common to / and r;. Now / lies in the tangent plane of Fg at 
Q;, hence is parasitic. But / appears as a parasitic line at each of the four 
points Q; independently of the other three. Hence / counts as a parasitic line 
four times. We shall think of it as four parasitic lines. These lines are simple 
on Ry and M2; triple on R4¢ ; do not lie on LZ, or Tx. 

Thus there are fifty-six parasitic lines distributed as follows: All are simple 
on R34, M20; eighteen are double on Ry¢ , do not lie on Ly, I'4; twenty-four are 
simple on Ry¢ , T's, but do not lie on Z,; two are double on I’, but do not lie 
on Ly, Ra ; eight are simple on L,, 4 but do not lie on Ry ; four are triple on 
Ryé but do not lie on Ly, Tos. 
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16. Table of images. We have the following table: 
Si~ Sagi 7 48115 6g ; 
5 ™ Rags ri ety hlS6g + Rests 21 249 18g74 8 ; 
v3 ~ Tea? re Sty 2498 828° ; 


T~ Lgiritity P8g; 
M 29: 78***y°1°S6g. 


The Jacobian is J 136 =Rk;,° Rag Ih T 24. 
Case ITI(a) 


17. The pencil (1) is now | F,| :7?. The residual base curve is a ys which 
intersects rz in eight points. If we transform | F,| by a quadratic involution 
whose fundamental elements are the conic r2 and a point on ¥s, it transforms 
into | F3| :72, or Case II(a). 


Case III(b) 


18. Equations of the transformation. Given the equations of the space 
cubic curve 73 as 


(15) x1/xq = Xo/x3 = X3/x4 = d/p, 
and let 
(16) F(x) = 0, F'(x) = 0 


be two quartic surfaces which contain 7; as a double basis curve. They inter- 
sect in r; and a residual composite quartic curve which consists of four 
straight lines /;, each of which is a bisecant of r;. Then 


\Fe |:7°lalalls. 

A surface of the pencil uF (x) —AF’(x) through the point P(y) determines 
/u=F(y)/F’(y). The codrdinates of a point on the line joining F(y) to 
O(z) =(F*, F*F’, FF’?, F”) are given by 
(17) Xi = PY: + 03; (i = 1, 2, 3, 4). 


The residual point of intersection of PO with F,(x) after making reductions 
is given by 


(18) pAi(sz, y) + oA2(z, y) = 0 
where A,(z, y) is the ith polar of F,(y) with respect to (z). 
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Ai(z, y) and A2(z, y) are homogeneous and respectively of degree nineteen 
and thirty in (y). However, A; and A; have a common factor Rig which is of 
the tenth degree in (y). Hence 

Ai(y) = Mo(y)R' (9), As(y) = Rao(y) Ri (y). 
The equations of the transformation are now 
(19) In: x; = yiRoo - z:Mo (7 = i, ra 3, 4). 
M ,=0 is the equation of the surface of invariant points. 

We shall find that although R,¢ factors out of the transformation it still 
plays the most important réle of any surface in the transformation. 

19. Images of the fundamental elements. Given any point P on /;. Any 
point O on 7; will determine an associated F, and the line OP will cut F, in O?, 
P, and a third point P’ which is the image of P. As O generates 7; the point P’ 
generates a curve C; which lies on the cubic cone K; standing on 7; with vertex 
P, cuts each generator in one point P’, and has two branches passing through 
P. Then P~C;:P?. As P describes /; the C;: P? generates a surface of order 
five which is the total image of /;. 

We shall determine the equation of this surface in an alternate manner. 
Suppose /; is the intersection of two planes u;(x) =0, v:(x) =0. The pencil of 
planes : 

(20) uu;(x) — do,(x) = 0 


is projective with the pencil | F,(x)|. Any point O on rz will determine a sur- 
face F,(x) and a plane of (20) passing through O. The plane will cut F,(x) in 
1; and a cubic curve C; which is the part of the image of /; lying on this F,(x). 
Thus the whole image of /; can be obtained by eliminating the parameter 
(A, u) between the pencils (20) and | F,(x)|. Thus 


(21) Ls,i = F(x)o(x) — F'(x)u(x) = 0. 


There are four such surfaces L;, ;. 

The two tangent planes to the associated F, at O on rs cut the F, in two 
quartic curves, each having a triple point at O, 2C,:0%. As O traces r; the 
2C,:0* generate the surface A:(z, y). 

Any F,(x):r? is ruled and through each point on r; pass two generators 
g, g’ of Fy. One generator lies in each of the tangent planes of F, at O. Thus 
both the quartic curves are composite and consist of a cubic and a generator 
of F,, 

2C4 = Cag + Cig’. 
The two cubic curves generate the surface Roo, while the two generators, g; g’, 
generate the surface Ri . 
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20. The surface Rij =0. The cone Ke standing on 7; with vertex at a point 
O on r; and the F, associated with O intersect in 7; and two lines, the two 
generators g, g’ of F, passing through O. The locus of g, g’ is Rid . 

From (15) we find three independent quadrics passing through 7; to be 


(22) Hi(x) = x1%3 — x* = 0, Ho(x) = xox — x* = 0, H3(x) = x1%4 — xex3 = 0, 


and the equation of Ke, vertex O(A, y), is 

(23) wH (x) + WY H2(x) — wHs(x) = 0, 

hence 

(24) R’ = F?(x)Hi(x) + F?(x)Ho(x) — F(x) F'(x)H3(x) = 0. 


10 

The generators g, g’ are parasitic lines. Then through each point of 1; 
pass two parasitic lines whose locus is Rig =0, a ruled surface. It has five 
sheets passing through 73. The two sheets of Rio’ determined by the two gen- 
erators g, g’ of the F, associated with the point we shall call the “at” sheets. 
Now g and g’ are bisecants of r; hence intersect rs in two other points 0,, Or. 
At O, the associated F, has two generators gi, gi’ which determine the “at” 
sheets of Rid through O,. The line g is a generator of Rio’ but does not lie on 
the F, associated with O,. Its associated point is O. We shall think of it as 
coming from point O. Through QO, pass three such lines g whose origin is at 
some other point. The three sheets of Rio’ determined by these generators 
we shall call the “from” sheets. 

21. Determination of the parasitic lines. In general neither g nor g’ lies 
on any of the other surfaces of the transformation. We wish to find which of 
these lines do lie on other surfaces, and any other parasitic lines which may 
arise. 

There are four points on r; at which the g and g’ of the associated F, 
coincide and thus are contact generators of Rio , and also lie on Sx, Reo and 
Ms. 

At three points of r; the associated F, is composite, consisting of two quad- 
ric surfaces each of which contains 7;. Two generators of each quadric pass 
through the point. Hence there are four parasitic lines which pass through 
each of the three points. Two are generators of Ri¢ but the other two are not, 
as they are not bisecants of rs. All of the generators of 7,7 are bisecants of 
rz, hence there are six parasitic lines which do not lie on Ri. They are dis- 
tributed as follows: All are simple on S2, Reo, My; three lie on each of the 
surfaces L;,;, such that just one is common to Js, ;, Ls,; (tj). 

22. Table of images. A general plane S;~Sz2: having nine sheets passing 
through r; such that each of the tangent planes of the associated F, is the 
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common tangent plane of three sheets at all points of r;. The three remaining 
sheets are tangent to the three “from” sheets of Rio’. The image of r3 for the 
latter contact is Rio’. There are five sheets passing through each /;. Six para- 
sitic lines are simple and four double on So. 


Sy ~ Sa: goterrener AGehe?. 
+ 


The surface Reo has nine sheets passing through r; such that each of the 
tangent planes of the associated F, is the common tangent plane of two sheets 
at all points of rs. Three other sheets are tangent to the three “from” sheets 
of Ric. There are five sheets passing through each /;. All ten parasitic lines 
are simple on Roo. 


Reo: rotDietsse' D6 ede, 


The surface of invariant points M, has four sheets passing through r; such 
that each tangent plane of the associated F, is the common tangent plane of 
two sheets at all points of 7;. There are two sheets passing through each /;. 
Six parasitic lines are simple and four double on My. 


Ms: reer 2tAT gag? 


Any surface Z;,; has two sheets passing through 7; such that the tangent 
planes of these sheets are the tangent planes of the associated F;, at all points 
of rs. There are two sheets passing through /;. These two sheets are tangent 
to the two sheets of M, through /;. These are the sheets determined by the 
two tangents of C;:P? at P. There is just one sheet passing through each of 
the three remaining lines /;. There are three simple parasitic lines lying on 
L;,; distributed respectively on the three Zs, ;. 


Ls5,3: — ‘P31 ;3g. 


The tangent planes of the two “at” sheets of Rio’ are the tangent planes 
of the associated F, at all points of rs. The three “from” sheets are tangent 
to three sheets of Sx, and Roo at all points of r3. There are two sheets passing 
through each /;. Four parasitic lines are double on Ri? . 


R! srS+ietugpeg g?, 
10 3 i 


Collecting, 
oo + 7 9+3t4+3L+30" 475 2. 
SS, P88 416 pA 


~~ * 7 I+2t+2t+3t! 415, 4 «y5t+1tt+1t4]2492- 
r, R,: n 4l*Og4g + Ri; 404g : 
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L~ L. steep] 3g; 
i 5,i 3 ee 


Mw Mir 4146 ede"; 


20 10 


Ss, ~~ R RS RI AL? Si 
R, i alg) Re RAL? E 


0 20 10 


~ (R, Ri )R, AL? M; 
~ (R, RI )YPR, Lt BL, 5 


20 5,4 
~ (R, RY )SR, AL? 
The Jacobian is J x= Rx Ra Ls. Ls2 Ls.3 Ls. 

23. Generalization. In the preceding cases there has always been a (1, 1) 
correspondence between the points of rm and the surfaces of | F,|. Let us 
assume the correspondence is (1, &). The case where 7,, is a straight line has 
been treated by Miss E. T. Carroll (loc. cit.). Then a general point P(y) will 
determine just one point O(z) hence one point P’(x), but given O(z) there are 
k associated surfaces F,,. A general line of the complex through O will cut each 
surface in a pair of points P, P’. Hence on each line of the complex are k 
pairs of points in involution. We shall illustrate by working II(c) in detail. 

24. Equations of the transformation. The coérdinates of a point O(z) on 
r, are given by (2) 

ay = 2;(A, uw) (i = 1, 2, 3, 4), 
but the pencil of surfaces | Fs| :7, is written 
(25) mF (x) — LF'(x) = 0, 


where pill, m) —Ado(1, m) =0, the ¢,(/, m) being homogeneous forms of de- 
gree k in (J, m). Proceeding exactly as before the equations of the trans- 
formation are found to be 


(26) Toanys: Xi = ViReacra — iM iress (i = 1, 2, 3, 4), 
where 
(27) Resk+a = mF (y, z) aay IF'(y, Z), M i2%45 = mF (sz, y) — LF'(z, y); 


and 1/m=F(y)/F’(y), \/u=dill, m)/d2(l, m). Mix+5=0 is the equation of 
the surface of invariant points. 

25. Images of the fundamental elements. Associated with a point O on r% 
are k surfaces F;. In the tangent plane of each F; at O lies a C;:O? which is the 
image of O. Thus O~kC;: O*. As O describes 7, the kC;:O0? generate the sur- 
face Ro«.4s. The point O is invariant in two directions in each tangent plane, 
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hence each of the & tangent planes is the common tangent plane of two sheets 
of Rogeys and My,,; along rs. 

The image of O which lies on the bisecants of 7 is a C5x441:07*+' which 
lies on the cubic cone K; with vertex O standing on 7, cuts each generator in 
k points and has 2k+1 branches through O. As O describes 7; the C5,41:O07*+! 
generates a surface Rjs,4;. There are 2k+1 sheets of Risi;3 which are tangent 
respectively to 2k+1 sheets of Mi2.45 along 7. 

The locus of the k points common to C5,.4: and kC; is a curve 6;0.41 which 
lies on both Rosk+4 and Rige+s- 

The image of a point P on ¥; is a Cs.41: P“*! which lies on the quartic 
cone K, with vertex P standing on 7. As P describes y; the Cs.41 generates a 
surface I'30.45. There are 4k+1 sheets of I'so.,5; which are tangent respectively 
to 4k+1 sheets of Mj2,.45 along ys. 

26. Determination of the parasitic lines. The map of the cubic surface on 
a plane is the same as in $3, hence on any F; are two lines A, ten lines B, and 
ten lines C. However, the number of coincidences is different. 

Given point O on 7, there are two lines A on each of the & associated sur- 
faces F;. Each line meets 7 in three points, hence 6 points K. Conversely, 
given a point K there is one line A, the trisecant of r, through K. This line 
determines one point O. There is a (1, 6k) correspondence between the points 
O and K, hence 1+6k coincidences. There are 1+6k% parasitic lines of type 
A which are simple on S2si45, Rese+s, Mi2x45; double on Rig.43; do not lie on 
T30n45- 

Similarly there are 5+ 20k parasitic lines of type B which are simple on all 
the surfaces Sosi+s, Rosega, Miriss, Riseas, T's0x45; and 5+10k parasitic lines 
of type C which are simple on S24i45, Resi+4, Miex4s, double on T3o.45, do not 
lie on Rigi4s- 

27. Table of images. We have the following table: 

S, ~ ee + 36k)g; 


gw agenenronyenen eg + 36k)g 


4 24k+4 4 


+ Ri srSkt142ty6(5 + 20k) g(1 + Ob) 8; 


18k+3 4 


er syumnonnyannenty + 20k)g(5 + 10k)g*; 


5 30k+5° 4 


. pabrreiyabel( 1 + 36k)g. 


12k+5 4 


The Jacobian is J,(24k+4) =Risesa Risess Tson+s- 
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EXTERIOR MOTION IN THE RESTRICTED 
PROBLEM OF THREE BODIES* 


BY 
CARL JENNESS COE 


1. Introduction. The study of the restricted problem of three bodies, as 
distinguished from the general problem, may be said to have been initiated 
by G. W. Hill in 1877. We find in his Lunar theory} exactly the present as- 
sumption of one infinitesimal body moving subject to the attraction of two 
bodies which revolve in circles about their center of mass. He introduced the 
device of the rotating plane of reference and named and ably employed the 
integral of Jacobi while proving that the moon’s distance from the earth can 
not exceed a certain figure. The next notable contribution to this subject was 
the memoir} of Poincaré crowned in 1899 by King Oscar of Sweden. Although 
considering primarily a very general class of dynamic problems, he applies 
his theory particularly to the restricted problem of three bodies. Poincaré 
later elaborated this memoir into his famous work Les Méthodes Nouvelles de 
le Mécanique Céleste. In 1897 Sir George Darwin in his memoir on Periodic 
orbits§ considered the restricted problem of three bodies in the plane, elabo- 
rated Hill’s discussion of the curves of zero relative velocity, and by direct 
numerical calculations rendered practically certain the existence of periodic 
orbits of certain classes. In this he took no account of the work of Poincaré. 

The new and powerful but comparatively difficult methods of attack origi- 
nated by Poincaré were employed by G. D. Birkhoff in 1914.|| By represent- 
ing the state of motion of the particle at any instant by a point in a space of 
higher dimensions Birkhoff reduces the discussion of the orbits to a problem 
in analysis situs in this space. The most striking result is the proof of the 
existence of certain periodic orbits within the closed oval of zero relative 
velocity about either of the two heavy bodies. F. R. Moulton and others also 
followed lines pointed out by Poincaré in the discussion of periodic orbits.§ 

In the memoirs thus far mentioned comparatively little attention is de- 
voted to motion of the particle in distant portions of the plane. However in 

* Presented to the Society, November 29, 1929; received by the editors July 18, 1931, and (re- 
vised) April 14, 1932. The paper embodies the author’s dissertation, Harvard, 1929. 

¢ Researches on the lunar theory, American Journal of Mathematics, vol. 1 (1878), p. 5. 

t Sur le probléme des trois corps, Acta Mathematica, vol. 13 (1890), p. 1. 

§ Acta Mathematica, vol. 21 (1897), p. 99. 

|| The restricted problem of three bodies, Rendiconti del Circolo Matematico di Palermo, vol. 39 


(1915), p. 265. 
{| Periodic Orbits, Publications of the Carnegie Institution of Washington, No. 161, 1920. 
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1927 B. O. Koopman published a paper* opening the field of research on mo- 
tion of the particle outside of the closed outer oval of zero relative velocity, 
and treating especially orbits extending to infinity. He was able to show that 
with comparatively slight alterations in Birkhoff’s methods the major portion 
of the latter’s conclusions concerning interior motion may be proved for ex- 
terior motion also. It is the purpose of the present paper to examine more in 
detail certain aspects of this exterior motion, confining the treatment to cases 
in which the outer oval is closed, but placing no additional restriction on the 
constant of Jacobi nor on the ratio of the two finite masses. 

We shall first in §2 briefly develop the equations of motion and their one 
possible integral. In §3 we carry out a careful examination of the outer ovals 
of zero relative velocity. The salient result of this section is a necessary and 
sufficient condition that the outer oval be closed, both for a given ratio of the 
two finite masses and also independently of this ratio. §4 is devoted to a study 
of the properties of the force function and their reduction to inequalities, pos- 
sibly of no great interest in themselves but essential to the theorems to follow. 
§5 is a study of the exterior orbits in the neighborhood of their points of con- 
tact with the closed outer oval. The fact that some of the positions of equilib- 
rium in the rotating plane, while constituting limiting cases of the class of 
orbits studied, still do not possess the same properties as these orbits forces 
the inequalities here employed to be extremely close. In §6 we develop two 
different sets of sufficient conditions that the particle recede to infinity and 
extend Koopman’s discussion of the behavior of the areal velocity in fixed 
space for distant portions of the plane. §7 contains four theorems concerning 
the angular velocity of the particle in the fixed and rotating plane. Perhaps 
the most striking result here is that for orbits not extending to infinity the 
motion in the rotating plane can be direct only within a narrow ring sur- 
rounding the closed outer oval, the width of the ring approaching zero as its 
diameter increases. §8 discusses the total angular displacements in the fixed 
and rotating plane, showing for instance in Theorem XII that the infinites- 
imal body can never advance as much as one radian in the rotating plane. 
Two related theorems and corollaries complete the section. 

2. The equations of motion; Jacobi’s integral. In the restricted problem of 
three bodies the hypothesis is made that two of the bodies move subject to 
the law of gravitation in concentric coplanar circles about their common cen- 
ter of mass with a constant angular velocity, while a third body moves in 
this plane subject to their attractions but without affecting their motion. 


* On rejection to infinity and exterior motion in the restricted problem of three bodies, these Trans- 
actions, vol. 29 (1927), p. 287. 
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The study of the motion of this third or infinitesimal body is facilitated by 
two devices. In the first place, the sum of the masses of the two finite bodies 
is chosen as the unit of mass, and the distance between their centers of mass is 
chosen as the unit of distance, while the time they require to sweep out a unit 
angle is chosen as the unit of time. If these units be employed the constant of 
gravitation is also unity. Secondly, the motion of the infinitesimal body is 
referred to a rotating plane lying in the plane of the motion and rigidly at- 
tached to the two finite bodies. Their codrdinates thus enter the equations of 
motion of the third body only implicitly. 


Y 








In this moving plane we shall employ two coérdinate systems. The first is 
a rectangular Cartesian system having the X axis on the line of centers of the 
two finite masses and the origin at their midpoint O. In this system the larger 
of the two finite bodies having a mass of $+ (0< SX }) is fixed at the point 
A (4, 0) and the smaller body of mass 4—2 is fixed at the point B (—}4, 0). 
For a counter clockwise sense of rotation of the finite bodies the equations of 
motion of the infinitesimal body in the rotating plane may be shown to be 

OM 


1) ff’ — Qy’ — —k)j= ’ 
(1) x y’ — (x — &) = 


OM 
(2) y’ + 2x’ -—y= , 
dy 


where M(x, y) is the force function 
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+k 4-k 
M(x, 9) = FI n= {(e— Dt yh = et DEF 9, 


T1 T2 





and where the primes denote differentiation with respect to the time. The 
second coérdinate system which we shall employ in the rotating plane is a 
polar system having its initial line along the line of centers of mass of the two 
finite bodies, but its pole at their center of mass G. The Cartesian coérdinates 
of the pole of the polar system are thus G(, 0). In this polar system the equa- 
tions of motion of the infinitesimal body in the rotating plane are 


OM 
(3) p” — p(1 + @’)? = —, 
Op 


4) 6 + 2pp'(1 + 6’) = = 

( p pp ——" 

where M(p, 0) is the force function as before, and where 
ri = {p? + (3 — k)? — 203 — k)p cos a}?, 
ra = {o? + (3 + &)? + 23 + b)p cos 0}. 


The equations (1), (2) or (3), (4) admit the integral first pointed out by 
Jacobi* 


(5) x/9 + y/* = pt + pi0'* = 9? + 2M —C. 


This is known as the integral of Jacobi and the constant C as Jacobi’s con- 
stant. 

3. The outer ovals. It will be observed that the first two members of 
equations (5) are expressions for the square of the velocity of the infinitesimal 
body relative to the rotating plane. If we introduce a point function 


+k 3-k 
2 = }p? + M = 3p? + + = 


al re 





the curves of zero relative velocity have the equation 
v= 22-—-C=0. 


These curves have forms varying with & and C in a well known fashion, and 
for sufficiently large values of C there will always be one branch of the curve 
forming a single outer oval surrounding both finite bodies. We shall say that 


* Comptes Rendus de |’Académie des Sciences de Paris, vol. 3 (1836), p. 59. 





1932] THE PROBLEM OF THREE BODIES 315 


this outer oval is closed* if the value of 22—C changes from negative to posi- 
tive as one passes across the oval anywhere on it in the sense of increasing p, 
and we shall say that the infinitesimal body is performing exterior motion if 
it moves outside of or on such a closed outer oval. 

Let us examine the conditions under which such an oval may exist. It 
will be proved in §4 that for a fixed k the force function M attains its maxi- 
mum value on a given circle p=po (p09 >3+4) at the point 8 where this circle 
cuts the negative X axis. This statement must clearly also hold for 22=p? 
+2M. Along the negative X axis we have 


an L+k Lk 


or tk oh 
Op (e—k+%)? (p—k-— 3)? 

and it is easily found that this quantity has exactly one zero for p>3+&. Let 

us designate by po this value of p which thus corresponds to the absolute 

minimum of 2 on the segment of the negative X axis considered, and let us 

designate this minimum value of 22 by Co. 





THEOREM I. A necessary and sufficient condition that the curve 2Q2—C=0 
possess a branch constituting a closed outer oval is that C>Co. 


First, the condition is necessary, for suppose that a closed outer oval were 
to exist for C<Cp. Such an oval to include the two finite bodies would have to 
cross the negative X axis outside of the point B and at this crossing point we 
would therefore have p>}+4. But at this point the value of 22 would be C, 
a value less than the previously established minimum of 2 2 in this interval. 
A contradiction is thus established and there could be no closed outer oval for 
C <Co. It is also readily seen that with the above agreement as to what con- 
stitutes a closed oval there could not be one for C=Co. 

Second, the condition is sufficient. On the negative X axis as p increases 
from po the quantity 2 continually increases from Co, and since 2 is here 
continuous and becomes arbitrarily great it assumes once and only once any 
assigned value greater than Co. Let us designate by pi(p:>po) the value of p 
for which 2 Q takes on in the above interval a designated value C>Co, 

1+ 2k 1 — 2k 


pez + = =C. 
pi—k+3 p—k—3 





* As an explanation for the choice of the above special definition of what shall constitute a 
“closed” outer oval we may point out that if the oval were merely closed in the usual sense of a closed 
Jordan curve it might have upon it under certain conditions one or two of the positions of equilibrium 
giving the Lagrangian solutions. These special solutions would constitute actual exceptions to several 
of the theorems we wish to prove and render the proofs of others somewhat awkward. The above 
definition excludes these exceptional cases without materially diminishing the range of application of 
the ensuing discussion. 
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Since C>C> the quantity 22—C must be negative for p =p» on the negative 
X axis and a fortiori negative everywhere on the circle p =p» since, for a given 
p, 2Q has its maximum value on the negative X axis. Also 2Q—C is clearly 
positive everywhere on the circle p=C’/*. Hence if a moving point start at 
any point on the circle p=p» and remaining thereafter outside of this circle 
pass continuously to any point on the circle p=C"/?, the value of 22—C at 
this moving point must change continuously from negative to positive and 
the moving point must cross the curve 22—C=0 at least once. The curve 
thus possesses a branch constituting an oval closed in the usual sense which 
runs completely around in the ring between the two concentric circles p =po 
and p=C". To see that this oval is closed in the special sense of the definition, 
i.e. that 2Q2—C always changes from negative to positive as one passes out- 
ward across the oval, it will evidently suffice to know that 02/dp is every- 
where positive for p>po. This last fact will be proved in §4. The condition 
C>Co is thus also sufficient for the existence of the closed outer oval. 

The above argument fails in the case k = } at the point where we establish 
that 0Q/dp possesses a zero within the interval p>}+4 of the negative X 
axis. In fact, however, in this case we have 


2 02 1 


20 = pP?+—> —=p-—-—>: po=1, C= 3. 
p op p* 


Our curve 22—C =0 becomes 
p> — Ce+2=0. 


The discriminant of this reduced cubic is 4(C*—27), so that for C>Co there 
are three real distinct roots, only one of which, however, is greater than po. 
The outer oval then exists, being the circle p=; where p; is the root of the 
above equation greater than po. It is clear that dQ/dp>0 everywhere on it 
and it is therefore closed in the special sense of the definition. The condition 
thus holds for this special case. 

To apply the above criterion for the existence of the closed oval to any 
given orbit we must compare the value of C for the orbit with the value of Co 
as above defined. The actual computation of C» is of course done by solving 
the equation 

1 1 
(a) ee +s ee Sk 
(oo —k+3)? (po —k— 3)? 
for its only root pp = $+ and then substituting this value of po in the equation 
1 + 2k 1 — 2k 


po—k+% po—k-— 








(b) Co = pe? + 
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The values of Cy for the different values of & differ only slightly, ranging, as 
we shall see, from 3.00 to 3.56. For this reason it will often be unnecessary to 
compute the value of C) in the individual case since if the C of the given orbit 
be greater than the greatest value Cy assumed by C> for all values of k we shall 
be assured of the existence of the closed outer oval regardless of the value of k 
involved. We recall that Co is a function of po and k, but that po is a single-val- 
ued, continuous function of k and hence Cy may be regarded as a function of 
k only. We may therefore write as a necessary condition for a relative ex- 
tremum of C> 


dCo dC 0 dC 0 d, Po 


ah th & @ 


But the equation (a) by which po is determined as a function of k is exactly 


1 dC 


2 Opo 
so that we have finally 
OC» 4k? — 4kp, + 1 
(c) —- = 0 
Ok = (p0 — k + 3)*(o0 — & — 3)? 


This excludes the possibility of k being zero at an extremum of C, and yields 





1 
(d) = k 4 ——= © 
Po 4k 


On substituting in equation (a) we find 
(e) kt + 4k3 — 1/16 = 0. 


The only positive root of this equation is ko =0.24509302 - - - and this falls 
within the permitted range for k. Thus the extremum, if it exists, is unique. 
A somewhat lengthy but elementary calculation which we shall omit shows 
that the corresponding value of C> is in fact a relative maximum and since Co 
has no other extrema in the interval considered this relative maximum must 
be the absolute maximum C,. In form for computation our equations are 


1 1 1 
ko i 4k, —_ 16 = 0, po = ai % Co = po + 8ko = 2k? ote co? 


0 


which yield 
ko = 0.24509302 ---, po = 1.2651139---, Co = 3.5612574---. 


In conclusion we may therefore state 
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THEOREM II. A necessary and sufficient condition that a closed outer oval ex- 
ist regardless of the ratio of the two finite masses is that C >Cy)=3.5612574 --- . 


It will also be desirable to have in mind the least values of Co and po for 
which a closed outer oval exists. The least value of Co regarded as a function 
of k must occur for & at one end or the other of its range, and we find by direct 
computation that k=} gives the lesser value which is 3. Hence we have 
Co=3. We have seen that for k = }, 0. =1 and evidently this is the least value 
of po, for the result of substituting 1 for po in the first member of equation (a) 
is negative and the root p» must be greater than 1. We should also bear in 
mind for future reference the fact that the least value of p on a closed outer 
oval is the value p; assumed by p at the point where the oval crosses the nega- 
tive X axis and that we have p; >po=1. In other words if p has a certain value 
at any exterior point then the point of the negative X axis having this same 
value of p is also an exterior point. 

4. Properties of the force function. The present section is devoted to a de- 
tailed study of the force function M and its derivatives. The interpretation 
of the results of this calculation is reserved for the succeeding sections of this 
paper. 

Let us fix & at any-value in its range 0 Sk <3 and consider the variation of 
the force function M and the associated function N, 
$+k 3-k +k 3} 





M = oo ’ N = _ + nice @ 
r) Yo r? r? 


for p> 4+. Due to their symmetry with respect to the X axis we may regard 
these point functions as functions of x and p only, writing 7; and 72 as 


r= {p? + (} — &)? — 24 — k(x — BH, 
ro = {p> + (2 +B)? + 2b + B(x — &)}M. 


If we now fix p at any value pp in the above range and allow x to vary between 
—potk and +po+k, we find 


OM a #»/ ON 
dx Ox 7 


These derivatives of M and N having thus the sign of x, the quantities M and 
N must have an absolute minimum for x =0, i.e. at the points y where our 
circle p =p» cuts the Y axis, while likewise M and N must have relative max- 
ima at the points a and 8 where the circle cuts the positive and negative Y 
axis respectively. See figure on p. 813. We find by direct computation that 
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M and N attain their absolute maxima at 8, and on computing these various 
extrema conclude that 
1 L+k t-—k 

(6) <Ms— +— ; 
+3- 0)" p—k+ > p—k—-} 

1 Lik Lk 

P+i-P Okt &- 8 - DF 

The above argument fails in the case k=} since in this case 0M/dx and 
ON /dx vanish identically. But then M and N reduce to 











(7) 


M =1/p, N = 1/p?, 


and our conclusions (6) and (7), although trivial, still hold. 
As p becomes larger both the maximum and minimum of M take on values 
approximating that of 1/p. In fact for p=3"/? we may show that 
(8) <M< + : 
p = 8p p 4p? 


To prove the first inequality we observe successively that 
p?=>3> 1/12, O> — 392+ 1/4, 64p* > 64p* — 3p? + 1/4. 


The last of these inequalities yields 


1 (- ~) 
9 > a a ’ 
p> +} p = 8p? 


and on comparison with the first of inequalities (6) we find the first of in- 
equalities (8) to follow. On reference to the second of inequalities (6) it is 
apparent that the second of inequalities (8) will be established if we can show 
that for p= 3/? we have 

s+k 1k ’ y 


Sabah pawet are 
2 2 





We find the equivalent inequality 
— p?>+ (1 + 2k — 4k*)p + (32 — hk?) < 0 
and observe that if the first member is negative for p = 31’? it will be negative 


for p=3'/?. But for p=3'/? the quantity may be written 


188 


12 — 31/\2 469 — 184-31/2 
- a +4-3"9(4-———) 
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which is evidently always negative. Thus the second of inequalities (8) is 


proved. 
As an immediate consequence of inequality (8) we observe that the total 
variation in M for a given p= 3*/? must be less than the quantity 


1 1 1 


a’ 3 


and consequently 
A+k Lk 1 
(9) - +— —-M<— (9 = 3/2), 
p—k+ i p—k—-} 3p? 
We may in a similar way limit the quantity 9M/dp. Referring to the 
definition of M we see that 
OM et he~ 8 ~ Ot )- 20s 87 Re 


9 


Op r? r; rs T2 











Since the second factors of the terms of the second member are, as the reader 
may easily convince himself, the cosines of the angles (7, p) and (re, p), they 
can not exceed unity and it follows that 
OM 1 i— 

2: 2s s . 


Op “i ry? re 





We recognize in the second member of this inequality the quantity NV studied 
above so that by inequality (7) we have 
aM Lik Lf 1 
(10) a smn OB + - 3 
Op = (p—k+4)? (9p—k-3) plo — 1) 
for p=3"?,0<k<}. 
We have previously seen that the quantity 
b+ b-k 
(ep—k+3)? (p—k—3)? 
vanishes for p = po and is positive for all greater values of p. It follows that for 
all exterior motion we have 








bth eT 

(oe-—k+%)? (e—k- >)? 

and this on combination with inequality (10) gives us 
OM 


11 +—> 0. 
(11) p ap 





p> 
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The other partial derivative of M with which we are chiefly concerned is 


OM : a 1 1 
ie a“ (i - Hp sin o(— - —). 


ry rs 


This evidently vanishes along the coérdinate axes and is extremely small in 
absolute value for large values of p. To render this last statement more pre- ; 
cise we observe from the figure that in quadrants I and IV we have 
1 1 1 1 
o<—--—§ - . 
re ri (op +k—3$)? (9 +k + 3)3 
The derivative of the last member with respect to k being the negative quan- 
tity —3(p+k—}3)7*+3(p+k+4)— that member must have its maximum 
value for k at the lower end of its range, i.e., k =0. Hence we have 
















ee. -. 1 
0<—-—<s 


ro re (p— 3) (9 +9) 





in I, IV. 


Similarly we find 














1 1 1 1 
0<—--s — — in II, Ill. 
ef ff @=- IF # 
Since the derivative of the function (p—1)*—p~ (p>1) is the negative 
quantity —3(p—1)—*+3p ~— it follows that 











1 1 1 1 
~ < -—); 

(o—2)® (e+3)® (p—1)% 2’ 
and we have in all four quadrants 
1 1 


r? re 













1 1 


< “~ 
(ep — 1)? p® 











Inspection of the inequality 
— (9 — 8)* — 15 — 8)* — Sp ~- 83) — <0 


shows that it holds for p=8. We may write this as 





06 $ 


ry r2 


OM ' 1 1 
ka =|(2 — k*)p sin o(— _ =) < 
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We conclude this section by deriving two inequalities connecting the 
force function M and Jacobi’s constant C. By the definition of p: and C we 


have 
P+ 1+ 2k “ 1 — 2k e 
Pi = ’ 
p—k+ 4 pa—k—}3 


1+ 2k 1 — 2k 
e-bht+§ p-—b-}i 


Since p; is the least value assumed by p for exterior motion and since any in- 
crease of p clearly causes a decrease in the first member of this equation it 
clearly follows that for all exterior motion we may write 





or for p=p1 
=C- pr. 





1 + 2k 4 1 — 2k 
p= iG @~ t= 


SC — op. 





By inequality (6) this becomes 
(13) we «pe. 
Let us designate by A the value of the quantity p+0M/dp at the point where 


the closed outer oval-crosses the negative X axis. By inequality (11) A is posi- 
tive so that we have 


b+k -s 
(1 —k+3)? (1 — &— 4) 
This definition is equivalent to saying that the equation 

(2 + k)p 2 — k)p 
(p—k+%)* (p—k —})* 
holds for p =p;. Any increase of p causes a decrease in the left member of this 
equation and it follows that 
(2 + k)p (2 — k)p 
(o-—k+%4)? (p— k — 3)? 
for all exterior motion. By combining this with the first of inequalities (10) 
we obtain 





a =A>0. 





= pr — Ap; 


Sp? — Ap 





OM 
- > S p? — Api. 


We add this member for member with inequality (13) obtaining 


OM 
2M — Cc = “arm =< - Api, 


p 





1932] THE PROBLEM OF THREE BODIES 823 


and finally we recall that p: is always greater than unity so that we may write 


C—2M 1 OM A 
——__ + — — > — where 4 > 0. 


(14) 


9 


p* p Op p 


On the basis of the inequalities collected in this section we now proceed in 
the succeeding sections to study the exterior motion of the particle. 

5. Nature of the cusps. In the rotating plane the function 2=}p?+M 
plays a réle very similar to that of the force function M in fixed space. This 
may be brought out by putting the equations of motion in a suitable form 
and is evident also from the easily proved fact that if the particle be at rest 
in the moving plane on a curve 2 2=C it will start its motion perpendicularly 
to this curve. It is, in fact, well known that the points of contact of an ex- 
terior orbit with the closed outer oval are at cusps of that orbit, the orbit 
being there orthogonal to the oval. With the aid of inequality (11) we may 
easily determine the species of these cusps in every case. Our equation (4) 
becomes at such a cusp 

po” = — (} — k?) sin 0(— - =). 
re ore 

For k#} this requires that 0’’ be positive in the II and IV quadrants and 
negative in the I and ITI. So at such a cusp occurring in the II or IV quad- 
rant, 0’ must change from negative to positive and the motion change from 
retrograde to direct relative to the moving plane. Similarly at a cusp occur- 
ring in the I or III quadrant the motion must change from direct to retro- 
grade. For those cusps occurring on the coérdinate axes and for the case 
k=4, 0’’ vanishes and we must examine 0’’’. Differentiating equation (4) 
with respect to the time gives us 


1 OM\’ 
Q’”’ + 2p'0”’ + 2p’’(1 + 6’) as (- =) 
p 00 


and since M is a point function at a cusp this becomes 
6g” + 2p”’ an 0. 
But at a cusp equation (3) yields 
” + OM 
y= eer 
Op 


and by inequality (11) the second member of this equation is always positive. 
Thus p’’>0 and therefore 6’’’ <0 at such cusps and we have 


6’ = 6” = 0, ge” < 0, 


and these are the conditions that 0’ be at a maximum when it vanishes. Hence 
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6’ <0 both before and after such cusps. To summarize the situation in the 
moving plane in the neighborhood of the outer oval we may therefore state 


THEOREM III. The points of contact of exterior orbits with the closed outer 
oval are at cusps of these orbits, the orbit being there orthogonal to the oval. For 
k#}% the motion is retrograde before and direct after such cusps as occur in the 
II or IV quadrants, and direct before and retrograde after such cusps as occur in 
the I and III quadrants. For k =} and for all cusps that occur on the codrdinate 
axes the motion is retrograde both before and after the cusp. 


6. Rejection to infinity. In his paper (loc. cit. Theorem 3) Koopman de- 
vises a test giving sufficient conditions that an orbit recede to infinity. In the 
present section we shall present two other such tests applicable to exterior 
orbits. It will be observed that both these tests when satisfied yield orbits of 
the hyperbolic type, i.e. the velocity at infinity is positive. 


THEOREM IV. If at any moment in the motion of the infinitesimal body in an 
exterior orbit we have simultaneously 


(a) p'2 = 2M, p’> 0, 


then from that moment on p increases continuously to infinity. 


The hypothesis 3p’? = _M may be visualized as a statement that the radial 
component of the specific kinetic energy of the particle exceeds or equals the 
potential due to the two finite masses. 

Our hypothesis p’?=2M and Jacobi’s integral (5) lead at once to the in- 
equality 
(b) pr(1 — 0%) >C 


from which we may derive two conclusions. In the first place we have p= C’”” 
> 31/2 which enables us to employ inequality (9). Also we have from in- 
equality (b) 0’?<1—C/p?, and consequently 


C 1/2 C 
p 2p? 


from which 
” 


(c) ET > ars" 


Equation (3) and inequality (10) and our inequality (c) now yield 
tie he + Sek . >0 
eT (p—ktD? (p—k-3? 


Consequently the quantity 
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“(5 +h 3—k +-) 
dtX\2 p-—-kt+} p-k-§ p* 





has the sign of p’ and it follows that in the function 


ma Lak }-—k 1 
Nba wd as sg liam 
2 p-k+} p—k-} 7? 
we have a quantity which increases and decreases with p. But it is apparent 
that if p’=0 then P(t) <0 since 





1 1 
(15) Se ok SRE tthe >0 
p—k+ 3 p-—-k—-} p plo—k+3)(p — k — 3) 

and consequently P’ can vanish only when P is negative. Since we are dealing 
with an analytic function of ¢ it follows at once that if at any instant ¢) we 
have P=O and increasing then it must thereafter remain positive and con- 
tinually increasing. Now by hypothesis (a) and inequality (9) it is clear that 
the instant mentioned in the theorem is just such an instant, so that from the 
instant ¢) on, both P and p continue to increase. 

It remains to show that p becomes infinite. Let us define a function r(#) by 
the differential equation with boundary condition 








2 1/2 
(d) r'(t) = (— + 2P(t)) P r(to) = p(to) . 


Then at the instant tp we have 
p’? 3+hk 3—k 


2 p-—k+t p-k—-} 
and we know that the first member of this equation continues to increase 
after the instant to while by the definition of r(#) the second member remains 
constant. Hence we have 
2+k 3—k 
p-k+} p—k—} 
But at no instant ¢>¢) can we have simultaneously p’ <r’, p<r because for 
p <r by inequality (15) and the fact that p=31/? we would have 


+k —k 1 1 1 1 1 
ane a +—s-—+—-<--<-= 
e-kt+i p-b-f p 2p 3r 


and inequality (e) would be violated. And now it also follows that at no 





(t = to). 





: re 
p 

e ae 

(e) , 
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instant tf >t) can we have p<r, for if p—r were negative at the instant & 
then there would exist some instant ¢; (t9<¢t;<t.) at which both p—r and 
p’—r’ would be negative; an impossible situation as just noted. We therefore 
have for /=¢to, p=r. But the differential equation (d) is immediately solvable 
by elementary methods and shows that r becomes infinite with ¢. Hence p 
also becomes infinite and our theorem is proved. 

Another set of conditions yielding orbits receding to infinity is given in 
the following 


THEOREM V. If at any moment in the motion of the infinitesimal body in an 
exterior orbit we have simultaneously 


p2C?, #20, p’ 20, 
then from that moment on p increases continuously to infinity. 


The argument of the proof is divided into two cases according to the value 
at the given moment of the quantity p’*—2M. 

Case I. If at the moment ¢) when the conditions of our theorem are satis- 
fied we have also p’?=2M, then p’>0 and our theorem follows by Theorem 
IV. 

Case II. If at the moment ¢) we have also p’?<2M then we shall show that 
there exists a moment ¢, >¢) at which p’? = 2M and such that p’ >0 throughout 
the interval fp <¢<t#,. Thus we shall see that p increases continuously through- 
out this interval and by application of Theorem IV to the instant ¢, it will be 
evident that p increases continuously from the moment fy) and becomes in- 
finite. 

By equation (3) and inequality (11) we have p’’ >0 whenever 0’ =0. This 
condition is satisfied at the instant ¢) and since p’=0 at that instant, it ap- 
pears by the continuity of the quantities involved that there must exist some 
interval immediately subsequent to ¢) during which p’>0 and p’?—2M <0. 
Thus either there exists an instant ¢, such that 


(a) p'? — 2M < 0 for t) S ¢t < t, and p? — 2M = 0 fort = t;, 
or p? — 2M < 0 fort = bp. 

Also either there exists an instant ¢, such that 

(b) p’ > O for to < ¢ < tg and p’ = O fort = fe, or p’ > 0 fort = to. 


We shall now establish that 

(i) There exists no such instant /, in the interval tp <¢<#,, nor in the 
interval to) <# in case ¢; does not exist. 

(ii) The instant ¢, exists. 
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To establish the first statement we shall assume that such an instant & exists 
in the above interval fp <¢<¢,; or 4) <¢ and show that this leads to a contra- 
diction. We recall Jacobi’s integral (5) and making use of the fact that 
p’*—2M <0 we conclude 
. 

(c) ge >1— pent 

p 
At the instant f) we have by hypothesis p?=C and since p’>0 for tp <i <ty 
it follows that p?>C for to <¢<ts, and therefore, by inequality (c), 


(d) 6’? > 0 for tp < ¢t S bo. 


Now at the instant ¢) we had by hypothesis 6’20, p=C/? and with the ad- 
ditional hypothesis p’?<2M of Case II for that instant Jacobi’s integral (5) 
shows us that the inequality 6’>0 must hold. Thus by inequality (d) we 
have 0’ >0 for to <t<%. and since p’’ >0 whenever 6’ >0 it follows that 


(e) p’ > O forts St S te. 


By the law of the mean this is a contradiction with the two values of p’ 
p’ (to) 20, p’(t2) =0, and the first statement is proved. 

To prove the existence of the instant ¢, we shall assume that it does not 
exist and show that this leads to a contradiction. Under this assumption our 
first statement shows us that the instant # can not exist and the inequalities 
(a), (b), (e) must hold for ¢>¢. By inequalities (b) and (e) p increases con- 
tinuously to infinity from the instant fo. Let ¢; be some instant after tp) when 
p >31/? and let h be the value of p’? at that moment. Then by inequality (e) 
we have 


(f) p'? > h fort > ts, 


while by inequality (8) 
(g) Sit +n etek ih, 

p 2p* 3p 
As soon after the instant ¢; as p>7/(3h) inequalities (f) and (g) contradict 
inequality (a) and our second statement is proved. The proof of the whole 
theorem is now also complete as outlined above. 

We shall conclude this section by the statement of two lemmas. We do not 
prove them as theorems in this paper as here published as they are rather ob- 
vious extensions of facts already known. They constitute however necessary 
preliminaries to certain of the following theorems. The first lemma may be 
shown to be a consequence of our Theorem IV and Koopman’s Theorem 5, 
loc. cit. 
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Lemma I. If at any moment in the motion of the infinitesimal body in an 
exterior orbit we have simultaneously p’*=2M, p’>0, then as the infinitesimal 
body recedes to infinity its double areal velocity in fixed space p?(1+0’) approaches 
a limit G. 


Lemma II is an extension of Lemma I. It is designed to include orbits, if 
such there be, possessing infinitely many arcs extending outside of and re- 
turning within any circle p=R of arbitrarily great radius. It states in effect 
that p?(1+6’) approaches its limit uniformly for all the above arcs. More ac- 
curately put, this is 


Lemma II. For any exterior orbit in which after a certain moment to the 
radial distance p does not remain finite there exists a constant G such that cor- 
responding to any arbitrarily chosen positive number € we may find a positive 
constant R such that |p?(1+6’)—G| <e throughout every interval after to in 
which p exceeds R. 


7. The angular velocity. The present section is devoted to a study of the 
angular velocity of the infinitesimal body in exterior orbits relative to both 
the fixed and rotating planes. We shall say that the infinitesimal body is de- 
scribing direct motion when it revolves about the center of mass of the two 
finite bodies in the same sense that they do. Motion in the opposite sense is 


called retrograde. Our first theorem requires little additional proof. 


THEOREM VI. Jn every exterior orbit the motion of the infinitesimal body 
about the center of mass is always direct with respect to fixed space and the 
angular velocity with respect to the rotating plane is always less than unity. 


Jacobi’s integral (5) and our inequality (13) yield p’?+ p70’? <p*—p? and 
therefore we have 0’? <1 —p?/p?—p’?/p? <1. If we write this as —1<0’<+1 
we see that the angular velocity of the particle with respect to the rotating 
plane is always less than unity, thus proving the second part of the theorem. 
If we write our inequality as 1+6’>0 we see that the angular velocity 1+0’. 
with respect to fixed space is always positive, thus proving the first part of 
the theorem. 

The above theorem, being derived wholly from Jacobi’s integral, bounds 
the angular velocity in the rotating plane as closely on the negative as on the 
positive side and might lead to the supposition that direct angular motion in 
the rotating plane were as general as retrograde. That this supposition is not 
correct is shown in the succeeding theorems of this section. 


THEOREM VII. Corresponding to any given exterior orbit and to any given 
instant to there exists a positive number R such that the motion of the infinitesimal 





1932] THE PROBLEM OF THREE BODIES 829 


body will be constantly retrograde in the rotating plane whenever after to the dis- 
tance from the center of mass exceeds R. 


We divide the proof into cases according to the values assumed by the 
quantity p’*—2M. We first prove the theorem for Case I in which at some 
instant the conditions p’?=2M, p’>0 of Theorem IV are satisfied and in 
which therefore the particle recedes to infinity. Next in Case II we assume 
that the conditions of Case I never arise but that at some instant we have 
p’*=2M, p’<0. We here show that these conditions always lead to a later 
instant at which the only remaining hypothesis p’*? <2M is satisfied and that 
the conditions of Case II can never recur. This leaves it only necessary to 
carry through the proof for the remaining Case III in which we do not at any 
instant have the conditions of Case I satisfied but do at some instant have 
p?<2M. 

Case I. If at any instant ¢, in the motion of the infinitesimal body in the 
given exterior orbit we have p’?=2M, p’>0, then from that moment on p 
increases continuously to infinity by Theorem IV. According also to Lemma 
I we have 
(a) lim p?(1 + 6’) =G. 

past 
If such an instant ¢, occurs at or after the given instant ¢o, then to establish 
our theorem we have merely to choose R greater than any value assumed by 
p in the closed interval ¢)<t<¢,, also greater than (G+/)1/? and sufficiently 
great so that 


(b) | (1 +0’) —G| <h for p> R, 


the last being possible by equation (a) for # any positive constant. For with 
R so chosen whenever after to we have p>R we shall have by inequality (b) 
p*(1+0’) <G+h and since p?>G+h it follows by subtraction that p?6’ <0, 
proving our theorem for Case I. 

Case II. If the conditions of Case I are not satisfied at any instant at 
or after ¢, and if we have at some instant f >t) both p’?=>2M, p’ <0, then there 
exists a moment f; >/2 such that 


(c) p’? < 2M for t = ts. 


To prove this we observe as in the proof of Theorem IV that by inequality (9) 
the condition p’*=2M requires that P(t) >0 for ¢=f. Also since p’ <0 at that 
moment P(t) must be decreasing, and since P’(é) can only change sign for 
P(t) <0 it follows that either P(#) continues positive and decreasing or else 
becomes negative. But we may show that P(é) can not remain positive and 
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decreasing as this would yield two contradictory conclusions. In the first 
place, by the definition and properties of P(#) explained in the proof of The- 
orem IV and by inequalities (15) it is evident that as long as P(t) remains 
positive and decreasing we shall have 


1+ 2k 1—2k = .2\12 — 
” r<-(5 * “7 < +s) 
p—k+}3 p—k—}3 p* p p? 


and secondly from the fact that P(/) >0 together with Jacobi’s integral (5) 
and inequality (6) we find p?(1—6’*)+2/p?—C>0 and, a fortiori, p?>+2/p? 
>C 23. Inspection of the equivalent inequality (p?— 1)(p?—2) >0 shows that 
it is satisfied only for p?<1 or p?>2. Hence if P(#) is to remain positive we 
must have p >2"/? and inequality (d) would now become 


> — DJI/N 1/2 

F< -Gh- Fy" <= (- ~~) . 
p(t2) 
Thus we are led to the contradiction that p while remaining always greater 
than a constant continues to decrease at a rate greater than a positive con- 
stant. Thus P(t) becomes negative and consequently p’?—2M must also be- 
come negative, since for p’*»—2M =0 we have P(t)>0, as above noted. But 
p’*—2M having thus become negative must remain so, for if at any sub- 
sequent instant ¢, we had p’*—2M =0 this would require that P(t) had pre- 
viously become positive and at the instant ¢; when P(t) thus changed from 
negative to positive we would have had P(t) =0, P’(#) >0, and consequently 
P(t) =0, p’>0. As shown in the proof of Theorem IV these last conditions 
enable us to write p’ >0 for ¢>¢; and consequently at the instant ¢, we would 
have simultaneously p’?=2M, p’>0, contrary to our hypothesis that the 
conditions of Case I are not satisfied at or after 4). This completes the proof 
that there exists an instant f; such that condition (c) is satisfied. We shall 
show in the next paragraph that our theorem holds for the instant é;. To 
insure that the theorem also holds for the instant ¢) of the present paragraph 
we have merely to choose R as in the next paragraph for the instant ¢; and 
then increase R if necessary so that it exceeds any value assumed by p in the 
closed interval fp) </ S14. 

Case III. It remains only to consider the case p’?<2M for t2=to. We first 
observe that under this hypothesis Jacobi’s integral (5) yields the inequality 
6’? >1—C/p? so that we have 6’ #0 for p=>C/? and t2¢o. We can now prove 
without difficulty that for the number R we have merely to choose a number 
larger than C’/? and larger than the value of p at the instant ¢o. Since p<R 
for t=to) we must have p’ =0 at the beginning of each interval in which p>R. 
Also if @’>0 at any moment during any such interval we would have 6’>0 
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throughout the interval. But this is impossible, for if so at the beginning of 
the interval we would have simultaneously p’?<2M, p>C/?, p’=0, @’>0, 
and under these conditions we demonstrated in Case II of the proof of 
Theorem V that there exists a later moment at which p’*=2M, contrary to 
our present hypothesis. Thus 6’<0 throughout any interval in which p ex- 
ceeds R after the instant ¢), and the theorem is proved for the third and last 
case. 

Theorem VII shows us that after the instant ¢) the arcs of the orbit ex- 
tending outside of the circle p=R are everywhere retrograde in the rotating 
plane. In certain orbits, however, this theorem might be without application 
since p might never exceed R. Nevertheless we may very easily show that in 
such a case also the outer arcs of the orbit are retrograde in the rotating plane. 


THEOREM VIII. The motion of the infinitesimal body in an exterior orbit is 
retrograde in the rotating plane in the neighborhood of every point where p passes 
through a maximum value. 

For such a maximum value of p we have p’’<0. But equation (4) and 
inequality (11) yield the inequality p’’>p(20’+6’*) showing that at any 
maximum of p we must have @’ <0. Also due to its continuity @’ must remain 
negative throughout some neighborhood of such points, as stated in the 
theorem. 

Theorems VII and VIII place considerable restriction on the direct mo- 
tion of the infinitesimal body relative to the rotating plane. But if we confine 
our attention to those orbits, such as the periodic ones, in which the radial 
distance p remains finite, we may very materially strengthen this restriction. 
In fact after a certain moment the direct motion may take place only within 
a certain ring about the closed outer oval and the ring is very narrow for 
large values of Jacobi’s constant C. 

THEOREM IX. For each exterior orbit for which the radial distance p remains 
finite after a certain moment there exists an instant to such that after that instant 
the motion can be direct in the rotating plane only within the ring pi<p<C'? 
(C and p, being defined as in §3). If we take a sequence of orbits having values of 
C: Ci, C2, C3, - - - such that C becomes infinite on the sequence, the width of the 
above ring approaches zero on the sequence, its principal part being 1/C. 

The proof for the first part of the theorem will be presented in the follow- 
ing steps: 

I. For every exterior orbit in which p remains finite after a certain moment 
we shall show that there exists an instant ¢, such that P(t) <0 fort>4,. 

II. If there is no instant after ¢, at which both p=C’/?, 6’=0, then our the- 
orem is granted for this orbit, ¢,; becoming the instant ¢) of the theorem. 








832 C. J. COE {October 


III. If there is an instant /.>¢, at which both p=C’/?, 6’=0, we shall show 
that there is an instant ¢; >t. at which p<C!”. 

IV. We shall show that for >; we can never have both p=C"”, 6’=0, ¢; 
becoming the instant ¢ of the theorem. 

I. If P(#) does not become positive, step I is granted at once. But if P(#) =0 
at any instant then p’<0 at that instant, for as seen by inequality (15) p’ 
can not then be zero, and p’ can not be positive for we saw in the proof of 
Theorem IV that if there exists any moment at which both P(é) =0, p’>0, 
then p becomes infinite, contrary to our present hypothesis. But we showed 
in Case II of the proof of Theorem VII that the condition P(t) =0, p’ <0, can 
not persist and there must be a later moment #, at which P(t) <0. But P(?) 
having once become negative can not again become positive or zero. For if 
P(t) were thus to increase to or through the value zero we would at that mo- 
ment have both P(t) =0, P’(t)=0, and consequently also p’>0, which com- 
bination as previously noted is impossible. This establishes step I, and step II 
needs no further explanation. In steps III and IV we shall be assuming P(t) 
<0. 

III. If p remains finite and there exists an instant é such that p=>C?/?, 
6’ >0 for t=t, and P(t) <0 for t= ts, then there exists a moment f; >t, at which 
p<C"?, We shall assume that the instant é; does not exist and show that this 
leads to a contradiction. Since P(t) <0 we have also p’?<2M, as previously 
remarked, and hence by Jacobi’s integral (5) 0’7>1—C/p? for t=. But we 
are now assuming that p= C"/? and so by the above inequality 0’ #0 and since 
we had by hypothesis 0’=0 for ‘= we must have @’>0 for t2t. This fact 
together with equation (3) and inequality (10) yields at once the conclusion 
p'’=p—1/|p(p—1)] for >t and since we have p=C'/?2>3"/? this becomes 
p’’>9/10. On the other hand we must have p’ <0 for (>, since for p’=0 in 
this interval we would have simultaneously p=C’/?, p’=0, 6’>0, and this 
by Theorem V would require that p become infinite, contrary to hypothesis. 
Thus the supposition that there exists no moment 4;> at which p<C’” 
leads to the contradictory conclusions p’’ >9/10, p’<0 for every t >h, and 
the instant /; must exist. 

IV. We may now easily complete the proof of the first part of the theorem 
by showing that for any exterior orbit in which p remains finite and for which 
there exists an instant ¢; such that p<C!/? for t=t; and P(t) <0 for t24;, then 
there can exist no later instant at which both p=C/?, 6’=0. We first recall 
that under our hypotheses 6’#0 for p=C"? so that if 6’>0 at any moment 
in an interval throughout which p=>C?, @’>0 throughout that interval. 
Since p<C'/? at the instant és, if we are later to have p=C'/? there must be 
some instant at which p=C"/?, p’=0 constituting the beginning of the interval 
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for which p=C"/?. But now if we had @’>0 at any moment in such an interval 
we would have @’>0 throughout the interval. Hence we would have simul- 
taneously at the beginning of the interval p=C”, p’=>0,6’>0, and this is im- 
possible since by Theorem V this would require that p become infinite, con- 
trary to hypothesis. The first part of the theorem is thus proved. 

It remains to consider the width of this ring p: <p <C’/? in which all direct 
motion must take place. We first recall from §3 the equation 


1+ 2k 1 — 2k 
pr + Py + Cas C. 
a-k+ 2 Aa-k-—} 
Since C is here a continuous function of p; with non-vanishing derivative in 
the interval p: > it follows that p,; is likewise a continuous function of C in 
the corresponding interval C >C> and p; becomes infinite with C. It is evident 
that 





and from these last two equations it follows that 


ay Soe nt, 

C0 1 / Cc 
Thus we see that the width C’/? —p, of the ring of the theorem approaches zero 
as C becomes infinite, its principal part being 1/C. 

8. The angular displacement. We have seen in the four theorems of §7 
certain conclusions that may be reached concerning the angular velocity of 
the infinitesimal body in an exterior orbit. The present group of three the- 
orems draws somewhat analogous conclusions concerning the total angular 
displacement without concern as to the rate at which it is performed. 


THEOREM X. In every exterior orbit after any given instant to the infinitesimal 
body performs infinitely many retrograde circuits in the rotating plane about the 
two finite masses. 


We shall divide the proof of our theorem into Case I in which p remains 
finite and Case II in which p does not remain finite. For Case I our equations 
(3) and (5) give us 

p” sp”? C—2M 1 0M 


as See Se gr ag RO ae ae ee 
p p p p op 


and if we introduce a new variable £=p’/p into equation (5) and this last 
equation they take the forms 


Pe a 


Tee Var 


EAS 


gereen tye: 


hr 3 


say AE 


Fag ha QaRVESTTS 





C. J. COE {October 
g = 1-0? — (C — 2M)/p, 


C— 2M 1 OM 
t= 2(6' + 6/2) + as fe ae 


2 


p* p Op 
By inequalities (13) and (14) these become 

(16) #5 1— 0 — p?/p’, 

(17) ’ > 2(0° + 0?) + A/p? (A >0O). 
An immediate consequence of inequality (16) is that 
(18) ~ i <é< +. 


Under the hypothesis of Case I there exists a positive number R such that 
p<R for t2t so that inequality (17) gives us £’>2(6’+0’2)+A/R? and a 
fortiori — 0’ < —}¢’+A/(2R?) for t2to. Now if 4 be any instant after the 
given instant ¢o and if o, £0, 01, £: be the values of 6 and é at these instants, we 
shall have 


ty ty ! <A 
~f'oa>—sf'eas f" ha 
te ty to 2R? 


: A 
— (0, — 00) > 3(& — &) + ope — bh). 
By inequalities (18) it is evident that 1> }(#:—£o) and hence 
A 
— (0, — %) > Te — to) — 1. 


Now being given an arbitrary positive number m we may choose ¢, =¢)+2R? 
-(2mn+1)/A, and our last inequality will yield 


= (A; = 60) > 2rn, 


thus showing that in the time interval /, to ¢) the infinitesimal body performed 
at least m retrograde circuits about the center of mass. Since 1 is arbitrary the 
theorem follows for Case I. 

We consider now Case II in which p does not remain finite. By Theorem 
VII we may find a positive number R; such that 6’<0 whenever p>R,. Now 
if h and k be any two positive numbers (k<1) we may by Lemma I find a 
positive number R; such that 


(a) eP(1+ 4) <G+hforp> R2, 


and we may set 
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G+h\i2 
(b) ‘for - :) = R;. 


Now if R is any number larger than Ri, Re, Rs, then, after the given instant 
to, p must satisfy for an infinite duration of time one or the other or both of 
the two inequalities 


(c) pS, (d) pZ2R. 


It is of course not implied that this duration of time is consecutive. If the in- 
equality (c) be satisfied for an infinite duration of time we may apply the 
proof of Case I of our theorem, it being merely necessary to replace the true 
time ¢ by a fictitious time 7 consisting of those intervals of the true time after 
to during which inequality (c) is satisfied. We thus find that the infinitesimal 
body completes an infinite number of retrograde circuits during the time that 
p3R. Since 6’ <0 for p>R the presence of such intervals can not invalidate 
the conclusion. But on the other hand if inequality (c) is satisfied for only a 
finite duration of time after fo then since | @’| <1 the total angular displace- 
ment during this time must be finite and we may indicate it by y. But the 
duration of time after ¢) during which inequality (d) is satisfied must now be 
infinite and we may introduce a new fictitious time 7 consisting of these in- 
tervals of the true time after ¢) for which we have (d). Since inequality (a) 


holds throughout 7 and since we have by equation (b) p?>(G+4A)/(1—&) it 
follows by division of these two inequalities that 6’< —k. Now let 7, and 
72(t2>71) be any two values of 7 and let Aé be the increment of @ during the 
r interval 7; 57 S72. Then we have 


2 T 
- fied > f kdr 


— Ad> k(t2 — 71). 


Now being given an arbitrary positive number let us fix 7, and then choose 
T2=71+(20n+y)/k. Our last inequality then becomes —A@>272n+y show- 
ing that in the true time interval from ¢) to rz the body performs at least n 
retrograde circuits, it being observed that all motion in the 7 interval previous 
to 7, is also retrograde. The theorem is thus established. 

The next theorem has to do with motion of the infinitesimal body in fixed 
space. Let us set up in the plane of the motion a polar codrdinate system 
fixed in space having its initial line and pole coinciding with the position oc- 
cupied by those for the rotating plane at some instant ‘=0. Then the new 
vectorial angle ¢ = 0+ and ¢’ =6’+1. We may now prove 
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THEOREM XI. Jn every exterior orbit in which the infinitesimal body remains 
after a certain instant at a finite distance from the center of mass of the system 
it will thereafter perform infinitely many direct circuits in fixed space about the 
two finite masses. 


By Jacobi’s integral (5) and inequality (13) we have p?(1—06’?) >p? +p”? 
>p?. Also by Theorem VI we saw that —1<0@’<+1 or 0<1-—6’<+2 and 
these give p?(1+0’)>p?/2. Now by hypothesis there exists a positive con- 
stant R such that p<R for ¢>t. and we therefore strengthen our last in- 
equality when we write ¢’=1+0’>p?/(2R?). If 4; be any instant after fy 
and if ¢: and ¢» be the corresponding values of ¢, then by this inequality we 
have — ' 

- 1 pr Pi 
fova> J oR” or 1 — be > hh — &e)- 
Now being given an arbitrary positive number , we may choose t,=éo 
+42nR?/p? and our last inequality becomes ¢:— 0 > 27m, thus showing that 
in the interval from ¢p to ¢, the infinitesimal body performed at least n direct 
circuits in fixed space. Since is arbitrary the theorem follows. 

We have seen that the retrograde motion of the infinitesimal body in the 
rotating plane tends to exceed the direct by unlimitedly large amounts in 
sufficiently long intervals of time. We further show in our next theorem that 
the direct motion can not much exceed the retrograde in amy interval of time. 


THEOREM XII. In no portion of any exterior orbit can the direct angular mo- 
tion in the rotating plane exceed the retrograde by as much as one radian. 


Thus if the infinitesimal body enters a sector FGH of angle one radian and 
vertex at the center of mass G across its initial side FG, then it must next 
leave that sector back again across the same side FG. We strengthen in- 
equality (17) by writing 0’ < 3&’. Now let ¢; and & (2 >t) be any two instants 
and let 01, £1, 62, be the corresponding values of 6 and £. Then by our last 
inequality and by (18) we have 


4 %y 
6. — 0, = f Odi < rf t’dt = 3(& — &) <1, 
t ty 


1 


as we wished to prove. The implication in the theorem that the infinitesimal 
body must leave the sector FGH is of course justified by Theorem X. 

Under more restricted hypotheses the conclusion of the above theorem 
may be considerably strengthened as shown in the following corollaries. 


Coro.iary I. Under the hypotheses of Theorem IV or Theorem V and after 
the given instant the direct angular motion of the infinitesimal body in the rotating 
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plane may in no portion of the orbit exceed the retrograde by as much as } a 
radian. 

As proved in Theorem IV and Theorem V the quantity p’ is positive from 
the given moment on. Hence our inequality (18) may be strengthened to read 
0<£<-+1 and consequently } > }(&—£). Since we still have 62—6 < 3(—&1) 
we conclude at once that 6.—6,< } as we wished to prove. 

Coro.iary II. Under the hypotheses of Theorem 1X and on the sequence 
of orbits there defined, the angle FGH of the sector of Theorem XII may be so 
chosen as to approach zero with a principal part 2'/*C-!4, 

In the proof of Theorem IX we saw that after a certain moment we have 
P(t) <0. This together with the fact that p =p; enables us to write 


e<—/( 1+ 2k * 1 — 2k )sx 
p*\p—k+3 p—k—-3/- 

1 1+ 2k 1— 2k \}/? 
x -—( + cy 

Pi pi—k+ 4 pi—k—3 
Now following the method and notation of the proof of Theorem XII we see 
that here 4(—£1:) <K and since 02.—0; < $(—é:) we have at once 6.—0,<K. 
Thus the angle of the sector of Theorem XII need never exceed K after a 
certain instant, K being a constant for the orbit. If we take the sequence of 
orbits of Theorem IX having C and p; becoming infinite on the sequence, then 
the following equations hold: 








C ; 
lim —= 1, lim K*p? = 2, 
ae pr —- 


so that we have at once 
K 


lm ——— = 1 
iii 21/2C—3/4 
Since the angle of the sector FGH may be chosen equal to K the corollary is 


now established. 
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PERMANENT CONFIGURATIONS IN THE PROBLEM OF 
FOUR BODIES* 


BY 
W. D. MacMILLAN anp WALTER BARTKY 


1. Introduction. Two permanent configurations in the problem of three 
bodies have been known since the time of Lagrange, namely, the straight 
line and the equilateral triangle; each of these configurations exists whatever 
the masses may be. A complete generalization of the straight line configura- 
tion to ” bodies was given by F. R. Moulton, and some particular instances 
of other configurations have been given by R. Hoppe,{ Andoyer,§ and W. R. 
Longley,|| each of which contains some element of symmetry. 

In the present paper the problem of plane configurations (evidently, with 
the exception of the tetrahedron, there are no three-dimensional configura- 
tions) is removed from the field of differential equations to those of geometry 
and algebra by means of two theorems which hold for any number of bodies. 
The results of these theorems are used to give a complete and detailed 
analysis of the quadrilateral configurations of four bodies. It is evident that 
the method is applicable to any number of bodies. 

2. The differential equations. Suppose there are particles in the xy-plane 
which attract each other along the lines joining them according to any given 
function of the distance, but which, for simplicity, will be taken to be the 
inverse nth power of the distance. The differential equations, referred to the 
center of gravity of the system, are 


xf’ = — }'m;—— = — Dim; , 


Xin Xj cos 3; 
rz +1 rii* 


sin 63; 


. Fem Fi 
yi’ = “i= * = — Sm; 


if” +1 ri” 


or, in polar coérdinates, in which 


x; = 7; COS 8;, yi = 7, Sin 6;, 


* Presented to the Society, September 2, 1932; received by the editors May 16, 1932. 

t Periodic Orbits, published by the Carnegie Institution of Washington, 1920, p. 285. 

t Erweiterung der bekannten Speciallisung des Dreikirper problems, Archiv der Mathematik und 
Physik, vol. 64, p. 218. 

§ Sur V’équilibre relatif de n corps, Bulletin Astronomique, vol. 23 (1906), p. 50. 

|| Some particular solutions in the problem of n bodies, Bulletin of the American Mathematical 
Society, vol. 13 (1906-07), p. 324. 
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the equations are 


cos 63; — 6; 
itt — sj = igo, 
aT i 
(1) ' 
sin (6;; — 4) 


mn 
Vij 


r,6/' a 2r/ 6; aaa yom; 


In these equations 6;; is the angle which the line r;; makes with the x-axis. 
If there exists a configuration which moves like a rigid system with the 
angular velocity w, the mutual distances are all constants, say 


r=li, rig = Liz; 
and the angles are all linear functions of the time, say 
6, = 0 + ot, 05; = 04 + ot. 
The differential equations reduce to 


cos (0; —_ 6; ) 
dom, = 


= wl, 
Li” 


sin (0; _ 6 ) 


Dm; 
Li” 





(2) 





The left members of these equations are the components of acceleration of 
the particle m;, along the radius vector 7; and perpendicular to it, due to the 
attraction of all of the other bodies. Expressed in words these equations give 
the following theorem: 


THEOREM I. If a plane system of free particles, which is acted upon by no 
forces other than those of their mutual attractions, rotates about the center of 
gravity like a rigid system then the resultant acceleration of each of the particles, 
due to the attraction of all of the other particles, passes through the center of 
gravity of the system, and in magnitude is proportional to the distance of the 
particle from the center of gravity of the system; and, conversely, if there exists a 
plane configuration of n bodies in which the resultant acceleration of each 
particle passes through the center of gravity of the system and in magnitude is 
proportional to the distance of the particle from the center of gravity, then the 
system in this configuration can rotate like a rigid system. 


3. The possibility of Keplerian motion. The hypothesis of rigidity is 
stronger than is necessary, for the configuration is preserved if the system is 
altered in such a way that the ratios of the mutual distances are not changed; 
size and orientation being non-essentials. 
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Suppose one knows a configuration in which the resultant acceleration of 
each particle, due to the attraction of all of the others, is directed toward 
the center of gravity and in magnitude is proportional to the distance of the 
particle from the center of gravity, and equations (2), therefore, are satisfied. 

Let p and @ be new variables, and in equations (1) take 


ri = pli, rij = plii, 
0; = 6 + 6, 63; = 0; + 6. 


Equations (1) then become 


1 cos (0:69 — 0, 
lip’ — 1,0’? = — — Dom; il =, 
p” 


Li 
1;(p0’’ + 2p'0’) = 0, 
which, by virtue of equations (2) and removal of the factor /;, become 


La 19 w* 
p”” — po? = ——, 
p 
p0’’ + 2p'0’ = 0. 


These are the equations of motion of a particle which is attracted towards 
a fixed center by a force which varies inversely as the nth power of the dis- 
tance. Hence 


THEOREM II. If a configuration of n particles exists for which motion as a 
rigid system is possible, then each particle of the system can move just as though 
it were attracted toward the center of gravity by a force which varies inversely as 
the nth power of the distance in such a way that the configuration is preserved. 


If the law of attraction is the Newtonian law and the configuration is 
such that circular motion is possible, then motion in a conic section in ac- 
cordance with the laws of Kepler also is possible, the configuration being pre- 
served throughout the motion. 


PERMANENT QUADRILATERAL CONFIGURATIONS 


4. Vector equations. Given four masses, 1, m2, m3, m4, and the quad- 
rilateral of which they are the corners, Fig. 1. Let the line m,mz be ri, mom; be 
ro, etc.; let the diagonal mm; be r; and the diagonal mm, be r¢. Let a1, a2, a3, a 
be unit vectors parallel to 7, r2, rs, and r, respectively, taken as in the figure. 
The sides 7; and ; intersect in the point A, and the sides rz and 7, in the point 
B. Starting at m,, let a; be the distance along the line 7; to the intersection 
with the opposite side (the point A or B). The ratio a; is positive if this 
direction is the same as that of a;; otherwise, negative; and let 8; =a,;—1. 
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If Lis: is the line which coincides with the side 7;,; of the quadrilateral, and 
if I; is a variable vector with its origin at m;, and ¢; is a variable parameter, 
the vector equations of the lines Z;4; are 


A 





I, = tynnay + (1 — 4) Barsas, 
Iz = tereae + (1 — te) Brian, 
I; = tsrsa3 + (1 — ts)Ber2ae, 
I, = tarsag + (1 — ts) Barsas (8; = a; — 1,0; — Bi = + 1). 


(3) 


For certain values of the parameters ¢; the vectors J; coincide with the diag- 


onals of the quadrilateral. These values are 
Bi+1 1 . 
i= = , 1-t; = — , at the point miz2; 
Qi+1 Ai+1 


and therefore the vector expressions for the diagonals are 


1 1 
Ths = —[Beriai + Barsas], Is, = —[Bursas + Boreae], 
a2 as 


(4) ‘ ' 
Ing = —[Bsreae + Binas|, I = —[Birsas + Bsrsas\|. 
a3 a1 
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Of course, 
Tis + Is; = 0, Teg + Ip = 02 
Let M be the sum of the four masses, and let Gi, Ge, Gs, and G, be the 


vectors which represent the center of gravity of the system with respect to 
the masses ™, m2, m3, and m, respectively. Then 


MG, = moray + m3l13 — marsas, 

MGze = m3rea2 + males — myrai, 

MGs = mg4r3a3 + my I3, — moereae, 

MG, = myrsag + Moly. — mr; 
and the substitution of (4) in (5) gives 


1 


MG, [(cxome + Boms)riai + (Bym3 — agms)rias], 


ae 
1 

MG: —|(asms + B3m4)reae + (Bim, a3m,)riai|, 
az 


1 


a4 


MG; [(agms + Bymy)rsaz + (Bam, — aym:)reae], 


1 
MG, = —[(avm, + Bim2)rsas + (832 — cms)rsas). 
oa 


5. Relations among the a’s. From the triangle m,m,2B it is found that 


1 Bs 
r2a2 = —nai + —11a4, 
ae a2 


1 By 
1383 = — —a2 + —nai. 
a3 a3 


and similarly 


These values substituted in the equation 
r1@1 + roa + 73@3 + Tas = O 
give the equation 
1 
[(6283 + orcs)riai + (8x84 + a2as)rias] = 0. 
A2a3 


Since a; and a are non-collinear vectors, it follows that, if aa;~o, 


a1a2q + BoB: = 0, 


7 
@) aga3 + B38, = 0; 
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and, similarly, 


a3a4 + BsB, = 0, 
aya, + 8182 = 0. 
Only two of these relations are independent, for if the first and fourth are 
solved for a; and a, and the results substituted in the second and third, both 
equations are satisfied identically. 
From the differences of these equations one derives also 
Bias + Bras = — 1, 
281 = ass, Boas + Bsa, = — 1, 
a3B2 = as, Bsa4 + By, = — 1, 
Bsa + Biaz = — 


6. Relations between sides and diagonals. From the triangles m,mzms3, 
Bmm;, and Amzm; are obtained 


(7.5) 


re =r? +7? — 2nre cos (rire), 


agr? = Ber? + r? + 2Binire cos (rire), 
Ber? =r? + avr? — 2aerre cos (rife). 


The elimination of cos (7:72) between the first and second, and between the 
first and third equations, gives two expressions for the diagonal 7;, namely 


Bir? = a Bir? + aw? — afr, 
aers? = Bor? — arBer? + Bir?. 


Similarly, for the diagonal rg, 


(8) 


Bare = agr? + aBar? — afrZ, 


are = — aBy?t + Bir? + Bie. 


(9) 


The elimination of r;? between the two equations of (8), or r.? between 
the two equations of (9), leads, after some reduction, to the equation 


B2(Bir? + aor?) — Bs(Bar? + aur?) = 0, or 
a,(6ire + aor? ) iad a3(Bsr? + ay?) = 0, 
since the determinant 6.03 —a(, is zero. 
Since as and a, are expressible in terms of a; and az by means of (7), 


equation (10) is a relation between the six quantities r;, re, rs, 74, 1, 2. Re- 
garding the four sides and a; as given, this relation then determines a2, and 


(10) 
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then as and a, by means of equations (7). For this purpose equation (10) is 
most simply expressed as a cubic in 2, namely, 


la? rf? — Bir? ]B2* + la? Bi(r? a: r3) + a?r? — aBir? |p? 
os [a? (a1 + Bi)r? |e — ar? = 0. 

Thus if the four sides 7, - - - , 7, are given, there may be three quadrilaterals 
which have the same value of a:, but when a choice of these three has been 
made, 7;” and r,” are simply computed by means of (8) and (9). 

7. The resultant acceleration. The resultant acceleration of each of the 
particles m,, m2, m3, and m, in turn due to the attraction of the other three 
particles is 


(11) 


Me m3 4 
of mi, —na + —hs — —rnas = Ai, 
r\3 rs? ri 


m3 ms my, 
of mo, — rao + —Ing — —r1ai = Az, 
103 r3 r3 


ms, my, me 
of m3, — r3a3 + —Iz, — —Preae As, 
r;° rs° ro 


. my me m3 
of ma, — ra + — le — fas = Ay. 
"4 6 r3 


On substituting the values of J;; from (4) and using the notation 


1 
—=R,, 


r3 
these expressions become 


1 
A; = —[(a2Rime + BoRsms3)riai + (BsRsms ieee a2Rym,)rias |, 


ae 


1 
a3 
1 


a4 


As [(asRoms + B3Rem,)rea2 + (B:Rem, a a3Rim,)ria1], 


A; = [(asRamg + BaRsm)r3a3 + (B2Rsm, ayRome)reas |, 


1 
Ag = —[(aiRam, + BiRome)rias + (BsRom2 — aRsms)rsas |. 


a) 
In order that the resulting acceleration on each particle may pass through 
the center of gravity of the system and be proportional to the distance of the 
particle from the center of gravity, it is necessary that 


A: Ao: A3: Ag? £G1:Geo:G3:G.. 
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Let the factor of proportionality be MRo, so that 
A; — MR.G; = 0. 

Furthermore, let 
(13) R; — Ro = Si. 
Then, on multiplying equations (6) by Ry and subtracting from the cor- 
responding equation of (12), it is found that the conditions which are neces- 
sary for a permanent configuration are 

(a2S ime + BoSsms)riai + (BaSsms — a2Sams)riag 

(a3S2m3 + B3Sema)rea2 + (81Sems — a3S ym) ria, = 

(agS3mg + BaSsm)r3a3 + (B2S5m, — agSeme) rear 


(a,Sym, + B,Seme)riag + (B3S¢me —_ aS 33) 7383 = 


Of course the masses must be positive and, since 


M 
MR, aso & w, 
re 


Ro must be positive if the forces are attractive. 

8. The equations of condition. If the vectors ai, a2, a;, and a, are non- 
collinear, it is necessary that all of the coefficients in equations (14) vanish, 
and since, by (7), 


Bi+i ai 


(i = 1, 2, 3, 4) 


Qi-1 7 Bi 
(circular permutation of the subscripts), this requires that 
Sia2me + S;B2m3 = 0, Seaame, + S3Bem3 = 0, 
Seazmz + SeBsm, = 0, Ssagms + S4B3m, = 0, 
S3aqm,g + S5Bam, = 0, Seagms, + SiBym, = 0, 
Syaym, + SoBime = 0, Ssaym, + SoByme = 0. 


(15) 


In order to facilitate comparison, the equations in the second column have 
been circularly permuted once, that is, the last equation as derived from (14) 
has been placed first. 

These equations are linear and homogeneous in the masses. A comparison 
of the first equations in each column shows that, since the determinant must 
vanish, 


S183 = S556 ; 








846 W. D. MacMILLAN AND WALTER BARTKY [October 


and from the other equations, taken in pairs, it is seen to be necessary that 
(16) S1iS3 = SoS4 = S556. 


If these conditions, equations (16), are satisfied, the equations in the second 
column of (15) will be satisfied if the equations in the first column are satis- 


fied. 
The determinant of the equations in the first column is easily found to be 


A = S,S2S3Syararaz3ay — S5?S67B 1B 2838,, 
which, by virtue of equations (16), reduces to 
A = S1S82S3S4(aia2a3a4 — 81828384). 
From the first and third of equations (7) it is seen that 
G02 = — B28, 


Sy, - B4B1. 


Hence 
020304 = 81828384, 


and the determinant vanishes, if equations (16) are satisfied. Three of the 
masses can then be determined in terms of the fourth; for example, from (15) 


a, S Bs Sy 


9. The necessary condition. In order that the problem may admit a solu- 
tion other than the straight line solution, it is necessary that 


SiS3 = S254 = SsSe, 


(Ri — Ro)(Rs — Ro) = (Re — Ro)(Ra — Ro) 
= (Rs — Ro)(Rs — Ro). 


From these equations it is found that 
RR; — RoR, RR, — RsRe 
Rit Rs—R2—Re Ret Ri— Rs— Re 
RsRe — RR; 
 RtR—-R—-R 





(18) Ro 





and therefore 
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i te (Ri — Re)(Ri — Ra) a (Ri — Rs)(Ri — Ro) 

hn~h- kk 36-88 
_ (Re - Ri)(Rs — Re) _ (Ro — Rs) (Re — Ro) 
' £48 bh- wR B+ 8 
. &- R2)(Rs — Rs) _ (Rs — Rs)(Rs — Re) 
. £48-8-4 £8.48 eo 
:, (Rs — Ry)(Ra— Ri) (Ra — Rs)(Ra — Reo) 
Sc=By- Bex - 

L+h-h- KRW ~~ 
* (Ri — Rs)(Rs — Rs) a (Rz — Rs)(Rs — Ra) 
Rhth-R-k ht+h-h-k 











So = Ro ae Ro 


S3 = Rs; — Ro 




















Ss = R; - Ro 


= (R; — Re)(Re — Rs) a (Re — Re)(Re — Ra) 
R,+R3;—Rs—Re Rot+Ri—Rs— Re 


S¢ = Rs -— Ro 








From these expressions for Rp it is seen that if two pairs of opposite sides 
are given, Ry is determined uniquely except when the members of one pair 
are equal respectively to the members of the other pair. Suppose 7, 72, 7, 
and 7, are given and that the two members of the pair 7, 7; are not equal to the 
two members of the pair 72, r4. Then 

Ro _ RiR; — R2Ri/ Ri + R; —_ R2 x Ry, 
and, automatically, 
SiS3 = SoS4 = r, 


where J is some definite number. It is still necessary to determine the mem- 
bers of the other pair 7;, rs, which may be called the diagonals, so that also 


S556 = x. 


For this purpose the shape of the quadrilateral is available. 

Before going into this, however, it is desirable to take up the exceptional 
case first, the case in which equality exists between the members of the two 
given pairs of sides. 

10. Particular case, 7; = 12, r3= 1s. In the particular case in which 71:=r2 
and r;=17, it can be assumed that 7; 273, as this is merely a matter of notation. 
The relation 

SiS3 = SoS, 
is satisfied whatever Ry may be. Consequently Ry can be chosen so that 
SiS3 = SoS4 = S5Ss, 


that is, by using the second or third form of Ro in equation (18). 
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It is seen from Fig. 1 that, for this case, 


oe 718i, 


and 
—_ Fr rsB4, 


so that 
a, = — fi, a= — fi, Bs = — a, Bs = — %. 
Then, by means of equations (7), it is found that 
1 — a, Bs = — a, 
(20) 2 — a, Bs =1— a, 
a, — 1, Bs = a, — 2, 
and all of the a’s and 6’s are expressed simply in terms of ay. 
The expressions for the masses become 
ay S¢ a, Rs — Rs; 


mae = - om = 


Bi Ss SS yr 


m, 


(21) m3; = M1, 
2—a, S; 2—a, Rs; — Ri 


m. + —m, = m 
. a, — 1 Ss ; 1— aq Rs — R; 





1} 
and for the diagonals 

a? 2 — a)? 

r= sien 8 rs, re = (1 — a)(ri? — 7°). 
a;— 1 a,—1 
Under the assumption that r; 275, it is evident from the geometry that 
m—rSresnt ss, 

and, if p denotes the ratio of r; to 7, it follows from the above expression for 
re that 

— 2p/(1 — p) Sm S 2p/(1 +9) S +1. 
It also follows that a; =0 when the sides 7; and r, form a straight line; but 
this was already known from the definition of a. 

11. Conditions necessary for positive masses. In the particular case under 
discussion, mz is positive if m, is positive, which will be assumed. Starting 
with the maximum value of a, namely 

a, = 2p/(1+ p) £1, 


for which 7; vanishes and r,=r,;—r3, the ratio a:/8; is negative until a, 
vanishes and thereafter is positive, but the coefficient (2—a1:)/(1—a1) in m, 
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is always positive. Changes of sign in the masses mz and m,, considered as 
functions of a, and p, occur for the following critical values (compare (21)): 


+ a, 


a r5= 73 for which p = - > m2, = 0, 
( ) 5 3 p (3 — 3a, + a3)? 2 


(1 — a, -b ar”) 1/2 


2— a, 








=r, for which p= 
ay 


=r3 for which a; 


(e) re =r, for which a me 


The curves represented by these equations are shown in Fig. 2, in which 
a is the abscissa and p is the ordinate. The area in which m, is positive is 
hatched horizontally. The area in which m, is positive is hatched obliquely. 
Consequently both m2 and m, are positive in the area that is cross hatched. 
Any point in this cross hatched area leads to a real, positive solution of the 
problem, provided Rp» also is positive, as is actually the case. It is seen that 


there are two such areas that are not connected, and that one of these areas 
is sub-divided into two areas that are connected at the point a,=+1/2, 


p=+1 


ype co 


2e, 


SS 


S 
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p=1/3'. This point corresponds to the equilateral triangle in which r:=72 
=r;, and since r;=r¢, the fourth particle m, is at the center of the equilateral 
triangle. Three of the masses are arbitrary but equal, while the fourth is 
entirely arbitrary, and this is the only case in which the masses are not 
uniquely determined, if the quadrilateral is given. 

The condition that Ro =0 is 


RiR; — RsRe = 0, 
and this leads to the equation 
2a? — 4a; + 3 + (3(2a; — 3)(20, — 1))¥? 
a 2(2 — on)? | 





= 
The condition that Ro= = is 
Ri, + R3 — Rs — Re = 0. 


It can be expressed as an equation in p and a; but is too complicated to write 
down. Both of the curves Ro=0 and Ro=~ are shown in Fig. 3. The two 














Fig. 3 


curves intersect at the points 0, 0 and 1/2, 1/3'/?, both of which are conspicu- 
ous in Fig. 2. A superposition of Figs. 2 and 3 shows that Ro is positive every- 
where within the cross hatched area of Fig. 2. There are therefore two groups 
of solutions for the special problem in which 7;=72. In the first group a; is 
negative, and the quadrilateral is convex. In the second group 
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and the quadrilateral is concave. The masses m, and mz; are always equal, 
while mz and m, may have any positive values whatever. 

12. Resumption of the general case. Aside from the exceptional case in 
which two pairs of adjacent sides are equal, Ry is uniquely determined by the 
condition (§9) 

S:S3 = SoS =, 
assuming that 7, 72, 7; and 7, are given. The shape of the quadrilateral, how- 
ever, is still arbitrary, that is, a; is still at our disposal. After a, has been 
fixed az is determined by equation (11), which is a cubic in (2, and then ag 
and a, by equations (7). Hence rs and r, can be thought of as functions of a, 
and the point is to determine a; so that 


S556 =. 
From the first equation of (8) and the second equation of (9) are obtained 


a3f3 = + (a:Bir? + yr?” — Birs?)'/? = 01, 
and 


Bsrs = + (aire? + aiBir;? — Bir,?)'? = Qe. 
Using the first of these equations, it is found that 
— *3 + QO; Or Bars 


’ a;a=--) Ge WH eceeeweeeey 
Birs + Qi T3 Birs + 1 
ent. | — 
Burs + QO; Birs + en 
and from the second equation, 


Qe ” Burs 
airs + Qe airs + Qe 
— @f%3 r3 + Q2 


= —_; B =—,) B Ok an <i” * 
ars + Qs . T3 ‘ airs + Q2 


ag= 


B2 = Ba 


ae = 


Be 


On substituting these results in the second equation of (8) and the first 
equation of (9), the two following equations are derived: 


— Birs' + [a,?r12 + a(— ry? + re? — 73? + r4’) + (r3? oat r4) |rs? 
(22) + [ox?r12(73? - r,”) + ay (rs? = rq?) (r2? = r,?) | 
+ [on(r:? — ro? + 152) — 2rs?]rs01 = 0, 


and 
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+ aire + [a,2r,? + ai(— rr? —r? +r? — ri’) + re |re 
(23) + [- a,?(re" saa r3")r? + a(r? + r3?)(r2? - 13?) ~- (rs? = r?)re| 
+ [as(r2 —ret 16”) + (- re+ret+ re?) |rsQo = 0. 


If rationalized the first would be an equation of the eighth degree in r; and 
the second of the eighth degree in r,. These equations determine 7; and r¢ as 
functions of a; and the four sides 7, 72, 73, and 74. On substituting these values 


of r; and r, in the equation 
1 )( 1 1 
iw =) nth 
ré r? 


there is derived an equation which determines a. It is not practical to do this 
literally. One can determine a as accurately as may be desired from these 
equations by a series of approximations in numerical cases, but the process 
is laborious. 

13. Convex and concave quadrilaterals. Suppose that pegs are placed at 
each of the four masses. A string is passed around them and drawn taut. Two 
cases are distinguishable: 

I. The string touches all four pegs, and 
(a) no three pegs are in a straight line; 

(b) three pegs are in a straight line, but not four; 
(c) four pegs are in a straight line. 

II. The string touches only three pegs, the fourth being inside of the tri- 
angle formed by the other three. 

If the conditions of Case I(a) or I(b) are satisfied, the quadrilateral will be 
called convex. Case I(c) is the straight line configuration with which we are 
not concerned. If the conditions of Case II are satisfied, the quadrilateral will 
be called concave . 

In all cases at least three masses touch the string. Let these three masses 
in counterclockwise order be m, mz, and ms. If m, also lies on the string it is 
between ms; and m, and the quadrilateral is convex. If it does not touch the 
string it lies inside of the triangle formed by mi, m2, and ms, and the quad- 
rilateral is concave. This convention as to the masses eliminates duplication 
of cases that differ essentially in notation only. 

It is seen from Fig. 1 that the ratio 


ay) ai 

Bi ail 
is positive wherever the point: B on the line LZ; may be, provided it does not 
lie between m, and me, and in the interval mm: it is negative. In general, 
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% Qa ae 
(24) for convex quadrilaterals, ry —> 0, 


Be 
and 


Qa a2 a3 ae 
(25) for concave quadrilaterals, — —<0, —>0, —>0. 
B Be Bs Bs 


14. Admissible convex quadrilaterals. From equations (13), (15), and 
(16) one sees that in any solution of the problem 
Rg — Ro Qa) 
—_—_——— my, SE — 
Re — Ro Bi Re—R 
Ri, — Ro ae Re — Ro 
Rs; —_ Ro Be R3 — Ro 
Re — Ro a3 Rs — Ro 
——— m; = — — —— m 
Re — Ro Bs Ra — Ro 


me 


M2, 


3) 


R; — Ro ay Re — Ro 
a o See OE 
Bs Ri — Ro 


'= 45 


-— — m 
Bs Rs = Ro 
and 
(27) (R, — Ro) (Rs — Ro) = (Re — Ro) (Ra -_ Ro) = (Ro —_ Rs)(Ro lead Rg). 
First hypothesis: 7;>79. From their definitions it follows, if 71:>v70, that 
Ri < Ro; 


and since for convex quadrilaterals a;/8;>0, i=1, 2, 3, 4, and since the 
masses are necessarily positive, it is found from equations (26) that 
R,, Re, Rs, Ra < Ro < Rs, Reo, 
and therefore 
1, 12, 13, Te > To > Ts, Te; 

that is, each of the four sides is greater than ro, and each of the two diagonals 
is less than ro. This is a geometric absurdity for a convex quadrilateral, as is 
easily proved. Hence there are no solutions of the problem in which 7, >7o. 


Second hypothesis: 7; £79. This hypothesis merely reverses the inequal- 


ities of the first hypothesis, but includes the equality sign. Hence, in this case, 
11, T2, 73, Ta So S 75, 163 


that is, each of the four sides is less than, or, at most, equal to ro, and each of 
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the diagonals is greater than ro. Quadrilaterals of this type are geometrically 
possible. In order to show this, let 7) and 7; be given with 
ri < ro. 


Draw 7, as in Fig. 4, and let m, and m, be at its extremities. With m, and 








B, A, m, rs m, A; B, 
Fig. 4 


m2 as centers draw semicircles with the radius ro, intersecting at the point O. 
With O as a center draw the arcs a5; and dbz also with the radius ro. Since 


15 > To > fo, 


the mass mz; lies outside of the semicircle B,OA:2 and inside of the semicircle 
A,OB;; that is, it lies inside of the area OA2Be. Likewise, since 


76 > To > T4, 


the mass m, lies outside of the semicircle A,OB, and inside of the semicircle 
B,OA;; that is, it lies inside of the area OA,B,. The possibilities are further 
restricted by the fact that 7;, which is the line joining ms and my, also is less 
than ro. Hence m; must lie inside of the area Oazbs, and m, must lie inside of 
the area Ob,a;; and the distance between m3; and m, must be less than fo. 

A quadrilateral will be called an admissible quadrilateral if, for properly 
chosen masses, it can form a permanent configuration. With this definition 
we can state the following theorem: 


THEOREM. For every point m; in the region Odzbe there exists one and only 
one point m, in the region Ob,a, which together with the points m, and mz forms 
an admissible convex quadrilateral; and for every point m, in the region Ob,a, 
there exists one and only one point m; in the region Odzb2 which together with the 
points m, and mz forms an admissible convex quadrilateral. No such points exist 
outside of the areas Ob,a, and Oazby. 
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Let m; be taken anywhere within the area Oa2be. With ms as a center and 
a radius fo describe the arc pq intersecting the arcs Oa; and Ob, in p and g. Any 
point m, which lies in the area Opq together with m, m2, and mz, will form a 
quadrilateral which satisfies the inequalities 


Yi, T2, 13, Ta <r1< 1s, T6- 


It remains to show that there is one and only one such point at which the 
equalities 


(28) (Ri — Ro)(Rs — Ro) = (Re — Ro)(Ra — Ro) = (Ro — Rs)(Ro — Reo) 


also are satisfied. The quantities Ro, R:, Re, and R; are given by the assumed 
data. 

All of the factors which occur in (28) are positive in the area Opg. With 
ms; as a center and a radius p, such that 


Om; S p S 0, 


describe an arc of a circle which cuts Op at the point s and Og at the point t. 
Imagine the point m, lying on this arc st and moving from s to ¢. The factor 
(Ri— Ro) is positive at s, decreases steadily, and vanishes at ¢, while the factor 
(Ro—Rg) vanishes at s, and, increasing steadily, is positive at ¢. Hence there 
exists one and only one point p on st at which the equality 


(Re — Ro)(Rs — Ro) = (Ro — Rs)(Ro — Re) = Ap) 


is satisfied. This is true for every value of p, and the locus of p as p increases 
is a certain curve C which passes through the point O and cuts the arc pq 
in some point w. It is evident that A(p) vanishes at O. Its derivative with re- 
spect to p is 


dx dR, dRg 


(29) és = (R2 —- a = — (Ro — ad’ "5 7 


Since R;=1/r, 


dR, dRgs 
—>0 and — <Q, 
dp dp 

and therefore 


dx 
—>0, 
dp 


as the point » moves along the curve C, at O. Regarding 7, and 7¢ as bipolar 
coérdinates of the point p , it is seen that dr, and dr, cannot both vanish, 
since the point ~ does not lie in the line which passes through m, and mz. 





856 W. D. MacMILLAN AND WALTER BARTKY [October 


Therefore dR, and dR, cannot vanish simultaneously, and since (Re— Ro) and 
(Ro—R;) are constants, it is seen from (29) that neither can vanish, and 
therefore d\/dp is always positive. Hence the value of X increases steadily 
from zero at O to some positive value at u. 

On the other hand the value of (Ri—Ro)(R;— Ro) is positive at O, de- 
creases steadily, and vanishes at wu. Hence, for a given ms, there exists one 
and only one point m, on the curve C, and therefore within the area Opg, at 
which the equalities 


(Ri — Ro)(Rs — Ro) = (R:2 — Ro)(Rg — Ro) = (Ro — Rs) (Ro — Rs) 


are satisfied. 


The first half of the theorem as stated is therefore established; and the 
second half follows from symmetry. 





Fig. 5 
f= 15. The ratio of the diagonals. Instead of drawing the diagram’with r; and 
ro as the fundamental lines, let 7; and ro be used (75>7r0). In Fig. 5, let m, and 
m; be the end points of r;. With each of these points as a center draw circles 
of radius ro intersecting at the points O; and O2. With the points O; and O: as 
centers draw two more circles with the radius ro. These last two circles pass 
through m, and m; and intersect the arcs O,O, in the points fy, 91; 2, and qe. 


Since for all admissible quadrilaterals 
Y\, To, 73, 74 ~ 3 To s 15, 76, 


it is seen that m, lies in the area O,f.9:, and m; lies in the area Ospogo, and it 
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can be shown, just as before, that for every m, in the area O,fiq; there exists 
one and only one m, in the area O2foqg2 which, together with m, ms, and m,, 
forms an admissible quadrilateral. Similarly, for each mz in O2poq2 there is 
one and only one m, in the area Oipiq1. 

It is evident that if 7» is kept fixed, and 7 is increased, the areas O;.q; 
shrink and for a certain value of 7; are reduced to two points. For larger 
values of 7; admissible convex quadrilaterals do not exist. 


From Fig. 5 is obtained 
Ts 2 0:02 2 
(2)+(*A) = 
2 2 


But since 0,0, >r¢=1ro, it follows that 


r5 S37, and re S 379; 


therefore 
=> 3276, and T= 31275, 


Whence the 


THEOREM. The ratio of the diagonals of an admissible convex quadrilateral 
lies between 1/3? and 3". 


This theorem is a generalization of Longley’s theorem for the rhombus. 

16. Limitations on the interior angles. There is a corresponding limitation 
on the magnitudes of the interior angles of an admissible convex quadrilateral. 
It is evident from Fig. 5 that the interior angle at m, 2m, is less than the 
angle O,m,0;; and that the maximum value of this latter angle is had at the 
limit 7; =7o, in which case it is 120°. Hence 


Z m, S 120°. 


From Fig. 4 it is also evident that the 2m, is greater than the angle 
Ommz, and that the minimum value of Z Omm, is had for the limiting value 
r,=r in which case it is 60°. Combining these two results, we have 


60° = Z m S&S 120°. 


The same inequality holds obviously for Z m2. On interchanging the rdle of 
m, and m,, and m; and mz, it is seen that the same inequality holds for all of 
the interior angles. 

THEOREM. Each of the interior angles of an admissible convex quadrilateral 
lies between 60° and 120°. 


By a similar method, using Fig. 5, it can be shown that we have the 





858 W. D. MacMILLAN AND WALTER BARTKY [October 


THEOREM. Jn any admissible convex quadrilateral the diagonals divide each 
of the interior angles into two angles each of which is less than 60°. 


17. Admissible concave quadrilaterals. If r; <7, it is found from equations 
(25) and (26) that 


13, Ta, %6 > To > 1, a, 15 


which is geometrically impossible for a concave quadrilateral. 
If 7;270, the inequality signs are reversed and the equality sign is added. 
Hence a necessary condition for admissible concave quadrilaterals is that 


(30) 13, %4, 76 S To < 11, 2, 15. 








0, 
Fig. 6 


The possibility of quadrilaterals of this type is shown in Fig. 6. Let mm, 
be r:. With m, and mz as centers draw circles of radius ro. Since r4+17¢62 112 10 
and 7%, 76<7fo, it is seen that 


Let these two circles intersect in the points O and O,. With O as a center and 
a radius equal to ro draw the arc EPF. 
On account of the inequalities (30) and the adopted conventions (§13) 
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it is evident that m, must lie in the region 7; or T2, and ms; must lie in S, or 
S,. An argument similar to that used in $14 shows that if m, is any assigned 
point in 7,+ 7, there exists one and only one point m; in the region S$,+5;; 
but for any assigned point m; in the region S,+.S; there exists one and only 
one point m, in the region T7;+ 72+ U, at which the equalities 


(Ro = R)(Rs ane Ro) - (Ro = Ro) (Ry —_ Ro) 


(31) 
= (Ro — Rs)(Re — Ro) 

are satisfied. All of the factors in (31) are positive if m; and m, lie in the as- 
signed regions. One sees from the last equality, if r2<7;, that rs<r.¢, and there- 
fore if m, lies in 7, ms lies in S;; and if my, lies in T2, mz; lies in S:. Notwith- 
standing the fact that for all admissible concave quadrilaterals m, lies in 
T,+T>2 and ms; in S,+5S:2, it is not true that all quadrilaterals which satisfy 
this condition are concave. There exist convex quadrilaterals for which m, 
lies in 7,+T72 and ms; in S,:+S2 for which the equalities are satisfied, but for 
all such convex quadrilaterals at least one of the masses is negative, as was 
shown in $14. This means that the regions S;+5S, and 7,+7> are not suffi- 
ciently restricted. A plane concave quadrilateral cannot change in a contin- 
uous manner into a convex quadrilateral without passing through a configura- 
tion in which three of the corners lie in a straight line, and the curves on 
which this happens pass through the regions 7), 72, S:, and S:. Since the 
masses are all positive for the concave quadrilaterals and at least one of the 
masses negative for the convex quadrilaterals, it follows that at least one of 
the masses vanishes on the boundary. 

There are three of these bounding loci: 

(I) my, lies on the line m,mz, 

(II) m, lies on the line mms, 

(III) m, lies on the line mem. 

The two dynamical equations (31) must be satisfied in all cases, but the 
geometric equations (8) and (9) take different forms in the different cases. 

Case I. m, lies between m, and m:. One finds readily under this condition 
that 


and the geometric equations (8) and (9) reduce to the two equations 
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r=rt+ T6, 
rts? = rere? + rors? — rirare. 


Thus between the five quantities 72, 73, 74, 75, and r¢ there exist four rela- 
tions. One can imagine rs, 75, and 7. eliminated between these four equations, 
leaving a single relation which defines the locus sought by means of the bi- 
polar coérdinates rz and 7. Actually it is not practical to do this, and one 
must resort to methods of successive approximations in numerical cases in 
order to obtain points on the curves. It should be noticed that these curves 
depend upon the ratio 7,/r:, and therefore cannot be drawn once for all. 

It is easy to solve the equations if m, coincides with either of the points 
A or B of Fig. 6. The following are the results: 


ata, nm=rz eV 47h ~~ fe 
9 9 9 
rs = 7," — riF9 + 70°; 

at B, 73 = 7% =1% =o, 1. = 711 — 10; 


° 
re” 7)" = We + ro. 


At the point Q), a fairly simple solution can be obtained, since 


r, = 2rg = 2rg, 
and the necessary equations reduce to 
(Ro — Ri)(Rs — Ro) = (Ro — R2)(8Ri — Ro), 
ro? = 732 + Ir’, 


Let r; =n, so that 7 = (A?+4)r?. Also, if one takes \-* = a and (A2+4)-3/2 
=b, then 
R; = aR, Ro = AR, 
and 
7+b-a 
1= ———— Rp. 
8b —a 

In order that the inequalities r>5 <7, <2r; may hold it is readily found that 

FFP > A> 1. 


The following table shows the values of the various ratios if m, is at the 
central point Q. 
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TABLE I. VALUES OF THE RATIOS AT Q 


13 12 


ro To 


. 8667 .000 
.8620 .000 
. 8536 .006 
8445 .015 
.8365 .028 
.8326 .041 
.8326 .056 
.8329 .063 
8333 .070 
8357 .080 
.8376 .090 
. 8408 .102 
. 8456 .116 
. 8504 131 
. 8584 151 
.8679 173 
. 8807 . 200 
. 8989 . 236 
.9214 .278 
.9532 3314 
1.0000 .4141 
.8325 .055 
. 838 .090 
852 134 


85 
. 80 
75 
.70 
65 
64 
.63 
.62 
61 
.60 
.59 
.58 
.57 
.56 
3S 
54 
.53 
.52 
51 
.50 
By interpolation 


ll cel cee EE ee ee 
° ° . . e . ° ° . . . . . . . . . ° e . . . ° . 
ee ee ee ee ee ee ee ee ee eee 


The following table gives values of the ratios on this curve for 7; =1.5ro. 


r/o r/o r:/To r;/To 
1.323 1. 4. 

1.301 . 960 .950 

1.250 .923 .900 

1.195 .863 . 800 

1.134 .852 . 750 


Case II. m, lies on the line between m, and m;. In addition to the dynam- 
ical equations, the geometrical equations are 


rs= 13 + ra, rere = rare? + rari? — rerers. 
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Two points on the curve, the two end points, are easily obtained, viz. : 


(a) to = 73 = 16 = 1, = 14+ 1, re t+ rore tr? = ri’; 


(b) r3 = 1, = 6 = fo, rs = 2fro, ro? = 4r.? — r;?. 


Since r2=ro, (30), it follows that the point b is not real unless 7, <3"? ro. 
That is, Case II offers no restriction on the areas 7; and Si, if 7, >3"/? ro. 
The following table gives the values of the ratios at three points on this 
locus for 7;=1.5 ro. 
12/0 r3/To r./To r6/To 
1.000 1.000 .725 1.000 
1.135 .950 .900 .958 
1.323 1.000 1.000 1.000 
Case III. m, lies on the line between m2 and ms. This case is symmetrical 
with Case II and gives the loci which pass through and restrict the regions 
Se and To. 
Fig. 7 shows the reduced areas S,, S2, 7,, and T2 for the case r;=1.5 ro. 





— 





my 
Fig. 7 


18. Isosceles trapezoids. In case the convex quadrilateral is a trapezoid 
with 7; parallel to 7, 


a, = Bi = a3 = Bs = ©; 
and 
Md — Bs, ay = — Bo. 


If the trapezoid is isosceles, one has also 
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72 = 7, T5 = Te, 


ry 3 
ag = ’ Bo = 

1; — 13 7 
The second equation of (8), which is geometrical, reduces to 
(32) rs? = rirs + 12’. 
The dynamical equation (31) becomes 
(33) (Ri — Ro)(Rs — Ro) = (Re — Ro)? = (Ro — Rs)”, 
from the last equality of which it follows, on extracting the square root, that, 
since 72<19<7r5 by §14, 
(34) Re — Ro = Ro — Rs > 0, or 

R, + R; = 2Ro. 


A parametric solution of equations (32) and (33) can be obtained as fol- 
lows. Define the parameter «x by the relation 
(35) re = x(rirs)"/?, 
and it follows from (32) that 
(36) re = (1 + x*)"?(rirs)'?; 
also (34) becomes 
(37) a. A{x3 + (1 + ¢2)-3?}, 
(R,R3)!/? 

From the first equality of (33) is obtained 

RiRs — (Ri + Rs)Ro = Re? — 2R2Ro, 
which becomes, on using (35), 

(1 — «-*)RiRs + 2«-*Ro( RiRs)'? — (Ri + R3)Ro = 0, 


(1 — x) + Pe a... — (=+ ne) = 0. 
(RiRs)'? \Ri Rs 


Then, by means of (37), 


Ro Ro 
(38) (1 — a) Faert[e + (1+ e)97} — & * a = 0. 
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From (37) and (38), it is found that 


Ro Ro 
Ri Rs 
2Ro 
(Ri R;)!? 


=14+ «(1+ e)3%? =1+4 ab, 


=c4+ (14+ 2)72=4a45, 


where 
a=«, b= (14+ «)-3”, 


The solution of these equations is 


r? = }[1 + ab + ((1 — @%)(1 — &))'?]r0°, 


(39) 
rs = 3[1 + ab F ((1 — a®)(1 — 8*))?]n,°, 


and adding 
a+ b\}4 
= (7,73) = ( ) To, 
2a 
a+b 


1/3 
rs (1+ eye nrgee = ( ) re, 


a=, b= (1+ 4)-8, 


the parametric representation is complete. 
A table of values of the ratios of ro, r2, and 7; to 7; is given in the table be- 
low. 


TABLE IT 





rofr, |  wa/n 








1.0000 .0000 
. 9556 . 1968 
.9370 . 3002 
.9246 . 3831 
.9160 4555 
.9106 .5224 
. 9082 . 5867 
.9091 .6515 
.9146 .7212 
. 9289 . 8043 

1.0000 1.0000 


m & DN 
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865 
A diagram, given in Fig. 8, shows that as x increases from 1 to © the 


trapezoid changes continuously from a square to an equilateral triangle. 
The two following theorems are evident: 


c=} 


K= 1.04 


_*=1.26__ 





1 | 
\ H 
\ 
\ i 
\ 3 
\ i 

\i 
\i 
\ 
\! 











Fig. 8 


THEOREM. There exists one and only one isosceles trapezoid for given values 
of ro and 73. 


THEOREM. There exists one and only one isoceles trapezoid for a given value 
of an interior angle, provided this angle lies between 60° and 120°. 


The mass ratios. From equations (17) it is found that 


For the trapezoid, however, 
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a a3 
—_— = CU a :, 
Bi, Bs 
and, since R= R, and R;= Re, equations (19) show that 


So = S4 = = ae 


hence 


m, = me, and m3 = my. 
Also, from (17) and (7.5), 
Ms Bs AY 


my Bi Se 
For the isosceles trapezoid —a4=2; hence 


ms m3 ae S) rT) S 


me m, Be Sy rg Se 


which by virtue of (33) becomes 


(= . (= rf — “) 
Wl) 3\S3 r, ré —r? 


For r;=0 this ratio vanishes. As 7; increases, both fractions of the radicand 
increase and have the limit unity. Hence as the trapezoid changes from the 
equilateral triangle to the square, the ratio ms/m, increases steadily from zero 
to one. Hence 


THEOREM. For every m,=m2>0 and m;=m,>0, there exists one and only 
one isosceles trapezoid configuration. 


19. Quadrilaterals in the neighborhood of isosceles trapezoids. On return- 
ing to Fig. 4 with the assumption that 73 <7o, it is seen that in any given dia- 
gram, that is, 7170 given, there exists one and only one isosceles trapezoid 
point in each of the regions Oa,b,; and Oaebs, and each of these points is the 
reflection of the other in a plane P which passes through O and is perpen- 
dicular to 7. For other admissible quadrilaterals m, lies in or on the boundary 
of Oa,b, and m; within or on the boundary of Odzbe. 

Suppose m, approaches the boundary Oa, and that r:<7,; then Rs ap- 
proaches Ro, and on account of the dynamical equations 


(41) (Ri — Ro)(Rs — Ro) = (Re — Ro)(Ra — Ro) = (Rs — Ro)(Rs — Ro), 


R; also tends toward Ro and so also does Ry, provided m, is not approaching 
either of the points O and a. That is, if m, approaches the arc Oa, (end points 
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excepted), the point m; approaches the arc Obs, and if m, is on Oa, the point 
ms; is on the arc Obe, and r2=rs=75=179. The points m2, m3, and m, form an 
equilateral triangle and the mass m, vanishes. Now let m, move along the 
arc a,O toward the point O. The point m; simultaneously moves along the arc 
Ob, toward the point be. If the point m, is at the point O, the point m; may be 
anywhere on the arc bea2, which, extended, passes through m,. Thus m, me, 
and m; lie on the arc of a circle whose center is at m,. The corresponding three 
masses are all zero unless m; is at the end points a or be. 

Now let the point m, move along the arc Ob;. The point ms; simultaneously 
moves along the arc a,0. The triangle m,m.m,; is equilateral, and the mass 
mz is zero, and so on. It is seen that as m, moves around the boundary of its 
region counterclockwise, m; also moves around the boundary of its region, 
but in a clockwise direction; and throughout all of the motion 7; is constant 
and equal to ro. 








Fig. 9 


If m, and mz; are permitted to move in their respective regions but subject 
to the condition that r;<ro is constant, it is found that each point traces a 
closed curve in its own region and that each of these curves is the reflection 
of the other in the plane P, Fig. 9. Thus there is a family of curves 73 =C <7. 
These curves shrink in length as the constant C diminishes; in fact, they 
shrink down upon the isosceles trapezoid points as a limit (for the proof see 
§21). Consequently, the smallest possible value of 7; for given values of ro 
and 7; is that one which belongs to the isosceles trapezoid. 


PES 


= 
et 
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5, 


7 = = ry 
+e 


ra 
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20. Conjugate curves. If the point m; of an admissible quadrilateral de- 
scribes a curve in the region S3, m; and m2 remaining fixed, the point m, of the 
admissible quadrilateral also describes a curve in the region S,. Suppose these 
curves are reflected in a plane which passes through O, Fig. 4, and is perpen- 
dicular to 7:; then if m; moves along the reflected curve in S;, m, will move 
along the reflected curve in S,. These curves are conjugate curves. Do there 
exist conjugate curves that are unaltered by reflection? The answer is in the 
affirmative since the curves 7; = const. obviously are of this type. Such a pair 
of curves are self conjugate. Let C; and C, be the members of a self conjugate 
pair; that is, C; is the reflection of Cy, and conversely. If ms lies on C; at a cer- 
tain point p, m, lies on C, at a certain point 7. The reflection of z lies on C; 
and will be denoted by #; then p and # are conjugate points on C3. 

Since 


(41.5) (Re —_ Ro) (Ra —_ Ro) = (Ro = Rs)(Ro —_ Rs) 
for every admissible quadrilateral, and since for conjugate points R,= Rz 
and R= R;, it follows that on every self conjugate curve 


(Re = Ro)(R2 = Ro) = (Ro —_ Rs)(Ro = R;). 


Since 
7; = T6, To = 1%, and ™% = To, 


for the reflected quadrilaterals, equations (8) and (9) give 
are = — apr? + Ber? + Bir?, 


Bir? = + aBir? — agr? + anr?, 


and the sum of these gives the relation 
(42) arse + Bir? = — (a3 + Bs)r? + (8:7? + air? ), 
which holds at the conjugate points p and p. If p and # tend toward coinci- 
dence, 7; tends toward parallelism with 7, and in the limit a, 6;, a3 and 6; are 
infinite; but 
lim (a@3/a;) = B3/a; = ri /fs, lim (6:/a,:) = + 1, 
so that, when the two points coincide, equation (42) becomes 
re=rnrmtr?, 
and equation (41) becomes 
(Re — Ro)? = (Ro — Rs)’. 
Since these are the equations which define the isosceles trapezoid points, it 


follows that every self conjugats curve, on which the conjugate points have a point 
of coincidence, passes through an isosceles trapezoid point. 
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As an example of a self conjugate curve of this last type consider the locus 
of positions of m; for which 


Ry — Ro = Ro — Rs. 


From the dynamical equation (41.5) it follows that the conjugate curve is 
defined by the relation 


(Rs — Ro) = (Ro — Ro), 


which is the reflection of the locus for ms. Hence these curves are self con- 
jugate and they all pass through the isosceles trapezoid points. The curves 
for which r;=const. are self conjugate, but they do not pass through the 
isosceles trapezoid points. They are closed curves which contain the isosceles 
trapezoid points in their interiors. 

21. Power series solutions in the neighborhood of isosceles trapezoids. 
In order to investigate the properties of the self conjugate curves r;= const. 
near an isosceles trapezoid point, a power series expansion of the solutions of 
the geometrical and dynamical equations will be useful. 





r) 





my 
Fig. 10 


Consider two points m;* and m,* of a solution which is near the isosceles 
trapezoid points m; and m, which are associated with the trapezoid 1, r2=1., 
13, f5=1¢. Let the point m;* be defined by the polar codrdinates p;, 0; with 
origin at m;, the polar axis being the line m, to m;. Likewise let the point m,* 
be defined by the polar coérdinates p,, 0; with the same polar axis but with 
origin at m4, Fig. 10. Let nr, ro*, rs*, re*, rs*, and r¢* be the sides and diagonals 
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of the quadrilateral associated with corners m, mz, m;*, and m,*. Let a be the 
angle between 7; and 7,, and 6 the angle between 7; and r¢. Then 
(rz + pP3 COS 63 — ps4 cos 64)? + (ps sin 63 — sin 64)”, 
= r? a pe — 2reps cos (03 + a), 
r? a pe a 2ropa cos (04 —_ a), 
re + pi + 2rsp3 cos (05 = B), 
= re + pe — 2rsps cos (04 + B). 
Since the point m, is uniquely defined if m; is given, it follows that p, 


vanishes if p; vanishes. If these values are substituted in the dynamical 
equations (41), bearing in mind, of course, that 


R¥ = 
and the equations are then expanded in powers of p; and p, there result the 
two equations 


— 3(R; — Ro)R 
(Ri : “(pe Con Os — po con &) + --- 





r3 


3(Re — Ry) R 
A. beat. tne th +0 ~ atthe) + --- 





(44) 


Te 


_ 3(Ro — Rs)Rs 


Ts 


(ps cos (8; — B) — pacos(@,+8))+---, 


the terms independent of ps; and p, vanishing by themselves, since they be- 
long to the isosceles trapezoid solution. The solution of the linear terms of 
these equations gives as a first approximation to the complete solution 

Ps = P, 6, = — 43. 


For further development let two new variables « and \ be defined as follows: 


Pa — P3 
=«pt+p?+---, 
P3 
A= 6;+ 64 =Aptrxe?+:--, 


p3 = Pp, 6; = 6, 


(45) 


since x and X are evidently expansible as a convergent power series in p, 
the coefficients being functions of #. With these variables, p, 0, x, A, the expan- 
sion of the first equation of (43), up to and including terms of the second 


degree in p, is 
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(46) r#? = r? + 2r3(— px cos 0+ pdrsin 0) + 4p? sin?O@+.---; 


and similar expansions can be obtained for the remaining sides and diagonals. 
When these expansions are substituted into the dynamical equations (41), 
not only the terms independent of p are satisfied by themselves, but the 
linear terms also. Since x and A occur only in terms of at least the second de- 
gree in p, x, and X, each of which contains p as a factor, the factor p can be 
divided out, and there remain the two equations 


(Ri — Ro) Rs 
T3 
R.—R 

a ALA APE] — nos (0 + 0) + sin (06+ a) — 


ro 


: 2p sin® 6 
kcos 86 — Asin #8 — +---| 


T3 





p(1 — Scos? (6+ a) 


T2 


R? 
— 3— pcos? (9+a)+--- 
re? 


(47) 
- ee x cos (@ — 8B) — Asin (@ — B) + 


Ts 





p(1 — 5 cos? (6 — a) 
5 


R? 
— 3— pcos (0@—A)+-:-:-. 
rs? 


These two equations can be solved for x and \ uniquely as a power series 
in p, as indicated in (45), provided the determinant of the coefficients of x 
and J is different from zero. This determinant is 


— Ro — R;)R2R R, - - 
(Re — Ro)(Ro 5) Re S in (a + B) + ( Ro)(Ro — Rs) RsRs si 
Tels r31s 


(Ri — Ro)(R2 — Ro) RsRe , 
+ si 


1372 








np 





n a@. 


In §16 it was shown that 60°<a<120° and B<60°. Consequently a+8 
<180°, and all of the terms of the determinant are positive. It cannot, 
therefore, vanish. The coefficients in the expansions of equations (45) can be 
computed, but, for the sake of brevity, the computations will be omitted. 
They are found to be periodic functions of 6 with the period 27, a result that 
could have been anticipated from the geometrical relations between the con- 
jugate points. If these expansions are substituted in (46), and the coefficients 
simplified by simple trigonometric relations between the sides and angles of 
the trapezoid, it is found that 


Sos 


Se 


i 
St 


rs 
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rf =r3+0-p 
r3(SRo— 2R2) cos? (0+a) +r3(5Ro— 2Rs) cos? (@—B)+2r:(R2— Ro) sin? 6 P 
p 
R3(Ri— Ro) (RF +R?)+rirs(R2—Ro) 





(48) + 


desea, 


From the relations between the sides and diagonals of admissible quad- 
rilaterals, §14, and equation (34), it follows that all of the coefficients in 
equation (48) are positive. Therefore for values of p different from zero r3* 
is greater than 73. This establishes analytically the limit property of the isos- 
celes trapezoid points discussed in §19. 

The locus of m;*, for r;*=const., up to terms of the second degree in p, is 


p?[r3(SRo—2R2) cos? (@+a)+1r3(5Ro—2Rs) cos? (@—8)+27r,(R2— Ro) sin? 9] 


+--+ = aconstant. 


The expression within the bracket is a homogeneous quadratic function of 
sin @ and cos @ that does not vanish. Therefore for p sufficiently small the self 
conjugate curves r;=const. are approximately ellipses with centers at the 
isosceles trapezoid points. The conjugate ellipse described by m,* is, of 
course, the reflection of that described by m;*, but if m;* moves in its ellipse 
clockwise, m,* moves in its ellipse counterclockwise, so that the position of 
m,* in its ellipse is not the reflection of m;* in its ellipse. 

22. Masses associated with admissible quadrilaterals. It was shown in 
§$§14 and 17 that the ratios of the masses which are associated with a given 
admissible quadrilateral and a given ro are uniquely determined by equations 
(26). Indeed, if the six sides of the quadrilateral are given, ro itself is uniquely 
determined by equation (18), unless all three of the expressions for Ry take 
an indeterminate form, and this can happen only if 


R, = Re = Rs and Rz = Ry = Ro, 
rT, = fo = rs and ro = 14 = Fe. 


In this case ro is entirely arbitrary; the masses mm, m2, and ms; are equal and 
lie at the vertices of an equilateral triangle; the mass m, is arbitrary but it is 
placed at the center of the equilateral triangle which is formed by the other 
three masses. 


THEOREM. Associated with each admissible quadrilateral there is one and 
only one set of mass ratios, with the single exception of three equal masses at the 
vertices of an equilateral triengle and a fourth arbitrary mass at the cenier of 
gravity of the other three. 
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With one exception, if an admissible quadrilateral is given the mass ratios 
are uniquely determined. If the masses are given, does there necessarily exist 
an admissible quadrilateral for them, and, if so, is this quadrilateral unique? 

Consider first convex quadrilaterals for which the condition 


rm >rm>0 


holds, and suppose 7o is given. For every position of m; in the region Oasbe, 
Fig. 4, there exists one and only one position for m,, and that position lies in 
the region Ob,a;. The mass ratios mm: m2:ms:m, can be regarded as functions 
of the position of ms, for both the mass ratios and the ratios a;/8;, i=1, 2, 3, 4, 
are continuous single-valued functions of the position of m;. The ratios 
a; 
— =0, or (i = 1, 2, 3, 4) 


i 


implies that at least three of the bodies are in a straight line. Hence it is evi- 
dent from Fig. 4 that for every 7:~0 that is less than ro the ratios a;/8; have 
a positive finite upper bound and a positive non-zero lower bound. If ms; 
approaches any point on the arc Ob, (the point O itself excepted), the ratio 
m,:m2 approaches 0:1, by equation (27). If ms approaches any point of the 
arc Oa: (the point O again excepted), the ratio mm: m2 approaches 0:1. There- 


fore there exists a curve C; which starts at O and terminates on the arc dab2 
on which the ratio m,:m2=ky is an arbitrarily given positive constant. 

As m; moves along the curve C3, the point m, moves along a certain curve 
C, in the region Ob,a,. If m; approaches O on C; the point m, approaches a 
definite point on the arc a,b,, and the ratio m;:m, approaches 1:0. If ms ap- 
proaches the arc deb: along the curve C;, the ratio ms:m, approaches 0:1. 
Hence there exists a point on the curve C; at which m3: m,= ky, an arbitrarily 
given constant. Hence 


THEOREM. For every ro and 1, such that ro>1r;>0, there exists at least one 
admissible quadrilateral for which 


my, m3 
—-. ki and — = Rsa, 
me ma 


where ky. and kz, are arbitrarily given positive constants. 


From the symmetry of the figure, it follows that for every r3<1ro there 
exists an admissible quadrilateral for which 
my 


m3 
— = hie and — = kaa. 
me ms 
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Now consider the series of admissible convex quadrilaterals for which 


my, m3 
— ky and — = ks, 

me ms 
as, ro remaining fixed, 7, tends toward zero. It follows immediately from the 
geometry of the quadrilateral, Fig. 1, that as 7; tends toward zero, 7; tends 
toward r2, and r, tends toward r,;. But in every admissible convex quad- 
rilateral 


ro <%o <5 and ry < 79 < 76. 


Consequently, at the limit 


Fg = = He = Fe = Fe; 


and since 
(Ri — Ro)(Rs — Ro) = (Re — Ro)(Ra — Ro), 


the left member tends toward zero just as the right member does. But R; 
tends toward infinity; hence R; tends toward Ro, which is the same as saying 
that 7; tends toward ro. Consequently as 7, tends toward zero, all of the re- 
maining sides and the diagonals tend toward the value ro. 

The functions az and §;, however, tend toward zero as 7; diminishes; for 
the point A in Fig. 1 tends toward coincidence with the point m2. But since, 
§5, 

11@1 + G2ef2a2 = Bursa, 


it is seen that 
Bz 


a2 
a. + — fae = — 748i, 

1 "1 
and consequently as 7; tends toward zero, the ratios a2/r,; and §,/r; tend to- 
ward limits that are not zero. For the angles between the unit vectors a; 
and a», and between a, and a; for admissible convex quadrilaterals, always lie 
between 60° and 120°, and the angle between a, and a: tends toward the 
definite limit 120°. The common limit of rz and 7, is ro, and the coefficient of 
a, in the above equation is unity. Hence zero is not a limit for either a2/7; 
or B,/n:. 

Now, by equations (26), 


m, a2 Rz3 — Ro mg _—— eaBe ri(Rs — Ro) ms 





ms Bua, R, — Ro me (a 1—r?Ro ms 


r? 
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Since the limit of a, and {, is zero, the limits of B. and a, are —1 and +1 
respectively. Hence, as r,; tends toward zero, ro remaining fixed, the limit of 
Mme 
= 0. 
mM3™M4 
In a similar manner it is shown that if 7, tends toward ro, then 7; tends 
toward zero, and the limit of 


m3mMs4 


mM 
It follows, therefore, that for some value of 7; in the interval 
OSn S17 
there exists an admissible convex quadrilateral for which 
mM, m3 mM Me 


_ = kis, ——- Ie ka, an = k 


’ 
Me ms, m3M,4 


where ky, k34, and k are arbitrarily specified constants. It will be observed 
that it is not proved that there exists but one such value of 7. 
This result can be expressed as follows: 


THEOREM. For every four given masses and assigned order there exists at 
least one admissible convex quadrilateral. 


A corresponding theorem for concave quadrilaterals has not been proved. 
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CLASSES OF MAXIMUM NUMBERS AND MINIMUM 
NUMBERS THAT ARE ASSOCIATED WITH CERTAIN 
SYMMETRIC EQUATIONS IN nx RECIPROCALS* 


BY 
H. A. SIMMONS 


1. Introduction. Recently we presented a solution in positive integers of 
the equationt 


(1) D(1/(xixe- + - x)) = b/a, a = [(c + 1)b — 1], 


in which 6, c are positive integers and (1/(x:%2 - - - x,)) is the rth elementary 
symmetric function of the n, n>r, reciprocals 1/x:, 1/x2, - - - , 1/x,; and we 
proposed the problems of finding the maximum number and the maximum sum 
and the maximum product of the numbers that can appear in any solution in 
positive integers of (1). 

The purposes of the present paper are as follows: to obtain a result that 
includes as a special case a solution of the problem concerning the maximum 
number just mentioned; to identify relative to (1) a class of maximum numbers 
that includes the maximum sum and the maximum product (but not the 
maximum number) just referred to, and to state without proof results that 
we have obtained concerning classes of maximum numbers relative to certain 
elementary symmetric equations that include (1); to identify relative to a 
very general symmetric (not necessarily elementary symmetric) equation in 
n, n>1, reciprocals a class of minimum numbers; and to give applications of 
some of these results. 

A reader who desires only a statement of our main results and the appli- 
cations that we give of them should refer to §§7 and 12 for our definitions of 
E-solution and 2;,,;(x), respectively, and then read the two theorems in §12, 
the two in §23, and the applications in §$§24 to 27 inclusive. Theorem 2, §12, 
contains our first generalization of the known results concerning Kellogg’s 
Diophantine problem{ and extensions of it. Theorem 3, §12, defines the class 
of maximum numbers that we associate with (1). Our last application, §27, 
contains for a perfect number with exactly m divisors less than itself an ap- 
parently new upper bound in which number theorists may be interested. 


* Presented to the Society, April 4, 1931, December 28, 1931, and April 9, 1932; received by the 


editors April 8, 1932. 

+ Cf. American Mathematical Monthly, 1930, p. 141. 

t Cf. O. D. Kellogg, American Mathematical Monthly, 1921, p. 300; D. R. Curtiss, American 
Mathematical Monthly, 1922, pp. 386-387; and Tanzé Takenouchi, Proceedings of the Physico- 


Mathematical Society of Japan, (3), vol. 3, No. 6, pp. 78-92. 
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Irrational, as well as rational, numbers are included both among the max- 
imum numbers and the minimum numbers that we identify, so that our re- 
sults are not of a purely Diophantine character. 

The discussion from §2 to the end of this paper is divided into five parts, 
as follows: Part 1, a class of minimum numbers, §§2 to 5 (inclusive); Part 2, 
a general approach to our theory of maximum numbers, §§6 to 11; Part 3, the 
individual maximum number and the class of maximum numbers that we asso- 
ciate with equation (1), §§12 to 21; Part 4, further possibilities of the procedure 
of Part 3, §§22 to 23; Part 5, applications (to series, theory of equations, a 
problem in physics, and perfect numbers), §§24 to 27. i 

We present our theory of minimum numbers first because we are able to * 
give it briefly and at the same time prepare the reader, to some extent, for the ‘ 
more lengthy discussion of maximum numbers. 


Part 1. A CLASS OF MINIMUM NUMBERS 


2. Statement of Theorem 1. Let Q(1/21, 1/a2, - - - , 1/%n) =Q(1/x) be any j 
polynomial that is symmetric in the m, m>1, reciprocals 1/%, 1/x2, - - - , i 
1/x,, contains one or more positive coefficients and no negative coefficient, i 
and has no constant term. We wish to identify a class of minimum numbers ; 
relative to the equation 4 


















(2) Q(1/x) = ¢, : 
where c is any positive constant and the x, (p=1, - - - , m) are restricted to : 
positive values. | 

If in (2) we set each of the x, equal to X, the resulting equation will have, x 
according to a well known theorem (for algebraic equations) and the defi- 1 
nition of Q(1/x), exactly one positive root, say X =M. Thus one positive ¥ 


solution* of (2) is the symmetrical solution x = W, where 4 
(3) W,=M (p= 1,2,---,m). 4 


Let P(x, x2, - - - , Xn») =P(x) be any polynomial which is symmetric in 

the variables that appear in Q(1/x) and contains one or more positive co- 

efficients and no negative coefficient, and is not identically equal to a constant. 
The case in which Q(1/x) and P(x) are polynomials in (x42 - - - x,)~! 

and 21% - - - %,,f respectively, will be referred to as the special case. 

The result which we desire to prove is expressed in the following theorem. 



















Se 
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* Positive solution means solution in positive numbers. 
t That is, in compact language, where P(x)[Q(1/x)]| does not contain any one of its variables 
except in some positive integral power of xx2- + xn [(aix_+- + an). 
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THEOREM 1. If x#W is a positive solution of (2),* P(x) >P(W) except in 
the special case, in which P(x) =P(W). 

In §3 we indicate convenient ways for our purposes of expressing Q(1/x) 
and P(x) in terms of two of their variables; in §4, we exhibit a useful trans- 
formation, and we establish a lemma that is to be employed in the proof of 
Theorem 1; in §5, we prove Theorem 1. 

3. Expressions for Q(1/x) and P(x). If x; and x; are any two distinct var- 
iables of the set x of (2), then Q(1/x) [P(x)] can be expressed in exactly one 
way apart from arrangements of terms as a polynomial in (x;x;)-! and 
(x;-? +4;-7), p=1, 2, - - - [wix, and (xf +x/), t=1, 2, - - - ]; the coefficients 
being positive and independent of x; and x;. Suppose that 


(4) Q(1/x) = LA (xr? + x7”) + LV Bee xix) (az + x74); 


(p) (qs) 


(5) P(x) = VCAxt + x) + YD,.(xix)(x2 + x/), 
(t) (uv) 

where for a given polynomial Q(1/x) [P(x) ] each of p, g, s [t, u,v] ranges over 

a finite number of non-negative integral values and q [], let us say, does not 

assume the value zero... 

The use that we make of (4) and (5) in our proof of Theorem 1 will be ap- 
parent from the lemma of §4. 

4. A transformation and a fundamental lemma. We first define the trans- 
formation that we use in proving Theorem 1. Since x (of Theorem 1) is dif- 
ferent from W, there exists in x at least one number <M (cf. (3)) and at least 
one >M. Suppose that 7 and 7 are positive integers, each <n, such that 
x,<M and x;>M; and apply to x the transformation 


(6) Xp Xp (p ¥ i,j), xi = (x, +a) SM, xj = (x; — 8) 2 M, 


where a and £ are positive numbers so chosen that the set x’ satisfies (2).7 
That P(x) > P(x’) except in the special case is a consequence of equation (5) 
and the following lemma. 

Lemma 1. With i and j equal to distinct positive integers, each Sn, if x;, x;, 
a, B are positive numbers such that (x;+a) <(x;—8); if p, (q, s), Ap, By have 
the meanings here that they have in (4); and if 


* There exist infinitely many positive solutions of (2); for W is one such solution, and since the 
roots of a rational integral algebraic equation are continuous functions of its coefficients, equation 
(2) has infinitely many positive solutions that differ only slightly from W. 

t+ That a, 8 can be so chosen is evident from a fact that was used in the above footnote. 
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(7) DA 5[(xi + @)-? + (x; — B)-?] 


(Pp) 


+ DS Bas(xi + a)-%(x; — B)-*[ (xi + @)-* + (x; — B)-*] = Q(1/x),* 
(qs) 
then 


(8) wins = (xi + a)(x; — B); (x + xf) > [(xi + @)* + (x; — BD], 
where h is a positive integer. Furthermore the equality sign holds in (8;) if, and 
only if, Q(1/x) is a polynomial in (ayx2 - - - Xn)~ [and Q(1/x) is otherwise as it 
was defined in §2]. 

If we can prove that 8 >a, (82) will follow, as can be shown by considering 
its equivalent 


[ x,’ _ (x; —_ B)*] > [(x; + a)" = xi], 


which readily reduces to 
B[xpt + xP-%(x; — B) + +--+ (2; — 6] 
> alae + xP *(x; + a) +--+ + (xi + a)'], 

and observing that, with 8 >a and (x;+a) S(x;—8), 

BxF(x; — B)'-* > axk (x; + a) -* (k = 0,1,---, 4-1). 
Consequently, to prove Lemma 1, it suffices to show that the following state- 
ments are true: (A) 8 >a; (B) if Q(1/x) is a polynomial in (x2 - - - x,)~1, the 
equality sign holds in (81); (C) if Q(1/x) is not such a polynomial, the in- 
equality sign holds in (8;). 

(A) We first prove that 8a. Suppose 8 =a. We shall show that this as- 
sumption leads to a contradiction of (7). The inequality x;x;< (x;+a)(x;—8) 
follows from the hypotheses (x;+a) <(x;—8) and B=a>0. Consequently, 
with m equal to any positive integer, 

(9) (x; + a)— "(x5 — @)—™ < (x5x,)-*. 


From our hypotheses, it is easy to prove by procedure that was used in the 
last paragraph above that 


(10) [(xi + a)™ + (x; — a)™) S (a+ x7). 
Now (9) and (10) imply that 
(11) [(xi + a)—™ + (x; — a)-™] < (xo™ + 27”); 


and with 8 =a, (7), (9), (11) involve a contradiction. Hence 8B ¥a. 
That 8 >a can be proved as follows. Use of (9) and (11) in (7) shows, as 


* Cf. (4). 
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was just observed, that if 8 =a the left member of (7) is less than its right. 
Further, if 8 is decreased from one positive value to another (the other quan- 
tities in (7) remaining fixed) the left member of (7) is decreased. Hence it is 
evident that if the left member of (7) is as large as its right, then 8 >a. 

(B) Let \=(x;+a)(x;—8) and w=x;x;. In the present case, then, (7) 
reduces to 
(12) DB aold-* — wo) = 0. 

(q) 

By hypothesis \>0, 1 >0, B,o=0 for every value that g assumes in (12), and 
B,o>0 for at least one such value of g, which is necessarily a positive integer 
(q#0, cf. §3). Hence (12) has exactly one real solution for A, namely \ =n. 
Therefore the equality sign holds in (8). 

(C) We again make an indirect proof in which (7) is contradicted. Sup- 
pose that x; <(«;+a)(x;—8), so that with m equal to any positive integer, 


(13) (x; + a)-"(x; — 8)-" & (22;)-*. 

From (13) and the fact that under present hypotheses (one of which is 8 >a) 
[(xi + a)™ + (x; — B)™] < (x + x7) 

(cf. (10)), it follows that 

(14) [(xs + a)-™ + (2; — B)-™] < (27" + 27). 


In the present case, either A, >0 for some positive integral value of p in (7) 
or B,,>0 for some pair of positive integral values g, s in (7); hence (13) and 
(14) contradict (7). Therefore the inequality sign holds in (8;). 

5. Proof of Theorem 1. To establish Theorem 1, it suffices (cf. (5) and 
Lemma 1) to exhibit a particular transformation of the general type (6) with 
the following property: if «+ W is a positive solution of (2), a finite number of 
applications (preferably in a prescribed order) of the transformation carries x 
into W. We next present a convenient such transformation, of the preferred 
type. 

In x, let the elements x, which exceed their correspondents W, of W (cf. 
(3)) be denoted by 2,,, %,,, - - - , Where gi<q2< - - - ,and let the x, which are 
less than W, be designated 2,9, x,,, - - - , where ig<2qg< ---. Then we de- 


fine our transformation of x into a new solution x’ of (2) by 4 or te: 
(h) xp = xp(p ¥ gyig), Xa = M, Q(1/x’) = Q(1/2); 
(te) “ « ; %.q = M, “ « ar 


(15) 


according as 4, defines x,, to be not greater than M or greater than M, re- 
spectively. 
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Whether #, or ¢2 of (15) is used, it is obvious that x,,<x,/ SM and x,, 
>4x,,, 2M. Hence transformation (15) is of the type (6) (because each trans- 
formation keeps (7—2) of the x’s fixed and increases (decreases) an x;<M 
(x;>M) to a value x/ <M (x/ =M)), and x’ obviously contains at least one 
more element of solution W than does x. If x’+W, let xj,, x4,, - - - be the 
elements of x’ which exceed M, where qi <q: < -- - , and let x{q, x9, °° - 
be the elements of x’ which are less than M where 1g’ <2q’< ---. Then we 
may evidently repeat our transformation (15) with x’’, x’, g’ in the place of 
x’, x, g, respectively, and obtain a set x’’ which contains at least one more ele- 
ment of solution W than does x’; etc., with the same method of repeating the 
transformation until x is carried into W. Hence transformation (15) is of the 
type desired, and Theorem 1 is true. 


Part 2. A GENERAL APPROACH TO OUR THEORY OF MAXIMUM NUMBERS 


6. An equivalent of Lemma 1, and a transformation which increases P(x). 
The following lemma, which is equivalent to Lemma 1, is fundamental in our 
theory of maximum numbers. 


LemMA la. With i and j equal to distinct positive integers, each <n, the 
number of variables in (2), if x;, x;,a, 8 are positive numbers such that a<x;<%;; 
if p, (q, 8), Ap, Bas have the meanings here that they have in (4); and if 

DA pl (xi — a)? + (x; + B)-?] 
(p) 


+ DBao(xs — a) (x5 + B)-*[(xi — a)-* + (x; + B)-*] = Q(1/x),* 


(qs) 


(16) 


then 
(17) xixy S (xi — @) (x; + B), (x? + x7) < [(ai — @)* + (4; + B)*], 


where his a positive integer. Furthermore the equality sign holds in (17;) if, and 
only if, Q(1/x) is a polynomial in (x%2 - + - Xn)—). 


The transformation. If x is a positive solution of any given equation of 
type (2), in which we have supposed that »>1, there exist in x two numbers 
x;, x; such that x;<x,. Hence by a transformation of the type 


(18) Xp =X, (p¥i,j), xi =x—a, xf = 4x; +B, 
where x;, x;, a, 8 are as they are required to be in Lemma 1a, we obtain for 
the given equation a positive solution x’ such that P(x) < P(x’) except in 


the special case, in which P(x) = P(x’). In subsequent sections of this paper 
we shall not deal with an equation of type (2) in which Q(1/zx) is a polynomial 


* Cf. (4). 
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in (x\%2 - - - x,)~! since such equations are of very little interest; hence we 
shall not need to consider the special case. 

From the last paragraph it is evident that P(x) does not attain a maxi- 
mum value on the positive solutions of any given equation of type (2) in 
which Q(1/x) is not a polynomial in (x:%2 - - - x,)~!; hence for equations (2) 
in which Q(1/x) is not such a polynomial, we must not admit all of the posi- 
tive solutions. 

7. The type of solution that we are to study. In considering the case r=1 
of equation (1), Curtiss and Takenouchi admitted all solutions x in which (i) 
%1, X2, ++ +, Xn-1 are positive integers and (ii) 4,542 - - - Sx,. Such solu- 
tions of any given equation include all of its positive integral solutions for 
which (ii) holds and perhaps other solutions,* and will be referred to as E- 
solutions (extended solutions). One naturally asks the following question: 
for the case r = 1 of (1), are all positive solutions in which (m—1) of the x’s are 
integers bounded? That the answer is zo is clear from the fact that a solution 
of the equation (xj'+2z') =1, which is a special case of the equation that 
we are considering, is given by [a(a—1)-', a] where @ is any real number > 1. 
For the case r=1 of (1) the positive solutions in which less than (m—1) of 
the x’s are integers are of course also unbounded. In as much as Curtiss and 
Takenouchi have shown that the E-solutions of every equation of type (1) 
for which r=1 are bounded,{ it is now clear that the E-solution was the 
natural type for them to consider. Now since we have relative to E-solutions 
a theory which will obtain (as we are to show in the sequel) the results men- 
tioned in the first two paragraphs of §1, it is obviously desirable that we 
choose E-solutions as the type to study. This we do. 

In the next section we shall show (rather point out that Curtiss has proved 
without observing the fact) that the Z-solutions of every equation of type (2) 
are bounded. Then in the rest of Part 2 we shall present certain further facts 
of interest about Z-solutions. 

8. Proof that the E-solutions of every equation of type (2) are bounded. 
If we can prove that the E-solutions of every equation of type (2) that has 
one or more £-solutions are bounded, we shall have reduced the problem of 
finding all of these E-solutions to a finite number of trials. We shall now show 
that this has been essentially done by Curtiss in an article in which he proved 

* For example, the equation (x7'+-x7')=2/7 has only two positive integral solutions for which 
(ii) holds, namely (4,28) and (7,7), and has four solutions that satisfy (i) and (ii), namely the two 
just given and (5,35/3), (6,42/5). 

t If the Z-solutions of any given equation of type (2) are bounded, there is only a finite number 
of sets of values (x1, x2, +++ , tn-1) that belong to E-solutions of the equation, and if x, x2,+ ++ , %n—-1 


are given elements of such an E-solution, its nth element is uniquely determined. Thus if the E-solu- 
tions of any equation of type (2) are bounded, they are finite in number. 
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that the positive integral solutions of an equation that includes (2) are 
bounded.* His equation (1), p. 859 of the article just cited, includes our equa- 
tion (2). The argument which he carried through in arriving at the relations 
(5), p. 861, is based on the assumptions that 4: Sa. --- <x, and that x is 
a positive integral solution of (1), p. 859. However, he did not use the assump- 
tion that x, is an integer; the hypotheses which he actually used are precisely 
(i) and (ii) of §7. Consequently his procedure gives the following result: the 
E-solutions of every equation of type (1), p. 859, are bounded; they have the 
bounds that are defined by relations (5), p. 861. Consequently the £-solutions 
of equation (2) above are bounded. 

In the next section we consider an example in which the number of trials 
referred to above is small; furthermore, one £-solution that is obtained in this 
example is of particular interest because it has two properties with which we 
shall be greatly concerned in the sequel. 

9. An example of a class of maximum numbers and of an individual maxi- 
mum number associated with an equation of type (2) that is not elementary 
symmetric. Suppose that 


(19) xp) + xg! + (axe)! + x7? + xz? = 1. 


The only E-solutions that (19) has are x =v=(3, 3) and x=w=(2, 3+13'”). 
To prove that w gives to every polynomial of type P(x) (=P(x, x2) here, 
since Q(1/x) is the left member of (19)) a larger value than does 2, it suffices 
to show that if in the notation of Lemma 1a, (x;, x;) = (x1, x2) =(3, 3) and if 
a=1, 8=13"/?, then (17) holds with < in its first relation. This conclusion 
follows from Lemma 1a and the fact that in (19) Q(1/x) is not a polynomial 
in (x 1%2)—}. 

Hence every polynomial of the type P(x) just mentioned is maximized 
(with respect to values that are given to it by E-solutions of (19)) by taking 
x=w. Since there are infinitely many such polynomials, we have identified 
relative to (19) infinitely many maximum numbers. Furthermore, we note 
that w is the solution to which Kellogg’s processj leads, and that since 
w2 = (3+13/?) is the largest number that appears in either w or 2, w contains 

* Cf. D. R. Curtiss, Classes of Diophantine equations whose positive integral solutions are bounded, 
Bulletin of the American Mathematical Society, 1929, p. 859. 

t Cf. O. D. Kellogg, loc. cit. In obtaining his interesting solution of the equation 2(1/x)=1, 
Kellogg proceeded as follows. He first assigned to x; the smallest (positive integral) value, say 
x,=w;(=2), that satisfies the inequality x7'<1; then he assigned to x2 the smallest value, say 
x2=w2(=3), such that (a, we) satisfies the inequality (x71+<z)<1; and he continued minimizing 
the remaining variables of the set 1, v2, + - + , Xx: in this order, one at a time, until all of them were 
fixed, say (x1, %2,° ++ , Xn-1)=(w1, We,- ++ , Was). It turned out that the value thus determined by 
the equation 2(1/2,)=1 for x,=wp» was an integer with a remarkable property that is described in 
Curtiss’s article (loc. cit. in third footnote on p. 876). 
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the maximum number that exists in any E-solution of (19), while no other E- 
solution of (19) has this property. 

10. Kellogg solutions. In the rest of this paper if a solution x of any given 
equation is obtained by Kellogg’s process (of minimizing x, %2, +--+, Xs 
in this order, one at a time), we shall denote it by w and call it the Kellogg solu- 
tion of the given equation. Nearly all of the rest of this paper will be devoted 
to the identification of maximum numbers that we associate with Kellogg 
solutions of certain elementary symmetric equations which are special cases of 
(2). Every Kellogg solution with which we shall be concerned is an E-solution,* 
though of course the converse is not the case (cf. first footnote on page 882). 
After we obtain the Kellogg solution w of a given equation, we attempt to as- 
certain whether w has the two properties which were described for the solu- 
tion (3, 3+13"/?) in the example of §9, namely (I) w, is the largest number 
that exists in any E-solution of the given equation and w, appears in but one 
such £-solution; (II) if x is any E-solution except w of the given equation, 
P(x) <P(w).7 In the cases of some solutions w (of elementary symmetric 
equations) that we obtain, we are unfortunately unable to determine whether 
or not they have either of the properties I and II (cf. §23). 

We next present two general lemmas which will be of use in establishing 
properties I and II for certain solutions w that we are to study in the sequel. 

11. Important lemmas. Suppose that when the left member of (2) is ex- 
pressed as a polynomial in x,-! the resulting equation is 
(20) Q(1/x) = Qo(1/x) + Qi(1/x)- xr? + O2(1/x)- ar? + +--+ O(1/x)- 2 =e, 
where the Q,(1/x) =Q,(1/a1, 1/x2, - - - , 1/#n-1) (b=0, 1, - - - , X) are sym- 
metric polynomials in the x7! (¢=1, - - - ,m—1), with no negative coefficient, 
and where at least one of the Q,(1/x), p>0, is not zero. Then the following 
lemma is obviously true. 


Lema 2. Suppose there exists an E-solution, say x=u, of (20) with the 
property that if x is any E-solution except u of (20), 

Q,(1/x) Ss Q,(1/2) (p i 0, ., Rh , A), 
the sign < holding for at least one of the specified values of p; then it follows that 
u, is the largest number that exists in any E-solution of (20), and u, appears in 
but one E-solution of this equation. 

* The Kellogg solution of a given equation of type (2) may not be an E-solution. For example, 
the Kellogg solution of the equation (x7?+-a7?)=1 is w=(2, 2/3'/*), and since w.<w, w is not an 
E-solution. 

T It is interesting to note that the Kellogg solution, which obviously exists for every equation 
of type (2), may be an £-solution and yet not have either of the properties I and II. For example, 
the Kellogg solution of the equation (x7'+-a7'!+-x7") = (5/16) is w=(4,17,272), while v=(5,9,720) 
is also an E-solution of this equation, and here 13> ws, (2:--22+13) > (w+ w2+w3), and 2,203 > wy wes. 
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Remark. In terms of Lemma 2, we observe that Curtiss’s result on Kel- 
logg’s Diophantine problem was obtained by showing that with 
Q(1/x) = Qo(1/x) + Qi(1/x)- x01 = 1, 


where 
Qo(1/x) = apt + xe? +--+ + Sats Q:(1/x) = 1, 


Kellogg’s solution w is the u of Lemma 2; that is, if x is any E-solution except 
w(=u), then Qo(1/x) <Qo(1/w) and Q,(1/x) =Q:(1/w) =1. 

LemMaA 3. Suppose there exists an E-solution x=u of (2) with the property 
that if x is any E-solution other than u of (2), it is possible to transform x into u 


by one or more transformations of type (18), in which the notation of Lemma 1a 
holds; then it follows that P(x) < P(u). 


Part 3. THE INDIVIDUAL MAXIMUM NUMBER AND THE CLASS OF MAXIMUM 
NUMBERS THAT WE ASSOCIATE WITH EQUATION (1) 


12. The Kellogg solution of an elementary symmetric equation. State- 
ments of two theorems. With 720 and 7 equal to integers, we let 2;, ;(x) stand 
for the jth elementary symmetric function of the 7 variables x, x2, - - - , %3; 
with the (customary) understanding that 


= 0 when i < j and also when j < 0; 


2(24 


= 1 when; = 0. 
The equation whose Kellogg solution we now desire is 


Za ll /s) + Arg i2n rp1(1/x) + Arg 22n r¢2(1/x) 5 ies 
+ Zn (1/x) = b/a, a = [(c +1)b — 1],* 


in which r, s, m are any positive integers such that r<s <n; b, c are any posi- 
tive integers; and the, (p=r+1,7r+2, - - - , s) are integers =0. In obtaining 
the solution in question, we first express the 2,,,(1/x) of (21) by means of 
the following identities, which are convenient for our purposes: 
1 
Lnr(1/x) snoemmnennnenen af 


MX. °° * Xr p=r Xpt1 X1X%2°** Vp 


(21) 


> 1 ZL p.p—r+1(X) ’ 


1 Zp. nisi (*) 


2n,i(1/x) = G=r+i,r+2,---,5). 


p=r Xpt1 X1X%2°** Xp 
* By taking a in this way, we generalize a problem of Takenouchi (loc. cit. in third footnote on p. 
876), and we have in (21) an equation whose Kellogg solution is a solution in positive integers (cf. 
(23)). With all symbols of (21) except aas they are defined just below (21), our choice of a is the only 
one ~1 that we have found with the property that the Kellogg solution of the resulting equation 
(21) is a solution in positive integers. 
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Then we find that (21) is equivalent to the following equation: 
1 
X1X%2° ++ Xy 
n—1 1 
+2— 
p=r XV p+ 
where a= [(c+1)b—1] is as it was defined for equation (1). Consider now the 
set of numbers x =w, where 


(22) 





a 


[Fests + Ari p, p—r( X) + ates + Monet) = 2 


Bi%q°** Xp 


>=1 (p=1,---,r—1), w,=ct+1l, 
= a[Zp,pre1(W) + AvgiZp.pr(W) + Avg2Ep.pri(w) + --- 


+ NZ p.p-e+1(w) | - 1 (p =F,°-°, 8 — 2), 


O[Zn—1,n—1(W) Avg 1Zn—1,n—r—-1(W) H Avg2Zn—1,n—r-2(W) + --- 

+ AZn—1,n-e(w) J. 
To prove that w is a solution of (22), we replace x in (22) by w and observe 
that 
=. s — + Ary1Z p.p—r(W) + Avg22p,pr—i(w) +--+ vee te) 





W\We--: Wp 


W p+i 


w —1 1 1 
_ i _ (p=17,---,m-— 2), 


aWiWe:** Wp+1 








dW ,We-** Wpr1 aWiW2°** Wp 


while 
1 [== wht) + Art 1mn—1 n—r—1(W) + Ar¢22n-1 n—r—2(W) + sot oklng + aed 





Wr WiWe-** Wr-1 





so that from (22) we obtain 


1 


1 
a 
W\We-** WU, aW\We::: 








( 1 
QWiWe°* * Wr41 








1 


* Wr aW\We-+: Wr 








1932] SYMMETRIC EQUATIONS IN n RECIPROCALS 887 


the last two equalities following readily from (23) and the definition of a. 

That solution w is the Kellogg solution of (21) can be seen from the fol- 
lowing three statements: (i) in (23), w:, we, - - - , w,-1 are all equal to unity 
so that each of these elements has as small a value as it could have in the 
Kellogg solution of any equation of type (2); (ii) w-=(c+1) exceeds the 
greatest integer in (a/b) by unity, and on account of (i) it is apparent that 
w, is the rth Kellogg number for (21); (iii) since statements (i) and (ii) are 
true, comparison of the expressions for wp41 (P=r,---, m—2), and wp, in 
(23), shows that w,41,- +--+, Wn—-1 are the (r+1)st,---, (m—1)st Kellogg 
numbers, respectively, for (21). 

Unfortunately our method of identifying maximum numbers does not 
apply to the general equation (21). Our major purpose in the rest of this 
paper is to prove the following theorems. 


THEOREM 2. The largest number that exists in any E-solution of the equation 


(25) Yn (1/x) = b/a, a= [(c+1)b—1] 


(an equivalent of equation (1)), in which every symbol that appears is as it was 
defined for (21), is the w,, of the following equations [cf. (23) |: 


W,rp=1 (p=1,---,r-—-1), w=ctil, 
(26) 
Wytt = Opprii(w) +1 (p=r,---,m— 2), Wa = G2n-1,n--(w). 


Furthermore, w, appears in but one E-solution of (25).* 


THEOREM 3. If x#w is any E-solution of (25), then P(x) <P(w), where 
P(x) is as it was defined in §2, with the understanding that here the Q(1/x) of §2 
is the left member of (25). 


* That (25) may have many £-solutions is shown by the following example. Suppose that n=5 
and r=b=c=1 (so that a=1). Then (25) becomes 
(A) 2sn(1/x) =1, 
whose Kellogg solution is (cf. (26)) w:=2, w.=3, ws=7, wya=43, ws= 1806. If we take 11:=2, 12=3, 
X3=7, and «4=x5=.’ in (A), we find that the resulting equation has the solution x’ =84=2(w,—1). 
Consequently (A) has the fol!owing (w,s—1) E-solutions in which x»=w, (p=1, 2, 3): [2, 3, 7, a, 42a/ 
(a—42)], a=43, 44,--- , 84. 

Similarly, by considering the equation >, ,:(1/x)=1 and its Kellogg solution (cf. (26) with 
r=a=c=1), one can show that this equation has (w»-.—1) E-solutions in each of which x,»=wp 
(p=1, 2,-++,m—2). 

Relative to the general equation (25) and its Kellogg solution w of (26), one can also obtain an 
interesting result, as follows. If we take 
(B) Xp=Wp (p=1, aye * ? n—2) 
and %n1=*n=x’ in (25), the resulting equation in x’ will have exactly one positive root, say x’=R, 
where Wn; SRSw,p. Let u stand for the greatest integer in R. Then it follows that (25) has exactly 
as many £-solutions in which (B) holds as there are positive integers v such that w»1S0Su. 
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In §22, we shall show why our method of attack does not suffice to obtain 
for (21) results that are analogous to Theorem i(i=2, 3). In §23, we shall 
state relative to certain cases of (21) in which the )’s are not all equal to zero 
further results (Theorem 4 and Theorem 5) that can be obtained by the meth- 
od which we use in proving Theorem (i = 2, 3); and we shall exhibit the Kel- 
logg solution of, and state theorems which are analogous to Theorem i(i =4, 
5) for, a rather general elementary symmetric equation that differs from (21). 

13. Important inequalities. We first obtain a set of equalities which led us 
to consider the inequalities in question. If k is a positive integer <(m—r), the 
sum of the first 2k terms of (24) (in which two terms are counted for each 
parenthesis) is b/a; and the sum of the first term and the first (p—r), r<p 
<(n—1), parentheses of (24) is (bwiwe - - - wp—1)(awiwe - - - w,)~'. Now 
since (24) was obtained by setting x =w in (22), an equivalent of (21), it is 
evident that 


Zpr(1/w) + Art 1D pryi(1/w) + Asad p rp2(1/w) +--+ + AZy.(1/w) 


= (bwiwe:-- wp — 1)/(awiwe:-- wy) (Pb =7,r+1,---,n— 1). 


(27) 


If \,=0(¢=r+1, - - - , 5), it follows from (27) that the w of (26) satisfies the 
following equations, which we set out to obtain: 


(28) Lpr(1/w) sa (bwiwe te ad 1)/@wiwe paren Wp) (p =rr+ 1, ‘> os 1). 


In the sequel except where the contrary is stated w will stand for the solution 
(26). 

Equalities (28) lead one to inquire as to the validity of the following 
statement, which we shall prove to be true: if for (25) X is any E-solution 
~w, then 
ZAt/X) S (OX Ne - + - Xp — D/MOKiEs-+- X.) 

(p=r,r+1,---,#— 1). 


An equivalent of the equation that results when x of (25) is replaced by X 


(29) 


is 
(1/X pp1)Zpr—1(1/X) + (1/X py2)Z por r—i(1/X) + + + (1/Xn)Zn—1r-1(1/X) 

= [(6/a) — Ep(1/X)] = [bX1X2- + -Xp — aBy,p+(X)]/(aX1X2- ~~ X,). 
By hypothesis, X:, X2,---, X,, the first , r<p<mn, numbers of an E- 


solution, are positive integers. Therefore both numerator and denominator 
of the last fraction displayed are positive integers. Hence 


[(/a) id D>.r(1/X)] 2 (aX1X2 lek X,)", 
and (29) holds. 
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In the sequel except where the contrary is stated X will be understood to 
be any E-solution of (25) except w. 

The importance of the case p=(m—1) of both (28) and (29) can be seen 
from the following two facts: first, an equivalent of equation (25) is 


La—1,r(1/x) + (1/%n)Zn—1,r-1(1/x) = b/a; 

second, to prove Theorem 2 it suffices to show that 
(30) La-1,7(1/X) S Da-1,7(1/w) for 1 Sr < n;* 
(31) Ln-1,7(1/X) < La-1,-(1/w) for r = 1; 
(32) Ln—1,r-1(1/X) < Za-1,r-1(1/w) for 1 <r <n. 

Our major difficulty is in establishing (30). After this is done by our 
method, (31) and (32) will easily follow, as will also Theorem 3. 

14. The nature of the induction for (30). Lemmas 4 and 5. From (28) and 
(29) one sees that if (30) is not true then X,X2 - - - X~-1>wiwe - - + Was. In 


the induction that we are to make in proving (30), we shall consider the 

following more general fact: if for any one of the values of p in (29), 
Zy,7(1/X) >Z,,-(1/w), 

then for this p 


bX\X2---X,—1 bwiwe---w,— 1 
= Zy7(1/X) > , 
aX,Xo---Xy GW1W2*** Wp 








so that XiX2--- X,>wiwe--- wy. Let m..., (to be read x 1 to p) stand 
for %1, %2, - - - , X» in this order; the small letter x being used here because the 
notation which we are defining is to apply (not only to X but also) to every 
set of numbers that we consider. To prove (30), we shall proceed as follows. 
We suppose that there exist one or more positive integers p < (m—1) for which 


X1...p F W..-y and Yy,-(1/X) > Zy,-(1/w) 


(so that X:X2 - - - X,>wiwe - - - wy); and let k be the smallest such integer 
p. Then we shall reach a contradiction by showing that if the last two dis- 
played statements hold when p=, then wwe - - - we>Xi1X2--- Xx (cf. 
(51), $16). 

The definition below enables one to describe the above induction briefly. 
In this definition (and indeed throughout our discussion of maximum num- 
bers) we suppose that x,=1(p=1, 2, - - - , 2) in every set x that we consider. 

Definition. Let \ be a fixed positive integer such that r=’ <n, where r 


* Were we to prove (31), (32) and the relation that is obtained from (30) by merely replacing 
1<r<n by 1<r<n, Theorem 2 would follow. However, we find it convenient to prove (30) before 
proving (31). 
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and # are as they are defined for (25). We shall call x,..., a set o (relative to 
the w of (26)) if, and only if, =,,,(1/x) <=,,-(1/w) for every positive integer 
p such that r< px. We shall call x. ..~+41 a set 7 if, and only if, is a posi- 
tive integer such that r<\ <(n—2) and %...«4y is not, and x... is, a set o. 

Remark. The number of elements in a set o [7] is at least r [r+1] and 
at most » [n—1]. 

It is evident now that to prove (30) it suffices to show that for (25) every 
E-solution ~w is a set o (for which \=7). 

In proving (30) we shall use certain terminology that we have not yet de- 
fined. However, before introducing that, we present here two lemmas which 
one now logically desires. The first, Lemma 4, states that X...,is a set o and 
thus begins the induction for (30). The second, Lemma 5, has a significance 
which may be described as follows. Since X is by its definition an £-solution 
~w, X contains two elements X,, and X,, (such that X,, >w,, and X,,<w,,). 
Lemma 5 states that q.<.g. Then since X is an E-solution, X,,< X,,. Conse- 
quently (Lemma 1a) it is possible to apply to X at least one transformation of 
the type (18) and obtain a new solution X’ such that P(X) <P(X’); the 
possibility of the equality of P(X) and P(X’) being excluded by the fact that 
Q(1/x)(=2,,,(1/X) here, in which »>r) is not a polynomial in (X,X2 - - - 
pm : 


Lemna 4. X,..., 7s a Seto. 


By hypothesis, X,...- consists of r(<m) positive integers X1, Xe,---, 
X, or one positive integer X, when r=1, and (X.X2 - - - X,)-1<b[(e+1)b 
—1]-' (cf. (25)). Therefore X,X2---X,2(c+1). Whence 2,,,(1/X) 
<2,,-(1/w) (cf. (26)), and X1...,isaseto. 

Thus when r = (n—1), every E-solution of (25) is a set o. 


Lemma 5. If x...4.4wi...% stands for (i) X1.... (rSkSn), (ii) any set 
o,* or (iii) any set r with at least one element larger than, and at least one element 
less than, its correspondent} in w,....; then the smallest integer t, 1Stsk, for 
which x,A~w, is such that x,>w:. 


(i). By hypothesis Xi...,.4wi..., and X,..., is the ordered set Xi, 
X2, ---,X, of an E-solution of (25). Hence with hypothesis (i) holding, our 
conclusion is a consequence of the fact that w:...,=(wi, We, ---, We) isa 
part of the Kellogg solution of (25) (cf. second footnote on page 883 and §10). 

(ii). Suppose that the smallest positive integer ¢ for which x,~w, is such 


* The values which & can assume in (ii) and (iii) can be seen from the Definition of the present 


section. 
t If x; and y; are elements of the sets x;..., and 4;...%, respectively, x; and y; will be called corre- 
sponding elements of these sets if, and only if, i=j. 
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that x,<w,. Then x,»=w, (p=1, 2,---,¢—1) and x,<w,, where t2r (cf. 
(26) and our assumption that every element which we consider = 1). There- 
fore 2,,-(1/x) > Z:,-(1/w), which contradicts our hypothesis that 1,..., is a 
set o. Hence x, >w,. 

(iii). Since %..., is a set 7, %1...(-» is a set o. By hypothesis x... 
contains at least two elements that differ from their correspondents in w.. .;. 
Therefore x. . .(,-1) #Wi...«e-». Hence our argument relative to hypothesis 
(ii) can be applied to obtain the desired conclusion for the present case. 

15. Classification and transformation of elements. In this section we give 
our classification and transformation of X,..., where v is an integer such that 
r<v<nand X is of course the arbitrary E-solution ~w that we are consider- 
ing. 

Classification. If X,...,#w,...,, there is at least one positive integer 
p<v such that X,+w,. For all such integers p, we divide the numbers X, 
into two mutually exclusive classes A and B, which are as follows. Class 
A [B] consists of all elements X, of Xi..., for which X,>w, [X,<w,]. To 
distinguish between the elements of class A and those of class B, we employ 
the following subscript notation. The elements of class A [B] will be desig- 
nated X,y,, Xo, Xq, °° +, Where gi<q2<qi< - ++ [Xe Xi, Xyu, + * , Where 
19 <og<aqg< --- |. If Xi...,=w...,, we shall say that A and B are vacuous 
classes (without an element). If Xi...,4#%w:...,, it may be that either or 
neither of the classes A, B is vacuous. 

Transformation. Suppose X1..., contains at least one element of each of 
the classes A and B. Then we define our transformation of X,..., into a new 
set X/ ..., by és or & (cf. (15)), 

(tz) Xp = Xp(p ¥ qiig, P Sv), Xqy = Way Zvr(1/X") = 2 ,(1/X); 

(ts) “« & « . x = Wie; « « « 
according as é; requires X‘{, to be no greater than w,, or greater than w,9, 
respectively. 

In case é; defines X‘, to be equal to w,,, 4; and ¢; are the same transforma- 
tion, and X/..., contains exactly two more elements of the set w..., than 
does X,...,. Whether é; or ¢, is used, X/..., contains at least one more element 
of w,..., than does X...,. 

In the sequel a set X,..., with at least one element of each of the classes 
A, B will be called transformable (by (33)). 

Remark. Since X,21 (p=1, 2, - - - , 2), it follows from (26) that .g2r. 
Then since (33) decreases X,, (increases X,,) to a value >w,,(Sw,,), it fol- 
lows that X,’ =1, which accords with our previous agreement concerning the 
magnitudes of elements x, that we consider (cf. the last paragraph before the 
Definition in §14). 


(33) 





892 H. A. SIMMONS {October 


16. Lemmas 6, 7, 8; second step of the induction described for (30) in §14.* 
We have proved that X,..., is a set ¢(Lemma 4, §14), and thus established 
(30) for the case r=(n—1). Suppose now that X,..., is a set 7, so that 
(r+1)<k<(n—1). To the contradiction of this assumption we shall devote 
a large part of the sequel. In making the first step of the argument in question, 
we shall employ Lemma 6 below, which includes information that will be of 
interest after it is shown that X,...,(7r<kSn) is aseto. 


Lemna 6. (i) If X1...4 is @ set rt, X1...% ts transformable. (ii) If X1...% 
is a set r, or a transformable set o for whichr <k <n, and if tis a positive integer, 
application of (33) withv =k to X,..., yields a set X{ ...4 such that 


(34) XaXyo < Xai Xye's [Kast + Xye'] < [(X a)! + (Xe)'‘]i 
(35) LYp.r(1/X") S Zy(1/w) forp=r7,---,1¢9—-1; 

(36) m = Zp(1/X) forr = 1 and p = 1q,---,k —1; 
(37) . <Z,.(1/X) forr > 1 and p= q,---,k —1; 
(38) . = Zp.(1/X) forp=k. 


Remark. If we prove part (i) of Lemma 6, it will then be evident from the 
hypothesis of part (ii) that X,...; is surely transformable. Then if we estab- 
lish relations (35) to (38) inclusive, it will follow from the Definition of §14 
that if X,..., is a set r ora transformable set o, then X/...; is a set 7 or a set 
og, respectively. 

Proof of (i). By hypothesis, X is an E-solution#w and so the smallest 
integer i for which X;~w; is q: (cf. Lemma 5, §14). Hence X,..., contains 
X,, if it contains X,,. Being a set 7, X;..., contains X,,. Therefore X1... is 
transformable. 

Proof of (ii). Equation (38) is true because it is identical with the case 
v =k of the last equation of both é; and ¢, in (33). Hence we only need to prove 
relations (34) to (37) inclusive. We begin this task presently. 

Proof of (34). From (i) and our hypothesis, X,..., is transformable, so 
that X,..., contains X,, and X,,; and, by Lemma 5, gi<.g. Now since the 
elements of an E-solution are arranged in increasing order (when they are 
written in the order of increasing subscripts), X,,<X,,. Hence relations (34) 
follow from Lemma 1a, in which we are taking Q(1/x) to be 2x,,(1/X), with 
r<k (cf. footnote (20)), so that >,,(1/X) is not a polynomial in 
(X1Xe ee -X,)7. 

* We regard Lemma 4 as the first step of this induction. 

t The hypotheses of (i) and (ii) in Lemma 6 insure that r<k (cf. the Remark just after the 
Definition in §14) so that 2;,-(1/X) is not a polynomial in (X,X2--- X,)~. It is this fact that en- 


ables us to prove (34;) rather than the weaker relation X_,X =X aX a which, if it held, would pre- 
vent our concluding that P(X) < P(X’). 
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Proof of (35). From the Remark in the last paragraph of §15, we know 
that .g2r. If 1g=r, weshall say that (35) is vacuously true. If 1g>r, Xp2W» 
(p=1,--+,1g—1), by the definition of .g (as the smallest subscript of any 
element of class B in X); then from the nature of (33) and the fact that 
qi<ig, X~ 2w,. Hence (35) holds. 

Proof of (36). Since gi<i1qgS(k—1), if k<3 the values of p in (36) form 
a vacuous set. Suppose 3 < k( Sm). Whether #; or ¢, of (33), with v=&, is used, 


X>5 = X> (p # qi, 19; p S k), Lx 1(1/X") = Le i(i/X). 


Consequently [(Xj,)-?+(X,)*] =(X7'+X7'). Since gi <.g, it follows from 
this equation and the equations last displayed that (36) is true. 

For (37) our proof is rather lengthy and is composed of different parts. For 
convenience we shall present it under the following headings: a first approach 
to the proof of (37); inequalities between products of elementary symmetric 
functions; proof of inequalities (46). 

A first approach to the proof of (37). We treat the case .g=r separately 
for a reason that is explained in the first footnote on page 895. When (33), with 
v=k(>r), is applied to the set X,..., under consideration, X.,X ,q¢<X4,X‘q 
by (34). Therefore, with g:<.1g=7, it follows from (33) that 


(39) (1/(Xi Xz --- XF)) < (1/(XiX2- - - X;)), 


so that (37) holds for p=.qg=r. If k=(r+1), our proof of (37) is complete. 
If k>(r+1), we still need to prove that 


for p = 1g,:::,k —1whenig>r >1; 


40) > p.(1/X’) < Zp,-(1/X 
(40) Zp (1/X") Fes RS Stat 


Since gi1<.19g, every set X,..., under consideration is transformable. We 
shall prove (40) by establishing a set of inequalities that is formally differ- 
ent from, but equivalent to, (40). To obtain the set in question, namely (46) 
below, we first express 2,,,(1/a), a=X, X’, in (40) as a polynomial in 1/a,,, 
1/a,4, and 1/(a,a,,), where by our hypotheses each of qi, ig is a positive in- 
teger < p. Let 


X= k—2orp—2, 


w=r,r—1,orr — 2, 


By 4(1/a)} 


stand for the wth elementary symmetric function of all of the reciprocals 
1/a;, 1/a2,---, 1/or42, except 1/a,, and 1/a,,; with the understanding 
that 
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P f 0 when A < uw and also when yp < 0; 
Yau(1/e) = 

(1 when gn = 0. 

Then 


1 
Lesa ntta 


Aq, 19 


Lp r(1/a) = Lp-2(1/a) +[— 


(41) , 
“+ —— 3 p—2.7-2(1/a). 


Hq, qd 
Further since (33) alters the values of only X,, and X,,, the following equal- 
ities are identities: 


(42) Daw(1/X’) = BX (1/X). 


By using (41) in (40) and then applying (42) in the resulting equation we now 
find that (40) is equivalent to 


1 1 1 
i: aa) ae M/E) rg Beta /X) 
4. qy “2 Gy" 39 


intl 


(43) ; 
— + Lp—2r-1(1/X) + Zs—s.r-0(1/X). 
<{- : ~) fosi(t/X) + Bh ae alt/¥) 
A further inequality, equivalent to (43), will presently be obtained. Replacing 
both the left and right members of (38), a part of our present transformation 
(33), by their equivalents of the form (41) and using (42) in the resulting 
equation, we obtain an equation € that differs from (43) merely by having = 
and & in the place of < and #, respectively, in (43). From (34) and € it 
follows that 
1 1 1 
(44) ——— = -¢ — +A, 
x of X aX 4 ; ‘ . ¢ 
where e and A are positive numbers. If we substitute in € for (X it a8 and 
(xX a)” 14(X a 1] their values of (44), simplify the resulting equation, and 
solve it for A, we obtain 
De-2 r—2(1/X 
(45) sae 2(1/X) 
D4 —2,r—1 (1/X) - 
where Yi_2,,- adem since by hypothesis k>r>1 and X;>0 (indeed 
X;2=1) for i=1, , nN. 
From (44) od (48) it now follows that (43), and therefore (40), is equiva- 
lent to 


(46) Dio pi(1/X)E pe r-2(1/X) > Vie r2(1/X)Zp_2,r-1(1/X) (p as in (40)). 
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If we can establish (46), it will follow from (46) and (39)* that (37) is 
true, and, since (38) was proved above, that Lemma 6 holds. We shall prove 
(46) immediately after we establish Lemma 8 below. 

Inequalities between products of elementary symmetric functions. We use 
here a formula of Dresden for the product of two elementary symmetric 
functions, and for brevity in expressing symmetric functions we employ with 
Dresden the symbolic notation of partition theory. Thus the functions of ” 
variables x1, %2,---,2, that are commonly denoted by 2(1/(xix2 - - - x,)) 
and 2(1/(x2?x2 ---«2)) are here represented by (1*) and (2°), respectively. 
In this notation Dresden’s formula is} 

47) aya) => (* Bis ” ”/) (28-iJa-"+2/); n> 5, > 5220.4 
i=0 J 

Remark. For future reference, it is to be noted here that with x;21, if 
j=1, or 2, andif s isan integer =0, then (j*) >0 (cf. last footnote on this page) 
for the case s=0). 


Lemma 7. If s; and s2 are integers such that s;=s2=0, then 
(19)(1%) > (le)(1e), 


From our definitions of 2;,;(x), §12, and (1*)=2,,,(1/x), it follows that 
(1°)=1 and (1-')=0. Hence Lemma 7 is true when s:=0. Suppose that 
S221. The product (1") (1%) is given by (47), from which it follows that 


(48) (1%+1)(1#-1) = > . — $s : 2+ 2; 


i=0 
The exact numbers of terms that appear in the expansions of the right mem- 
bers of (47) and (48) are (s2+1) and se, respectively, and the type of term 
that is obtained by taking 7=A, where 0<A<(s2—1), in (48) is gotten by 
setting 7=(A+1) in (47). From the Remark just before Lemma 7 and the 
nature of the coefficients in the right members of (47) and (48), it is evident 
that no one of the (2s2+1) terms just mentioned has a negative value. Now 
with s;2se21 (which we are assuming), at least one term in the right 


Jomtien) ‘ 


* We could have regarded the inequality in (46) as valid for the case p= ,g=r (and thus included 
(39) in (46)); for with k>r it follows from our definition of Dy,u(1/X), just before (41), that if p=r 
in (46) the resulting inequality is true. However, it seems desirable to have the proof above of (39) 
rather than allow this inequality to rest on our definition of Dru(1/X ). 

+ Cf. Arnold Dresden, On symmetric forms in n variables, Annals of Mathematics, vol. 24 (1923), 
p. 227. 

t Since n>r21 in this paper, we have no need for (47) in the following cases: (i) n=s,=5.=0; 
(ii) n=s,21 and s,=0. However, by defining (§)=1 when ¢ is a non-negative integer, and using 
(7°) =1, 7=1, 2, we find that in case (i), (47) reduces to 1=1; and in case (ii) to (1%) =(1"). 
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member of (48) is positive. Consequently, Lemma 7 follows from the inequal- 
ity 
ee, a 
A+1 N ) 


whose validity is obvious from present hypotheses and known facts about the 
magnitudes of binomial coefficients. 


Lemna 8. If u,v, y are integers such thatu>v=~y=1, then 
Luy(l/x)Zoy-1(1/%) > Duy—1(1/x)Z0,y(1/x). 


When y =1, 2:,,-:(1/x) =1 for t= or v; therefore the inequality to be 
proved is 2u,:(1/x) > 2»,1(1/x). Since u exceeds v (and x;=1>0), this rela- 
tion is true. Now suppose y = 2. In the rest of this proof (1;) stands for the 
sth elementary symmetric function of the v variables 1/x;(i=1, 2, - - - , 2), 
and E, stands for the /th such function of the (w—v) variables 1/x(j=0+1, 
v+2,---,). With this notation, we have the identities 


Sun(1/x) = (11) + (17) + B2(17*) +--+ + E,(1%), 
Suei(t/x) = (1) + Ei) + Ea(17) + +--+ Ey(1)), 
where E;=0 when i >(u—v). Consequently we only need to show that 


[(17) + EQ’) + Ea(17™) + -- > + £,(1) (7) 


ss > (a) + BT) + BA) +--+ B00]. 


After subtracting (1”) (1’-") from both members of (49), we obtain the de- 
sired result by observing the following two facts: first, E,(1’) (17) = 
E,(17) 20; second, the coefficient of E,(t=1, 2,---, y—1) in the left 
member of (49) exceeds, as we shall presently prove, the coefficient of E, 
in the right member. The second statement follows from the fact that when 
y=2 and 1<5tS(y-1), (17°)(1F-)>(DAI-) (cf. Lemma 7, with 
si1=(y—-1), 8:=(y—-9). 

Proof of (46). Here by hypothesis g,<.g and r>1. Hence inspection of 
the values which p assumes in (46) shows that in these relations 
(k—2) >(p—2) 2(r—1) 21. Consequently, to prove that (46) is a special case 
of Lemma 8, it suffices to define in Lemma 8 the 4, v, y to be (k—2), (p—2), 
(r—1), respectively, and every x,(i=1,---, u) to be equal to a different 
X; of (46), which contains exactly (k—2) of the numbers X,, X2,---, X; 
(cf. the definition of 2i,,(1/X) between (40) and (41)). 

A second step of the induction for (30) (or proof that X}....,r<k<(n—1), 
is not a set r). Suppose the elements of X/...,(=Xi..., here) are classified 
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by writing X’, g’, A’, B’ in the place of X, g, A, B, respectively, in the classifi- 
cation of §15, and that our transformation from the set X/..., to a set 
i’. ...is obtained by writing X’, X’’, q’, A’, B’ in the place of X, X’, g, A, B, 
respectively, in the definition of our transformation in §15. Then X/..., is of 
course transformable if, and only if, it contains at least one element of each 
of the classes A’, B’. We shall presently show (the proof beginning in the 
next paragraph) that in the case where X/..., is not transformable, X/..., 
is not a set 7, so that X,...; is not a set 7 (cf. the Remark just after Lemma 
6). In §18 we shall prove that even if X{..., is transformable, X/...,, and 
therefore X,...,, is not a set r. 
By hypothesis X/..., is a non-transformable set 7; therefore it contains 
one or more elements of class B’ and no element of class A’: 


(50) Xi Sw; 


the sign < holding here for at least one of the specified values of 7. From 
these facts and the Definition of §14, it follows that X/...¢4.-1 is a set o 
that does not contain an element of class A’, so that X;’=w,(i=1, - - -,k—1). 
These equalities together with (50) give 


Xi=w; (i=1,---,k-1), Xi < wm. 
Consequently X/ X/ --- Xi) <wywe-- + w,. This inequality and relations 
(33), (34) give 

(51) XiX2°° °° Xe << XL XI -++ Xi < WiWe-+*+*+ Wy. 


However, on the assumption that X/’...,, with r<k<(n—1), is a set 1, it 
follows from (28) and (29) that 


bX1X9---X-— 1 bwiwe--- we— 1 
= ——— 2 2,41/X) > 2s,A{1/e) = —— emmating 
aX,Xe---+X-E AWiWe-+* WE 








so that X:X2--- X,>wiw2--:- wx, which contradicts (51). Hence X/’...; 
is not a set r. 

17. Further definitions and notation. In order to continue the induction 
of §16, we extend our classification and transformation of elements and in- 
troduce further terminology. 

Notation for successive sets of elements. Whatever be our transforma- 
tion, if we apply it exactly once to a set X“..,, which we take to mean 
X1...», Xi...», Xi’... +++ when a=0, 1, 2,---, respectively, the new 
set obtained will be called X77" .,. 
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General classification of elements. If a set X\”.., is given, we obtain our 
classification of its elements (with our subscript notation) by writing 
X@, g, A‘, B™ in the place of X, g, A, B, respectively, in the classifica- 
tion of §15; where of course X, g, A®, B® stand for X, g, A, B, respect- 
ively. 

General transformation. If X{*., contains at least one element of each 
of the classes A‘, B®, we define our transformation from X a to X hg 
by merely writing X‘, X‘«+», g‘@, A“, B‘ in the place of X, X’, g, A, B, 
respectively, throughout the definition in §15 of our transformation from 
X,..., to X/...,. For convenience in writing this general transformation, let 
ff’, 9 stand for X‘@, X‘¢+), g, respectively. Then our transformation from 
Tanest to fi. ° Pe ts; or tg: 


(ts) fo =frl(p #01, 0, p Sv), fol = wel, D,2(1/f’) = (1/f); 


(ts) “ “ - fis _ W», “ ‘ 


(52) 


according as ¢; defines f’s to be not greater than w, or greater than w,o, 
respectively. 
Remark. When (52) is applied the following relations hold: 


we, S fei <fo,n fo<fe S wp. 
ae 1 1 1 1 1 I 


In words, one, and only one, element of class A‘ [B‘], namely the one 
with the smallest subscript, is always decreased [increased | by (52), and to 
a value not less [greater] than that of its corresponding element in the set 
Wy. -9 

Intermediate and final sets of elements. Since //..., contains at least one 
more element of the set w,..., than does f,..., it follows that for any given 
set X,..., there exists a smallest integer X20 such that X dll does not 
contain an element of each of the classes A™, B™ and is not transformable 
by (52). A set X\,, a=1, 2,---, A—1, that is transformable will be 
called an intermediate set for X,...,, and X}’.., will be referred to as the 
final set for X,...,. 

Exhaustive set of transformations. The set of \ transformations which 
carries X;..., into X ~ _, will be called the exhaustive set for X,...,. 

Remark. Since X,21, p=1,---, , and w,21, it is evident from the 
last Remark above that X,‘° 21 for a=0, 1,---, A. Thus it is true, as 
heretofore stated, that every element which we consider in our discussion of 
maximum numbers is at least as great as unity (cf. the last sentence before 
the Definition in §14). 

18. Continuation of the induction begun in §16. In the case where X/ ...; 
is not transformable we have shown in §16 that X;..., is not a set 7, and 
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thus reached a contradiction. In making the demonstration of this section, we 
shall use a generalization of Lemma 6, namely Lemma 9 below, the proof of 
which we obtain by reasoning of the type that was used in establishing 
Lemma 6. 


Lemma 9. If X,...; is a set 7 or a transformable set o for whichr<k <n; 
if fi... stands either for X,..., or for any one of its intermediate sets*; and if 
0;, 0 are related to fi...% S qi, ;Q, respectively, are to X1...%1 (cf. the classifica- 
tion of §15), and if t is a positive integer, application of (52) with v=k to 
fi..-x yields a set fi ...% such that 


Safe <fifd, fot + fat < fr) + F8)5 
Lp.r(1/f’) S2p,(1/w) when p=r1,---,10—1; 
= Lp,(1/f) when r = 1 and p = 10,---,k — 1; 
Lp.r(1/f) whenr > 1 and p = 10,---,k —1; 
Lpr(1/f) when p = k. 


Remark. Equality (57) holds because it is identical with the case v=k 
of the last equation of both é; and ¢, in (52). If we establish relations (53) 
to (56) inclusive, it will be evident from them and the Definition of §14 that 
if fi..., is a set 7 or a (transformable) set o, then f/...; is a set 7 or a set a, 
respectively. 

Proof. The case f=X, f’=X’, 0=q of Lemma 9 has been established 
(in Lemma 6). Further if X/...; is not transformable, it is the final set for 
X,...%, and Lemma 9 has exactly the content of Lemma 6. Hence the only 
case that we need to consider is where X/. ..; is transformable. Suppose it is. 
If we can show (i) that gi <q’, the case f=X’, f/=X”", 0=q' of (54) will 
obviously hold; if we can prove (ii) that 


(58) X' 4 s Xe 


the same case of relations (53) will follow from Lemma 1a; and then (55), (56) 
can be established by the method that was used in proving (36), (37), respec- 
tively. We prove (i) and (ii) presently. 

(i). Since X. |---% is transformable and is either a set o or a set 7 it follows 
from Lemma 5 that qi’ <q’. 


* If f;... » stands for X1... x, fi... gis transformable (cf. Lemma 6). If fi... , stands for any inter- 
mediate set for X1... x, it follows from the definition of intermediate set that f,... , is transformable. 
Thus our hypothesis implies that f;... , is transformable. 

t Iff=X), then 0=¢. Thus if fy....=X,, then fo,= Xs, where 6 =¢,™ and fo=X 
where :5=,9. 
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(ii). To prove(58) it suffices to observe that, with gi <iq’, X,,<X,.q' 
(the elements of X being arranged in increasing order) and that 
XY, S Xd, Xv SF X'y (cf. the Remark just below (52)). 


Thus we find that the case f= X’, f’ =X", 0=q’ of Lemma 9 is true. 

If X{’..., is transformable, the method employed in the proof just com- 
pleted can obviously be applied to show that the case f=X”, f’=X’",0=q” 
of Lemma 9 is true; etc., until the final set X ® , is obtained. 

Completion of the proof that X,...,; is not aset 7. If X,..., is a set 7, so 
is the final set X?).., that we arrived at above (cf. the Remark just after 
Lemma 9). However, by argument of the type that was used in the last para- 
graph of §16 one can show that X}” . 4 is not a set r. 

Completion of the proof that (30) holds and that X is a set o. Recalling 
now that X;..., is a set o (cf. Lemma 4), we observe that since X)...(-41) is 
not a set 7, X1...(41) is a set o; then, reasoning similarly, we find the sets 
X\...@42), °° *, X1---ca-y in this order (each set in its turn) to be sets e¢. 
Hence (30) holds. Further, since X =X,..., is an E-solution, and X.. .¢n—1 
is a set o, X1..., is also a set o, a fact which will be used in the proof of (32). 

19. Proof of (31). What we wish to prove is that if r=1, then 2,_1,:(1/X) 
<2,-1,1(1/w).* We make the desired proof by treating the following two 
cases: (i) when X,...¢n—» is not transformable; (ii) when X1...(,—1) is trans- 
formable. 

(i). Since X and w both satisfy (25), X#w obviously implies that 
Xj... (n—) ¥W1---(n—-y- Now since X(=X;,...,) is an E-solution in which 
X\..-cn—-y is not transformable and #w...(n—-», it follows from (30) that 
X\...¢n-y contains one or more elements of class A and no element of class 
B. Hence La—1,1(1/X) < La-1,1(1/w). 

(ii). Since X1...¢n-1) is transformable, n23. From the hypotheses that 
X is an E-solution and that w is the Kellogg solution of the case r=1 of 
(25), it follows that if X:#w., then X,>w,, so that 21,:(1/X) <2i,:(1/w). 
With m equal to a positive integer <(m—2), suppose that for every positive 
integral value of p, 1 Sp <m, for which X1...p#w1..-p,2p1(1/X) <Z,1(1/w), 
and that X....mW1..-m, so that 


bwywe +--+ Wm—1 
(59) Dmi(1/X) < Zm(1/w) = (cf. (28)), 
aWiWe*** Wm 
* One might think that if r>1 and if X is an E-solution #w of (25) then En_1,r(1/X) < Zn-1,r(1/w). 
That this is not always the case is shown in the following example. 
Example. If n=3, r=2, b=1, and c=9, equation (25) becomes 
1 1/si1 1 1 
—-+-(=+-) =, 
i toe ad as 9 


and w=(1, 10, 99). An E-solution #w is X =(2, 5, 63). Here 22,2(1/X) = 2 2(1/w). 
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and suppose that 


bwiwe--- Wm41 — 1 





(60) Zm41,11/X) 2 Zmgir(l/w) = 
QWiW2*** Wm+1 

Then (59) and (60) imply that X1...(m41 is transformable. By (30) the sign 

> does not hold in (60). Suppose = holds there. Then X1...m41 is a set o and 

when exhaustive applications of transformation (52) for X1...(m41) are made, 

the following relations hold (cf. (53)): 


™ Peat , (A) _, A) (A) 
X1X9-+* Xmgr < XiX2-+ + Xmyr S X1 Xe +++ Xmyer = WiWe- + + Woy, 


where J is the number of transformations in the exhaustive set for X1...cm+y, 
and the equality sign holds between the last two products because of our hy- 
pothesis that the sign = holds in (60). Thus 


(61) X,Xeq-- + Xmyi < WiWe + + - Wm41.- 


One can now contradict (61) by observing that with (28), (29), and the case 
of equality in (60) holding, the following relations are true: 
bX,Xe ‘os X m1 —1 bwiwe °° eas 1 


S Dati (1/X) = 
aX,Xo:-- X m+1 - . / GW ;We-** Wm41 








so that X:X2-- + Xm412Wiwe - - - Wmyi1(contradiction). Hence (31) is true. 

20. Proof of (32). Since X is an E-solution¥w, of (25), X contains at 
least one element of each of the classes A, B. Consequently there exists at 
least one positive integer p<m for which X,~w,. We shall complete the 
proof by considering the cases (i) and (ii) of §19. The argument that was 
given under case (i) in the proof of (31) suffices in that case here. We treat 
case (ii) presently. 

(ii). Here X;...(n—1) is transformable and it has been shown to be a set o 
(cf. (30)). Hence X[=X;...,] is a transformable set ¢, and (56) holds with 
k=n. Now let g stand for X itself or any one of its intermediate sets X‘” 
for which X,‘“ =X, except the last such set, and let it be denoted by h. Then 
it follows from the case p=(k—1), =(m—1) here, of (56), that 


Zn—1r(1/h) < Zn-1,r(1/g) 
for every g, so that, in particular, 
Ln1r(1/h) < Zn1,r(1/X). 
Now since X is a set a, the following relations hold: 
(62) Ln—-ir(1/h) < Zn-12(1/X) S Zn-1,-(1/w). 
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By hypothesis, X, =,, while both X and / satisfy the equation 
Dn—ir(1/x) + (1/xn)En—1,r-1(1/x) = b[(e + 1)b — 1]-! (cf. (25)). 


From this equation and (62), then, 2,~1,--1(1/h) > Zn-1,--1(1/X). Conse- 
quently to conclude that (32) holds we only need to prove that 2,_1,,-1(1/w) 
> 2 n-1,r-1(1/h). We shall establish the more descriptive relation 


(63) La-1,r-1(1/w) > Ln—1,r-1(1/h) ° 


From Lemma 9 and the definition of / one observes that / is a set o in which 
hy...~m—1 is not transformable. Consequently, h;>wi(i=1,---, m—1), and 
by (62) the sign > holds in this relation for at least one of the specified values 
of i. Therefore (63) is true. 

21. Summary of results obtained in Part 3. Since (30), (31), and (32) 
hold, Theorem 2, §12, is true (cf. the first of two facts that are stated just 
before (30)). From Lemma 9 and the fact that every E-solution of (25) is a 
set o (cf. the last paragraph of §18) it is evident that Lemma 3, $11, holds 
with u and (2) standing for w and (25), respectively. Hence Theorem 3, §12, 
is true. 


Part 4. FURTHER POSSIBILITIES OF THE PROCEDURE OF PART 3 


22. Why the procedure of Part 3 does not apply to equation (21). This 
will be shown by considering the following special case of (21) : 


2 b 
(64) 23,1(1/x) + 23,3(1/x) -=| ———_————- for b = 2andc = 3]. 


7L (+b—-1 


The Kellogg solution of (64) is w=(4,29,819) (cf. (23)). 
Using notation that has been employed above, we observe that the pres- 
ent analog of transformation (33) is ¢7 or ts: 
(4) Xp = X,(p¥q, 9, PS»), Xe = Way 
Dy 1(1/X’) + 2y,3(1/X") = 2a(1/X) + 2,,3(1/X); 
(ts) X» _ X» (p ¥ 71; 19; p s v), Xie = Bia 
D,1(1/X") + 2,,3(1/X) = 3,,1(1/X) + 2,,3(1/X), 
according as ft; defines X,/ to be not greater than w,, or greater than w,., 


respectively. 
Since (64) is equivalent to 


1 1 1 
Si dued 


v1 Xe X3 


(65) 


the analogs here of (30) and (32) are 
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(66) X7!+ Xz! S w7' + wer’, 
(67) (X1X2)-! < (wiwe)!,* 


respectively. By our theory for the case r=1 in Part 3, one can establish 
(66). The procedure of Part 3 does not enable one to prove (67), as we pres- 
ently show. 

Suppose that for equation (64) X ¥w is an E-solution in which g;=1 and 
19 =2 (such as X =(5,12,427)). If we apply (65) to X1...s, the product X.X2 
will be increased (cf. Lemma 1a, §6), so that (X/ X/)-!<(X1X:2)—, whereas 
the procedure of Part 3 would be to prove that a transformation on X,...2 
or X,...3 increases the coefficient of X;~' in the equation that results when 
x in (64) is replaced by X. Thus the procedure of Part 3 would be to prove 
here that [1+(X/X/)~]> [1+(X.X.)-], which would contradict the in- 
equality just obtained by use of Lemma la. 

For the theory of Part 3 we have found no modification that will yield for 
(21) results analogous to those which we have established for (25). Neverthe- 
less, we have not exhibited an example in which we are able to prove that 
such results do not hold. In the next section we state the additional informa- 
tion that we have about (21) and the theorems which our procedure yields 
relative to another equation very much like (21). 

23. Statement (without proof) of further results obtainable by our method. 
We include in our statements here the results that are expressed in Theorem 
zi (t=2, 3). 


THEOREM 4. If in (21) either },=1(p=r+1, - ++, 5), or Xp41 ts an integer 
=0 and X,=0 (p=r+2, ---, 5), the largest number that exists in any E-solu- 
tion of the resulting equation (21) is the w, of the corresponding solution w de- 
fined in (23). Furthermore, in each of these cases w, appears in but one E-solution 
of the equation (21) in question. 


THEOREM 5. In each of the two cases of Theorem 4, if X is an E-solution of 
equation (21) and is different from the w of that equation, then P(X) <P(w) 
(cf. the definition of P(x) in the third paragraph of §2). 


Remark. When r=1, s=m, and },=1 (p=2,---, m) equation (21) is 
equivalent to 


(68) lla +1/x) =1+6/a, a= [(e+1)d—1]; 


i=1 


* If in (64) x is replaced by X, the coefficient of X71 is [1+(X1X2)—]. Thus it is apparent that 
(67) is a simplified form of the inequality 


1 + (X1X2)7 < 1+ (ww). 
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and if we employ the notation 7;(a) =(1+a:) (1+az) --- (1+a,), solution 
(23) assumes the elegant form 

wi = (C+ 1), Wir = ar(w) +1 (6 = 1,---,m — 2), Wa = ama_i(w). 
If further b=c =1, solution w is given by 

w, = 2** (¢=1,---,2—1), w, = 27"* —-1. 

Thus Theorem 4 and Theorem 5 give interesting results about equation (68). 

Results relative to another elementary symmetric equation much like 
(21). Consider the equation 
(69) AD r(1/x) + Ar¢idnr41(1/x) +--+ AsDns(1/x) - 1, 


in which 7, s, m, and X, are positive integers with r<s<n, and \,(p=r+1, 
-- , $) is an integer=0. That neither of equations (69) and (21) includes 
the other is made clear by the following two statements, each of which is ob- 
viously true: first, (69) and not (21) contains the equation 323,3(1/x)+ 
523,2(1/x) =1; second, (21) and not (69) contains the equation 3,3(1/x) + 
523,2(1/x) =2/5. 
For equation (69) it turns out that the Kellogg solution is one in posi- 
tive integers, namely x =w, where 
wp=1 (p=1,---,r-1), mw =% 41, 
Wp = AD p.p—rg1(W) + AvgiDp,p-r(W) +++ + AsLn—1,n—s41(W) + 1 
(p=r,---,n— 2), 
UW, = ALn—1,n—r(W) + Avp12n—1 ,n—r41(W) tere t AeLn—1,n—e(W). 


By the methods of Part 3, we have proved that if in Theorem i(i=4, 5), 
(21) and (23) are replaced by (69) and (70), respectively, the resulting state- 
ments are true. 


Part 5. APPLICATIONS 

24. On the convergence of a type of series. From the fact that every E- 
solution X of (25) is a set o (cf. (30)), it follows that among all infinite series 
with pth term equal to (1/x,+ 1) 2,+4»~2,r-1(1/«), where the x’s are positive 
integers such that 

Lur(1/x) < (6/2), a=([(C+1)b-1], w=7,r+1,---, 

b and c being any positive integers, there is no series which converges to 
(b/a) more rapidly than does the one that is obtained by letting m increase 
indefinitely* in (25) and then taking x, equal to w,(p=1,---, m—1) of 


* Kellogg has mentioned applications of Kellogg solutions (not so named by him) to series and 
to mapping (loc. cit. in third footnote on p. 876). 
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(26). When r=1 the series thus obtained converges to (b/a) more rapidly 
(cf. (31)) than does any other series of the specified type. 

25. An answer to a question of Curtiss concerning a maximum number. 
A corollary of Theorem 3 defines unique maximum values for the coefficients 
c; of rational, integral, algebraic equations of the mth degree, of the form 


B® — c2°"! + cgz**§ — +--- + (— 1)%, = 0, 


whose ” roots constitute an E-solution of (25). This answers a question 
which was raised by Curtiss*; in fact, it does more since his inquiry was about 
positive integral solutions rather than E-solutions. . 

26. Maximum numbers and minimum numbers associated with a problem 3 
in physics. Our results contain a considerable amount of information about 
the following problem in physics. If the resistance in the 7th wire of a set of 
wires which are connected in parallel in an electric circuit is x;, the total 
resistance x in the circuit is, as is well known,{ given by the equation x~! = 
>.,1(1/x). For a given positive integral value of x, Theorem 2, §12, gives the 
maximum value that any one of the x; can assume in any £-solution of this 7 
equation; Theorem 3, §12, the maximum value of ~,,,(x) in any E-solution; h 
Theorem 1, §2, the least value that 2,,, (x) can have in any positive solution. a 
In any E-solution of the given equation the minimum value of any x; when 
n>1 is obviously (x+1) and the smallest value of the largest x; is mx. 

27. An upper bound for a perfect number with exactly divisors less 
than itself. It has been pointed out{ that a perfect number with exactly n 
divisors less than itself, unity included, can not exceed the value which 4 
w, assumes in (26) in the case r=a=b=1. Suppose that a, is a perfect number a 
which has ” numbers 1, a1, a2, - - - , @a—1 aS divisors, and no other divisor q 
except a, itself. Then from the definition of perfect number it follows that 
n= [1+ 2n,1(a) ]/2. Since 2,,1(w) is an upper bound for 2,.,:(a) (cf. Theorem 
3), we conclude that a perfect number with exactly m divisors less than itself ; 4 
can not exceed B= [1+ 2,,:(w) ]/2. If we can show that B<w, for all posi- ; 
tive integral values of m>2, we shall have in B a better upper bound than 4 
Wn. This we prove presently. 

In our special case (r=a=b=1) of (26), wa=wiwe- ~~ Was, which 
equals W»-1(Wn-1—1), as follows from (26). We desire to establish the in- 
equality w,>B or its equivalent wn_i(Wa-1—1) >(witwet «> - +wp1+1). 
This relation is obviously true if wn—1(Wa-1— 1) > [(m—1)wn_1 +1]; or, indeed, 






* Cf. D. R. Curtiss, p. 864 of the paper cited in first footnote on p. 883. 
+ Cf., for example, Arthur L. Kimball’s A College Text in Physics, p. 428 (2d edition revised, 
1917). 

t Cf. the article of Curtiss referred to in third footnote on p. 876. 
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if w,—1 >. Now from the case r=a=b=1 of (26), 


Wr-1 aS (w We oleh Al Wn-2 + 1) = (2*-? + 1); 


and one can easily prove that (2"-*+1) >x if m>3. In the case n=3, w3= 
2-"(w, +we+w3+1) =6. Hence w,>B when, and only when, ”>3 (no value 
less than 3 being admitted for 7). 

We shall now give a descriptive comparison of the upper bounds B and 
wn. For n=5, R,=(B/w,)<0.52. We prove below that R, decreases as 
n(>2) increases through positive integral values, and that the limit of R, 
as m increases indefinitely through such values is 2~'; from these facts it will 
be clear that for 1 >4, B is (only) slightly greater than 2-'w,. 

Proof that R, decreases as 7 >2 increases. With m equal to an integer 
>2, the inequality R»,>Rm+1 is, by (26), equivalent to 

1+ wit wet: >> + Wei + (Wm 


Wm — 1 


ae 1+ wt wet >> + Wm t+ Woy 
> —— ae: 


a0) 
m+ 


Using the fact that if 2 =(m+1) then w,41=Wn(wm—1), we find that (71) is 
equivalent to 





and, therefore, to (wm—1) (1+witwet -- + +Wm-1) >Wm, which obviously 
holds since (1+wi+wet+ --- +wWm_:) and w, both exceed 2. 
Proof that the limit of R, is 2~'. From the definition of B, 


» T+ wit wet s+ We | Wr-1 1 
(72) R, = ae slp semeten aie mae s 
2Wn 2Wn 2 





The middle fraction in the right member of (72) reduces by the equality 
Wn =Wn—1(Wn-1—1) to an expression whose limit as m approaches infinity is 
zero (cf. (26)). In finding the limit as » increases indefinitely of the first frac- 
tion in that right member, we apply the known fact that 


(1 + wi + we +--+ + wae) S [(m — 2) + wiwe--- wae]. * 


* Cf. American Mathematical Monthly, March, 1930, Theorem 1a, p. 137. 
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From this relation it is now evident that the desired proof will be made if 
we show that 
n—2 Ye--:1 1 


a : im —— =0. 


n+© Wy 1(Wn_-1 — 1) n+0 Wat 


Since w,-1>m (cf. the second paragraph of this section), these limits are 
zero. 


NORTHWESTERN UNIVERSITY, 
EVANSTON, ILL. 





THE NUMBERS OF SOLUTIONS OF CONGRUENCES 
INVOLVING ONLY kTH POWERS* 


BY 
RALPH HULL 

Introduction. The problem to determine the number of solutions of the 
congruence 
(1) >ox,* = a (mod 9), k21,s21, pa prime, 

v=l 

is of interest in connection with Waring’s Problem and also in connection with 
the finding of resolvent equations for the irreducible cyclotomic equationt 


(2) gel yr? + -.--+rx+1=0, p an odd prime. 


It is the purpose of this paper to obtain general formulas for the number of 
solutions of (1) which cover all cases, and at the same time to obtain certain 
results for more general congruences of the type 


(3) Poop = a (mod n) (s = 1,k = 1), 


ad | 


where a, -- - , a, @ and # are any integers. By the number of solutions of 
(3) is meant the number of sets of integers x, - - - , x, satisfying (3) and such 
that 0<x,<n(v=1, ---,s). Asolution x, - - - , x, of (3) is said to be primi- 
tive in case at least one of x, - - - , x, is prime to m. 

We pass at once to the consideration of congruences of the type (3) with 
a power of a prime. For such congruences, with a,=1(v=1, - - - , s), Landau,t 
in connection with his exposition of the Hardy-Littlewood theorems on War- 
ing’s Problem, has given reduction formulas by means of which the numbers 
of solutions for higher powers of the prime may be obtained from those for 
lower powers. Similar formulas can be shown to hold under certain conditions 
when the coefficients are more general. 

V. A. Lebesgue§ discussed at some length congruences of the type 


* Presented to the Society, August 31, 1932; received by the editors May 29, 1932. 

t For an exposition of Gauss’ method for the solution of this equation see Bachmann, Die 
Kreisteilung, pp. 43-58. For other references, see the Bulletin of the National Research Council, 
Bulletin 28, February, 1923, Chapter IT. 

t Landau, Vorlesungen tiber Zah’entheorie, vol. I, pp. 280-292. 

§ Lebesgue, Journal de Mathématiques, vol. 2 (1837), pp. 253-292; vol. 3 (1838), pp. 113-144. 
The second paper (1838) deals with the applications. 
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(4) Ya«cm = a(modp=hm+1), m2 2, pan odd prime, 
v=l 

with a view to the application of his results to the finding of resolvent equa- 
tions for (2). His method consisted, first, in obtaining a congruence giving the 
residue modulo p of the number of solutions of (4) by means of which, for 
small primes and s=1 or 2, this number could be found; second, in showing 
that the number of solutions of (4) in case s>2 may ultimately be found from 
the numbers of solutions of congruences in one or two unknowns; and third, 
in obtaining a formula for the number of solutions of (4) which involves the 
roots of (2). 

The methods of this paper are similar to those of Lebesgue with certain 
modifications and extensions. It is shown that a congruence (3), with a 
prime, is equivalent, for the problem under discussion, either to a linear con- 
gruence, in which case complete results are known, or to a congruence of the 
type (4). The greater part of the following discussion is concerned with con- 
gruences of the latter type. 

The formulas here obtained for the number of solutions of 


(5) ox =a(mod p=hm+1), m2 2, pan odd prime, 


v=1 


are of the nature of recursion formulas. For m=2 they may be obtained from 
those of Jordan quoted in §3. For m23, the formulas depend upon certain 
integers for the determination of which a general method is given. These re- 
sults also include a method of determining the coefficients of the reduced form 
of the mic resolvent of (2), with p=hm-+-1. 

The case m=5 is treated in detail by a special method, and the integers 
mentioned above are expressed in terms of an integral solution of two simul- 
taneous quadratic Diophantine equations in four variables which are shown 
to have exactly eight distinct solutions for any given prime of the form 54+1. 
These simultaneous equations play the same réle for the case m=5 as that 
played by the well known single equations x?+27y*?=49 and x*+4y?= 4, for 
primes of the forms 34+1 and 44+1, respectively, in the determination of 
the cubic and biquadratic resolvents of (2) for these cases, respectively. 

In the final section, which is independent of the earlier sections except 
the first, are discussed sufficient conditions on s in order that (3), for a given 
k=2 and a,=1 (v=1, - - - , s), may have a solution for every choice of in- 
tegers a and n. 


1. Congruences with a composite modulus. Before passing to the case of 
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a prime modulus to which the greater part of this paper is devoted, we state* 
some results for the congruence (3). 

THEOREM 1. Let n=," - - - p,'* where pi, - - - , p, are distinct primes and 
1,21 (i=1,---, 17). Then the number of solutions of (3) is the product of the 
numbers of solutions of the r congruences 


diax,t =a (mod pi") i +> _ ihe 
v=l 


The theorem follows easily from the 


Lemma. Let F=F(x;, - - - , x.) be a polynomial with integral coefficients in 
the s variables x, - - - , x,, and let N and N’ be the numbers of solutions of 


(6) F=0 (mod n) 


and 

(7) F=0 (mod n’) 
respectively. Then if n and n’ are relatively prime the number of solutions of 
(8) F=0 (mod nn’) 
is NN’. 

Evidently to every solution of (8) corresponds a solution of (6) and a solu- 
tion of (7). Conversely, let (a, - - - , %,) and (xi, - - - , x) be solutions of (6) 
and (7) respectively. Then (ai+éim,---, v+&m) and (x{+é/n’,---, 
xj +&/n’), where &, and &/(v=1, -- - , s) are any integers, satisfy (6) and 
(7) respectively. Since n is prime to n’, 


tin=x, —x, (mod n’) (vy=1,---,s) 


determine £, - - - , £, uniquely modulo m’. Then there exist integers £/,--- , 
&) such that 

X, = «1, + tn = xy + fn’ 
and Xi, -- +, X, are determined uniquely modulo nn’ and satisfy (8), since 
n and n’ are relatively prime. 

The following notation is that of Landau (loc. cit.) except that we here 
let k=1 instead of restricting k to be =2, the latter restriction not being nec- 
essary for the present purpose. For fixed k2=1 and s21, M(p'; a) and N(p'; 
a) denote the number of solutions and the number of primitive solutions, 
respectively, of 


* The lemma is stated by Hermite, Journal fiir Mathematik, vol. 47 (1854), pp. 351-7; Oeuvres, 
vol. 1, p. 243. Theorems 2 and 3 are proved by Landau (loc. cit.). 
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Sa! =a _ (mod p’) (p a prime, / = 1). 


v=l 


k = p*ko (6 = 0, ko prime to p), 
y =6+1 or 0+2 according as p>2 or p=2, 
p? = P. 
THEOREM 2. If l2=y, 
N(p'; a) = p&-Y YN (P; a). 


THEOREM 3. Assume a0. Let a= p**+* ay, B20, OSa0<k, ay prime to p. 
Then if l\=>Bk+o+1, whence a40 (mod f'), 


3 
M(p'; a) = do p2t-DeN (pak; a/p*). 
a=0 
THEOREM 4. Let 1=6k+e€, 520, 0OS¢€<k, 5 and ¢€ not both zero so that l=1. 
Then if «>0 and 620, 


6 


M(p'; 0) = Do pre-DeN (pak; 0) + pi-s-vs; 


a=0 
if «=0, 5>0, 


6-1 
M(?'; 0) = Do pre-e (pak; 0) + pide, 
a=0 
In view of Theorem 1 we may restrict attention to the case of (3) when ” 
is a power of a prime. If, further, the coefficients in (3) are all unity, we need 
only consider powers of the prime at most equal to the corresponding P, de- 
fined as in (10), and then determine the numbers of solutions for higher 
powers by Theorems 2, 3 and 4. In particular, if p is an odd prime not dividing 
k and the coefficients are all unity, the problem for any power of the prime re- 
duces to the case of a prime modulus. Similar results to those of Theorems 3 
and 4 hold for arbitrary coefficients. An inspection of Landau’s proof of 
Theorem 2 will show that similar results to those of this theorem hold for any 
set of coefficients each of which is prime to the modulus, but, if the coeffi- 
cients do not satisfy this condition, such results do not necessarily hold. 
2. Preliminary results for a prime modulus. We state* here a number of 
general theorems and introduce notation in terms of which relations are 
given which will be needed in §§3 and 4. 


* For the details of the proofs of Theorems 5, 7, 8 and 11, see Lebesgue’s paper of 1837 (loc. cit.). 
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THEOREM 5. Let F=F(x,---, x.) be a polynomial with integral coeff- 
cients in the s variables x, - - - , x,, and let S denote the number of solutions of 
F=0 (mod p), pa prime. Then 

S =(- 1)! Yc (mod 9), 
where >~C denotes the sum of the coefficients of the terms Cx;* - - - x,9 of the 
expansion of F?-! in which each of the exponents a,---, g is a multiple>0 
of p—1. 


The proof follows from the well known theorem that if 721, 


p—l 
ix" =0O0orl1 (mod /p) 
z=0 
according as r#0 or r=0 (mod p—1), and by noting that F?-'=0 or F?-'=1 
(mod p) according as F=0 or F 40 (mod #). 
Henceforth, in discussing the congruence 


(11) Yast = a (mod 9), p a prime, 
y=1 


we shall assume 
(12) ; a,::-a,4#0 (mod ?), 
since other cases are easily reduced to this. 


THEOREM 6. Let m be the greatest common divisor of k and p—1, and let 
p—1=hm. Then the number of solutions of (11) is the same as the number of 
solutions of 
(13) dYaa«" =a (mod p = hm + 1). 

a | 

This theorem follows from the well known theorem that the number of 
solutions of the binomial congruence x'=b (mod 9) is 1 in case b=0 (mod ), 
0 or din case 640 (mod p) according as 6? 41 or b?=1 (mod p), where d is the 
greatest common divisor of / and p—1 and p—1 =dg. For, consider the linear 
congruence 


(14) Tas =a (mod ). 


It is clear that to a solution of (14) there corresponds exactly the same 
number of solutions of (11) as of (13) by 


st =2,, x”=2, (mod p) 


and the theorem quoted. 
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In case m= 1, the number of solutions of (13) is p*-!. Henceforth we assume 
m=2, p=hm+1, h=1. It proves convenient to write (13) in a different form. 
Let g be a primitive root modulo ». Then, in view of (12), there exist non- 
negative integers au, - - - , am such that a,=g* (mod p) (v=1, - - - , s), and, 
in case a#0 (mod ), we may write a=g* (mod p). We write (13) in the form 


(15) A Dear =0 (mod p = hm + 1), 
vol 


or in the form 


(16) / Digrxm = g* (mod p = hm + 1), 
vex] 


making the change of notation indicated. It is obvious that the integers a, 
- ++, a, and a may be reduced modulo m without affecting the number of 
solutions of (15) or of (16). We make use of this repeatedly in what follows. 
Let R be any root of (2). It is shown* in the theory of cyclotomy that if 
g is any primitive root modulo p=hm-+1, the m periods 7, - - - , %m-1 Of 
the roots of (2) defined by 


h-1 . - 
n= oR" (i =0,---,m—1) 


j=0 
are the roots of an equation of the form 
a” + bin” +--+ + dn—in + bm = 0, 


where },, - - - , b,, are integers independent of R and g. Also, for any integer , 
a imtkmti 
Nitkm = > Re” i nie 
j=0 
For any integer a, we define 
f&=1+ mn. 
Then £&, - - - , m1 are the roots of an equation of the form 


(17) a a) cae"? Se or or ee Cm—1 ~ ta 0, 


where ¢2, - - - , Cm are integers. 


* For example, see Bachmann, loc. cit. 
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THEOREM 7. Let A(0) denote the number of solutions of (15). Then 
pA(0) - p* + hT(a,, Poe as), 
where 


m—1 


T(a, aed a) - Deets 7 a £0,4+)- 


j=0 


For any root, R, of (2), and any integer a, 


p-l 
>oR™* = Oorp 


r=0 


according as a40 or a=0 (mod #). Hence it is easy to see that 


p—1 
pA(O) = 2 DR, 

where the outer summation is taken over x,=0,---, p—1 (v=1,---,7). 
The formula of the theorem follows if the right member of this equation is 
reduced by a procedure similar to that of Lebesgue (loc. cit. (1837), pp. 
287-290). 

From the form of T(a, - - - , a,) it follows that, for a fixed primitive root 
g modulo # and a given set of exponents a, - - - , d,, this sum is independent 
of the root R of (2). On the other hand, for a given set of exponents qi, - - - , 
a,, this sum depends in general upon the primitive root g modulo , but it is 
understood in what follows that, for a given prime f, g is fixed throughout. 


THEOREM 8. Let 


B= Diguryr, C=A+B, C'=A-B, 
u=1 
and let A(0), A(g*) denote the numbers of solutions of (15) and (16) respectively. 
Similarly define B(O), C(O), etc. Then, if h is even, 


C0) = CO) = A) BO) + k TA(G)B(g’); 


7=0 
if his odd, 


m—1 


C’(0) = A(O)B(O) + hk SA (g*) B(g?), 


i=0 


C(0) = A(0)B(0) +b DA(g)B(gi*™ 2), 


j=0 
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The integers 1, - - - , p—1 are congruent modulo #, in some order, to the 
integers 


a = 1, g, a oe gr, 


where, since p=hm-+1, exactly h of the exponents are congruent to 7 (mod 
m) for 7=0, - - - , m—1. To determine C’(0) we require A =B (mod ) and 
consider 


=B=0, A=B=g’" (mod pf) ( = 0,---,p— 2). 


The formula of the theorem follows by remarks made above. To determine 
C(0) we require A=—B (mod ) and a distinction arises according as h is 
even or odd on account of the relation 


—1= grr (mod ), 


which holds for any primitive root modulo #, since (p—1)/2=0 or m/2 (mod 
m) according as h is even or odd where m is evidently even if h is odd. 

By means of Theorem 8 the number of solutions of (15), or of (16), for 
s>2, can ultimately be found from the numbers of solutions of congruences 
in 1 or 2 unknowns. This idea is developed further in the next section and for 
that purpose we introduce the following notation. Suppose m=2, p=hm+1 
and g are fixed. Let MV, and M, (s=2, a=0) denote the numbers of solu- 
tions of 


Lr + gx = 0, gtx = 0 (mod 9), 


vol 


respectively; let V,(” and N.» (s=1; a, b=0) denote the numbers of solutions 
of 


> = g’, x" + gexe" = ge (mod p), 


vel 


respectively; let M,, denote the number of solutions of 
x" + gam + grag" = 0 (mod 9). 


In view of remarks made above we have 


i = a,j = b (mod™m), 
Nad = Nij;, Mas = Mj, , ( 


Ofi,j<m, 


and we define NV, and M,, by these equations for a and 6 not necessarily 20. 
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THEOREM 9. For h even or odd, Ni‘ =0 or m according as a#0 or a=0 
(mod m), and M, =1 for every a. If h is even, M2 =1 or 1+m(p—1) ac- 
cording as a40 or a=0 (mod m); if his odd, M2” =1 or 1+m(p—1) according 
as a#m/2 or a=m/2 (mod m). 

The results stated in this theorem* are well known consequences of the 
theory of indices and they are independent of the primitive root g. 

By means of Theorems 8 and 9 we easily obtain 


THEOREM 10. If his even 


(p — 1)Ne” = Mui — Me’, (p — 1)Nas = Mas — M , 


(p-1)Nu= Ma-M = Ms —- Ms; 


if h is odd, 
(p _ ni” — = mM”, (p _ 1)Noo - Ma. a ue. 


(0) (b+m/2) (0) 


(p — 1)Now = Mo,v4ms2 — Me = M; — Me ‘ 


For example, suppose h is even and let 


= D2, B= gty”™. 


veal 


Then by Theorem 8 and the above definitions, 


uo = MOM? +h ENON 


j=0 


i) - a) 


The first relation of the theorem follows from Theorem 9. The other relations 
are proved similarly. 


THEOREM 11. 


M, + EN.” = Mo 4a SN? = 


j=0 


-_ + h TN os aa 


j=0 


THEOREM 12. If h is even, 


Ny=- I > (" 1) genome 


r=l t=0 


if h is odd, 


* For a proof based on Theorem 5, see Lebesgue (loc. cit. (1837), pp. 256-7, 260). 
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m—1 r—-1l 
Ny= = > (" 1) gor oncemna (mod ?), 


r=1l t=O 


\a)* (“) = wyoouw- 99 iliadsineaass 


In Theorem 5 take F=x,"+g'x."—gi and the theorem follows at once. 

We note that certain relations hold modulo p between the binomial coeffi- 
cients that appear in these formulas when m>2. These relations may be ob- 
tained by noting that, for=1, - - - , m, 

H, = (th) --- (th — h+1)=(- 1)" mt (mod p). 

In view of a theorem of Lebesgue (loc. cit. (1837), p. 260) to the effect 
that N;; is a multiple of m less than mp, Theorem 12 affords a means of de- 
termining N;; completely. This method is not practicable, however, for large 
primes. The following theorem affords an easier method for any given case 
provided a table of the indices of the integers 1, - - - , »—1 with respect to g 
is available. Let u be any integer of the set 
(18) 1,2,--+,p—2. 
We denote* by K,, the number of integers in the set (18) for which 


(19) Ind,u=a, Ind,(u+1)=6 (mod m). 
THEOREM 13. According as h is even or odd, 
Ni; = Ky_;,-;m* + rm or Ni; = Ki j4-m2,-jm? a rm, 


where, in both cases, r=0 in case i—j 40, 740 (mod m), r=1 in case i—j £0, 
7 =0 or i—j =0, 740 (mod m) and r=2 in case i—j =j =0 (mod m). 

Case 1. h even. We have Ind (—1)=0 (mod m) whence N;;; is the number 
of solutions of 


(20) g™'s" = gmti-iym +1 (mod ?); 


where m—j>0 and m+i-—j>0. Suppose (20) has a solution x, y such that 
(21) xy #0 (mod ?). 
Then 

(22) ee getiiy= (mod ) 


* Gauss made use of these integers for m=3 in his discussion of cyclotomic equations. Recherches 
Arithmétiques, p. 468; Werke, I, p. 445. 
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determines a unique integer of the set (18) since ~=p—1 would imply x=0 
(mod p) by (20), and we have (19) with a=i—j, b= —j. Conversely, for every 
u of (18) such that (19) hold with a=i—j, b= —j, (22) determines exactly m 
distinct values of y modulo p, and 


g™—ix™ =ut+1 (mod p) 


determines exactly m values of x modulo p. Hence to each wu as described there 
correspond exactly m? distinct solutions of (20) and (21). It is clear that to 
distinct u’s satisfying the conditions prescribed the corresponding solutions 
of (20) and (21) are distinct. To complete the proof of the theorem for Case 1, 
there remains only the consideration of possible solutions of (20) not satis- 
fying (21). The details follow easily from Theorem 9. 

Case 2. h odd. In this case Ind (—1)=m/2 (mod m) and N;; is the 
number of solutions of 


g*"ts* = gut nists 1 (mod p). 
The proof now proceeds exactly as for Case 1. 
THEOREM 14. For any set of integers a;,- +--+, a, and any primitive root g 
modulo p, T(a,, - - - , ds) is an integer divisible by mp. 
The theorem will follow from Theorem 7 when we have shown that pA(0) 
— p’ is divisible by p—1=/m. It is easily shown that 
A(g‘) = 0 (mod m) (¢=0,---,m-— 1), 


and, by the same argument used in proving Theorem 11, 


m—1 
A(0) + h DUA(g') = p’. 
i=0 
Hence, 


m—1 
pA(0) — p* = pt! — p*— hp VIA(g') =0 ~— (mod p — 1). 
i=0 


3. Recursion formulas for a prime modulus. We find here recursion for- 
mulas for M{ and NV, (i=0, - - - ,m—1;s21;m2=2). These complete the 
discussion of (1) for all cases in view of Theorem 6 and known formulas for 
linear congruences. It proves convenient to deal with M{ (i=0, - - - ,m—1) 
and obtain V,{ by means of Theorem 10. 

We first define \{ by 


(23) u?? =pt+ 2 (p — 1) (4 =0.--+.m—1). 


By Theorem 9 we have 
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(24) rz” 


— 1 or m — 1 according as i ¥ 0 or i = 0 (mod m) (h even), 





and 





(i) 


(25) Xx = — 1 orm — 1 according as i # m/2 or i= m/2 (modm) (h odd). 
Next, let 
(26) Mi; = p? + ii(p — 1) (i,j = 0,---,m-— 1), 








where the M;; are as defined in §2. For any integers a and b we define X.,, by 








Nab = Vij (i=a,j=b(modm), OS i,j <m), 


and a similar extension of definition is to be understood, in this section and 
§4, in all cases where subscripts or superscripts have reference to exponents 
of the primitive root g modulo p employed in the definitions. It is easily shown 
that 











Mi; = M ji = M_:,j-i = 
Hence, by (26), 
(27) Reg = Age = A775 = AG, 5 SF A ps = Aji 


M ;-:,-i = | aa = M;-;,-;- 





By Theorem 7, 
pMi; = p® + hT(O, i, j). 


Hence 







mp dij = T(0, i, DE 
and the \;; are integers by Theorem 14. Theorem 10 yields 





me (i) 
N = p <— Xe 











(28) + ij 


(h even), 








(29) Mig = P— da + Mcinmse (h odd). 
Finally, by Theorem 11, 


ache sk, Sek thes. 


See Fa 





>i; = 0 (4 =0,---,m-— 1), 





(30) 


Bis 


whence, by (27), 


FR ES 


(31) 
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The cases # even and h odd are considered separately in Theorems 15 and 
16 respectively. 
THEOREM 15. If his even, 
(32) My = p24 (p—1) Dea, (m = 255 
t=2 
where, for m=2, 2 is given by (24); 


(i) (7) 


m—1 
(33) As = Aow = (1/m) rire (i -++,m—1;m 
j=0 


m—1 
(i (i), (0) (3) (i) 
hy mfhy hea Cocke + Cijed Dohade 
j=0 
(i=0,---,m—1;m2 


ilies § . 
(ro + + rm) ce. 


~"m 
2 eS C m3 





(35) F..= >> 


rel: >> 


fal 


where the summation extends over all sets of integers ro, -- - , fm, each =O, for 
which 

(36) 2re + 3rg3 +--+ + mre = 5 — 1, 

with the understanding that r,!=1-2 --- 7, if r-21, r:!=1 if r,=0, and with 
the further understanding that F,_,.=0 in case there exists no set, with the prop- 
erties described, satisfying (36). The \ (i=0,---, m—1; t=2,---, m) 
are integers for any given m=2, p=hm+1 and g. In (35), C2, -- -, Cn are the 
coefficients of (17) and 

(37) 1C, = mpd 


Before proceeding with the proof we note that the form of F,_; depends 
upon s—? and m only, and it is clear that 


(38) Fo=1, Fi=0, SFeas = DF (2<s<m). 
t=2 t=2 
From the definition of F; it is easy to prove the 


LEMMA. 


hk m 
KC = Fe (25k Sm), YCKer =Fi (k =m). 


t=2 t=? 
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Finally, we see by (31), (24), (33) and (34) that 


m—1 = 
(39) >a =0 — oe 7 
i=0 
The proof of the theorem will be divided into three parts. First, we shall 
prove by induction, based on Theorem 8, that M,“ can be expressed in the 
form (32) (s=1,---,m;i=0,---,m-—1), by defining numbers \,“ as in 
(23), (24), (33) and (34), and numbers C/ (¢=2, - - - , m) by 
(40) ‘Ci = mpm, 
and replacing F, by F/ where the prime indicates that F/ is of the same form 
as F, with C, replaced by C/. Second, we shall prove, by the use of Theorem 
7, that M (s=1, - - - , m) can be put in the form (32) with 7=0 and with 
A replaced by wu: where py, is defined by 


(41) mp = tC; (¢=2,---+,m):! 


and C2, ---,Cm are the coefficients of (17). It will be shown that u,=A, 
(t=2,---, m), and that pe, - - - , um are integers. Hence C/ =C; and d., 
- ++, Xn are integers, whence it follows easily that the A, are integers. 
Finally, we show that (32) holds for s>m. 

Let m=2. Then we have (23) and (24). Next suppose m2=3. Then (32) 
and (33) hold for s = 3 by (26), the second equality in (33) being an immediate 
consequence of (24) and (30). For the remainder of this part of the proof we 
assume m2=4 and s23. In Theorem 8 take 


s—2 
A > 2", 


v=1 
B= x21 + gix?. 


Thus we obtain 


' ’ m—1 , 
M, =Mi2M: +h DN; eG: me Op, 


j=0 


Substituting for M: and NY, from (23) and Theorem 10, we get by an 
easy reduction 


. ‘ m—1 , 
(42) My =o pMee + (1/m) SMAANG; «(4 = 0,++-, m— 155 2 3). 


i=0 


Let s=4. By (23), (28), (30) and (39), 
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m—1 


he pMa” + (1/m) Ms" Ni; 


he p{ptrz (p— 1)} + (1/m) x fo? + r3°(p — 1)} 4p — de + Aas} 


(i), (0) 


ee iA «+ 0 4 = ny p? + (1/m) Z| (p — 1) 


(i), (0) 


ape {cs dz + (1/m) Zs — Cir2” + prods He — 1) 


(i) 


= p+ {Cir2 +} (p — 1) 
= p+ (p — 1) DF _ 


in accord with (40) and (34). This completes the first part of the proof if m=4. 

Now suppose m>4 and assume as a hypothesis for induction that, for 
i=0,--+--, m-—1 and s=2,---, k(4<kSm-—1), we have (32) with F re- 
placed by F’, (24), (33) and (34) for 4 <t<k, and (40) for#=2,---,k. Then 
clearly we have (39) for /=2, - - - , &. From (42), 


(i) 1 (0) on ee ant 
Macs = de pos + (1/m) > Mi NG 


j=0 
(0) 


k-1 
=p {eo + (p — 1) DO Fes \ 


t=2 


m—1 
+ (1/m) >> {pe + (9 — 1) Fa? \ {p- . + raz}. 


j7=0 t=—2 


For convenience we define Hf’. (i=0, - - - , m—1) by 


é G@ 
(43) a ee ee 


Then, using also (39) and (30), we have 


(i) a. (0) » BS. 
Hig = 2 P >, Fide + (1/m)F ie D> M2 


t=2 j=0 
k—1 m-1 


+ ¥O SPLAA/m)aarr? + Fo'(1/m) Faa?’. 


t=3 j=0 j=0 
By the hypothesis for the induction we have 
(i) (4) 


(1/m) D2 = As 


and 
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m—1 - ‘ a > 
tie Tike he tthe ~ Mk OSS E~ ©. 


j=0 
Hence, using also Fy’ =1, 


k-1 
(4) (4) , (0) (i) 
Huy = 2 p DoF in-s-de + Fads 


t=2 


= w — (i), (0) =. iM 
a Dd Fee { deg aa Ci_1d2 war pr Ae-1} oa (1/m) do Aire e 


t=3 j=0 
In reducing the right member of this equation we note, first, 


(i) (0) 


a = - k-1 
Ae PD Fim — pre Dy Feder 
t=2 t=3 


w (0) (i). (0) 


k-1 
(4) ' (0) 
=e p > Fi-1-tr2 — phe > Fé =e prx-1. 
t=2 t=2 
Next, by the Lemma, 


= oO wf Sa 
D Fit Ci_ihke = Xe { D Fit Ci —Fo chat 


t=3 t=2 
(i) (i) 
=e Fir —Ciidhe . 
Hence, on substituting and rearranging, 


k-1 
(i) (i). (0) (i) (i) (i), 
His = pro Mat Feds + DOF te Fea 
te=3 
= (i) 
oe (1/m) Dd is ae 


j=0 


(i) 
— Chir 


~ «) (i) oss (i) 
, 
y F fase + Ag+ _ pw Frypi-ie ? 


t=2 t=2 
where X)., is given by (34). Hence, by (43), 
(i) k oes . — 
(44) Misi =~ +(P—1) DOPegreme = =(6 = 0,---, m— 1). 


t=2 


This completes the induction for the first part of the proof. 
For the second part of the proof, we have, by Theorem 7, 


(0) 


(45) PM, =P +h +it-::+ima) =p +ATr, 


where £, - - - , n-1 are the roots of (17). For the sums, 7,, of like powers of 
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the roots of (17) we have, by Newton’s formulas, since C;= 7, =0, 
T2 = 2C2, T3 = 3C3, Ty = CoT2 + 4C;,---, 
an Tm = CaT m2 +-:- + mn. 
Define u, by (41) and K; by 
mpK, = T; 

Then the K, are integers by Theorem 14 and the yp, are integers by (46). 
Dividing the equations (46) by mp we get 

Ke= pe, Ks = ws, 

Kg = CoKe + ws = Cope + us, etc., 
and by an easy induction based on the Lemma, 


K.= DO Fi-um 


t=2 


Hence, by (45), 


(0) 8 


(47) _ Me =~ +(0-1) DF 


t=2 


Comparing (44) for i=0 with (47), we see at once that p2=A (m22). 
Hence C;=Cz. Similarly, if m=3, us=d, whence also C;=Cj. It is clear 
that the highest subscript of the C’s or C’’s appearing in an F or F’ of (47) 
or (44) is s—2 (2Ss<m). Hence, considering in succession s=2,---, m we 
find u,=A whence C,=C; (s=2,---, m). Hence \™, - - - , A» are in- 
tegers and the coefficients of (17) are given by (37). The A. and A;‘*) =Xo; 
(i=0, - - - , m—1) are obviously integers by (24) and (28). From (32) and 
the results already obtained it follows easily that the A, (s=2,---, m; 
i=0Q, - ++, m-—1) are integers. 

To complete the proof of the theorem we have only to consider s >m. By 
Theorem 7, 


pM,” = prt h(t t+ +++ + bt Sew). 
If s>m whence s—12m, we have 


s—l—m 


= Ca t+ Ce es” (GF =0,+++, m= 1). 


since £0, - - - , &m—1 satisfy (17). The proof of the theorem is now completed 
by an obvious induction. 
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THEOREM 16. If h is odd, 


M, = p''+(p—-1) DFeatk (i= 0,---,m—1; m= 2;5 21), 


t=2 


and all the statements of Theorem 15 hold except that, here, d2 (i=0, - - - 
m—1) is given by (25) and 


, m—1 . 
— - _ = (1/m) > ne is /2) 
j=0 
m—1 
(i) (i). (0) (i) (i+m/2) 
Ae = pro Ar-2—Cr2d2 + (1/m) p Nodes 


i=0 


(i=0,---,m—1;m24;45¢tSm). 


The proof is exactly like that of Theorem 15 except for details where 
distinctions arise for h odd. 

In view of the recursion formulas of Theorems 15 and 16 we see that to 
determine M. (i=0, - - -, m—1; m2=2; s21) it is necessary only to find 
the values of the integers \;; (7, 7=0, - --, m—1). We obtain V,” (¢=0, 

- + ,m—1;s21) by Theorem 10. To determine the \,; for a given m2 2 and 
p=hm-+1 we have Theorem 12 or Theorem 13 together with (28) and (29). 
It follows from Theorems 15 and 16 that \;;=0 (i, 7 =0, 1) in case m=2. For 
this case, Jordan* found by induction the following formulas for the number, 
S, of solutions of 


a,x, = a, a,:--:a,4#0 (mod p = 2h + 1). 


vel 


If s=2n, 
S = g*-! — o% in case a # 0, 
S= pi + (p> — pv ")n ~~ “ a= 
if s=2n+1, 
S = p+ pm’ in case a 0, 
S=p™ “« « g=0 
where yu and yp’ are the Legendre symbols 
u = ((— 1)"a1-- + aen| p), 
u’ = ((— 1)"a1- + - denyi2| P) (a £ 0 (mod p)). 


* Jordan, Comptes Rendus, vol. 62 (1866), pp. 687-90; Traité des Substitutions, 1870, pp. 156- 
161. V. A. Lebesgue gives two proofs of the same formulas in Comptes Rendus, vol. 62 (1866), pp. 
868-72. 
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In terms of the notation of this paper, by (24) and (25), 
ac e . —1, C:.=p (m = 2, h even) 
and 
(0) a) 


Ae = —l, Ae = 1, C.=-—p (m = 2, h odd). 
Since, for m=2, F,=0 or F,;=C,"? according as /=0 is odd or even, we see 
that the formulas of Theorems 15 and 16 reduce to those obtained from Jor- 
dan’s formulas for a=0, a:=a2.= - - - =@,.:=1,a,=g' (mod P). 

Formulas for the V;; in the cases m=3 and m=4 were obtained by Le- 
besgue* by means of a special discussion for each of these cases. In terms of 
the notation used here, his results are summarized in the following Theorems 
17 and 18. 

THEOREM 17. If m=3, the nine integers d;;(i, 7 =0, 1, 2), defined for a fixed 
odd prime p=3h+1 and a fixed primitive root g modulo p, determine integers 
x and y such that 


(0) 
As = Aoo = Ariz = Ani = &, 


( 
(48) Ms = Aor = Ano = Ave = — (x — 9y)/2, 
(2) 
As = Aoz = Azo = Aur = — (x + Oy)/2, 


(49) , a? + 27y? = 4p, 


(50) x = 1 (mod 3), 9y = — (2g?* + 1)x (mod f). 


For a given prime p=3h+1, (49) has exactly four distinct solutions in integers, 
and of these one and only one satisfies (50) where g is any given primitive root 
modulo p. Take g to be the primitive root used in defining the d;;. Then the dj; 
are given by (48). 

THEOREM 18. If m=4, the sixteen integers d;; (i, 7 =0, 1, 2, 3), defined for a 
fixed odd prime p=4h+1 and a fixed primitive root g modulo p, determine 
integers x and yy such that 


Aoo = — 62, 

do = = 2x + 8y, 
Aoe = = 2x, 

Aos = = = 2x — 8y, 


Aiz = Agi = Aas = = Azo = — 22, 


* Lebesgue, Journal de Mathématiques, vol. 2 (1837), pp. 275-287. 
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a + dy? = p, 


(53) x = 1 (mod 4), 2y = g**x (mod p). 


For a given prime p=4h+1, (52) has exactly four distinct solutions in integers, 
and of these one and only one satisfies (53) where g is any given primitive root 
modulo p. Take g to be the primitive root used in defining the d;;. Then the d;; 
are given by (51). 

To complete the results for m=3 and m=4, we give the formulas for 
A, C:(t=2, - - - , m) which are found by means of Theorems 15-18. Thus, 
for m=3, As =Xo is given by (48), and C.=3p, C;= px. For m=4, h even, 
As =Xo; is given by (51), and we find 


(0) (1) (2) 


Ny =4x? — p, ry —8xy— p, rN — 4x2 + 3p, 


3 
MN = 8xy — p, 


Cz = 64, C3 = — 8xp, Cy = 4x%p — p?. 
For m=4, h odd, \3 =Xo; is given by (51), and we find, in this case, 


(0) (2) 


My” = 4a? — 9p, y= — Bry + 3p, = — 4a® + 3p, 


(3) 


4 = 8xy + 3p, 
C2 = — 29, C; = — 8xp, Cy = 4x*p — 99?. 


4. Fifth powers. We now discuss, by special methods, the case m=5, 
p=5h+1, and find formulas for the \,; (7, 7=0, - - - , 4) in terms of an in- 
tegral solution of the two quadratic equations (63) and (64) below. The 
results correspond to those of Theorems 17 and 18 for m=3 and m=4 
respectively, and also yield the coefficients of the reduced form of the quintic 
resolvent* of (2) for any given prime p=5h+1. 

We assume throughout that # is a fixed odd prime of the form 5/+1. It 
is at once evident that 4 is even. From (27) we obtain 


Nor = Aro = Aaa, Ao? = Azo = Ajs, 
Nos = Azo = Azz, Aos = Aso = Ars, 
An = = Aus = Agr = Ass = Mas, 
Ais = Aor = Age = Avs = Azo. 


* The quintic resolvent of (2), for p=5h-+1, was found by Burnside (Proceedings of the London 
Mathematical Society, (2), vol. 14 (1915), pp. 251-259) by methods not involving congruences. His 
formulas depend upon the solution of two equations in four unknowns which are much more compli- 
cated than those of this paper. 


(54) 
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Then (30) yields 
= — Kor — Aoz — Aos — Avs, 

(55) 3(— 2do1 + Aoz + Aos — 2Aoa), 
= 3(Ao1 — 2X02 — 2Aos + dos). 


To obtain further relations, we write the congruence 


a + Xe + gx + g x =0 (mod p) 
in the two forms 
5 5 5 3 5 
1+ x2 = g(ys + g 4) (mod ), 
and 
x + gx3= ye +e ye (mod ), 


to each of which it is equivalent since / is even. Hence, by Theorem 8 and the 
definitions of §2, 


4 4 
M:’My + bh ONojNaa-; = Mr My + bk DN GjNij. 
j=l j=0 


We substitute from (23) and (28), apply (30) and (39), and get 


AooAss + AoiAzs0 + Ao2Asi + AosAs2 + AosAs3 


(56) 
— AroAso — ArtAgi — ArgAg2 — ArsAas — Arghaa = 25D. 


Dealing similarly with 


ait a.+ g ts a gt = 0 (mod 9), 


we obtain 


4 4 
MMs + hk DN ojNi a; = Mz My? + bh ON aN aj, 
j=0 j=0 
whence 
AooA13 + AowrA14s + Ao2A10 + AosA11 + AosAr2 


(57) 

— AzoAzo — AziAsi1 — Aze2Az2 — AzsAzsz — AgsAzg = 25D. 
Write 
(58) oi = Xi ({=1,---,4), 


and substitute (54) and (55) in (56) and (57). In this manner we obtain two 
equations which, added, yield 
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(59) 11x? + 11x,? + 11%; + 11+? - 5x 1X2 a= 5x1%3 
+ 13 x2x3 + 13.41% —~ 5x20 > 543%4 = 450p, 


and, subtracted, one from the other, yield 
(60) 214%;? — 21x? — 21x37 + 2147 — 9x xo + 9x1 x3 
— 33x0%x%3 + 334x144 + Ovex, — Ox3x%4 = O. 


It follows easily from (59), since x, - - - , x; are integers, that 
+ x2 t+ x3 + y= 0 
Hence in 
+ x2 t+ Xx t+ um = — 3x, 
61) X1 — Xe — X3 + xy = 25, 
— 41 + Xe-— 4X3 + X%y = 25y, 
— %1 — Xe + %3 + % = 25z, 
x is an integer, and it follows easily from Theorem 13 and (28) that y, z and 
w are integers. The solution of (61), together with (54) and (55), yields 
Xoo = 
1 = dor = Aso = Aw = — (3x — 25w + 25y + 25z)/4, 
v2 = doo = Ass = — (3a + 25w — 25y + 25z)/4, 
3 = = — (3x + 25w + 25y — 25z)/4, 
“™ = = — (3x — 25w — 25y — 252)/4, 
v1 = = Nai = Aza = Vs = (x = 25w)/2, 
ye = As = Ros = Ago = Avs = Age = (4 + 25w)/2, 


where we have introduced the notation y; and ¥. for use later. Finally, we 
substitute for x, - - - , 24 from (62) in (59) and (60) and obtain 


(63) a? + 25y? + 252? + 125w? = 169, 


and 
(64) y? + yz — 2? = xw, 


respectively. 
By (28) and Theorem 13, since p=1 (mod 5) and A =4, we have Xoo 
= —2 (mod 5). Hence, by (62), 


(65) x=1 (mod 5). 


We now proceed to find certain relations which hold modulo p in view of 
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(62) and Theorem 12. It is easily shown by the remarks following that the- 
orem, defining P and Q as indicated, that 


r=(2)=(%)=(0) 
o=()= (CA) treat 


2h 
and the theorem and (28) yield 
x =o/3 = —P-Q, 
v1 = Xo = — P(2r + r*) — QO(27? + 4), 
v2 = Noe = — P(2r? + vr) — Q(2r* + 7’), 
x3 = Nos = — P(2r? + r*) — Q(2r +r), 
v4 = Noe = — P(2r* + r*?) — Q(2r* + 14), 
vy =Ae=— P('i+r7+r)-Q1+r7r4+7r, 


vo=Asp=—- PAtrt+r) -Q1+r4+?7) (mod /), 
where 


(68) . r = gh (mod )), 
and g is the primitive root modulo # used in defining the );;. It is clear that r 
is a root of 

(69) “w= 1 (mod /) 
such that 

(70) Pei rtrt+re+r+1z=0 (mod p). 
We solve (67), 2, and (67), 5, for P and Q and get 

(71) (— 2r + 7? — r? + 2r4)P = — (273 + r4)ax, + (273 + 14) xe, 

(— 2r + r? — £3 + 2r4)O = (2r4 + r*) a1 — (27 + 1°) x2 (mod p). 
In view of (70), we find on multiplying (71) by r—r', 

(72) SP m (— 1 + 2r* + #* — 294) a, + (— 1 — Or + 9? + 2r*), 

50 =(2-—r—r)xm+ (2-—r —r) xe (mod ?). 


By solving the pairs (67), 3, (67), 4, and (67), 6, (67), 7, and then multiplying 
by r?—r' and r—r?—r*+r' respectively, we get 
5P = (—1+4 927 -- 273 + 2r4)xe + (— 1 + 27 — 27? + r4)axs, 


(73) " 
50 = (2 —r—r*)xe+ (2 — 27? — r') x (mod 9), 
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and 

SP =(—24+r4t+r)yut+(—-2+774+ 4£')52, 

53Q = (-—2+r+4r)y + (—2+47+4+1')y2 

From (74), on substituting for y, and y. from (62), we find 
—2P=244+5(r—r—r+r)w, 
—-2@0=24+5(—-r+r+r—-r)w (mod #). 


(74) 


(75) 


Next, add the two congruences in (72) and the two congruences in (73), and 
then substitute from (62). In this way we get 


(76) S(y + 2)(r + 2r? — 2r3 — rt) = 4x — 3e(1 + 7? + 7’) + 25w(1 +r? + 4°), 


and 
(77) 5(y— 2)(2r — r? + £3 — 2rt) = 4x — 3e(1 +747) — wi+rt+ r), 


respectively. Finally, solve (76) and (77) for y and z and multiply the result 
by r—r?—r+r'. There results 
By = (— r+ 7? — 3 + 2r4)x + 25(r — r4)w, 


78 
(78) 25s = (— r — 2? + 27? + r4*)x — 25(r? — £3) w (mod p). 


We have now completed the proof of 

THEOREM 19. If m=5, the twenty-five integers d;; (i, 7 =0, - - - , 4), defined 
for a fixed prime p=5h+1 and a fixed primitive root g modulo p, determine 
integers x, y, z and w such that (63), (64), (65), (68), (75), and (78) hold. 

In order to prove the next theorem we shall need the following lemmas. 

Lemna 1. If (x, y, z, w) is an integral solution of (63), x, y, 3 and w are 
either all odd or all even. 

The truth of this lemma is easily verified by taking (63) modulo 8. A 
further result, easily obtained by noting that 16p=16 (mod 32) and taking 
(63) modulo 32, is that the greatest common divisor of x, y, z and w is 1 or 4. 

Lemna 2. If (x, y, z, w) is an integral solution of (63) and (64) together, 
then xw40 (mod p). 

To prove x40 (mod ) we first suppose p>11. By (63), 

| «| < 4p? < pif p> 16. 
Hence if p=5h+1>11, x=0 (mod p) implies x=0. Then (64) implies 
y=z=0, and by (63), 125w?=16p, which is impossible. Similarly, w #0 
(mod #). If p=11, the only solutions of (63) and (64) together are (1, 1, 1, 1) 
and others obtained from this by changes of sign. 
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Lemma 3. If (x, y, z, w) is an integral solution of (63) and (64) together, 
then x?—125w?40 (mod ). 


By Lemma 1, x?—125w?=0 (mod 4). Hence x?—125w?=0 (mod p) im- 
plies x?—125w*=4ap, a an integer. By (63), 


| «2 — 125w?| < 22+ 125w’< 169, 
the first inequality holding since xw~0 by Lemma 2. Also, by (63), 
ax? — 125w? = «7 = 16p = 1 (mod 5). 
Hence a= —1 and x?—125w?= —4p. Subtracting this from (63), we obtain 
25y? + 252? + 250w? = 209, 
which is impossible since p #0 (mod 5). 


THEOREM 20. Let p=5h+1 be a fixed positive odd prime. Then (63) and 
(64) together have exactly 8 distinct solutions in integers, and, if (x, y, 2, w) is 
one solution, all solutions are 


(+ x, = y; -~ Z, P w), (+ x, _ ¥, + 


(79) ) 


) 


Of these, one and only one satisfies (65) and (78), 1, where r satisfies (68) and g 
is any given primitive root modulo p. 


Ww 
Ww 


+ 2, 
(Fx,F2,+y¥,+w), (Fat y, +2, 


By Theorem 19, (63) and (64) together have an integral solution (x, y, 
z, w). By trial, it is easily verified that each of the eight sets (79) satisfies (63) 
and (64). That these are distinct solutions follows since xw~0 by Lemma 2 
whence y and z are not both zero by (64). We now assume that (x, y, 2, w) is 
a solution of (63) and (64) together and prove the remaining parts of the 
theorem. 
Square (63) modulo #, rearrange the result, and apply (64). Thus 
(x? + 125w2)? — 625(y? + 2%)? = 0, 
(x? + 125w*)? — 2500y%z? — 625(y? — 2*)? = 0, 
(x? + 125w?)? — 2500y?z? — 625(xw — yz)? = 0, 
and finally, 
(80) 3125(yz)? — 1250xw(yz) + 625x?w? — (x? + 125w*?)? = 0 (mod p). 
By (80), we must have 
6250yz = 1250xw + 50n (mod 9), 





CONGRUENCES INVOLVING kTH POWERS 


50%y? = (1250)2x?w? — 4{625x2w? — (x? + 125w*)?} (3125), 

n? = 5(x? — 125w?)? (mod p). 
The congruence 
(81) u? = 5 (mod p = 5h + 1) 
has a solution since 

(5| p) = (p| 5) = 1. 

Accordingly, by Lemma 3, (x, y, z, w) determines a solution of (81) such that 
(82) 125yz = 25xw + ¢(x? — 125w?) (mod p), 


where 
e=5 (mod p). 


From (64) and (82), 
(83) 125(y? — 2) = 100xw — f(x? — 125w?), 
and from (63), 
25(y? +27) = — (x? + 125w%), 

whence 
(4) 250y? = 100xw — 5(x? + 125m?) — ¢(x? — 125w?), 

2502? = — 100xw — 5(x? + 125w?) + f(x? — 125w?) (mod p). 

Now let r be any root of (69) satisfying (70). It is easily verified that 

(85) (r¥—-rP—P+r)y?=5 (mod p). 


The congruence (69) has four roots r, r?, r° and r‘ each satisfying (70). We 
see that the replacement of r by r' leaves the expression 

(86) r—r—r+rt 

unaltered modulo #, while the replacement of r by r? or r* replaces this ex- 


pression by its negative modulo p. By these remarks, we may suppose r to 
be such that 


(87) =r—r—rtrt (mod p). 


Then multiplication will verify that (84) is equivalent to 
625y? = {(- 2r + 7? — 73 + 2r4)x + 25(r — r*)wH?, 
6252? = {(- r — 27? + 27? + r4)x — 25(r? — r)w}? 


(88) 
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The expressions 


—2r+r? — r+ 2r* and r — rt 


are replaced by their negatives modulo / on the replacement of r by r' which 
leaves (86) unaltered modulo ». Hence we may suppose r to be such that 
(78), 1, holds. Then (82) requires (78), 2. Clearly 7 is determined uniquely by 
(x, y, z, w). Conversely, by the remarks of this paragraph, it is easily seen 
that, if y is any preassigned root of (69) satisfying (70), we may assume that 
(x, y, s, w) is one of the associates, (79), such that (78) holds. 

Now suppose that (x, 71, 2:1, #1) is an integral solution of (63) and (64) 
together distinct from the associates, (79), of (x, y, z, w). By the preceding 
paragraph, we may assume that (78) holds with x, y, z and w replaced by 
X1, Vi, 2, and w; respectively. We substitute for y,; and 2; from these relations 
and for y and z from (78), and easily verify that 


x4 + WUyyi + 25221 + 125ww, = 0 (mod /). 
Denote the absolute value of the left member of this congruence by 4A, 


whence A=0 (mod #). Since (x, y, 2, w) and (a1, 1, 21, #1) are solutions of 
(63), we have 


256p? = (a? + 25y? + 252? + 125w?)(x? + 25y? + 252 + 125w,?) 
(89) = A? + 25(xy. — xy)? + 25(x2, — x42)? + 125(xw, — x)? 
+ 625(yz1 — yiz)? + 3125(yw, — yiw)? + 3125(2w: — 2,w)?. 


Hence A <16p. By (63), x=+1, 11=+1 (mod 5). Hence A=+1 (mod 5). 
Further, by Lemma 1, x, - - - , ware all even or all odd and m, - - - , w, are 
all even or all odd. Hence A is even and we must have A = 4), 6p, 149 or 169. 
Suppose A =4p. Then by (89), 2406?=0 (mod 25) which is impossible. In a 
similar way, A =6p and A = 14 are excluded. Hence A* = 256? and, by (89), 


(90) XY1 = MY, XZ, = X12, HW, = xwW,--- etc. 
Since x #0 by Lemma 1, and (x, - - - , w), (m1, - - - , w:) are solutions of (63), 
(90) implies 
se = x7, 4, = 
and (21, V1, 21, #1) is one of the associates 
(91) (+ 2,4 y¥, +2, + w) 
of (x, y, z, w), a contradiction of the assumption concerning (21, 91, 21, #1). 


To complete the proof of the theorem, we have only to note that, first, 
two and only two of the associates, (79), of a solution (x, y, z, w) of (63) and 
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(64) together satisfy also (78) for a preassigned root of (69) satisfying (70), 
and these may be taken to be (91); second, by (63), x= +1 (mod 5), hence 
one and only one of these associates satisfies also (65). 


CoROLLARY. Let g be the primitive root modulo p used in defining the X,;. 
Then r, given by (68), is a unique root of (69) satisfying (70). If (x, y, 2, w) is the 
unique solution of (63) and (64) together which satisfies (65) and (78), the d;; 
are given by (62). 

In terms of the integers x, y, z and w of (62), we calculate some of the in- 
tegers which appear in the formula of Theorem 15 in case m=5, p=5h+1. 
We have, by (24), 4“ =m—1=4, A“ =—1 (740 (mod 5)), and the A; 
=Xoi(t=0, - - - , 4) are given by (62). The recursion formula (34) yields 


(92) Ay = —4p+a2?—125w?, ry = — ap + (x? — 625wyz)/8, 


and by (37), we find 
Co=10p, C3 = 5xp, Cy= — 5p + 5(x? — 125m) p/4, 


(93) 
Cs = — xp? + (x3 — 625wyz)p/8. 


The expressions for Ay and A; (i=1, - - - , 4) yielded by (34) are more com- 
plicated. 

It is easily seen by (79) that the values taken by each of the expressions 
x*—125w? and «°—625wyz are independent of the choice of one of the four 
solutions of (63) and (64) together such that x=1 (mod 5). Hence we may 
state 


THEOREM 21. The equation satisfied by &,---, &, defined as in §2 for 
m=5 and a fixed prime of the form p=5h+1, is (17), where C2, ---, Cs are 
given by (93) and (x, y, z, w) is any integral solution of (63) and (64) together 
such that x=1 (mod 5). The equation of the periods no, - - - , ns of the roots of 
(2) is then obtained from (17) by the substitution £=1+-5n. 

We employ Theorem 5 to obtain congruences yielding the residues modulo 
p =5h+1 of the binomial coefficients P and Q defined in (66). That theorem 
yields 

M;’=-4P0, M3? =P” (mod ). 
By Theorem 15, we find 


(0) (0) (0) 


M =- _, Ms =-—X*s (mod p), 


since C.=C;=0 (mod p). We combine these relations with (92) and obtain 
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THEOREM 22. Let p be a fixed prime of the form 5h+1. Then if (x, y, 2, w) 
is any solution of (63) and (64) together such that x=1 (mod 5), the binomial 
coefficients P and Q, defined above, satisfy 


2(x? — 125w*)P = — x* + 625wyz, 
2(x3 — 625wyx)Q = — (x? — 125w?)? (mod p). 


5. On the existence of solutions. We indicate sufficient conditions on s in 
order that (1), with k=2 a fixed integer, may have a solution whatever the 
integers a and m may be. For a fixed prime /, we use the notation 6, y and P 
defined in (10). 

By Theorem 1, a necessary and sufficient condition that (1) have a solu- 
tion for every a and 1 is that 


(94) M,(p'; a) > 0 


for every prime #, every positive integer / and every integer a, where we have 
modified the notation of §1 to indicate the dependence of the number of solu- 
tions of (1) on the number, s, of variables. From the meaning of the notation 
a sufficient condition for (94) is 


(95) ‘ N,.(p'; a) > 0 

for every p, / and a. Clearly, for a fixed p, (95) with /=y implies (95) with 
1 </<+¥. By Theorem 2, (95) with /=+y implies (95) with =~. Hence a suffi- 
cient condition in order that (1) have a solution for every a and 7 is that (95) 


hold for every p with / =the corresponding , and every a. 
Landau* has proved the following 


THEOREM 23. Let p be a fixed prime. If a4#0 (mod P), 


N,(P; a) >0 
for every s=r, where 


(96) (p — 1)r = (P — 1)m (P = p”), 
and where m denotes the greatest common divisor of k and p—1. Further, 


NP; 9) >0 
for every s=r+1. 
By this theorem and the preceding discussion, it follows that a sufficient 
condition in order that (1) have a solution for every a and n is 


s>R+1, 


where R is the maximum of r in (96) for all primes p. 


* Landau, Vorlesungen tiber Zahlentheorie, vol. I, pp. 287-91. 
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By way of example, let k=5. We consider primes, », under four cases as 
follows. First let =2. Then clearly r=3. Second, suppose #2, p¥5 and 
m=1. Evidently r=1. Third, let m=5. Then r=5 since y=1. Finally, let 
p=5. Then r=6 since y=2. Since these four cases exhaust all primes, it is 
clear that for k=5 we have R=6, whence, by the preceding discussion, s =>7 
is a sufficient condition that (1), with k=5, have a solution for every a and n. 
It is easily shown, however, that s=5 is a sufficient condition in case k=5. 
For, clearly s25 is sufficient for primes of the first two cases. Next, by The- 
orem 23, s25 is sufficient for any prime of Case 3 if @ is not divisible by the 
prime. By Theorem 9, 


2+ y=0 (mod p = 54 + 1) 
has a primitive solution since 4 is even. Hence s25 is sufficient for all primes 
of Case 3 and every integer a. Finally, it is easily verified by trial that 

5 5 » 
M+---+t+a;=a (mod 25), 


where 25 = P= p” for p=5, has a primitive solution for a=0, - - - , 24. 
The condition s25 is also necessary in case k =5. For, by trial, 


AS eee ee (mod 11) 


has no solution, and 
M;(11; 5) = N(11; 5). 
A number of writers have discussed the congruence 
xa™ + y" +2" =0 (mod p), p a prime, 


which is of interest in connection with Fermat’s Last Theorem. For references 
to this congruence see Dickson’s History of the Theory of Numbers, vol. II, 
Chapter XXVI; and the Bulletin of the National Research Council, Bulletin 
62, February, 1928, Chapter II. 
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ERRATUM, VOLUME 29 


J. F. Rurr, A factorization theory for functions >>?_,a:e7**. 
Page 586, line 3, for “numbers” read “numbers a”. 





